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Abstract�

A new measure of risk is introduced for a sequence of random incomes
adapted to some �ltration� This measure is formulated as the optimal net
present value of a stream of adaptively planned commitments for consump�
tion�

The calculation of the new measure is done by solving a stochastic dy�
namic linear optimization problem� which� in case of a �nite �ltration� reduces
to a simple deterministic linear program�

We show properties of the new measure by exploiting the convexity and
duality structure of the stochastic dynamic linear problem� The measure de�
pends on the full distribution of the income process �not only on its marginal
distributions� as well as on the �ltration� which is interpreted as the available
information about the future�

� Introduction� The one�period case

Let I be a random income variable de�ned on some probability space ���FI� P ��
The risk contained in I is caused by the lack of information about its exact
value� A variable� but predictable value of I is riskless� If a natural catas�
trophe� e�g� a 	ood� were completely predictable� there would be no risk and
no company would insure against it�

If a decision maker were clairvoyant� he
she would face no risk since
he
she would see the future in a deterministic way and would be able to
adapt to it� For us� normal humans� some but not all information about
the future may be available� The amount of information available may be
expressed in terms of some ��algebra F � FI � The extreme cases are the
clairvoyant �F � FI� and the totally uninformed �F � F� � f�� �g��
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The ultimate goal of engaging in risky entrprises with uncertain income
opportunities is consumption� Consumption� however� can only be realized
after deciding about the amount one wants to commit for this purpose �to
buy a house� a car etc���

Suppose that the decision maker decides to commit an amount a� In this
case� he
she risks not achieving this decided target� since I may be less than
a� However� he
she may insure against the shortfall event� i�e� the event that
I � a� Insurance comes at a price of E �q�I � a
��� for q � ��� The costs for
insurance decrease the possible consumption�

If� on the other hand� some surplus is left after consumption� this surplus
is discounted by a factor d � �� since saving does not provide the same
satisfaction as the consumption committed for�

The expected net present value �ENPV� of the consumption and savings
is therefore

E �a � d�I � a
� � q�I � a
���

A rational decision maker maximizes the ENPV w�r�t� the available infor�
mation F � i�e� his
her utility functional is

UF �I� � maxfE �a � d�I � a
� � q�I � a
�� � a is F measurable g� ���

It is evident that F� � F� implies that UF��I� � UF��I�� i�e�� more
information gives more utility�

Since I was supposed to be FI�measurable and

a� d�v � a
� � q�v � a
� � v � ��� d��v � a
� � �q � ���v � a
��

one sees that
UFI

�I� � E �I�

and
UF �I� � E �I�

for any other sub ��algebra F of FI�
The risk R contained in the random variable I and the information F

is de�ned as the di�erence between the maximal utility �the utility of the
clairvoyant� and the actual utility�

RF �I� � E �I� � UF�I�� ���

Necessarily� RF �I� � �� Evidently� the clairvoyant has no risk and the
totally uninformed has the maximal risk in this setup� The risk of the latter

�We use the notation 
x�� � max
x� �� and 
x�� � max
�x� ���

�



is connected to the notion of the conditional�value�at risk �C V�R�� Recall
that the C V�R is de�ned as

C V�R��I� � maxfa�
�

�
E ��I � a
�� � a � Rg

�see Rockefellar and Uryasev ��
�� It is known that

C V�R��I� �
�

�

Z �

�

G���p� dp

� E �IjI � G�������

�
G�G������� �

�

�
G������

where G�u� � PfI � ug and G���p� � inffu � G�u� � pg �see ��
��

Lemma � For the totally uninformed� i�e� F� � f�� �g� we have

UF��I� � dE �I� � ��� d�C V�R��I�

and
RF��I� � ��� d��E �I� � C V�R��I�
�

where � � ��� d���q � d��

Proof� Take a closer look at the function

Ua�v� � a� dv � a
� � q�v � a
�

� a� d�v � a� � d�v � a
� � q�v � a
�

� dv � ��� d�a� �q � d��v � a
�� ���

Using ���� we �nd that

UF��I� � dE �I� � ��� d�max
n
E

�
a�

q � d

�� d
�I � a
�

�
� a � R

o
� dE �I� � ��� d�C V�R��I�
�

with � � ��� d���q � d��
�

Notice that v �� Ua�v� is a concave� monotonic utility function for every
�xed a� Recall the following orderings for random variables�

De�nition � Let I��� and I��� two random income variables�

� We say that �rst order stochastic dominance �I��� 	FSD I���� holds� if
E �U�I��� 
 � E �U�I����
 for all monotonic� integrable functions U �

�



� We say that second order stochastic dominance �I��� 	SSD I���� holds�
if E �U�I��� 
 � E �U�I����
 for all monotonic and concave� integrable func�
tions U �

� We say that concave dominance �I��� 	CC I���� holds� if E �U�I��� 
 �
E �U�I����
 for all concave integrable functions U �

Obviously� since all Ua are monotonic and concave by ���� it follows that

UF��I� � maxfE �Ua�I� � a � Rg

is monotonic w�r�t� second order stochastic dominance 	SSD and a fortiori
with �rst order stochastic dominance 	FSD and concave dominance 	CC �
By a similar argument� RF� is antitonic w�r�t� 	CC �

More generally� if I��� and I��� are de�ned on the same probability space�
and all the conditional distributions satisfy �I���jF� 	SSD �I���jF�� then
UF �I

���� � UF �I
����� Similarly� if �I���jF� 	CC �I���jF�� then RF �I

���� �
RF �I

�����
It is necessary to require the ordering of all conditional distributions�

Example � Let the probability space have three points� ��� ��� ��� each
having probability �
�� Let I������� � ����� I������� � ������ I������� � �����
I������� � �������� I������� � ������� I������� � ������� Choose q � ����
d � ���� and F � ff��� ��g� ��g� Then

U�I���� � ������ � U�I���� � �������

but I��� 	SSD I����

Notice that UF is translation�equivariant� i�e� for all constant b

UF �I � b� � UF �I� � b� ���

This follows directly from the de�nition�
In contrast� RF�I� is translation�invariant� i�e� for all constant b

RF �I � b� � RF �I�� ���

Since U�a��v� � �Ua�v�� UF and RF are �positively� homogeneous� i�e�

UF��I� � �UF�I�

RF ��I� � �RF �I��

�



U is concave and R is convex in the following sense� If I� and I� are two
income variables �they may be dependent�� then

UF�p� ��� p�I�� � pUF�I�� � ��� p�UF �I�� ���

and

RF�pI� � ��� p�I�� � pRFc�I�� � ��� p�RF�I��� ���

The proof of ��� goes as follows� Suppose that UF�I�� � E �Ua� �I����
UF �I�� � E �Ua� �I���� then� using ����

UF�pI� � ��� p�I�� � E �Upa�����p�a��pI� � ��� p�I��

� EpUa� �I�� � ��� p�Ua��I���

� pUF�I�� � ��� p�UF �I���

��� is easily deduced from that�
If we compound I� and I� with probability p� i�e��

I �

�
I� with probability p�

I� with probability �� p�

E �Ua�I�� � pE �Ua�I��� � ��� p�E �Ua�I��� and therefore

UF �I� � pUF �I�� � ��� p�UF�I���

Artzner� Delbaen� Eber and Heath ��
 have introduced the notion of a
coherent risk measure as a measure being translation�equivariant �they call
it translation�invariant�� positive homogeneos� convex in the sense of ��� and
monotonic w�r�t� pointwise ordering� Thus �UF is a coherent risk measure
in the sense of ��
� but RF is not since it is translation invariant in the sense
of ����

� Risk of multiperiod income streams

Suppose now that I�� I�� � � � � IT is a stream of random incomes which arrive
at times �� �� � � � � T � We denote by �	�F �P� the probability space on which
these random variables are de�ned� Together with that� a �ltration fFtg�
t � �� � � � � T � is de�ned� so that It is Ft�measurable� for each t � �� � � � � T �
The ��sub�eld Ft represents the information available at time t� We take
the convention that F� � f�� 	g�

�



Analogously to the static case� let at be the amount to be consumed at
time t� The decision about at must be made at time t��� so at must be Ft���
measurable� The consumption of one unit at time t gives a NPV of ct � ��
The shortfall costs are qt � �� The expected shortfall costs are immediately
subtracted from the consumption before period t �this can be interpreted as
an insurance cost�� Any surplus occuring in period t increases the income of
the next period� The �nal surplus is discounted by a factor d � �� We make
the following assumptions about the sequences fctg� fqtg and the constant d�

ct � qt� t � �� � � � � T�

ct�� � ct� t � �� � � � � T � ��

d � cT �

���

Let Kt be the �random� surplus carried from period t to period t��� We
have K� � � and

Kt � �Kt�� � It � at

�� t � �� � � � � T� ���

The shortfall Mt at period t is given by

Mt � �Kt�� � It � at

�� ����

Our objective is to maximize the expected consumption minus the expected
shortfall costs� This can be written as the following optimization problem�

U�I�� I�� � � � � IT � � max E

h TX
t��

�ctat � qtMt� � dKT

i
����

s�t� at is Ft���measurable for t � �� � � � � T � ����

We introduce the dynamic risk measure of the sequence fItg as

R�I�� � � � � IT � � U�EI� � � � � � E IT �� U�I�� � � � � IT �� ����

We shall prove in the next section that it is always non�negative� and that it
posesses most of the properties of the risk measure in the static case�

In order to analyze problem ��������� we shall formalize it as a stochas�
tic control problem� We denote by Xt the space of Ft�measurable random
variables having a �nite expected value� Xt � L��	�Ft�P�� We also use the
notation E tf
g for Ef
jFtg�

�



Problem ��������� can be now written as follows� �nd random variables
at � Xt��� Mt � Xt� and Kt � Xt� t � �� � � � � T � so as to

max E

h TX
t��

�ctat � qtMt� � dKT

i
����

s�t� Kt � Kt�� � It � at �Mt� t � �� � � � � T� ����

Kt � �� Mt � �� t � �� � � � � T� ����

where K� � � and the constraints ��������� are understood in the �almost
sure� sense�

We can view ��������� as a linear programming problem in abstract
spaces� Let us introduce Lagrange multipliers �t � L��	�Ft�P� associated
with the constraints ����� t � �� � � � � T � The lagrangian takes on the form

L�a�M�K� �� � E

TX
t��

�ctat � qtMt� � dEKT ����

� E

TX
t��

�t�Kt �Kt�� � It � at �Mt�� ����

The dual functional is de�ned as

D��� � sup
�a�M�K��X�

L�K� a�M� ���

where

X� � f�a�M�K� � at � Xt��� Mt � Xt� Mt � ��

Kt � Xt� Kt � �� t � �� � � � � Tg� ����

We have

L�a�M�K� �� � E

TX
t��

�ct � �t�at � E

TX
t��

��t � qt�Mt � E �d � �T �KT

� E

T��X
t��

��t�� � �t�Kt � E

TX
t��

�tIt

� E

TX
t��

�ct � E t���t�at � E

TX
t��

��t � qt�Mt � E �d � �T �KT

� E

T��X
t��

�E t�t�� � �t�Kt � E

TX
t��

�tIt�

�



where we have manipulated �by conditioning� the coe�cients in front of at�
Mt andKt to obtain elements of the corresponding dual spaces L��	�Ft���P��
L��	�Ft�P�� and L

��	�Ft�P�� It follows that D��� � �� if and only if
the following conditions are satis�ed�

E t���t � ct� t � �� � � � � T� ����

�t � qt� t � �� � � � � T� ����

�T � d� ����

�t � E t�t��� t � �� � � � � T � �� ����

and the dual problem is to �nd

min E

TX
t��

�tIt ����

subject to ����������
Kuhn�Tucker optimality conditions and duality relations hold for our

model ���������� similarly to the �nite�dimensional case�

Theorem � The processes �at� �Mt� and �Kt� t � �� � � � � T � constitute an
optimal solution of ��������� if and only if there exists multipliers ��t �
L��	�Ft�P�� t � �� � � � � T � such that conditions �	
���	�� are satis�ed to

gether with the complementary slackness conditions �understood in the �al

most sure� sense��

�Mt�qt � ��t� � �� t � �� � � � � T� ����

�KT ���T � d� � �� ����

�Kt���t � E t
��t��� � �� t � �� � � � � T � �� ����

Proof� Consider the a�ne operator G � �G�� � � � � GT � involved in �����

Gt�a�M�K� � Kt �Kt�� � It � at �Mt� t � �� � � � � T�

We treat it as an operator from the space on which �a�M�K� are de�ned
�the product of the corresponding L� spaces� to X � X� � 
 
 
 � XT � Since
the image of the set ���� under G contains a neighborhood of � in X � our
result follows from ��� Thm� �� x���
� �

Theorem � Suppose that conditions ��� hold� Then for every sequence
I�� � � � � IT such that E jIt j � ��� t � �� � � � � T � the optimal values of problems
��������� and �	
���	�� are �nite and equal�

�



Proof� A feasible solution to the primal problem ��������� is given by at �
E It � with the other variables determined by ��������� The objective value at
this point provides a lower bound for the optimal value of the dual problem�
The feasible set of the dual problem� given by ���������� is convex� closed and
bounded in L��	�F��P��
 
 
�L��	�FT �P�� Hence� it is weakly

� compact
�Alaoglu theorem� see��� Thm� �� p� ���
�� Therefore the dual problem has
an optimal solution� ��� Then every solution �a�M�K� of the conditions �����
���� which satis�es equation ���� is� by Theorem �� an optimal solution of
the primal problem� Such a solution exists� because we can determine K and
M from ���������� and then choose a �which is not constrained� to ensure
����� �

It is clear that the optimal Lagrange multipliers ��t��� can be interpreted
as the �random� costs of a unit of a credit at time t and scenario �� With
such costs it is not pro�table to borrow and to lend at each time t�

� Properties of the dynamic risk measure

Trivially� the functionals U and R are homogeneous� U is monotonic in
the following sense� If two income processes �I

���
t � and �I

���
t � are de�ned on

the same probability space ��� �Ft��P� with the same �ltration Ft and if

I
���
t � I

���
t a�s� for all t� then U�I�� � � � � IT � � U�I�� � � � � IT �� More generally�

if all conditional distributions �ItjFt��� satisfy I
���
t jFt�� 	SSD I

���
t jFt��� then

U�I�� � � � � IT � � U�I�� � � � � IT ��
Finally� U is translation equivariant in the following sense�

U�I� � b�� � � � � IT � bT � � U�I�� � � � � IT � � c�b� � c�b� � � � � cT bT �

where b�� � � � � bT are constants� We shall also show in this section that U is
concave� so it makes sense to call �U coherent in the sense of ��
�

Let us start from the following observation�

Lemma � Suppose that conditions ��� hold and that that each It it Ft��

measurable and integrable� t � �� � � � � T � Then

U�I�� � � � � It� �
TX
t��

ctEfItg�

Proof� The solution

at � It� Mt � �� Kt � �� t � �� � � � � T�

�



is feasible for the primal problem ���������� while the solution

�t � ct� t � �� � � � � T� ����

is feasible for the dual problem ���������� Both have the same objective
values�

PT

t�� ctEfItg� and� by virtue of Theorem �� they are optimal for their
problems� �

As a conclusion from this result we obtain a basic property of our risk mea�
sure�

Theorem � Suppose that conditions ��� hold� Then for every sequence
I�� � � � � IT such that E jIt j � ��� t � �� � � � � T � the risk measure ���� is
�nite and non
negative�

Proof� Under conditions ��� the deterministic solution ���� is feasible for
���������� Since a feasible solution for a dual problem always provides an
upper bound for the primal problem� for every sequence I�� � � � � IT such that
E jIt j � ��� t � �� � � � � T � we have

U�I� � D�c� �
TX
t��

ctEfItg � U�EfIg��

where the last equality follows from Lemma �� �

Theorem � Let Bt� t � �� � � � � T � be �
subalgebras such that Ft�� � Bt � Ft�
t � �� � � � � T � Then for every sequence I� � � � � IT � with E jIt j �� we have

R�EfI� jB�g� � � � � EfIT jBTg� � R�I�� � � � � It�� ����

Proof� By theorem � both U�I�� � � � � It� and U�EfI� jB�g� � � � � EfIT jBTg� are
�nite� Let �
t� t � �� � � � � T � be the optimal solution of the dual problem �����
���� with the income stream EfIt jBtg� t � �� � � � � T � Then the multipliers
 
t � Ef
t jBtg� t � �� � � � � T � are also optimal solutions of this problem�
Indeed� the feasibility follows from

E t  
t � E tEf
t jBtg � E t
t � ct� t � �� � � � � T�

and the optimality is guaranteed by

E

TX
t��


tEfIt jBtg � E

TX
t��

 
tEfIt jBtg�

��



The multipliers  
t are also feasible for ��������� with the income stream It�
t � �� � � � � T � Therefore�

U�I�� � � � � It� � E

TX
t��

 
tIt � E

TX
t��

 
tEfIt jBtg�

Combining the last two relations and using ���� we obtain the required result�
�

A simple interpretation of Theorem � is that the additional information�
represented by Bt� reduces risk� In particular� if each It becomes known at
the preceding period� there is no risk at all� as we have shown it in Lemma ��

Also� combining two income streams cannot increase risk�

Theorem � Let I � �I�� � � � � IT � and J � �J�� � � � � JT � be two streams of
integrable incomes� Then for every � � ��� ��

R��I � ��� ��J� � �R�I� � ��� ��R�J��

that is� the functional R�
� is convex�

Proof� The result follows from Theorem �� Let us denote by ! the set of
multipliers de�ned by ���������� We have

U��I � ��� ��J� � min
���

h
�E

TX
t��

�tIt � ��� ��E
TX
t��

�tJt

i

� �min
���

E

TX
t��

�tIt � ��� ��min
���

E

TX
t��

�tJt

� �U�I� � ��� ��U�J��

Since Lemma � implies that

U��EI � ��� ��EJ� � �U�E I� � ��� ��U�EJ��

our result follows� �

� Finite �ltrations

Let us consider in more detail the case when the �ltration F � �F�� � � � �FT �
is �nite� This �ltration generates partitions of the probability space �� which

��



may be represented by a rooted tree of height T � Each node of the tree at layer
t stands for an atom of the ��algebra Ft� Subtrees represent subpartitions�

Suppose that the nodes of this tree are numbered f�� �� �� � � �Ng� with �
being the root� Let

N � f�� �� � � � � Ng

be the node set �not including the root�� We assume that there are N� � �
nonterminal nodes in N and that

T � fN�� � � � � Ng

is the set of terminal nodes� If n is a node in N � then n� denotes its
predecessor and t�n� denotes its time stage �its distance from the root��

The nodes of the tree are marked by the probabilities of the corresponding
elements of the partitions� Evidently� such a tree represents the �ltered
probability space ��� �Ft�t�������T � P ��

An income stream I � �It�� which is adapted to the �ltration Ft assigns
values In to each node n � N �

We call such a valuated tree an income stream tree�
The commitment decisions are made at the nonterminal nodes �including

the root�� i�e� a is a vector of length N� with components a�� � � � � aN����
The calculation of the dynamic utility functional UF turns out to be a

standard linear program de�ned on income stream trees� It reads

max
a�M�K

X
n�N

pnct�n�an� �
X
n�N

pnqt�n�Mn �
X
n�T

pndKn

s�t� Kn � an� �Mn � In� t�n� � �� n � N �

Kn �Kn� � an� �Mn � In� t�n� � �� n � N �

Mn � �� Kn � � n � N �

an � �� n � �NnT � 
 f�g�

����

This linear program has N� � �N nonnegative variables and N equality
constraints� Its optimal value is U�I�� The risk is de�ned as

R�I� �
X
n�N

ct�n�pnIn � U�I��

Let �zn� be the vector of dual variables of ����� We introduce the notation
n� for the set of all successors of the node n � NnT � Setting zn � pnyn� the
dual has the following form�

��



min
y

X
n�N

pnynIn

s�t� yn �
�

pn

X
m�n�

pmym� n � NnT �

cn �
�

pn

X
m�n�

pmym� n � NnT �

yn � qn� n � N �

yn � d� n � T �

����

The dual process yn is a submartingale�

� Examples

Example � This example is due to Philippe Artzner� Suppose a fair coin is
thrown three times� Consider two situations�

Situation �� The income is � at the �nal stage� if more heads than tails
were counted�

Situation �� The income is � at the �nal stage� if the last throw shows
heads�

The corresponding income stream tree is shown in Figure �� where an upmove
means heads and a downmove means tails�

Evidently� the two cases leads to exactly the same marginal income dis�
tributions at each stage� On the other hand� Situation � is more predictable
and should lead to a smaller risk�

We calculated the linear program ��� with the speci�cation

c � ��� ����� �������
� q � ����� ��� 
 ����� ��� 
 �������
� d � ��������

and we have obtained the following results�

U�I���� � �������U�I���� � �������

U�E �I����� � U�E �I����� � ��� 
 ������� � ������

and therefore
R�I���� � ������ � R�I���� � �������

This analysis shows that process � is riskier than process �� indeed�
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It is also interesting to look at the dual variables y��� and y��� given by
����� They generate a dual process� which lives on the same tree as the
income process� It is illustrated in Figure ��

Example � We modify Example � in such a way that a positive income may
also occur at stages � and �� Consider the following income trees�

Assuming that all arc probabilities are ��� one gets the result

U�I���� � �������R�I���� � ������

U�I�	�� � �������R�I�	�� � ������

Since the predicability occurs earlier in tree �� its risk is smaller� It
is important to notice that hiding some information leads to larger risk�
Suppose that the outcome of throw � is not revealed� In this case� the tree
changes to Tree �a�

The utility and risk for tree �a are

U�I��a�� � �������R�I��a�� � �������

As expected� the risk of tree �a is larger than the risk of tree ��
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