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Lower Bounds on the Minimal Delay of Complex
Orthogonal Designs With Maximal Rates

Haibin Kan, Member, IEEE, and Hong Shen

Abstract—The maximal rates and the minimal delays are basic
problems of space—time block codes from complex orthogonal
designs. Liang systematically solved the problem on the maximal
rates of complex othogonal designs, and posed an open problem
on the minimal delays. Recently, the authors gave the negative
answer for the open problem. In this letter, we give lower bounds
on the minimal delays.

Index Terms—Complex orthogonal designs, delays, maximal
rates, space—time block codes (STBCs).

1. INTRODUCTION

PACE-TIME block codes (STBCs) from complex orthog-
S onal designs have been hot topics in recent years, and are
extensively applied in wireless communication systems with
multiple transmit and receive antennas. The pioneer work in this
field was done by Alamouti and Tarokh. Alamouti [1] first pro-
posed a very simple and efficient transmission scheme using two
transmit antennas and m receive antennas, and his idea is the
embryo of space—time codes (STCs) from orthogonal designs.
Later, Tarokh [8] generalized Alamouti’s idea to the general
case, i.e., STCs from orthogonal designs. The STCs from or-
thogonal designs have full diversity and a linear maximum-like-
lihood (ML) decoding algorithm, which are important proper-
ties for wireless communication systems. The maximal rates and
the minimal delays of orthogonal designs are two basic prob-
lems in this field. Tarokh proved that the maximal rates of or-
thogonal designs are not larger than one, gave a procedure for
constructing real orthogonal designs with the maximal rate one
and minimal delays, and also constructed a complex orthog-
onal design with rate 1/2 from any real orthogonal design with
rate 1. Therefore, the problems on real orthogonal designs were
completely solved. However, Tarokh pointed out in [8] that con-
structing complex orthogonal designs with a rate larger than 1/2
was very difficult, and that his discoveries only presented the
tip of the iceberg. Recently, Liang [4] made a great improve-
ment on complex orthogonal designs. He systematically and
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smartly investigated the two basic problems on complex orthog-
onal designs, gave the maximal rates of complex orthogonal de-
signs, and presented a procedure for constructing complex or-
thogonal designs with the maximal rates. Furthermore, he posed
an open problem on the minimal delays of complex orthogonal
designs with the maximal rates, and pointed out that the open
problem was correct for not more than six transmit antennas. In
[3], the authors proved that the open problem was also correct
for seven transmit antennas, but gave as a counterexample the
open problem for eight transmit antennas. In this letter, we give
lower bounds for the minimal delays of orthogonal designs with
the maximal rates.

Some preliminaries on orthogonal designs are given in
Section II. We conclude the lower bounds on the minimal
delays of complex orthogonal designs with the maximal rates
in Section III, which are much smaller than the value in [4] and
can be reached for n = 8. Also, we point out that the lower
bounds on the minimal delays are possibly reached for some
even transmit antennas.

II. PRELIMINARIES

In this section, we introduce some basic notions on com-
plex orthogonal designs. Let C' denote the complex field. All
vectors are assumed to be column vectors. Denote by C™ and
M xn(C) the set of all n-dimensional complex vectors and
the set of m X n complex matrices, respectively. For any z =
(z1,72,...,2,)" € C™, denote by ' = (z1,72,...,Zy),
v* = (2}, 75,...,05)t and 2 = (2%, 2%,...,2%) its trans-
pose vector, conjugate vector, and conjugate transpose vector,
respectively. Similarly, for any matrix A € M,,x,(C), A#
means the conjugate transpose of A. Denote by

A(iy, i, .. ik J1s Jo, - - -5 Jk) and A(sy ~ sa5ty ~ o)

the submatrix consisting of the <;th,isth,... ixth rows
and the jith, joth,... ¢xth columns of A, and the sub-
matrix consisting of the sith,(s; + 1)th,..., soth rows

and the tith,(t;7 4+ 1)th,...,¢oth columns of A, where
s1 < s and t; < to, respectively. Sometimes, we denote
by A(i1,i9,...,ig;t1 ~ t) the submatrix consisting of
the i1th,iath, ... irth rows and the tith, (¢1 + 1)th, ..., ¢ath
columns of A. So A(¢; j) denotes the 1 x 1 submatrix consisting
of the (7, 7) element of A. We use A(4, 7) for the (4, j) element
of the matrix A. For any € R, [z] and |z] denote the least
integer larger than or equal to = and the largest integer less than
or equal to z, respectively.

Definition 1: A [p,n,k] complex orthogonal de-
sign O is a p X n rectangular matrix whose nonzero

entries are 21522y e e ey Zhy — 21y — 220y —Zk or
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21,25y s Ry =Ry —%5,-..,—2, Where = z1,29,..., 2,
21, %5,...,2; are indeterminates over the complex number

field C, such that
OHO = (|Zl|2 + |22|2 + ...+ |Zk|2) Lxn-

When p = n, O is called a square complex orthogonal design.
k/p is called the code rate of O, and p is called the decoding
delay of O.

According to Definition 1, itis easy to check that for a [p, n, k]
complex orthogonal design O, every column of O contains ex-
actly one of z;, —z;, 27, and —z; foreach¢ = 1,2,...,k, and
every row contains at most one of z;, —z;, z;, and —z; for each
i =1,2,..., k. If O includes the following submatrix:

Z; S S Zi
7 1 or 1 i
So zZ; Z3 S9

then s; = so = 0. If O includes the following submatrix:

z; S1 S1 z;
1 . or . 1
S2  Z; Z; S92

then so = —sj.

Clearly, a [p,n,k] complex orthogonal design O is still
a [p,n,k] complex orthogonal design under the following
transformations: 1) multiplication of rows or columns with
—1; 2) permutation of rows or columns of O; 3) permutation
of complex variables in O; 4) multiplication of some complex
variables with —1; 5) substitution of some complex variables
in O with their conjugates. Conventionally, we call them the
elementary transformations for complex orthogonal designs.

In order to improve the bandwidth efficiency of the designed
STBCs for any given number of transmit antennas, we need to
construct complex orthogonal designs with rate R as high as
possible. Meanwhile, we should take into account the memory
length or decoding delay p, which is expected to be as small
as possible. So the following two problems are the basic prob-
lems in the study of complex orthogonal designs: 1) given n,
find a [p, n, k] complex orthogonal design which maximizes the
rate k/p; 2) given n, find a [p, n, k] complex orthogonal design
with the maximal rate which minimizes the delay p. The first
problem, i.e., the problem of maximal rates, was completely
solved by Liang in [4]. Liang proved that for any given n, the
maximal value of the rate k/p of [p, n, k] complex orthogonal
designs is m + 1/2m, where n = 2m or 2m — 1. Also, he pre-
sented a procedure for constructing complex orthogonal designs
with the maximal rates. In fact, for any given n, m, and [ such
thatn = m + 1, a [p(m,1),n, k(m,1)] complex orthogonal de-
sign can be constructed by Liang’s procedure, where

k(m, 1) = (;) and p(m, 1) = (m’z 1) + (mi 1). (1)

Furthermore, when m = [n/2], k(m,l)/p(m,l) achieves the
maximal value, i.e., k(m,l)/p(m,l) = m + 1/2m. So, when
n = 2m, then

k(m,m) = <27;n> and p(m,m) = mZ_TI <27:1n> 2)
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And when n = 2m — 1, then

kan—nz(”"‘ﬁ

m
2 2m —1
prn—U=%£%<n; ). 3

However, the second basic problem, i.e., the problem of the min-
imal delays of complex orthogonal designs with maximal rates,
is still an open problem. For any positive integer n and real
number  not larger than one, denote by p¢(n, ) the least pos-
itive integer p, such that there exists a [p, n, k] complex orthog-
onal design with k/p > r. Given n, lety,, = m + 1/2m, where
n = 2m or 2m — 1. Liang [4] gave the following expression:

2m (M) ifn=2mor2m — 1,butn # 4
= m+1\m/? ’
“)

and proved the above equation is correct for 1 < n < 6. In [3],
the authors proved the above equation is correct for n = 7, but
is not correct for n = 8.

III. LOWER BOUNDS ON THE MINIMAL DELAYS OF COMPLEX
ORTHOGONAL DESIGNS WITH MAXIMAL RATES

In this section, we deduce the lower bounds on the minimal
delays of complex orthogonal designs with maximal rates and
the lower bounds on the number of complex variables. Further-
more, we point out that the lower bounds on the minimal delays
are possibly reached for some even transmit antennas.

Theorem 1: Given n > 4, let O be any [p,n, k] complex
orthogonal design with the maximal rate m + 1/2m, where n =
2m or 2m — 1. Then

pZn—i—%m(n—m)(n—Z). 3)

Proof: We only prove the case n = 2m, as it is com-
pletely similar to proving the case for n = 2m — 1. Let O
be a [p, n, k] complex orthogonal design with the maximal rate
m + 1/2m. By the elementary transformations for complex or-
thogonal designs mentioned before, we could assume that O
contains the n x n submatrix Oy in its top, where Oy is given
in (6), shown at the bottom of the next page. The condition
n > 4 and the proof of [4, Prop. 6] guarantee that the subma-
trix Og(1 ~ m;m + 1 ~ 2m) should be occupied by pairwise
different complex variables. Since O is a complex orthogonal
design, every column of O should include every complex vari-
able or its conjugate. In order to make every column include z;,
—zi, 27, 0r —zF for 2 < 4 < m + 1, O must contain the fol-

lowing submatrix:
Oo
O1

in its top by some elementary transformations, where O is
given in (7), and & means an unoccupied position. It is easy
to see that the number of rows of Oy is

m=—1+m-1D+(m—-1+m-2)+...+
(m—1+®=wmn—n+%mmwﬂy
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Now, we prove that the unoccupied positions in O; can not be
occupied by +z; and 2], m+2 <4 < m?2+ 1. We first verify
that the (rn — 1) X (m — 1) submatrix O1(m ~ 2m —2;2 ~ m)
does not contain £z; and £z, m +2 <14 < m2 + 1. Clearly

O1(m ~2m —2;2 ~m) =0(3m ~4m — 2;2 ~ m).

Since O(m + 1 ~ 2m;2 ~ m) contains —zF, m + 2 < i <
m? 4+ 1, O1(m ~ 2m — 2;2 ~ m) does not contain £z},
m+ 2 < i< m?+ 1. Because

*

O1(m~2m—2m+1) = (—23‘7—247...,—zfn+1)t

and

so O1(m ~ 2m — 2;2 ~ m) does not contain £z, for
1 < j < m — 1. Noting that —z;, m +2 < i < m? + 1,
have already appeared in the first column of O, we can use
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the following method to prove that O1(m ~ 2m — 2;2 ~ m)
does not include 2y, 44, where 1 < h < m —1and 3 <
7 < m + 1. For example, we verify that the third column of
O1(m ~ 2m — 2;2 ~ m) does not contain £z,,3

Since 0(2,3) =0, O(2,m + 2) = 243,

and O(3m,m +2) =25, O(3m,3) # £zmys. (8)
Assume O1(4,3) = 243, Where m < j < 2m — 2

Since Ol(j7 3) = Zm+3, Ol(]/ 2) = —Z22m+3,
O1(2,j +2) = —2p,43, and O1(2,m + 2) = 27 5. (9)

Letw = [(m—14+m—1)4+---+(m—-14+m—(j—m+1))]+1

Since O1(2,m + 2) = 23, 4 (j_m+3): O1(w, 1) = —zj43, and
01(27 1) = —Z22m+2; Ol(U)7 m + 2) = _Z;m+2' (10)
Since 01(j7 2) = —Z22m+3; 01(w7 2) = Zj—m+3, and

Ol(j7m + 1) = _Z;—m+3701(w7m + 1) = _Z;m+3 (11)

21 0 0 29 23 Zm+1
0 z1 0 Zm+2 Zm+3 Zom+1
0 0 m(m— “m(m— m-
o= | O LA e i e ©
%2 Zm+2 Zm(m—1)+2 1
—2z4 —Zpi3 _Z:n(m—l)-i—?) 0 2] 0
_Z;’kn+1 _Z§m+1 _Z:n2+1 0 0 Zf
—Zm42 22 0 0 0 [ ) 4 [ )
—Zom+2 0 z2 0 0 A A Py
—Zm(m—1)+2 0 0 z2 0 ) ) )
0 ' ' ' —24 23 0 0
0 o o ) -2z 0 2 0
0 ' ' ' —Zma1 0 0 23
—Zm+3 z3 0 0 'y 0 'S A
—Z22m+3 0 z3 0 Q 0 Q Q
O, = : : : : : : : : (7
—Zm(m-1)43 0 0 23 o 0 ) )
0 ® ® o 0 -z 2 0
0 o 4 PN 0 20 0
0 ' ' ' 0 -2y 0 23
—Zom+1 Zm41 0 0 ) ) a 0
—2Z3m4+1 0 Zm+1 0 [ ) [ ) & 0
—Zm241 0 0 Zm+1 ‘ ‘ ‘ 0
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where we get (9) by the submatrix Oy, (10) by the fact that —z;,
m 42 < i < m?+ 1, have already appeared in the first column
of O1, and (11) by the fact that

O1(m~2m —2m+1) = (=25, 25, ..., =25 )

So we have the following submatrix:

Z22m+2 Z22m+3 >

_Z;m+3 _Z;m+2

which is a contradiction. Hence, O1 (4, 3) # zm+3. Similarly, if

01(4,3) = —zm+3, then we have the following submatrix:
OB, w;m+1,m+2)= <Z2m+2

22m+3
* *
Z9m+3  “2m+2

which is also a contradiction. Hence, O1(j, 3) # % 2y,43. Simi-
larly, we can prove that other +z; and £z, m+4 <+ < m2+1,
do not appear in O1(m ~ 2m — 2;2 ~ m). Consequently,
O1(m ~ 2m — 2;2 ~ m) does not include +z; and £z},
m + 2 < i < m?+ 1. According to the procedure of (8)—(11),
we can similarly verify that £2; and £z}, m+2 < < m2+1,
can not appear in the following submatrices:
O1((m—=141)~(m—-14+m—1);2~m)
O1([(m—=14+m—-1)+(m—1+1)]
~[m=14m-1)+(m—-14+m—2)];2~m)

OB, w;m+1,m+2)= <

O1([lm—-14m-1)+--4+(m—-14+1)];2~m).
Furthermore, the above submatrices determine the other unoc-
cupied positions in O;. Hence, O; does not contain +z; and
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+zi,m+2<41 < m? + 1. To make each column of O contain
Zi, —2i, 25,0 —z7, m+2 <14 < 2m+ 1, we extend O so that
O contains the following submatrix:

Oo

01

O
where O- is defined in (12), shown at the bottom of the page.
The number of rows of Oy is m(m — 2) + (1/2)m(m — 1).
Clearly, the unoccupied positions in the first column of Os is
completely determined by the elements in O;. Noting that —z;,
2m + 2 < i < m? + 1, have already appeared in the second
column of O2, we can similarly prove that the unoccupied posi-
tions in Oz do not include z;, —z;, 2}, and —z;,2m+2 < i <
m2 + 1. Continuously, to make each column of O contain z;,
—zi, 25, or —zF for 2m +2 < i < m? + 1, we conclude that O
has the following submatrix:

Oo

O,

Om
where the number of rows of Oy is 2m, and the number of the
rowsof O;, 1 < ¢ < m,is
(m—i+m—-1)4+(m—i+m-—2)+---+

1
(m—i+0)=(m—1i)m+ §m(m—1).

Hence, the number of rows of O is not less than

1 1 1
2m+ §m2(m— 1+ §m2(m— H=n+ 5m(n—m)(n—2).

0 —Z2m 42 Zm42 0
0 —23m4-2 0 Zm42
0 —Zm(m—1)+2 0 0
) ) )
) 0 ) )
) 0 ) )
0 —Z22m 43 Zm43 0
0 —Z3m+3 0 Zm+3
Oy=1: : :
0 —Zm(m—1)+3 0 0
) 0 [ ) )
) 0 [ ) )
) 0 [ ) )
0 —Z3m+1 Z22m—+1 0
0 —Z4m41 0 Z2m+1

0 —Zpeis 0 0

0 0 o L) o

0 0 o o o

L] —Zmy3 Zimt2 0 T 0

[ ) —Zh44 0 Zhio 0

4 —Z3m 41 0 0 Z;;+2

0 L) 0 L) o

0 o 0 o o

: : : : (12)
Zm+3 . 0 . Q

L 0 ~Zm+d  Zmt3 0

[ ) 0 —Zh s 0 0

‘ 0 —Zikm+1 0 Z:1,+3

0 N o 0

0 o o & 0
Zzw.z+1 Q Q Q 0
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Thus, we finish the proof. ]

Clearly, for a given n > 4, the lower bound in (5) is much
less than the value given in (4). Kan and Shen [3] gave a [56,
8, 35] complex orthogonal design, which shows that the lower
bounds in (5) are reached when n = 8.

Theorem 2: Given n > 4, let O be any [p,n, k] complex
orthogonal design with maximal rate m+1/2m, where n = 2m
or 2m — 1. Then

k‘Z1—|—m(n—m)—|—%(m—l)(n—m)(n—m—1). (13)

Proof: We only prove the case n = 2m, and the case n =
2m — 1 can be similarly proved. We remain the notations in
the proof of Theorem 1. It has been proved that +z; and £z,
1 < i < m? + 1, do not appear in O;. Now we prove that all
positions in the following submatrices of Oy :

O1((m-14+1)~(m—-14+m—1);2~m)
O1(m—=14+m—-1)+(m—1+1)]
~[m=1+m—-1)+(m—-1+m-—2)];2~m)

O1(m—=-14m—-1)+---+(m—-1+1)];2~m)

should be occupied by new pairwise different complex vari-
ables. By Theorem 1 and the proof of [4, Prop. 6], we conclude
that O1(m ~ 2m — 2;2 ~ m) should be occupied by new
pairwise different complex variables, say z;, m?> + 2 < i <
2m? — 2m + 2. For simplicity of notation, let z,,2 1 14; = y;
for1 < j < (m —1)%, and let s = m — 1. So we can assume
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that O; has the form given in (14), shown at the bottom of the
page, where

O1(1~m—1;m~+2~2m) = — (O1(m~2m — 2;2~m))".

Noting that the complex variables y7, 1 < j < 52, have already

appeared in the (m+ 1)th column of O, according to the proce-

dure of (8)—(11), we can similarly prove that y;, —y;, y;-‘, —y;*,

1 < j < 52, do not appear in the following submatrices:
01(3m —2 ~4m —5;2 ~m)

O1(5m — 5~ 6m —9;2 ~m)

01 ((m =1+ gyl = 2~ m)

For example, we prove that y;, —y;, y;, —y;?, 1<5< $2, do
not appear in O1(3m — 2 ~ 4m — 5;2 ~ m). Since every y;,
1 < j < 52, appears in O;(m ~ 2m — 2;2 ~ m), y; for
1 < j < 5% can not appear in O1(3m — 2 ~ 4m — 5;2 ~ m).
Because

01(3m —2~4m —5m+2) = (—zz,—z;,...,—z:@_i_l)t
and
Or(1~m = Lim+2) = (=yf, v, —y2)'

s0, y7,1 < j < s,donot appear in 01(3m—2~4m—>5;2 ~
m). Next, we prove that j:y;-‘, s+ 1< j < s2, donot appear

—Zm+2 z9 0
—Zom+42 0 %2
—Zm(m—1)+2 0 0
hn Y2

0 Ys+1 Ys+2

0 Ys(s—1)+1  Ys(s—1)+2

—Zm+3 z3 0
—Zom+3 0 3
0, = :
_zm(m—1)+3 0 0
0 L L
0 L L
0 ® ®
—229m4+1 Zm41 0

—Z3m+1 0 Zm+1
—Zm2+1 0 0

0 0 L) L) L)
0 0 L) L) L)
22 0 L) - &
Ys —23 z5 o --- 0
Y2s -2 0 2z 0
e g 00 oz
0 yr 0 o - &
0 yh 0 o - A
: : : : : (14)
Z3 y: 0 ‘ “ee ‘
[ ) 0 R
PN 0 —z 0 0
[ ) 0 —2Zma1 0 23
0 y:(s—l)—l—l o o &0
0 y:(s—1)+2 » - &0

b1 U o - 4 0
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in O1(3m — 2 ~ 4m — 5;2 ~ m). For instance, we verify that
%y, do not appear in the second column of O1(3m — 2 ~
4m — 5;2 ~ m), as follows.

Since O1(1,3) =0, O1(1,m + 3) = —y;, ., and O1(3m —
2,m+3) = 23, 01(3m — 2,3) # xyl, ;. Assume O1(3m —
1,3) = yi,;. Since O1(3m — 1,3) = yi, 1, O1(3m — 1,2) =
—Yii10.01(2m,m+4) = —ysy1,and O1(2m, m+3) = yoasy1.
Since O1(2m,m 4 3) = Y2541, O1(6m — 8, m + 1) = y3,. 4,
and O1(2m,m + 1) = y3, O1(6m — 8,m + 3) = —y,, where
we make use of the important fact that —y;f, 1 <5< s2,
have already appeared in the (m + 1)th column of O;. Since
O1(3m — 1,2) = =y, O1(3m — 1,m + 2) = —z, and
O1(6m —8,2) = z5,01(6m — 8, m+2) = —ys12. Hence, we
have the following submatrix:

01(2,6m — 8m+ 1,m+2) = ( R _yS+2>
“Ys+2 Y2
which is a contradiction. So O1(3m—1,3) # y, ;. If O1(3m—
1,3) = —yZ, . then we can get the following submatrix:

01(2,6m —8m+1,m+2) = < —Y2 _ys+2>
Ys+2 Y2

which is also a contradiction. Hence, O1(3m — 1,3) # £y, ;.
In fact, the above procedure verifying that +y7,; do not ap-
pear in the second column of O1(3m — 2 ~ 4m — 5;2 ~ m)
is essentially the same as the procedure of (8)—(11). Since we
can continuously do this procedure, we conclude that only new
pairwise different complex variables appear in all positions of
the following submatrix:

O1(m ~2m —2;2 ~m)
01(3m —2~4m —5;2 ~m)

O1(5m =5~ 6m —9;2 ~m)

01 ((m =12+ gyl = 12~ m).

Hence

E>1+m?+(m—1)[(m—1)+(m—2)+ - +1]

1
=1+m?+ g(m— 1)%m.

Thus, we finish the proof. ]
The [56, 8, 35] complex orthogonal design given in [3] shows
that the lower bounds of Theorem 2 are reached for n = 8. It is
very easy to verify that when n > 4, the lower bound for p in
Theorem 1 is larger than the lower bound for k in Theorem 2.
At last, we point out a very interesting property for the lower
bounds in Theorems I and 2. If n = 2m, then

1—|—m(n—m)+%(m—l)(n—m)(n—m—l)

1
:1—{—7712—f—§m(m—1)2

%(m +1)%(m —2)

and

n+ %m(n —m)(n —2)

=2m 4+ m*(m —1)
=m(m+1)(m — 2).
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Hence, if n = 2m, then

L+ m(n —m)+ 3(m —1)(n —m)(n —m — 1)

n+ im(n —m)(n —2)

m+1
2m

However, for given n, where n = 2m, m + 1/2m is exactly
the maximal rate of [p, n, k] complex orthogonal designs. So,
for an even integer n, where n = 2m and m > 4, it is possible
that the minimal delay of [p, n, k] complex orthogonal designs
is m(m + 1)(m — 2), which is much less than the value given
in (4).

IV. CONCLUSION

Given a positive integer n, what the minimal delays are for
complex orthogonal designs with maximal rates is an open
problem. In this letter, for a positive integer n, we give lower
bounds of the minimal delay p and the number k£ of complex
variables for [p,n, k] complex orthogonal designs with max-
imal rates. The lower bounds in Theorems I and 2 are weak,
and it is not difficult to improve the lower bounds in Theorems
1 and 2 by a more careful analysis along with the same method
in the letter. However, to completely solve the problem of
the minimal delays for the complex orthogonal designs with
maximal rates, the solution must appeal to other methods.
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