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associative or Lie algebras only one such variety exists. Here we present infinite
families of such varieties. More precisely we shall prove the existence of

1) a countable family of almost nilpotent varieties of at most linear growth and
MSC: 2) an uncountable family of almost nilpotent varieties of at most quadratic growth.
Primary: 17A50; 16R10; 16P90; © 2017 Elsevier B.V. All rights reserved.
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1. Introduction

Let F be a field of characteristic zero and F{X} the free non-associative algebra on a countable set
X over F. If V is a variety of not necessarily associative algebras and Id(V) is the T-ideal of polyno-
mial identities of V, then F{X}/Id(V) is the relatively free algebra of countable rank of the variety V.
It is well known that in characteristic zero every identity is equivalent to a system of multilinear ones,
and an important invariant is provided by the sequence of dimensions ¢, (V) of the n-multilinear part of
F{X}/Id(V), n = 1,2,.... More precisely, for every n > 1 let P, be the space of multilinear polynomials
in the variables z1,...,z,. Since char F' = 0, F{X}/Id(V) is determined by the sequence of subspaces
{P,/(P, NId(V))}n>1 and the integer ¢, (V) = dim P, /(P,, N Id(V)) is called the n-th codimension of V.
The growth function determined by the sequence of integers {c,(V)},>1 is the growth of the variety V.

In general a variety V has overexponential growth, i.e., the sequence of codimensions cannot be bounded
by any exponential function. Recall that V has exponential growth if ¢, (V) < a™, for all n > 1, for some
constant a. For instance any variety generated by a finite dimensional algebra has exponential growth. For
such varieties the limit lim, o, {/c,(V) = exp(V), is called the PI-exponent of the variety V, provided it
exists.
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We say that a variety V has polynomial growth if there exist constants «, ¢ > 0 such that asymptotically
cn(V) =~ an'. When t = 1 we speak of linear growth and when ¢ = 2, of quadratic growth.

Moreover V has intermediate growth if for any k& > 0, a > 1 there exist constants C7, Cs, such that for
any n the inequalities

cink < en(V) < Caa™

hold. Finally we say that a variety V has subexponential growth if for any constant B there exists ng such
that for all n > ng, ¢,(V) < B™. Clearly varieties with polynomial growth or intermediate growth have
subexponential growth and it can be shown that varieties realizing each growth can be constructed. For
instance a class of varieties of intermediate growth was constructed in [5].

The purpose of this note is the study of the almost nilpotent varieties. Recall that a variety V is almost
nilpotent if it is not nilpotent but all proper subvarieties are nilpotent.

About previous results, if we consider varieties of associative algebras, it is easily seen that the only almost
nilpotent variety is the variety V of commutative algebras (the sequence of codimensions is ¢, (V) = 1, n > 1).
In the case of varieties of Lie algebras it has been shown that there is also only one almost nilpotent variety:
the variety A? of metabelian Lie algebras and in this case ¢, (A%) = n — 1. In [3] it was proved that there
exist only two almost nilpotent varieties of Leibniz algebras and both varieties have at most linear growth.
For general non-associative algebras, in [11] an almost nilpotent variety of exponent two was constructed.
Later in [10] it was proved that for any integer m an almost nilpotent variety with exponent m exists.
Recently in [8] it was proved the existence of almost nilpotent varieties with fractional exponent.

An algebra satisfying the identity z(yz) = 0 will be called left nilpotent of index two. In [12] two almost
nilpotent varieties with linear growth were constructed and it was proved that they represent a full list of
almost nilpotent varieties with subexponential growth in the class of left nilpotent algebras of index two.
For commutative (anticommutative) metabelian algebras similar result were obtained in [1], [9].

The purpose of this note is to prove the existence of two families of almost nilpotent varieties. The first
one is a countable family of at most linear growth and the second one is an uncountable family of at most
quadratic growth.

2. The general setting

Throughout A will be a non-necessarily associative algebra over a field F' of characteristic zero and F{X}
the free non-associative algebra on a countable set X = {1, z2,...}. The polynomial identities satisfied
by A form a T-ideal Id(A) of F{X} and by the standard multilinearization process, we consider only the
multilinear polynomials lying in Id(A). To this end, for every n > 1, we set P, to be the space of multilinear
polynomials in x1,...,z,, and we let the symmetric group S, act on P, be setting of(z1,...,2,) =
f(l‘g(l), R ,.Z‘U(n)), foroc € S,, f € P,.

The space P,(A) = P,/(P, NId(A)) has an induced structure of S,-module and we let x,(A) be its
character, called the n-th cocharacter of A. By complete reducibility we write

o) = Y maxa

AFn

where x, is the irreducible S,-character corresponding to the partition A\ = n and mj) > 0 is the corre-
sponding multiplicity (we refer the reader to [6] for an account of this approach).

We next recall some basic properties of the representation theory of the symmetric group that we shall use
in the sequel. Let A - n and let T be a Young tableau of shape A - n. We denote by er, the corresponding
essential idempotent, i.e., 62TA = aer,, 0 # a € F, of the group algebra F'S,,. Recall that ey, = R% Cr,
where R} =Y . Ry, O and Cpo =35 o, (sgn7)T and Rr,, Cr, are the groups of row and column
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stabilizers of T}, respectively. Recall that if M), is an irreducible S,,-submodule of P,,(A) corresponding to
A, there exists a polynomial f(x1,...,z,) € P, and a tableau T) such that er, f(x1,...,2,) ¢ Id(A). Let
er, =Cr, R}AC . Since R% CTAR Cr, # 0 then er, is a nonzero essential 1dernpotent that generates the
same irreducible module and so also eTAf(xl, s xy) € Id(A).

In what follows we shall also denote by g(\) the polynomial obtained from the essential idempotent
corresponding to a tableau of shape A by identifying the elements in each row. Recall that g()) is an highest
weight vector of the general linear group GLy(F) where k is the number of distinct part of A (see [2])

Now, for a fixed arrangement of the parentheses T, let us denote by P! the subspace of P, spanned
by the monomials whose arrangement of the parentheses is T. Let also PT(A) = PT/(PT N Id(A)). Then
clearly P, (A) =Y, PT(A).

Since the S,-module PT(A) is a homomorphic image of PI = F'S,,, the regular S,-representation, it
follows that, if x,,(4)T is the S,,-character of PT(A), then

T= Zm%(x

AFn

and m1 < d, = degx,. Clearly my <> . m1.

Throughout we shall also use the following convention: we shall write the same symbol (e.g. -, 7) over
two or more variables of a polynomial to indicate that the polynomial is alternating on these variables.

For instance z3T1To = z321T2 — T3T2X1.

We also need to recall some results from the theory of infinite words (see [7]). Recall that, given an
infinite (associative) word w in the alphabet {0,1} the complexity Comp,, of w is defined as the function
Comp,, : N — N, where Comp,,(n) is the number of distinct subwords of w of length n.

Also, an infinite word w = wyws - - is periodic with period T if w; = w4 for i = 1,2,.... It is easy
to see that for any such word Comp,,(n) < T. Moreover, an infinite word w is called a Sturmian word if
Comp,,(n) =n+1 for all n > 1.

For a finite word x, the height h(z) of x is the number of occurrences of the syn(rﬂ;ol 1 appearing in z.
h(x
E]

Also, if |z| denotes the length of the word x, the slope of z is defined as m(x) = T*. In some cases this

definition can be extended to infinite words as follows. Let w be some infinite word and let w(1,n) denote

h(w(1,n))

its prefix subword of length n. If the sequence converges for n — oo and the limit

m(w) = lim hw(,n)

n—00 n

exists then 7(w) it is called the slope of w. Examples of infinite words for which the slope is not defined can
be given. Nevertheless for periodic and Sturmian words the slope is well defined. In the next proposition we
reassume the main properties of these words that we shall use here.

Theorem 1. (/7, Section 2.2]) Let w be a Sturmian or periodic word. Then there exists a constant C' such
that

1) |h(z) — h(y)| < C, for any finite subwords x,y of w with |x| = |y|;

2) the slope w(w) of w exists;

3)

4) for any real number a € (0,1) there exists a word w with 7(w) = « and w s Sturmian or periodic

|m(u) — 7(w)| < \_CI’ for any non-empty subword u of w;
according as « is irrational or rational, respectively.

If w is Sturmian we can take C =1, and if w is periodic of period t, then 7(w) = w
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3. Algebras constructed from periodic or Sturmian words

Our aim in this section is to prove the existence of two families of almost nilpotent varieties. The first is
a countable family of varieties of at most linear growth and the second is an uncountable family of at most
quadratic growth. To do this we will make use of an algebra constructed in [4].

Throughout A will be the algebra generated by one element a such that every word in A containing two
or more subwords equal to a? must be zero.

Note that in particular the algebra A is metabelian, i.e., it satisfies the identity

(z122)(z324) = 0.

A partial decomposition of the cocharacter of A was given in [4] and we recall it here.

Let L, and R, denote the linear transformations on A of left and right multiplication by a, respectively.
We shall usually write bL, = Lo (b) = ab and bR, = R, (b) = ba.

We have the following

Remark 1.

1) Xn(A) = Mn)X(n) + Mp-1,1)X(n—1,1)
2) cn(A) > 2m2,

Proof. Let A = (A1, Aq,...) F n be a partition of n such that n — A; > 2. This says that either the first
column of X\ has at least three boxes or the first two columns of A have at least two boxes each. Hence, if
/> is an highest weight vector associated to A, either f is alternating on three variables or f is alternating
on two distinct pairs of variables. In both cases every monomial of fy evaluated in A contains at least two
subwords equal to a?. Hence fy € Id(A) and this implies that y, appears with zero multiplicity in the
decomposition of x,,(A). It follows that

Xn(A) = Mn)X(n) + Mp-1,1)X(n—1,1)

is the decomposition of x,(A) into irreducibles.

In order to prove 2) we compute the multiplicity m,) in x,(4).

Let w(L,, R,) € End(A) be a word in L, and R, of length n — 2. Clearly a?v(Lqy, Ry) = v(La, Ry)(a?) is
the evaluation of an highest weight vector associated to the partition (n) which is not an identity of A. Since
there are 2"~ 2 distinct such words, we get 2”2 highest weight vectors which are linearly independent mod
Id(A). Thus since deg x () = 1, from Xy, (A) = M) X(n) + M (n-1,1)X(n—1,1), We have that ¢, (4) > "2 O

Next we shall compute the decomposition of the cocharacter x1(A) for a fixed arrangement T of the
parentheses of P,.
We have the following

Proposition 1. For any arrangement T of the parentheses in P, we have
Xn(A)T = X(n) + 2X(n-1,1)- (1)
Proof. If PT(A) # 0 then any monomial of P is of the form
o) o) T 1,20a « - Tn—2,200m) (mod Id(A)),

where Tj ,, = Ly, or Tj », = R, for any 1, j.
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It follows that, mod Id(A), the highest weight vectors corresponding to standard tableaux of shape
(n—1,1) are

go(w1,72) = (T1%2) Ty, - .. Ty
and
gi(xl,.fQ) = (flxl)TI,zl .. ./1—’1'71,93171"932/1—154»1_’11 .. .Tn,QmU 1 S 7 S n—2.

Recall that the symbol ~ over two or more variables of a polynomial means that the polynomial is
alternating on these variables.

We claim that for any 1 <i,j <n — 2 the elements g;(x1,z2) and g;(x1,z2) are linearly dependent mod
Id(A). In fact, since any word containing two subwords equal to a? is zero in A, in a non-zero evaluation ¢
we must set p(z1) = a and p(z2) = a?v(L4, R,), for some monomial v(Lg, R,) € End(A).

We get

@(gi(fla $2)) = (P(gj (1’17 1’2)) = _GQ’U(Laa Ra)RaTl,a ce. Tn72,a7

and the claim is established.

Next our aim is to prove that the polynomials go(x1,z2) and gi(x1,z2) are linearly independent mod
Id(A). In fact suppose that ago(x1,x2) + Bg1(x1,z2) is an identity of A, for some «, 8 € F. If we consider
the evaluation ¢(z1) = a and ¢(z2) = a?, we get

ago(a,a2) + ﬂgl(a,az) = aazLaTl,a e Cha B)aQRaTLa oo Th2.q,

and the right hand side is zero only if « = 8 = 0.
We have proved that x(,—1,1) appears with multiplicity 2 in the decomposition of xn(A)T. Since ma) =1
we get that x,(4)T = X(n) + 2X(n—1,1) and the proposition is proved. O

Next for every real number between 0 and 1 we shall construct a quotient algebra of A. To this end we
keep in mind the terminology of the previous section.

We are going to associate to every finite word in the alphabet {0,1} a monomial in End(A) in left
and right multiplications: if «(0,1) is such a word we associate to u the monomial u(L,, R,) obtained by
substituting 0 with L, and 1 with R,.

Let a be a real number, 0 < a < 1, and let w, be a Sturmian or periodic infinite word in the alphabet
{0,1} whose slope is m(wq) = a.

Let I,, be the ideal of the algebra A generated by the elements a?u(L,, R,) where u(0, 1) is not a subword
of the word w,,.

Let A, = A/I, denote the corresponding quotient algebra and let V, be the variety generated by the
algebra A,.

We have

Lemma 1. For any real number o, 0 < o < 1, the variety V, has linear or quadratic growth according as
Wq 18 a periodic or a Sturmian word.

Proof. We are going to find an upper and a lower bound of the codimensions of the algebra A,. To this
end we start from the decomposition of the cocharacter of A given in (1).

Let n > 3 be any integer and let u(0,1) be a subword of the word w, of length n — 1. We may clearly
assume that 0 is the leftmost symbol of such word and, so, we write u(0,1) = 0v(0,1) for some subword
v(0,1) of wg.
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Since u and v are subwords of wy, a?v(La, Ra),a?Lav(Lg, Ry) ¢ I,,. This implies that the polynomial
go(x1,22) = (T1T2)v(Ly,, Ry))

is not an identity of the algebra A,. In fact, recall that the evaluation ¢(z1) = a,¢(z2) = a? gives
0(go(z1,72)) = a?Lov(La, Ry) — a®>Rav(La, Ry) ¢ L.

Since the word «(0, 1) is an arbitrary subword of the word w, of length n — 1, this says that, for any
corresponding arrangement 7' of the parentheses in

Xn(Aa)T = Xn + ma—l,l)xn—l,l (2)

we must have m(jjnfl,l) > 0. Moreover compare the last equality with (1) and recall that, since A4, is a
quotient algebra of A, the multiplicities in x?(A4,) are bounded by the multiplicities in yZ'(A). It follows
that 0 <mf,_, <2

Now, the different arrangements of the parentheses in nonzero words of length n in A, correspond to
the subwords of w,, of length n. Recalling that Comp,, (n) is either constant or equal to n + 1 according as
Wy, is periodic or Sturmian respectively, it follows that their number is bounded by a constant in case « is
rational (i.e., w, is periodic) and by a linear function of n in case « is irrational (i.e., w, is Sturmian).

Since deg x(n) = 1 and degXx(,—1,1) = n — 1, from (2) and the above discussion we can find constants
C1,C5 such that for any n we have

Cvln S Cn(Aoc) S 02n>
if « is rational, and
Cin? < c,(Ay) < Con?

if v is irrational.
Recalling that the growth of V, is the growth of the sequence ¢, (A, ) the proof of the lemma is com-
plete. O

Proposition 2. For 0 < a < 8 < 1, the variety Vo, N Vg is nilpotent.

Proof. Let K, (w,) denote the set of different subwords of length n of a word w.. Now, the slope of the
words w, and wg is equal to a and B, respectively. Since « # [, by Theorem 1 there exist m such that for
any n > m the intersection K, (wqs) N K, (wg) is the empty set. In particular there exist m such that any
word u(0,1) of length m is not a subword either of the word w, or of the word wg.

Let for instance u(0, 1) be a word of length m which is not a subword of the word w,, and consider the
monomial y;yau(L,, R,). Construct the multilinear element y;y>@ on yi, Yo, 1, . . . , Tn, Where T is obtained
by substituting x1,. .., z,, instead of x inside u(L,, R;). Hence y1y>u = 0 is an identity of the variety V.
It follows that y1y2w = 0 is also an identity of V,, N Vg, and so ¢py2(Va NV3) = 0. From this it follows that
PL . ,(VaNVs) =0 for any arrangement of the parentheses T" and the variety Vo N Vs is nilpotent. O

We can now prove the main result of this note.
Theorem 2. Over a field of characteristic zero there are countable many almost nilpotent metabelian varieties

of at most linear growth and uncountable many almost nilpotent metabelian varieties of at most quadratic
growth.
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Proof. Recall that by [11, Theorem 1] every non-nilpotent variety has an almost nilpotent subvariety. Hence
for any real number «, 0 < a < 1, the variety V, contains an almost nilpotent subvariety. Let U, be such
subvariety. Since ¢,(Us) < ¢,(Va), then ¢,(U,) < Cn or ¢,(U,) < Cn?, according as « is rational or
irrational, respectively. Hence U, has at most quadratic growth.

Now, by Proposition 2 for any 0 < a < 8 < 1 U, # Up, and this says that there are countable many
almost nilpotent metabelian varieties of at most linear growth and uncountable many almost nilpotent
metabelian varieties of at most quadratic growth. O
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