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ABSTRACT

Miller, Brittney R. PhD, Purdue University, May 2016. Kernels of Adjoints of Com-
position Operators on Hilbert Spaces of Analytic Functions . Major Professor: Carl
C. Cowen.

This thesis contains a collection of results in the study of the adjoint of a com-
position operator and its kernel in weighted Hardy spaces, in particular, the classical
Hardy, Bergman, and Dirichlet spaces. In 2006, Cowen and Gallardo-Gutiérrez laid
the groundwork for an explicit formula for the adjoint of a composition operator with
rational symbol acting on the Hardy space, and in 2008, Hammond, Moorhouse, and
Robbins established such a formula. In 2014, Goshabulaghi and Vaezi obtained analo-
gous formulas for the adjoint of a composition operator in the Bergman and Dirichlet
spaces. While it is known that the kernel of the adjoint of a composition operator
whose symbol is not univalent on the complex unit disk is infinite-dimensional, no
classification has been given for functions in this kernel.

Chapter 1 introduces the relevant definitions in the study of composition oper-
ators and their adjoints. Chapter 2 provides the background for results obtained
by Cowen and Gallardo-Gutiérrez, and Hammond, Moorhouse, and Robbins in the
Hardy space. The results by Goshabulaghi and Vaezi for the Bergman and Dirichlet
spaces are also given. Chapter 3 contains explicit descriptions of the kernel of the
adjoint of a composition operator in a particular class on general weighted Hardy
spaces. Chapter 4 uses the adjoint formula by Hammond, Moorhouse, and Robbins
to give a functional equation that characterizes functions in the kernel of the adjoint
of a composition operator with a rational symbol of degree two on the Hardy space.
Chapters 5 and 6 use the adjoint formulas by Goshabulaghi and Vaezi to prove some
results about the kernels of adjoints of composition operators on the Bergman and

Dirichlet spaces.



1. Introduction

We begin by introducing Hilbert spaces of analytic functions, composition opera-
tors, and other definitions needed to develop the theory used to describe adjoints of

composition operators from Cowen and MacCluer’s [1] book.

1.1 Hilbert Spaces of Analytic Functions

Definition 1.1.1 A Banach space of complex-valued functions on a set X is called
a functional Banach space on X if the vector operations are the pointwise oper-
ations, f(z) = g(x) for each x in X implies f = g, f(x) = f(y) for each function in
the space implies © =y, and the linear functional f — f(x) is continuous for each x
in X. A functional Banach space whose functions are analytic on the underlying set

X is called a Banach space of analytic functions.

Suppose H is a Hilbert space of analytic functions on X, i.e., a Banach space of
analytic functions with an inner product. Because point evaluation for each x in X is
a continuous linear functional, the Riesz Representation Theorem implies that there
is a function K, in H that induces this linear functional such that f(z) = (f, K;)4
for each f in H.

Definition 1.1.2 In a Hilbert space of analytic functions H, the functions K, are
called the reproducing kernel functions and H is called a reproducing kernel

H:lbert space.

1.2 Some Special Hilbert Spaces of Analytic Functions

Now, we consider Hilbert spaces of analytic functions on the complex unit disk,

D={zeC: |z| <1}.



1.2.1 The Hardy Space, H?(D)

Definition 1.2.1 For 0 < p < oo, the Hardy space HP(D) is the set of analytic

functions on the complex unit disk for which

2 ; d@
sup /0 ‘f(ree)|p% < 0.

Oo<r<1

In fact, the supremum in the definition above is actually a limit as r tends to 1. Note
that if f*(e”) = lgil_ £ (re”), then || f*{|Loomy = |/ 1 o)
For p = 2, we recover the classical Hardy space H?(ID) which is a Hilbert space

with the inner product

2 0 —nge
Fiah= [ F () 7T
Alternatively, if we write f and g as their Maclaurin series with f(z) = Z a,z" and
n=0

= Z b,z" where z € D and a,,b, € C, then

n=0

ng2 Zann

We also have that the square of the norm of f is

27 de o0
\\f\\%p:/()\ e =2 lml”

The reproducing kernel function, K, in the Hardy space H?*(ID) that evaluates at «
in D is given by

1
Ka(2) = 7 and [|Kallpe = NS

1.2.2 The Bergman Space, A%(D)

Definition 1.2.2 For 0 < p < oo, the Bergman space AP(D) is the set of analytic

functions on the complex unit disk for which

NG

where dA(z) is the Lebesque area measure on the complex unit disk.

< 00



For p = 2, we recover the classical Bergman space A%(D) which is a Hilbert space

o= [ 1eEEE

Alternatively, if we write f and g as their Maclaurin series with f(z) = Z a,z" and
n=0

with the inner product

= anz” where z € D and a,, b, € C, then
n=0

(e o] 7

anb
<fvg>A2:Z nn'
n:0n+1

We also have that the square of the norm of f is

dA(z)
I1ie = 1o 242 - 5~ Jeel

The reproducing kernel function, K, in the Bergman space A?(D) that evaluates at

a in D is given by

1 1
Ka(2) = ——— and [[Kall,e =

(1—az)?

1—laf*
1.2.3 The Dirichlet Space, D

Definition 1.2.3 The Dirichlet space D is the set of analytic functions on the

JreriE <o

where dA(z) is the Lebesque area measure on the complex unit disk.

complex unit disk for which

o0

Writing f and g as their Maclaurin series with f(z) = Zanz and g(z Z b, 2"

n=0
where z € D and a,, b, € C, the inner product on D is

<f7 g>D / f - aObO + Z nan_n

and the square of the norm of f is

151 = O + [ G Z = ol + Sl




1.2.4 Weighted Hardy Spaces, H?(f3)

Definition 1.2.4 A Hilbert space H whose vectors are analytic functions on the com-
plex unit disk is called a weighted Hardy space if the monomials 1,z,22,... con-

stitute a complete orthogonal set of non-zero vectors in H.
Assuming that the norm on H satisfies ||1]] = 1 and taking 5(n) = ||2"||3, then for
fand g in ‘H with f(2) = Z a,z" and g(z) = Z b,z" where z € D and a,, b, € C,

n=0 n=0
the inner product on H is given by

(f, g)y-[ = io: anaﬁ(n)z
n=0
and the square of the norm of f is given by
/15 = i | B(n)?.
n=0
The weighted Hardy space with weight sequence {3(n)},~, will be denoted H?(f).

Remark 1.2.1 We note that each weighted Hardy space H*(3) is a reproducing ker-
nel Hilbert space with

Kol) =3 G

for each point o in ). For each positive integer m, evaluation of the m'" derivative of

fin H?(B) at « is a bounded linear functional and f™(a) = <f, K&m)>H2(5) where

o0 J—
an mzn

n!
K = 2 Gl B

n=m

Remark 1.2.2 The classical Hardy space, the classical Bergman space, and the Dirich-
let space are weighted Hardy spaces with B(n) =1, B(n) = (n+1)"Y2, and (up to an

equivalent norm) 3(0) = 1 and B(n) = n'/?, respectively.

We also define a class of weighted Hardy spaces called the weighted Bergman

spaces (sometimes called the standard weight Bergman spaces).



Definition 1.2.5 For a > —1, the weighted Bergman space A%(D) is the set of

analytic functions on the complex unit disk for which

[1sera- 2p)* A _

™

where dA(z) is the Lebesque area measure on the complex unit disk.

Note that the classical Bergman space A%(D) is recovered when o = 0.

1.3 Composition Operators on Hilbert Spaces of Analytic Functions

We now give the definition of a composition operator on a Hilbert space of analytic

functions.

Definition 1.3.1 Let H be a Hilbert space of analytic functions on D and let
¢ :D — D be analytic. The composition operator C,, with symbol ¢, acting on

H s defined by
(Cof)(2) = fle(2))
forzeD and f € H.

If, in addition, 1 is a complex-valued function defined on D, the weighted com-

position operator W, ., is defined by

(Weuf)(2) = ©(2)f(e(2)).
Note that C, and W, are linear operators.

Remark 1.3.1 Composition operators with analytic symbols @ that map D to D act-
ing on a Hardy space HP(D) for p > 1 or a weighted Bergman space A%(D) for
a > —1 are well-behaved, i.e., bounded. Cowen and MacCluer [1] showed that on a
Hardy space HP(D) for p > 1, the operator norm of C, where ¢ is an analytic map
of D to D satisfies

(W)w < [1Cll < (%)UP-



Hurst [2] showed a similar inequality on a weighted Bergman space A%(D) for a > —1:

( 1 >(a+2)/2 <Gl < (1 + |g0(())’)(a+2)/2
1 —[p(0)[? - T L= p(0)] '

However, composition operators with analytic symbols ¢ that map D to D acting on
the Dirichlet space D are not bounded unless ¢ € D and has bounded multiplicity [3].
Indeed, since f(z) =z € D, then (C,f)(2) = ¢(2) must be in D if C, is a bounded
operator. The norm of a function f € D measures the area of the image of f,
counting multiplicity. If we consider the analytic function p(z) = e%, then ¢ 1s an

infinite-to-one map of D to D but ¢ is not in D. Therefore, Cy, is not bounded on D.

One important consequence of studying composition operators on weighted Hardy
spaces is their relationship to unilateral weighted shifts. For example, consider the
Hilbert space ¢*(N) regarded as a space of complex-valued functions on the set of non-
negative integers N and define ¢ on N such that ¢(n) = n+ 1. Then, the composition
operator C, acting on (*(N) is

which is the backward shift of multiplicity one. In fact, £*(N) is isomorphic to the
classical Hardy space H?*(D) and multiplication by z on H?*(D) gives rise to the
forward shift operator on ¢?(N), the adjoint of the backward shift.

1.4 Adjoints of Composition Operators on Hilbert Spaces of Analytic

Functions

Definition 1.4.1 Let ‘H be a Hilbert space of analytic functions and let p : D — D
be analytic. The adjoint of the composition operator with symbol v acting

on H is denoted C’;f and is defined by

(Caf.9), = (f.Cog)y

for f,g e H.



If H is the classical Hardy space or the classical Bergman space, the adjoint of a

composition operator can be written immediately in integral form. Indeed,

(CEN(2) =(CEfKz),, = (f,CoK.)y, (1.1)

which gives

27 ei@
in H*(D) : (Cif)(2>:/0 %g
in A*D):  (CEf)(2) :/11»(1 _f%zy dAiw)

Unfortunately, these adjoint formulas do not provide much insight to the structure

of C7, but the work of Cowen and Gallardo-Gutiérrez [4] followed by Hammond,
Moorhouse, and Robbins [5] led to a more explicit formula for C:; in the Hardy
space. In Chapter 5, we provide partial results leading to a more explicit formula for
C’;" in the Bergman space. In 2014, Goshabulaghi and Vaezi [6] established analogous

formulas for C;f in the Bergman space and the Dirichlet space.






2. Background

In establishing a formula without using an integral for the adjoint of a composition op-
erator on the Hardy space, Cowen and Gallardo-Gutiérrez [4] introduced compatible
pairs of multiple-valued functions and multiple-valued weighted composition opera-
tors. We give these definitions and the results leading to the adjoint formula in the
Hardy space finalized by Hammond, Moorhouse, and Robbins [5]. Then, Goshabu-
laghi and Vaezi [6] use this formula to recover analogous formulas for the adjoint of
a composition operator in the Bergman and Dirichlet spaces.

From [4], we have the following definitions:

Definition 2.0.1 Let 2 C C be a domain and zy a point of Q). Let K be a finite set
in ) that does not include zy. Suppose o and i) are functions analytic in a simply-
connected neighborhood of zo in Q\K and suppose they are arbitrarily continuable in
O\K. We say (0,7) is a compatible pair of multiple-valued functions on
if for any path v in Q\K along which the continuation of o yields the same branch
as at the beginning, it is also the case that continuation of 1 along v yields the same

branch as at the beginning.

As a consequence of this definition, if (o,1)) is a compatible pair of multiple-
valued functions on 2, then the number of branches of 1 at any point is a divisor of

the number of branches of ¢ at that point.

Definition 2.0.2 Suppose Q) C C is a domain and K is a finite set in 2. Suppose that
o is an n-valued analytic function that is arbitrarily continuable in Q\K and takes
values in ). Assume that 1 is an m-valued (where m divides n) bounded analytic

function that is arbitrarily continuable in Q\K. The multiple-valued weighted
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composition operator W, ,, on a Hilbert space of analytic function H is the operator

defined by

m/;f Z¢

for f in H and where the sum is taken over all branches of the compatible pair (o,)

for z in Q\K.

We note that if ¢ has a removable singularity at a point & € K and if v is
bounded in a punctured neighborhood of &, then 1 also has a removable singularity
at £&. Indeed, each branch of ¢ is single-valued in a neighborhood of £ and each branch
of o is associated with a particular branch of 1. Therefore, 1 is also single-valued in

a neighborhood of &.

2.1 An Adjoint Formula in the Hardy Space

From [5], we have the following explicit formula for the adjoint of a composition

operator with rational symbol on the Hardy space H?(D):

Theorem 2.1.1 Let ¢ : D — D be a non-constant rational map, and let C, act on
1 zo'(z2)
H2 D). Set o(z) = _—, Z) = ——~, and o0) = lim Z). Th,en,
(B). St o) = —ms v(2) = 7 and glo0) = I ()

(€20) () = 2+ Y w)s 2.1)

where the sum is taken over the branches of o.

In considering ¢ to be a map from the extended complex plane C=Cu {0} to
itself, note that the number of branches of ¢! matches the degree of ¢ and hence,
the number of branches of ¢ matches the degree of ¢. Furthermore, the multiple-
valued function o has a corresponding ¢ for which (o,1) is a compatible pair of

multiple-valued functions on D.

Corollary 2.1.1 Suppose that ¢ : D — D is a rational map, and let C, act on
H?*(D). If p(00) = oo, then C’: is a (multiple-valued) weighted composition operator.
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2.2 An Adjoint Formula in the Bergman Space

In the formula for the adjoint of a composition operator with rational symbol
on the Bergman space A?(D), Goshabulaghi and Vaezi [6] use the integral operator
Q : A%(D) — A?(D) defined by Qf = F where F is the antiderivative of f in A*(D)
with F(0) = 0.

Theorem 2.2.1 Let ¢ : D — D be a non-constant rational map, and let C, act on

2 S u(z) = Zo'(2) and p(oo) = lim (2 en
A (D) Set J(Z) - m ’ ( ) 0_(2)2 ’ d 90( ) |zl\—>oo ( ) Th ’
f(0)

(C2f) (2) = 3+ W (QN0(2) + ) u(z)d'(2)f(o(2)  (22)

(o)

where each sum is taken over the branches of o.

Note that each branch of ¢ has a corresponding u used in the sums of Equation 2.2.

2.3 An Adjoint Formula in the Dirichlet Space

Lastly, we give the formula for the adjoint of a composition operator with rational

symbol on the Dirichlet space D [6].

Theorem 2.3.1 Let ¢ : D — D be a non-constant rational map, and let C, act on

1
D. Set 0(z) = ——— and p(0) = ‘1|im ©(z). Then,
Z|—00

p~1(1/7)

(CEf) (2) = FO) Eyo)(2) + > fo(2)) = Y f(a(0))

where each sum is taken over the branches of o.
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3. Results in Weighted Hardy Spaces

We develop results about the kernel of the adjoint of a composition operator whose
symbol is rational acting on a weighted Hardy space and provide an explicit descrip-
tion of the kernels of some of these adjoints. First, we state the relationship between

the range of a linear operator and the kernel of its adjoint [7].

Theorem 3.0.1 Let H be a Hilbert space and let T be a bounded linear operator from
H to H. Then
ker(T™) = rng(T)".

We now identify the range of a composition operator acting on a weighted Hardy

space.

Lemma 3.0.1 Let H?(3) be a weighted Hardy space and let ¢ : D — D be analytic.
If C, is a bounded operator on H*(B), then span{"} - is dense in rng(C,).

Proof Since {p,(z) = 2"}~ is a complete orthogonal set in H?(3), i.e., span{p, }>°,
is dense in H?(f3), we have that span {Cyp,} ~, = span {"} ~  is dense in rng(C,,).
|

We also have the following lemma for the constant term of a function in the kernel

of the adjoint of a composition operator acting on a weighted Hardy space.

Lemma 3.0.2 Let H*(3) be a weighted Hardy space and let ¢ : D — D be analytic.
If C,, is a bounded operator on H*(() and if f is in ker(C}), then f(0) = 0.
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Proof Since ¢° = 1 is in rng(Cy,) by Lemma 3.0.1 and if f is in ker(C}), then

(f, 1>H2(ﬁ) = 0. Writing f as its Maclaurin series f(z) = Z a,z", we have
n=0

0 = {f D

= f(0)

3.1 Composition Operators Whose Adjoints Have Trivial Kernels

We begin by identifying the kernel of the adjoint of a composition operator with

linear fractional symbol on weighted Hardy spaces.

Definition 3.1.1 Ifa, b, ¢, d are complex numbers such that ad—bc # 0, the mapping

az+b
cz+d

is called a linear fractional transformation (or LFT).

Lemma 3.1.1 Let H?(B3) be a weighted Hardy space, and let o(z) = az +b be a

non-constant map such that o : D — D. If C, is a bounded operator on H*(3), then
ker(C%) = {0}.

Proof Note that ¢(z) = az + b is in span {1, z}. Since span{¢"} "~ is dense in
rng(Cy,) by Lemma 3.0.1, then span {¢™} " = span{z"} , is dense in rng(C,).

Therefore,
ker(C%) = mg(C, )" = {0}.
|
. az+b _ c
Lemma 3.1.2 Let ¢ : D — D be an LET with ¢(z) = vt Ifc#0 and @ = 7
cz

m n—1 1
then @™ is in span{l,K& )} where K,(z) = =

m=0 — Qaz

15 the reproducing kernel
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o0 n‘

function at o in the classical Hardy space H*(D) and K&m)(z) = Z ——a "

(n—m)!

n=m

is the kernel function that evaluates the m'™ derivative of a function in H*(D) at «

as in Remark 1.2.1.

Proof Observe that

n=m
9] !
— ymg™m 2 : qtLm
(n —m)!
n=m

Since ¢ maps D to D, then d # 0 and we can rewrite ¢ as

which is in span {1, K,}. Now, consider ¢(z)" =

p(z)" =

which is in span {1, Kc(ym)}

Theorem 3.1.1 Let ¢ : D — D be an LET with ¢(z) =

¢(2)

Aoy +

B az+0b az+b
Cd(1-(-%)z) d(l-az)
(az +b)" : n
=T -a) and rewrite ¢(2)" as
A1 AQZ n n Anz””
l—az (1- az)z (1—a@z)"

Ao + AlKa(Z) + BQK&(Z) 4+ 4 BnK&n_l)(z)

H*(D), then ker(C}) = {0}.

n—1

m=0

az+b
cz+d

If C, acts on
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Proof Since ¢ maps D to D, then d # 0. If ¢ = 0, then ¢ is a polynomial of degree

one and Lemma 3.1.1 shows ker(C}) = {0}. Otherwise, if ¢ # 0, we can rewrite ¢ as

b b
o(z) = Z (1 a_z(tg) z) = d(izj—az) where @ = _CEZ which is in span {1, K,}. Since
(n)

span {¢"} 7 is dense in rng(C,,) by Lemma 3.0.1, then span {1, Kq } is dense in
n=0
mg(C,) by Lemma 3.1.2. For f in ker(C) = rng(C,,)"*, we have from Remark 1.2.1

that
0=(fKM),,=f"(a)

for n = 0,1,2,... which implies that f(z) =

(2 —a)" = 0. Therefore,

ker(C?*) = {0}. O

In fact, we have the same result for C, with linear fractional symbol acting on
weighted Bergman spaces and we give a different proof from Theorem 3.1.1. Before

proceeding, we state the definition of an analytic Toeplitz operator.

Definition 3.1.2 Let H be the Hardy space H?(D) or a weighted Bergman space
A2(D) and let p be a function in H*(D). The analytic Toeplitz operator T,,
with symbol p, acting on H is defined by

(Toh)(2) = (ph)(2)
for z €D, and h € H.

Following Cowen’s [9] work that established a formula for the adjoint of a com-
position operator with linear fractional symbol on the Hardy space H*(D), Hurst [2]
proved an analogous formula for the adjoint of the same type of composition operator

acting on a weighted Bergman space.

b
Theorem 3.1.2 Let ¢ : D — D be an LEFT with p(z) = azi—d' Then, the map
cz

az — ¢

o(z) = P takes D to D, g(z) = (—bz +E)‘1 and h(z) = cz+d are in H*(D),

and as operators on the Hardy space H?*(D),

Ch =T,C, T,
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b
Theorem 3.1.3 Let ¢ : D — D be an LET with p(z) = azi—d and let o > —1.
cz
Then, o(z) = a[_)z _—i—CE maps D to D, g(z) = (—bz +3)_(a+2) and h(z) = (cz + d)*
—bz

are in H*(D), and as operators on the weighted Bergman space A%(D),
Cr=T,C,T;.

For ¢ in these two theorems, we show that C: has trivial kernel in the Hardy
space H*(D) and the weighted Bergman spaces A2(D) for o > —1.

b
Theorem 3.1.4 Let ¢ : D — D be an LFT with ¢(z) = az——{l——d' If C, acts on the
cz

Hardy space H*(D) or a weighted Bergman space A%(D) for a > —1, then

ker(C) = {0}.

Proof We have from Theorems 3.1.2 and 3.1.3 that C’f: = T,C,T;¥. Note that g
and h are non-zero, and T} is invertible if T}, is invertible. Indeed, since ¢ maps D

to D, then is bounded on D and so A is bounded above and bounded below

cz
by a non-zero constant on ID. Therefore, T}, is invertible.

Now, if f is in ker(C), then for z € D

0 = (CIH(2)
= (T,C.T; f)(2)
= 9()C T, f)(2)
0 = (C.T; f)(2)
0 = (T, N)(2)
We have (T f)(z) = 0 because ker(C,,) = {0}. Therefore, f = 0 since ker(T}*) = {0}.
[ |

In addition to adjoints of composition operators with linear fractional symbols
having trivial kernels, those with univalent polynomial symbols on ID also have trivial
kernels, that is, polynomials that are one-to-one on . We introduce a couple of

definitions and a proposition from Sarason’s [10] paper on Weak-Star Generators of

H>(D).
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Definition 3.1.3 If B is a bounded domain in the plane, then the Carathéodory
hull (or €-hull) of B is the complement of the closure of the unbounded component
of the complement of the closure of B.

The %-hull of B is denoted B*.

Definition 3.1.4 A conformal map ¢ of D onto a bounded simply connected domain
G is a sequential generator if every function in H*®(D) is the weak-star limit of

a sequence of polynomials in .

Proposition 3.1.1 Let ¢ be a conformal map of D onto a bounded simply connected

domain G. The function ¢ is a sequential generator if and only if G is a component

of its € -hull.
We combine these notions to prove the following.

Lemma 3.1.3 If ¢ is a polynomial univalent on D, then ¢ is a weak-star generator

of H*(D).

Proof Since ¢ is a polynomial that is univalent on D, then ¢ is a conformal map
of D onto G = (D) and ¢ : D — G is one-to-one and onto. Now, G is a compo-
nent of its ¥-hull, and in fact, G = G*. Therefore, ¢ is a sequential generator by

Proposition 3.1.1. [ |

Theorem 3.1.5 Let H be the Hardy space H*(D) or a weighted Bergman space A% (D)
for a > —1, and let ¢ be a polynomial that is univalent on D. If C, acts on H, then
ker(C%) = {0}.

Proof If ¢ is a polynomial univalent on D, then ¢ is a weak-star generator of
H>(D) by Lemma 3.1.3. Since ¢ is a weak-star generator of H>(D), then any poly-
nomial can be approximated by polynomials in ¢ which are dense in ‘H. Therefore,
ker(C}) = mg(C,)*+ = {0}. [

24+102+9
Example 3.1.1 Let ¢(z) = % If z € D with p(z) = (w), then either

w=z€Dorw=—z—10 ¢ D which shows that ¢ is univalent on D. Therefore, ¢
is a weak-star generator of H>*(D) and the kernel of Cj is {0} by Theorem 3.1.5.
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3.2 Composition Operators Whose Adjoints Have Non-trivial Kernels

We give results on some composition operators whose adjoints have non-trivial

kernels and are, in fact, spanned by a subset of the monomials {z"}7 .

Theorem 3.2.1 Let ¢y : D — D be analytic, let d be an integer with d > 2, and
consider ¢(z) = 1(z?) and M = span{z* : k & dN}. If C, acts on the Hardy space
H?*(D) or a weighted Bergman space A%(D) for a > —1, then

ker(CX) D M.
Furthermore, if ker(C}) = {0}, then ker(C}) = M.

Proof Let H be the Hardy space H%(D) or a weighted Bergman space A% (D) for
a>—1. If f € H, then

(Cof)(2) = flW(z9)
= (Cua(fov))(2)
= (CaCyf)(2)
and so C,, = C,aCy and C} = CJC%. Now, we have that ker(C}) D ker(C%;) and
ker(C%) = mg(C,a)* = span {zd"}zozol =span{z* : k# dn} = M.

If ker(C:;) = {0}, then rmg(Cy) = H, i.e., Cy has dense range in H. Therefore,

C, has dense range in C,aH, and

ker(C) = mg(C,)" = span {zdn}zo T = span {z*F : k # dn} = M.

=0

Theorem 3.2.2 Let ¢ be a rational map from D to D such that o(2) = z%)(z) for
some integer d > 2 and ¢ an analytic map with ¥(0) # 0. Let H be the Hardy
space H*(D) or a weighted Bergman space A%(D) for a > —1, let Cy, act on H, and
set N = ker(C}), P, = {polynomials of degree < m}, and Ny, = N N P,,. Then,
dim(N,,) =m if1 <m < d—1 anddim(N,,) = (d—1)k ifm =dk—1 fork =1,2,....
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o0
Proof Write ¢ as its Maclaurin series ¢(z) = Z a,z" where ag # 0 and
n=d

p(2)' =D bn2"

n=dl
where by = ail £ 0.

If 1 <m < d—1, then dim(N,,) = m. Indeed, if f(z) = chzj is in N,
=0
then ¢y = 0 by Lemma 3.0.2 and <f, gpl>H = 0 for each [ = 1,2,... and for any
¢; €C,7=12,...,m.
If m =dk—1for k = 1,2,..., proceed by induction on k. If £k = 1, then

m = d—1 and dim(N,; 1) = d — 1. Now, assume that dim(Ng_1) = (d — 1)k.
d(k+1)—1

Consider f € Nypgi+1)—1 and write f(z) = Z ;7. Note that ¢y = 0, and the
j=1
matrix of coefficients for the system of equations {< f, ¢! >H = O}f: | has rank k. For

l >k, < f, gpl>H = 0 since the degree of f is less than dI. The Rank-Nullity Theorem
gives dim (Ngyq1) = (d(k+1)—1) —k=(d—1)(k+1). [

Corollary 3.2.1 With hypotheses as in Theorem 3.2.2, if m = dk for k =1,2,...,
then dim(N,,) = (d — 1)k.

Proof Note that Py._; C Py and hence Nyg._1 C Ng.
dk

Suppose there exists f € Py of degree dk and write f(z) = Z c;2) where cg, # 0.
j=1

Then, <f, gok>H = caragrB(dk)* # 0 and so f ¢ N, ie.,, N does not contain any
polynomials of degree dk. Therefore, Ng_1 = Ngg. [ |
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4. Results in the Hardy Space

We turn our attention to adjoints of composition operators with kernels that are non-
trivial, specifically those composition operators whose symbols are rational of degree
two. Our main result is a functional equation that is satisfied by functions in the
kernel of the adjoint of a composition operator of this type acting on the classical

Hardy space H?(D).

4.1 Composition Operators with Rational Symbols of Degree Two

Consider composition operators whose symbols are not univalent on the complex
unit disk. The kernel of the adjoint of a composition operator in this class is non-

trivial and, in fact, is infinite-dimensional.

Lemma 4.1.1 Let H be the Hardy space H*(D) or a weighted Bergman space A2(D)
fora > —1. If ay, s, ..., «a, are n distinct points in D, then the set of reproducing

kernels {Ku,, Koy, .., Ka,} is linearly independent.

q(z)

Proof Consider ¢(z) = (2 — a1)(z — ag) -+ (2 — o) and g;(z) = Note

J
that ¢;j(o) # 0. Now, if 1Ky, + 2Ky, + -+ + ¢, K,, = 0 for some constants

c1,C2,...,¢p € C, then (f, 1Ky, + coKoy + -+ ¢, Ky,)y = 0 forany f € H. In

particular, for each 7 =1,...,n,

0 = <Qj7 ClKOq + CQKOCQ +oe CnKan>’H
= i(ay)

O:Cj

Therefore, {K,,, Ka,,- .., Ka,} is linearly independent. [ |
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Theorem 4.1.1 Let H be the Hardy space H*(D) or a weighted Bergman space A% (D)

for a > —1. If  is not univalent on D, then ker(C:) 15 infinite-dimensional.
Proof Note that for every o in D, CF Ko(2) = Ky (2) since

CXEL(2) = (CFK. K.,
= (Ka, CLK.),,
= CoK.(a)
= K.(p(a)
= (Kp), K2 )y,

= Kyw(2)

Now, take , f in D such that a # 3, p(a) = ¢(f). Then K, — Kz is in ker(C})
since (C} (Ko — Kp)) (2) = Kyo)(2) — Kya)(2) = 0. Because ¢ is not univalent
on D), there exist an open set in D containing «, say U, and an open set in D
containing 3, say V, such that U NV = @ and o(U) = ¢(V). Now, the set
S ={K,— Kz:pla)=p(f),acU/pecV}is linearly independent by Lemma 4.1.1

and hence, span(S) is an infinite-dimensional subspace of ker(C}). u

While the kernel of the adjoint of a composition operator with a non-univalent
symbol on the complex unit disk has been well-known to be infinite-dimensional, no
classification has been given for functions in this kernel. Using Equation 2.1, we give
a functional equation that characterizes functions in the kernel of the adjoint of a

composition operator with a rational symbol of degree two acting on the classical

Hardy space H?*(DD).
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4.1.1 Main Results

a2+ biz+ ¢

as2% +byz + o
When referring to such a degree two rational map, we assume that the numerator

Let ¢ be a rational map of degree two from D to D with ¢(z) =

and denominator have no common factors. Recall from Theorem 2.1.1,
(CE) (2) = ——=—+ > ;(2) f(0())

1
where 0(z) = ———— and ¢(z) = 27 Since ¢ is a rational map of degree
' (1/2) o(2)
two, ¢! has two branches and therefore o has two branches, say o; and o9, defined
zo1(2) d
———~ an

0'1(2’)

and (o,1) is a compatible pair of multiple-valued functions on D.

on the extended complex plane C=Cu {oo}. Furthermore, 1(z) =
z0h(2)

oa(z)

Theorem 4.1.2 Let ¢ be a rational map of degree two from D to D with

Pa(z) =

a2+ bz + ¢y
922 + byz + cy

Plz) =

There exists a function C, not the identity, such that

v
P e(1/7))

((01) = 09 where o1 and oy are the branches of o in Theorem 2.1.1, and ¢ o { = id.

((2) =

Furthermore,
(a1b2 — blag) + (0,102 — clag)z

(@ic2 — e1i) + (brca — cabs) 2

() = -

1 1
Proof Solve for ((z) by solving for w in ¢ (?) = (T)

w
a1 /22 +b1)Z + ay/w* + by /W + ¢;
as/Z* +ba)Z + o ag /W2 + by /W + ¢y
w+hzZ+az  a+ U+ e
Ay + boZ + 22 ag + by + cow?
(ay 4+ b1Z + c128)(ag + by + cuw?) = (ay + bW + 1) (ag + byZ + cpZ%)

(a1 + bﬁ + 0152)(6L2 + bzm + sz2) - (a1 + blw -+ Clw2)((12 -+ bgz + 6222) =0
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(@ — E) [albg — b1a2 + (a102 - Clag)(@—i‘ 7) + (blCQ - Cle)W} =0

1
Therefore, the two branches of ————— are (y(z) = w = z and

e (p(1/7))
(a1by — brag) + (@162 — Grag) 2

(@163 — @1a3) + (bica — c1b) 2

((2) =w=-

which are both single-valued functions on C.

1

To show that ((o1) = o9, suppose the two branches of ¢! are ;' and ¢, ' and

write oy and oy from Theorem 2.1.1 as follows:
1 1

iy B A V5]

b (o) (o)

Since ( is not the identity, then

Solving for 1/Z gives

() = = = 0(3)
vy (p(1/o1(2)) ¢y (p(1/02(2))

and it follows that { o { = id. [ ]

Our main result follows from Theorems 2.1.1 and 4.1.2.

Theorem 4.1.3 Let ¢ be a rational map of degree two mapping D into D and let C,
act on the Hardy space H*(D). For ¢ as in Theorem 4.1.2, [ is in ker(C"’;) if and

only if
C(2)f(2) + 2¢'(2) f({(2)) = 0. (4.1)

Proof Recall that f(0) = 0 for f € ker(C7) by Lemma 3.0.2. Using Theorem 2.1.1,

0 = CH)
= —f(0> 2 1¥4 (2
ML)

= 1(2)f(01(2)) + ¢a(2) f(02(2))
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Set w = 0y(z). Then z = o' (w). From Theorem 4.1.2, ((w) = ((01(2)) = 02(2).

Rewrite 17 and 15 as follows:

Pi(z) = — =

ha(2) = — =

Therefore,

0 = ¥1(2)f(01(2)) + ¥2(2) f(02(2))

0 = %f(w)—l—

0 = ¢(w)f(w)+w(w)f(¢(w)).

This shows that if f is in ker(C’;f ), then f satisfies Equation 4.1.
Now, if f satisfies Equation 4.1, we show that f(0) = 0 and f is in ker(C’:).
Solving for f(z) in Equation 4.1 gives

_2(¢(2)

fC(2)).
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I£ ¢(0) # 0, then f(0) = 0 Cf(;go)f@(o)) = 0. Otherwise, if ((0) = 0, then ¢ has the
form ((z2) = po—— since ( is an LFT by Theorem 4.1.2. Therefore, ('(z) = —(cchd)Q
and
— i () )
10 = i (-5
d
T 0 <_cz + df(((z)))
d
= )
= —/(0)
f0) =0

To see that f € ker(CY), set w = 01(2) and ((w) = ((01(2)) = 02(2) to transform
Equation 4.1 back to

0 = ¥i(2)f(01(2)) + ¥a(2) f(02(2))

O N ot
o B
= CH(2)

Corollary 4.1.1 Let ¢ be a rational map of degree two mapping I into D and let
Cy act on the Hardy space H*(D). If f is in ker(C}) and DN (D) # &, then f can

be extended to be analytic on DU p(D).
. . az+b
Proof From Theorem 4.1.2, we have that ¢ is an LF'T, and write ((z) = and

cz+d
('(z) = %. If fis in ker(C), then f(0) = 0 from Lemma 3.0.2 and therefore
cz
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[ is in zH?*(D), i.e., there is g € H*(D) such that f(z) = zg(z). From Equation 4.1,

we have that ((z)f(2) + 2¢'(2)f({(z)) = 0, or solving for f(((z)) yields

62
2('(2)

(az +b)(cz + d)?
(ad — be)(cz + d)ng(Z)
b,

fC(2) = f(2)

(az +b)(cz + d)
ad — be
z € D or f is analytic on ((ID). Thus, f is analytic on I and ((D). [ |

where — g(z) is analytic for z € D. Therefore, f({(z)) is analytic for

4.1.2 Examples

22 +1
2
two-to-one on D. Then ((z) = —z and by Theorem 4.1.3,

Example 4.1.1 Let p(z) =

, a map for which (D) C D and, in fact, is

ker(C}) = {f € H*(D)| f(2) = —f(-2)}

which agrees with Corollary 3.2.1. Let W = span {K, — K3 | ¢(a) = ¢(8),a, 5 € D}.
We show that W = ker(C}). From Theorem 4.1.1, we have that W C ker(C}).
Proceeding by contradiction, assume W # ker(CY). There exists [ € ker(C}) such
that f = g+ h where g € W, h € W+, and h # 0. Now, h = f —g € ker(C’;f).
Suppose p(a) = p(B). If B # «, then = —a. For every a € D,

0 = (h,Koa— Kg)pe

= (h, Ko — K_q) 2
= h(a) — h(—a)
= 2h(«a)

0 = h(a)

Therefore, h = 0 which s a contradiction, and so W = ker(C':;). In fact, the same

conclusion holds in any weighted Bergman space A%(D) for a > —1.
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2

Example 4.1.2 Let p(z) = : ;_Z, a map for which (D) C D, is two-to-one on
S = {ze€D: Re(z)>—1/2}, and is univalent on D\S. Then ((z) = — j—l'
z

Theorem 4.1.3 gives f € ker(C';f) if and only if

z —1 z
Ot () =0

(z+1)f(z)+f<—zi1) ~0 (4.2)

If f € H*D), then (z 4+ 1)f € H*(D) and hence, (z + 1)f is analytic for z € D.
Note that for some z € D, we have ((z) € D, and in fact, the linear fractional
transformation ¢ maps D onto the half-plane {w : Re (w) > —1/2}. Therefore, the
result from Theorem 4.1.3 shows that if f € ker(C’::), then f is analytic in a set larger
than D, namely in DU{w : Re (w) > —1/2}. Indeed, for w € C with Re (w) > —1/2,
we have that ("1 (w) = ((w) € D. Rearranging Equation 4.2 gives

and so f is analytic in the half-plane {w : Re (w) > —1/2} as well as in D.

4.2 More Composition Operators Whose Adjoints Have Trivial Kernels
We describe some more composition operators whose adjoints have trivial kernels.

Theorem 4.2.1 Let ¢ be a rational map of degree two mapping D into D and let C,
act on the Hardy space H*(D). Consider ¢ as in Theorem 4.1.2. If {(z9) = oo for
some z € D and DU (D) = C, then ker(C%) = {0}.

b
Proof Since ¢ is an LFT, we can write ¢ as ((z) = it where azg + b # 0 and
Z— 20
b
((z) = —%. If f is in ker(C}), then f satisfies Equation 4.1:
zZ— 20

0 = ¢(2)f(2) +2¢'(2) f(¢(2))
az+b B z(azyg + b)

0 = f(2)

z— 2y (z — 20)?

f(¢(2)) (4.3)
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If 2y = 0, then multiplying both sides of Equation 4.3 by z gives

0= (az+0)f(2) —bf(¢(2)) (4.4)

and evaluating at z = 0 results in f(oo0) = 0 since f(0) = 0 by Lemma 3.0.2.
If zo # 0, then multiplying both sides of Equation 4.3 by (z — 2¢)? gives

0= (az+0)(z — 20)f(2) — z(az0 + b) f(¢(2))

and evaluating at z = zy results in f(oco0) = 0.

Note that ((ID) is an open set in C and is the complement of a closed disk in .
Indeed, since DU ((D) = @, then DN (D) is open and non-empty, and as an LET, ¢
maps the unit circle 9D to a circle contained in D. Now, there exists 0 < ro < 1 such
that the circle of radius 7y centered at the origin is contained in D N ¢(ID). Consider
the compact sets D and ¢ (TTD)) for ry < r < 1. Since f is a function in H*(ID), then
f is bounded on compact subsets of D, and thus f is bounded on rD. For z € ¢(D),
there is w € D such that ((w) = z and f(z) = f(¢(w)) = (2 = z)(az + b)f(w) from

o z(azg + b)
Equation 4.4 shows that f is bounded on ( (HD)). Therefore, f is a bounded and

analytic function on @, and f = 0 by Liouville’s Theorem. [ |

3z
4 —1 22 ’
univalent on . Then, ((z) = 1, maps D to @\i(ﬂ) U dD) and so DU ((D) = C.
z

Therefore, ker(C) = {0} by Theorem 4.2.1.

Example 4.2.1 Let ¢(z) = a map for which p(D) C D, and in fact, is

Theorem 4.2.2 For ¢(z) = az? + bz + ¢ mapping D to D, ¢ is univalent on D if
b

and only if |=| > 2. Furthermore, if Cy, acts on the Hardy space H*(D) or a weighted

a

Bergman space A%(D) for a > —1, then ker(C:) = {0}.

Proof Suppose p(z) = ¢(w) and solve for w:

az’ +bz4+c = aw’+bw+c
az? —awt+bz—bw = 0
a(z+w)(z —w)+b(z—w) = 0

(z—w)(laz+aw+0b) = 0
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az+b_
— =

b
— (z+—) ¢ D if and only if |—
a a
If ¢ is univalent on D and if C, acts on the Hardy space H*(D) or a weighted
Bergman space AZ(D) for v > —1, then ker(C}}) = {0} by Theorem 3.1.5. [

b
BEither w =z or w = — — <z + —). Now, ¢ is univalent on D if and only if
a

22

4.3 Composition Operators with Monomial Symbols

We now investigate a couple of composition operators with special rational sym-

bols.

Theorem 4.3.1 Let n be an integer with n > 2 and ¢(z) = 2". Let C, act on
H*(D). Then, f is in ker(C}) if and only if

>_f(G(2) =0

where ((2) = e*™*/"z | and n are relatively prime, (; = (o(o...0(, and z € D.
S 4

j times
Proof Observe the branches of p~'(z) = e2™™/"21/" for m = 1,2,...,n, and the
1 ,
branches of o from Theorem 2.1.1 are 0(z) = ———— = >™™/";Y/" with the
~1(1/z)

corresponding maps

1 2mi _
ZU’(Z) Zﬁe2mm/nzl/n 1 1

¢(Z) = O'(Z) = e2mim/n 4 1/n - E

Also, note the branches of

z) = —; =0 —; = Zmim/n g,
N E) ( 077 )

2mik/n h

If 1 <k < n is relatively prime to n, then e is a primitive n'" root of unity

and ¢, = id. Furthermore, for ((o(z)) = e?miktm)/n 1/n 5 different branch of o, for

m=1,2,...,n.
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Now, if f € ker(C7), then f(0) = 0 from Lemma 3.0.2, and we have from Theo-
rem 2.1.1 that

0 = (CZ)(2)
T,

0 = > /(=) (4.5)

where the sum is taken over the branches of . For a particular branch of o, set

w = o(z) in Equation 4.5 and so
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5. Results in the Bergman Space

Before Goshabulaghi and Vaezi’s [6] paper, we established some preliminary results
describing more explicitly the adjoint of a composition operator on the classical
Bergman space A%(D).

5.1 Some Useful Calculations

We first give a few calculations that will help prove these results.

5.1.1 Partial Fraction Decomposition of a Rational Map

For v in D\ {0} and a polynomial p(z) for which p(1/@) # 0, consider the fraction

— and the following partial fraction decomposition:
(1 —az)p(z)?

1 A B C D
0 aefp(zf (I —aP 1w peR o) (5-)

where A, B are constants in C and C, D are polynomials in z. We solve for A by

multiplying each side of Equation 5.1 by (1 — @z)? and evaluating at z = 1/a:

B . o e Oy, o
p(i)2 = A+B(l—az)+ C(;(;SZ)Z + D(lp(_z)az)Z
SRR = AT e
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Now we have

1 B 1 .. B C D

(1—az)?p(2)2  p(l/a)2(l—az)? 1—az p2)? pz)
1 - 1 _ B Cc D
(I—@2)?p(2)?  p(l/a@)P(l-az)?  1-az p(2)?  p(2)
p(l/@)? —p(z)> B C D

PP —azppF  1-az  peP o

and we solve for B by multiplying each side of Equation 5.3 by 1 — @z and evaluating
at z = 1/a:
(p(1/@)? —p(2)*) (1 —az)  B(l—axz) N C(l—az) D(1—az)

p(1/@)?(1 — @z)?p(z)? 1 —az p(2)?

p(1/@)? — p(z)? B C(l—az) D(1—az)
parl - - P e T
p(/@) +p2) p(/@) —pz) _ , Cll-m:)  D(l-a)
p(aPz)? 1-a (2P ()

(1/@) — p(z)

In evaluating b T o
—az

p(2)

(5.4)

at z = 1/a, we use I'Hospital’s rule in finding the limit:

i PA/@ —p(z) o —P(2)

z—1/a 1—az =l/a —a

p'(1/a)

Finally, evaluating Equation 5.4 at z = 1/@, we obtain
p(l/a) +p(l/a) p'(1/a) ¢-0 D-0
pAfarp(lfar @ STV e (Ve
2p'(1/@)
pajay )

Now, let aq, g, . .., v, be n distinct points in D\ {0} and consider

a(z) = (1 —a2)(1 —a32) -+ (1 — @),

q(z)

Setting ¢;(z) = 1o, Weuse partial fractions to expand 1/¢(z2)? as above:




Using Equations 5.2 and 5.5, we solve for A; and B;:
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1
! q;(1/a5)?
2q'(1/a;
B, = 2g,(1/a5) /_]3 (5.7)
q;(1/5)
5.1.2 Roots of Unity
Let &€ be an n'™ root of unity, i.e., & = €>™*/" for some k = 1,2,...,n. Consider
the polynomial 1 — 2™ and rewrite it as follows:
1—2" = 1-&2"
1-2" = (1-&)1+&+&2 4+ (5.8)

Dividing each side of Equation 5.8 by 1 — £z and evaluating the limit as z — 1/¢

results in

: 1o (1 n—l.(l)n_l
et T Teete (5)+ e

5.1.3 An Integral Operator

We define an integral operator and show some of its properties acting on a Hilbert

space of analytic functions.

Definition 5.1.1 Let H be a Hilbert space of analytic functions on . The integral

operator A acting on H is defined by

(Af)(2) = / " Flw)duw

forzeD and f € H.



36

1
Recall that the reproducing kernel function at o in A*(D) is K, (z) = A==
—az
Then,
UKD = [
a\%) = o (1—aw)? v
1
@ l-az
1
a(AK, = 1
BAK) () = (5.10)

Suppose [ is in A%(D). Write f as f(z) = Zanz” and a(AK,)(z) = Z@”z".

n=0
Now, consider (f,@WAK,) 4:

n

(f,GAK.) = O‘an1

CLnOénJrl

- n+1
(f,@AKq) 2 = (Af)(a) (5.11)

5.2 Preliminary Results

We turn to preliminary results obtained in attempting to find an explicit formula

for the adjoint of a composition operator acting on the Bergman space A%(D). Recall

Equation 1.1:
(C:f>(a) = <C:f7 Ka>A2 = <f7 CgoKa>A2

Lemma 5.2.1 Let p(z) = 22 and let C, act on A*(D). Then,

1 1 1 1
Cr = Zcﬁ + Zo_ﬁ + ZCﬁA + ZC‘ﬁA‘



Proof Consider C,K,(z):

CoKa(z) = Kal(p(2))

(1 —a@z2)’
1

(1= V@) (1+vaz) |
A . B n C . D
(1-vaz)’ 1-va: (1+va)® 1+Vas

From Equations 5.6 and 5.7, we compute the constants A, B, C, D:

A= ! _ 1 B - 2Va 1
_ 1\? 4 L _1\® 4
(”“al'ﬁ 1 v (”ffﬁ) 1
o - VG — s . Va 1_fa Ly
(- z) (e vE )
Now,
oo 1/4 1/4 1/4 1/4
CsoKa() (1—\/5;;)2_'—1—\/5,2 (1—1-\/52)2_‘_1—1—\/52
_ C S VC S V. 1/4

(1_\/5,2)2 (H\/gz)? 1—+Vaz 1++Vaz

Using Equation 5.10, we obtain

Therefore, using Equation 5.11, we have that

(Cof)@) = (f,CpKa) 4o

1

= 1 (Va) + 3 (—va) + (4D (Va) + (AP (~va)

= 1(C=N0) + 5(C_N(@) + {(C AN @) + 1 (C_yzAf) (@)

37



38
Lemma 5.2.2 Let p(z) = z* and let C, act on A*(D). Then
3 3
cr=>3" %cok +> SC%A
k=1 k=1
where oy,(2) = *™R/3,1/3,

Proof Let aj, = op.(a) = e*™*/3a1/3 for k = 1,2, 3, and consider C,K,(z):

Cola(z) = Kal(p(2))

= Ku(2*)
B 1
(1 —az?)?
B 1
[(1—a12) (1 —@2) (1 —752) |
A1 Bl AQ BQ AS B3

+ — + + — + + —
(1-— a_lz)z l—aiz  (1- a_gz)Q l—az  (1- a_32>2 1 —asz

Using Equations 5.6 and 5.7, we compute the constants A;, Ay, As, By, By, B3 where

1 — a2
1 2
Al - § Bl - §
1 2
Ao = — B, = —
2= 3 2=
1 2
Az == B, ==
79 79
Now,
1/9 2/9 1/9 2/9 1/9 2/9
CoKal2) = /_ 7+ /— + /_ 7t /_ + /_ 5 T /_
(1—az)” l—az (1—-ay2)° 1—az (1-azz)” 1—azz
1/9 1/9 1/9 2/9 2/9 2/9

+ — + — + —
(1—a12)® (1—az2)’ (1—agz) 1l-—mz 11—z 1-a3z
Using Equation 5.10, we obtain

1 1 1
C@Ka(z) - §Ka1 (Z> + §Ka2 (Z) + §Ka3 (Z)
2a; 2a, 2a3

+?(AK¢11><Z) + T(AKGQ)(Z) + ?(AK‘B)(Z)



Therefore, using Equation 5.11, we have that

(Co@) = (f,Cola) o
1
9

1

1 1
= §(CU1f)(a) + §(CJQf)(a) + §(Cg3f)(0é>

F2(Co AD@) + 2(Co AT ) + 2(CoyAf)(0)

Theorem 5.2.1 Let ¢(z) = 2™ and let C, act on A*(D). Then,

n—1
Z —Cy, + ZTC%A

k=1

where oy (z) = 2™ k/m .

q(z)
et =1—-azz"= | | 1— d q.
Proof Let ¢(2) az ) 1( ayz) and g;(2) —a where

ar = O'k<Oé) _ eQm'k/nal/n

for 1 <k <n. Then, for1 <j<n,

(C@Kaxz) = H—_

1 1 2 2
= (@) + 5 @)+ o f () + S(AS) (@) + S(Af) (az) +

2 (A7) (as

Ap
_ j j
B (1—0L_jz)2+1—a_jz+Z {(l—a_kz)?+1—a_kz

We compute A; and B; using Equations 5.6 and 5.7. Consider

g(z) =[] (01 —az)

R
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and

wjm) = I (1-2)

_ H (1 _6—2m'(k—j)/n)

1<k<n

2y

using Equation 5.9. Now,

Therefore,

q;(1/a;)

g;(2) =

(1 —ajz)(—naz""1) +a;(1 — az")
TECRE

—naz" 4+ na;oz" + a; — a;az"
_a.~)2
(1 —ajz2)

a; —naz""' + (n— 1)a@;az"
(=g

oy G naz"! +_(n — Da;az"
z—1/a; (1 — ajz)z

~ lm —n(n — 1)&2”;2 + n(ﬁ — ajaz""
2—1/a; —2a;(1 —a;z)

— tm —n(n —1)(n = 2)az""2 + n(n — 1)*a;az">

— —2
z—1/a; 2aj

— lim —n(n — 1az"3 (n_2— 2—(n—1)a;z)
z—1/ay 2(Ij
—n(n — Da(l/a;)"*(-1)
2a;*

n(n — Da;"a;*"a;*

2
n(n — 1l)a;
2
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We obtain
1 1
A — -
Toq(@)? n?
and
2q;(1/ay) - n—1
T q(1/a) n?
Thus,
(CoKa)(z) = ) Ku(2) + (ARG, )(2)
k=1 k=1
and

Corollary 5.2.1 Let p(z) = 2" and let C, act on A*(D). Then, C,K, is not a

linear combination of kernel functions K,; .

Proof Rewrite (C,K,)(2) as

I V2 ~ (n—1)/n’
(€)= 3 IW+I;W
1 14 (n—1)01 —axz)

n? (1 —agz)?

s

5.3 Relating the Adjoint of a Composition Operator on the Hardy Space

and Bergman Space

In arriving at formulas for the adjoint of a composition operator with rational
symbol on the Bergman and Dirichlet spaces, Goshabulaghi and Vaezi [6] introduce

an operator 7' that maps one weighted Hardy space to another.
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Definition 5.3.1 Let H%(y) and H*(3) be weighted Hardy spaces with weight se-
quences {y(n) = 7,152, and {B(n) = B,}°°,, respectively. Then T : H*(3) — H?*(v)
1s defined by
[ee] [e.e] /Bn
T apnz" | = an—2".

If H*(y) = H*(D) and H?(B3) = A*(D), then T : A*(D) — H*(D) and

o] . _oo a, .
T(Zanz)—nz:o n—i—lZ‘

n=0
Letting Sy denote the adjoint of C, on H*(D) and S; denote the adjoint of C\, on
A%(D), Goshabulaghi and Vaezi [6] show in their proof of the formula for S; that Sy
and Sy are related by

(S1/)(2) = (25(T(T 1)) (2).

Furthermore, we show how the kernels of Sy and S; are related.
Theorem 5.3.1 If f is in ker(Sy), then T(T'f) is in ker(Sy), i.e.,
T(T (ker(S1))) C ker(Sp).
Proof Let f be in ker(S;). Then

(25(T(T'f)))(z) =0

and so
(2S(T(T'f)))(z) = c

for some constant ¢ in C. Since Sy is a map of H*(D) to H*(D), (2So(T(Tf)))(z) is
in zH?*(D) and hence ¢ = 0. Therefore, T(Tf) is in ker(S). u

In her 2007 paper, Wahl [11] gave a complete characterization of functions in the
(1 —2c)z?

kernel of C} acting on H*(ID) with symbols ¢(z) = .

for 0 < c<1/2:
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1—2c)z?
Theorem 5.3.2 Let p(z) = % for 0 < c < 1/2. Suppose f is in H*(D) with
— 2cz

constant term equal to 0. Then, f is in ker(Sy) if and only if f satisfies the successive

derivative condition

<i KD it
fits

— — Co— =0forj=0,1,2,....
(27)! (%+ﬂﬂ>m

Applying Theorem 5.3.1 proves the following corollary:

Corollary 5.3.1 Suppose f is in A*(D) with constant term equal to 0. If f is in

ker(S), then T(Tf) satisfies the successive derivative condition

KéZj) K£2j+1)
(T — =0 ) =0,1,2.....
< ( f)7 (2])' C(2j+1>' . fO?”j y Ly 4y
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6. Results in the Dirichlet Space

From the adjoint formula on the Dirichlet space given in Goshabulaghi and Vaezi’s [6]
paper, we give an analogous characterization of functions in the kernel of C’;f to
Theorem 4.1.3. Recall that the formula for the adjoint of a composition operator on

the Dirichlet space is

(CEN(2) = FO)Eyo)(2) + > fo(2)) = D f(a(0))

where the each sum is taken over the branches of o as defined in Theorem 2.1.1. Also,
if fis in ker(C7), then f(0) = 0 by Lemma 3.0.2.

Note that if ¢ : D — D is rational, then C, is bounded on D. Indeed, if the degree
of ¢ is the positive integer n, then ¢ is at most n-to-1 on D and the norm of ¢ is
at most n times the image of ¢ from Remark 1.3.1. Therefore, ¢ € D, has bounded

multiplicity, and C,, is bounded.

6.1 Main Results

Theorem 6.1.1 Let ¢ be a rational map of degree two mapping D into D and let C,

a122 + bz +c
act on the Dirichlet space D. Suppose p(00) = 00, i.e., p(z) = ! 2 ji L where
22 T Co

ay # 0. For ¢ as in Theorem 4.1.2, [ is in ker(C:;) if and only if

f(2)+ F(C(2)) = 0.

1
Proof Consider 04 (0) for k = 1,2 where 04(0) = lim ———. Since ¢(c0) = 00
= T(177)
and ¢ is a rational map of degree two, then the only preimage of oo under ¢ is oco.

Therefore, 01(0) = 0 and 0,(0) = 0.
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For f in ker(CY),

0 = (C3)()
= [f(o1(2)) + f(o2(2)) — f(01(0)) — f(02(0))
= f(o1(2)) + f(02(2))

Setting w = 01(z), we have ((w) = 0y(z) and therefore, f(w) + f({(w)) = 0. [

Theorem 6.1.2 Let ¢ be a rational map of degree two mapping D into D and let C,
act on the Dirichlet space D. Suppose p(o0) # oo. For  as in Theorem 4.1.2, f is
in ker(C’;‘) if and only if

f(2) + [(C(2)) = fo1(0)) + f(02(0)).
Proof For f in ker(C¥),
0 = (C;f)(2)
= f(01(2)) + f(02(2)) — f(01(0)) — f(02(0))
Setting w = o(2), we have ((w) = 5(2) and therefore,
fw) + f(¢(w)) = f(o1(0)) — f(o2(0)) = 0.

Theorem 6.1.3 Let ¢ be a rational map of degree two mapping D into D and let C,,
act on the Dirichlet space D. If f is in ker(Cz), then f is analytic on DU (D).

Proof If p(c0) = 00, then f(z) = —f(((z)) by Theorem 6.1.1. Since f(z) is analytic
on D, then f(((z)) is analytic in (D) and so f is analytic on D U (D).

If p(oc0) # oo, then f(z) = —f({(2)) + f(01(0)) + f(02(0)) by Theorem 6.1.2.
Since f(z) is analytic in D, then —f(¢(2)) + f(01(0)) + f(02(0)) is analytic in ¢(D)
and so f is analytic on DU ((D). [ |
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6.2 Relating the Adjoint of a Composition Operator on the Hardy Space
and Dirichlet Space

Using Definition 5.3.1, we take H?(v) to be the Dirichlet space and H?(/3) to be
the Hardy space so that T': H*(D) — D, that is to say,

T (i anz"> =ag+ i A/ n2"
n=1

n=0

for Zanz” € H*(D). Note that T is an isometry. Let Sy be the adjoint of a

n=0
composition operator on D and let Sy be the adjoint of the same composition operator

on H?(D). In their proof of the adjoint of a composition operator on the Dirichlet

space, Goshabulaghi and Vaezi [6] relate Sy and Sy by

(Sof)(2) = T(T(SUTH T f)))(=) (6.1)

where f is a polynomial.

Using Equation 6.1, we relate the kernel of Sy and the kernel of 5.
Theorem 6.2.1 If f is a polynomial in ker(Sy), then T-H(T~1f) is in ker(S)).
Proof If f is in ker(Sp), then

0 = (Sof)(2)
= T(T(Sy(THT'£)))(z)

Since T' is an isometry between D and H*(D), we have that S;(T(T~'f)) = 0 or
T=HT~'f) is in ker(S)). |
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7. Summary

We have seen that in the Hardy space, perhaps the most-studied Hilbert space of
analytic functions, characterizing functions in ker (C’;< ) is non-trivial for non-univalent
symbols on D, and there is still more to be done for rational symbols of higher degrees.
The characterization as developed in Chapter 4 becomes more complex due to the
additional branches of ¢! that come with a rational ¢ of degree larger than 2. Even
less is known in the Bergman and Dirichlet spaces, but results obtained in the Hardy

space will hopefully lead to analogous results in other weighted Hardy spaces.
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