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Abstract

The order of a hidden Markov model cannot be estimated using a classical

ma>cimum likelihood method, since increasing the size parameter will increase

the likelihood.

In this thesis, a marcimum compensated log-likelihood method is proposed for

estimating the order of general hidden Markov models. This method is based

on the compensation of the tog-likelihood function. A compensator, which

is decreasing in size parameter K, is added to the marcimum log-likelihood,

and the resulting compensated logJikelihood is ma>cimized with respect to K.

The problem is then to find a proper compensator, which allows the strongly

consistent estimation of the order.

Following the method of Baras a¡rd Finesso [3], sufficient conditions for compen-

sators avoiding under estimation and compensators avoiding over estimation

are obtained"

Sufficient condition on the compensator avoiding under estimation requires

consistent estimation of parameters of general hidden Markov models which is

obtained by generalizing [34].

Sufficient conditions on the compensator avoiding over estimation require pre-

cise information on the rate of growth of the maximized log-likelihood ratio
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and the upper bound to the rate. The rate and the upper bound are obtained

using Csiszar lemma [13], from information theory.

To conclude the thesis, an example of a compensator which generate a strongly

consistent estimator of the order is given.
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Chapter 1

Introduction

A, hidden Markou rnodel (HMM) is a discrete time stochastic process {(Xr,Y) ,

t e lV) such that {lÇ} ir a finite state Markoa chain, and given {Xr1-, {Yr¡-

is a sequence of conditionally independent random variables, with the condi-

tional distribution of Y, depends on {X¿} only through X,. The name hidden

Markov model comes from the assumption that the Markov chain {X¡l îs not

obserua,ble, that is, hidden in the observations of {Y¿}.

The states of a hidden Markov model could be associated with regimes. In

econometrics and finance, hidden Markov models are also known as Markov

switching models or regime switching models.

Hidden Markov models have during the last decade become widespread for

modelling sequences of dependent random variables with application in areas,

such as: speech processing [40], [41], [a2], [a3]; biology [35]; finance [19]; and

econometrics [26], 1271,128), [29], [30].

Theoretical work on hidden Markov models was initially started in 1950s. The
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first contribution was made by Blackwell and Kopman [12] who studied a spe-

cial class of hidden Markov models, when the observed process takes values in a

finite set. This class is referred to as a probabilistic function of a Markov chain.

Since then, a long line of research has been undertaken which has enriched the

theory of hidden Markov models.

Inference for hidden Markov model wa,s first considered by Baum and Petrie

[5] who also treated the case when the observed process {Yr} tates values in

a finite set. In [5], results on consistency and asymptotic normality of the

ma>rimum likelihood estimate are given. Petrie [38] weakened the conditions

for consistency in [5]. In [38], the identifiability problem is also discussed:

under what conditions u,." ih"r" no other parameters that induce the same

lavs for the observed process {yr} r" the true parameter, with exception for

permutation of states.

For general hidden Markov models with Y, conditioned on X, having density

f (,0x*), Leroux [34] proved the consistency of the maximum likelihood esti-

mate under mild conditions. An interesting fact to be noticed in [3a], is that

the consistency of the maximum likelihood estimate does not depend on the

initial probability distributions. Ass¡rmptotic normality of the maximum like-

lihood estimator for general hidden Markov models has been proved by Bickel

et. al. [10].

Estimation of the parameters of a hidden Markov model ha"s most often been

performed using maximum liketihood estimation. Baum and Eagon [4] gave

an algorithm for locating a local maximum of the likelihood function for a

probabilistic function of a Markov chain. In 1970, Baum et. al. [6] developed

the expectation maximization (EM) algorithm and applied it to general hidden

Markov models. Dempster, Laird and Rubin [14] further developed the EM

algorithm and made it popular for applications. Examples of the application
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of the EM algorithm to speech processing can be found in [40] and [41].

Recent work on parameter estimation of hidden Markov models includes those

of Ryden [+Z] and Elliott et.al. [18]. Ryden in [47] considered a recursive

estimator for general hidden Markov models based on the rn-dimensional dis-

tribution of the observation process and proved that this estimator converges

to the set of stationary points of the corresponding Kullback-Leibler informa-

tion. Reference [18] contains extensive work in estimation and control for a

wide range of hidden Markov models. In [18], the rctervnce probabiliúg method

which involves a probability measure change and the expectation maximization

algorithm was used to produce recursive estimator for parameter of hidden

Markov models. This reference also includes an extensive bibliography.

Although much work has been dedicated to parameter estimation for hidden

Markov models, only recently has the order estimation problem received some

attention. To estimate the order of a hidden Markov model, the classical

maximum likelihood cannot be used, since increasing the size parameter will

automatically increase the likelihood. This is the typical behaviour of the

likelihood function when the parameter is structurøL, that is, the parameter

(usually integer valued) indexes the complexity of the model.

So far, the only technique that has been used to estimate the order of hidden

Markov models is the cornpensøted lilcelihood estimation. This technique is

based on a compensation of the likelihood function. A, cornpensator, decreasing

in size parameter K, is added to the ma>rimum likelihood and the resulting

compensated likelihood is maximized with respec., to K. Proper choice of the

compensator allows the strongly consistent estimation of the order.

The first contribution to the order estimation along these lines was made in

1991 by Baras and Finesso [3]. Using the compensated likelihood technique,

.)
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they proved the consistent estimation of the order for hidden Markov models

in which the observation process takes values on a finite set.

The second and also the last contribution was given by Ryden [a6] in 1995. In

[46], the compensated likelihood was also used to estimate the order of general

hidden Markov models. Ryden proved that in the limit, the estimator which

is based on rn-dimensional distribution does not under estimate the order.

Inspiring by the work of Finesso and Baras, this thesis is dedicated to solve the

problem of order estimation for general hidden Markov models by adapting the

procedure and techniques used in [3] and [3a]. Under weaker conditions than

in [46], we will show that in the limit the estimator does not under estimate,

but also does not over estimate the order.

We conclude the introduction with a brief summary of the thesis. Chapter

1 contains literature research, the aim and a brief summary of the thesis.

Chapter 2 presents definitions, notations and basic results concerning general

hidden Markov models. In Chapter 3, the identifiability of general hidden

Markov models is derived from the identifiability of finite mixtures. Chapter

4 proves the consistent estimation of parameters of general hidden Markov

models, which generalizes the result of Leroux [34]. Finall¡ in Chapter 5,

using the compensated likelihood, we prove the consistent estimation of the

order for general hidden Markov models. The results of this chapter can be

seen as the extension of the results of Baras and Finesso [3], which hold for

hidden Markov models in which the observed process takes values in a finite

set, to general hidden Markov models.
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Chapter 2

Hidden Markov Model

F\rndamentals

The purpose of this chapter is to introduce hidden Markov models and to

present some definitions and basic results that will be used in the sequel.

In the first section, some definitions and standard properties of Markov chains

are presented. Even though, most of these definitions can be found in many

places, such as [25], [32] and [8J, this section is necessary for completeness and

to make the thesis self-contained.

A hidden Markov model is formally defined in section 2.2 ar.d an example is

given. In section 2.3, the nature of dependencies between the random variables

in a hidden Markov model is discussed. Using the results of section 2.3, the

finite dimensional joint distributions of the observed process are derived. So

the parameters which characterize a hidden Markov model can be analysed

in section 2.4. Such parameters will be referred to as a representation of the

model. Based on the laws of the observation processes, an equivalence relation
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for representations of hidden Markov models is defined in section 2.5. For a
hidden Markov model, our main interest is to identify the sim.plestrepresenta-

tion which is equivalent to the model's representation. Such representation will
be called a true parameter of the hidden Markov model. Section 2.6 presents

the characteristics of this true parameter.

In the last section, a (strictly) stationary hidden Markov model is discussed.

Here, we build a past history and give sufficient conditions for the ergodicity

of the observed process.

2.t Markov Chains

Let {X¡: ú € JV} be a sequence of random variables defined on a probability

space (Q,F,P), taking values in a finite set ,S: {1, ...,K}. {Xr} iu said to

be a Marlcou chain if it satisfies

P(Xn+t : in+tlXt : it,...,Xo : i,.) : P(X*+t : in+rlX. : i,-), (2.1)

for all it¡.. . tin+t € .9 and n € JV. Property (2.1) is called the Marlcoa

property-

Let m ( n, then by (2.1),

P(Xr+t: i,-+tlXr : it,. . . ,X^: i,o)
KK

: I t P(X,,+t: i¡n*rt'" ,X.+, : i*+tlXt: it,-.-,X^:'i*)
rln¡r:1 i¡:1

KK
= Ð f {'(***, = i^+tlx, : it," -,x,o : i^)

d-+r:l i:l
x P(X,.¡2 : i,o+zlXt : itr - . ., Xro+r : i-+t)

x ... x P(Xr+t : in+tlX, : it,. - -,X, : ir)\
KK

: D ' Ð {"(t-*, : im+tlX,,: i^)'P(X,,+z: i,o+zlXm+t: i,^+t)
iæ+r:1 i.=1

6



K

i-+r =l

X ''. X P(X*+t: i¿+l1X,: iòj
K

. -Ð P(X,.*r : im+r¡.. . t X¡+t: in+tlX,. - i*)
ir:1

D
P(X*+t : in+rlX^: i,*) (2.2)

So the Markov property (2.1) is equivalent with (Z.Z)

Assume that, P(X-+t: jlX-: i) depends only on (i, j) and not on n. Let

sii:P(X-+t:jlX.=i), i,j:I,2,...,K, (2.8)

then @i¡ are called the trønsition probabilities from state i to state j and the

KxKmatrixAdefinedby

A: (or¡), (2.4)

is called the transition probabólity matric of the Markov chain {xr}. Notice

that .4. satisfies

0(a¡¡(1, i,j:I,-..,K
Ðf=rai¡ :1, i: I,...,K.

Thus A is a stochastic matrin-

Let

lri:P(Xr:i), i--I,...,K (2.5)

and

r : þri). (2.6)

The 1 x K-matrix zr is called the initial probability distribution of the Markov

chain {Xr}. Notice that zr satisfies

1t0 i:t,...,K and Ðor:11

K

d=1

By (2.1), (2.3), (2.4), (2.5) and (2.6),

P(Xr- it,...,Xn - i-) : P(X, : ir). p(X, : izlXt : it)

I



x . -. x P(X" : i,'lX,.¡ : io-r)

1lù' dit,it''' Oi._r,¿..

Then by (2.7),

K K
P(X- - i) t . t P(xr:ir,...,Xn-t:do_',x^:io)

K
da-r:1

K

E . t rt,. dit,iz.. -o,--r,i
ít:l i¡-r:l

rAn-re¡,

(2.7)

ir:1

(2.8)

where An: AA....4 and e;= (0,.-.,0,1,0,...,0)t. Hence, it can be con-

cluded that the probability distribution of the Markov chain {Xr} ir completely

determined by the initial probability ?r and the transition probability matrix

A.

If the initial probability distribution 7r satisfies

TA: 'It¡ (2.e)

then zr is called a stationary probabí,lity distribution with respect to ,4. By (2.8)

and (2.9), for every n e N,

P(X-: i) rAo-le;

Teí

7fi¡

implying

P(X*+t - it,... ,X^+n - i") : P(X^*t: it) . P(X*+z: izlX,o+t: it)

x''' x P(X^+n : inlXro+n-t : i,.-t)

: 7f¡, ' d¡r.ir' ' '0í,_r,à

: P(Xt:it,...,Xn:in),
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for m € lV and it,. . .,in €. S. So in this case, the Markov chain {Xr} i.
(strictly) stationary.

To classify the states of the Markov chain {Xr}, define a conlTnunication rc-

lation "++" as follows. A state j is said to be accessible or reachable from a

state i, denoted as i -+ j, if there is an integer n, 0 { n 1K, such that the

(i,j) entry of A is positive. If i -+ j and j -+ i, then i and j are said to

communicate with each other, denoted as i <+ j.

For each state i, define a cotwnunicating class

C(i):{reS:i++j}

Since relation ê) is an equivalence relation, then the communicating classes

satisfy :

(a). For every state i, i € C(i).

(b). If j eC(i),then i eC(j).
(c). For any state i and j, either C(i): C(j) or C(i)nC(j) -Ø
Thus the state sp¿ùce S can be partitioned into these classes.

A Markov chain is said to be irreducible, if all states communicate with each

other. So in this case, the Markov chain has only one communicating class.

A communicating class C is called ergodic if

Ðo'¡:1, Viec'
iec

The individual states in an ergodic class are also called ergodic.

A communicating class C is called transient, if there is i € C, such that

Iot¡<t'jec

The individual states in a transient class are also called transient.

(2.10)

I

(2.11)



To identify the transition probability matrix within a communicating ôlass, the

irreducibility of square matrix is introduced. An n x n-matrix B : (B¿¡) is said

to be irceducible, if there is a permutation of indices o, such that the matrix

E : (Fr), with P;¡ : Êoo,o(j), has form

0

E

where C and .E are / x I and rn x rnmatrices respectively, and I + m : n

LetC. be an ergodic class and n"be the numberof ergodic states in C'' Let

A" be the n. x n. traûsition probability matrix within C". Then by (2.10) ,4.

is a stochøstic matrix. Moreover, A. is irceducóble, since if A. is reducible, then

by some permutatiorr o) Au can be reduced to the form

(2.r2)

where Bo and D. are le" x lc" and /. x l" matrices respectively, with lc" + l" : tue.

But from (2.L2), it can be seen that every state in {"(1),...,o(k")} does not

communicate with every state in {o(k"+ 1),. . .,o(n")}, contradicting with the

fact that C. is a communicating class. Therefore, A" must not be reducible.

Let C¿ be a transient class and rz¿ be the number of transient states in C¡. Let

A¡ be the n¡ x t?ú transition probability matrix within Ct. Then by (2.II), A¡

is a s¿bsúochastic matrix, that is, its individual row sums are ( 1.

The next lemma shows the relation between irreducible Markov chains and

irreducible transition probability matrices.

Lemma 2.t.1 Let {X¡} be ø Marlcou chain with a K x K trønsition probøbility

matriæ A. Then {Xr}, i" irreducible if and only if A is irreduci'ble.

u:("o

10



Proof :

Let {Xr} be a Markov chain with a K x K transition probability matrix A.

If {Xr} is irreducible, then it consists of a single communicating class C and

the transition probablity matrix within C is A. Since ,4 is a stochastic matrix,

then C is an ergodic class. From the ergodicity of C, the irreducibility of A

follows.

On the otherhand,, 7f A is irreducible, then from [24], page 63, for every

11i,j < K, there is an integer n,0 1n S K, such that the (i,j) entry

of An is positive. This means that every state communicates with each other.

So the chain {Xr} it irreducible. r

Let {X¿} be a Markov chain with a K x K transition probability matrix A. Let

K" and K¡ be the number of ergodic states and transient states respectively.

In general, after a suitable permutation of indices, the transition probability

matrix A can be written in the block form as

A
BO
CD

where B is a K" X 1("-stochastic matrix and D is a K¿ x K¿-substochastic

matrix.

The block D describes the transient -+ transient movements in the chain. For

each class of transient states, at least one row in D will have sum ( 1.

The K¿ x K.-block C describes the transient -+ ergodic movements in the charn.

For each class of transient states, at least one row in C will have a non-zero

entry.

Finally The K" x K"-block B describes the movements within each ergodic

class in the chain. Suppose that the chain has e ergodic classes. Since it is

11



impossible to leave an ergodic class, B has the form,

81 o 0

0Bz0B_

0oB"
where B¡ is the transition matrix within the i-th ergodic class. For each i, B¡

is an irreducible stochastic matrix.

The following lemma shows the relation between the communicating classes

and the stationary probability distributions.

Lemma 2.L.2 Let {X¿} be a Marleou chain with a K x K transition probability

matrir A. Let

s : {r-(zr¿) : ¡r¿20, i:1,...,K,irr¿:I, trA:n}
i:1

: {zre S : T;} 0, i:t,...,K}
: s-s+.

g+

S"

("). tf {X¡l¡ is irreducible, then,S:,S+ and' S" :Ø.

(b). If {x¿} has e cotnrnunicating classes, with 2 1 e 3 K which all are

ergodic, then S+ lØ and, S +ø.

(") U{X¡} hask comrnunicating classes, with2Sk < K, where e of them

are ergodic, I 1e 1k, andt of them are transient, e{t: k, th,en

S: So ønd S+ :Ø.

Proof :

To prove (a), let {Xr} b" an irreducible Markov chain. Suppose there is zr € S".

t2



Let k be the number of non-zero zr¡. Without loss of generality suppose that

r¿) 0,

7Q:0,

for i - Ir -. - ,lç

for i:lcj-Lr..-,K.

As rA:7r, then

0 for i:I,...,K., i:k*I,-..,K

Thus A has form

6tii

A_

where B is a kx fr-matrixand Dis a (K -k)x(K -k)-matrix. So.,4.is

reducible, contradicting with the fact that A is irreducible by Lemma 2.1.1-

Therefore, it must be ,S" : Ø and hence 
^S - ,9+.

To prove (b), let {Xr} b" a Markov chain having e communicating classes with

2 1 e < K, which all are ergodic. Then without loss of generality A is of the

form
Bt0 0

0B,2 0

BO
CD

A

008.
where B¿ is the transition matrix within the i-th ergodic class and it is an

irreducible stochastic matrix.

Let ri be an 1 x e;-matrix, where e¿ is the number of ergodic states in B¡, such

thatfori:1,...,€,

ni > 0, i : I, "' ,€¿, and 'in', : t
j=l

and

7('B¡ = T'

13



By (r),

T"i > 0, for i : L,,. .. ¡€i and i : \,

î:(nrr0,...,0),

then

îA (otBr,0,...,0)

(tt,o,''',o)

7f

Let a¿, i : Lr.. . je be any real numbers such that

a,¡ ) 0, i = 1r... ,e and t
i=t

I - (a1rt,a2T2 r.. - ,a.T"),

then

l¿ ) 0, for i: l, ,K

K

e.

Let

So î € ,S" and hence S" + ø-

Let

tr¿ 1

and

eei

Ðr, ÐD"'*j
i=1 í=1 j=l

e

Iot

(ø¡rL 81, ø¡r2 82, . . . ,a"tt" B")

(orot, a2rf2, . . - ra"Ít)

i:1
1.

Moreover

IA

7f

t4



then ã € ,9+ and hence S* + ø

To prove (c), let {Xr} b" a Markov chain having fr communicating classes,

2 < k 1 K, where e of them are ergodic, 1 ( e I Ic, and ú of them are

transient, e I t - Ic. Let K. and K¿ be the number of ergodic states and

transient states of {Xr} respectively. Without loss of generality, assume that

the matrix transition -¿4. is of the form

A_

where B is a Ku x K" stochastic matrix, D is a K¡ x K¿ substochastic matrix

and C is a K¡ x K. matrtr(.,, C + 0.

Let ¡r : (nt,...rrx) € ^9, since

'nA: r,

then

(A'-r*)f : o

or

BO
CD

nTAr nT

BT - I*. gr

o pr-Ix, )(

rfl

12
(2.13)

where 'nr : (nr,.

satisfy

,rx.) and ¡r2 : (Tx"+t,...,rx)- By (2.13), rr arrd 12

(B'-I*")n'*Crn2 : o (2.14)

(D' - IK,)T2 : o. (2.15)

By [32], page 44, pr -.16, is invertible, so the only solution for (2.15) is n2 : 0.

So zr must have form r: (7rr,0), where zr1 satisfu (2.14). This means that

r e S"- Therefore ^9 C ,S", implying S : S" and S+ : Ø. I
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2.2 Hidden Markov Models

Let {X¡: ú e lV} be a finite state Markov chain defined on a probability space

(Q,F,P). Suppose that {Xr} i. not observed directly, but rather there is an

obseraatioT?, process {Y, = 
t € JV} defined on (f), ?, P). Then consequently, the

Markov chain is said to be hidden in the observations. A pair of stochastic

processes {(Xr, Vr) , t € iV} is called a hidden Markov model. Precisely,

according to [47], a hidden Markov model is formally defined as follows.

Definition 2.2.t A pair of discrete tirne stochastic processes {(Xr, Y) : t e
N\ defined on a probability spo.ce (CI, .F, P) and taleíng aalues in a set Ii x ),
is said to be a hidden Mørkoo model (HMM), if it satisfies the following

conditions:

(o) {Xr} is a fi,nite state Marlcou chain

(b). Giuen {Xr}, {Yr!' it o, sequence of conditionally i,ndependent random aari-

øbles.

(r) The conditional distribution of Y- depend,s on {X¿} only through Xn

Assume that the Marlcou chain {X1} ås not obsenoble. The cardinality K

of S, will be called the cize of the hidden Markou model.

The following is an example of a hidden Markov model which is adapted from

[18].

Example 2.2.2 Let {X¿} be a Markov chain defined on a probability space

(Q,F,P) and taking values on ,S : {1,... , K}. The observed process {yr} it
defined by

Yr: c(X¿) * o(X¡)u¿, t € N, (2.16)

16



where c and c are real valued functions and positive real valued fuñction on

^9 respectively, and {ø¿} is a sequence of l/(0,1) independent, identically dis-

tributed (i.i.d.) random variables.

Since {ø¿} is a sequence of N(0,1) i.i.d. random variables, then given {Xr},

tyr) ir a sequence of independent random variables. From (2.16), it is clear

thatY¿ is a function of X¿ onl¡ then by Definition 2.2.t, {(Xr,yr)} ir a hidden

Markov model.

Notice that for A e Y and i € S,

P(U < slXr: t') P(rr+o¿u¡<-y)

ór(z) dz, (2.17)

where c¿: c(i), o;: o(i) and

1g - c¿)iutoP(

-+(a)'
ó;(z) : (2.18)

From (2.I7) and (2.18), the conditional density of Y¿ given Xt: i is d¡(- - c¿),

which does not depend on ú.

2.3 Dependencies between Randorn Variables

This section shows the nature of dependencies between the random variables

in a hidden Markov model.

Let {(X¡,fr)} b" a hidden Markov model defined on a probability space

(Q,f ,P), where the Markov chain {Xr} t"ti"g values in a set ,9 : {1, ...,K}
and the observed process {f¿} taking values on y. Throughout this thesis,

t7



we will a,ssume thaf Y¿ is scalar valued and without loss of generality, we will

suppose that ) :.81. The generalization to vector case is straight forward.

Assume that the conditional density of Y¿ given X¡ - 'i, for all ú e /V and

i : 1,. . - , K do not depend on ú, and are dominated by a a-finite measure p¿.

The conditional density of Y¿ given Xt - i, with respect to ¡^r., will be denoted

bVp(-l¿). This means thatfor all ú € iV and i:L,...,Kt

P(U < slX¿: i) : I:*pþli) dp(")

Notation 2.3.1 Here and in the sequel, p will be used as a generic symbol for

a probability density function. If there is no confusion, for random variables

U and V defined on (fl, f , P), the joint density function of U and V , pu,r(.,.)

will be denoted by p(.,.) and the conditional density function of [/ given V,

putv('l') will simply be denoted bv p('l').

Let U and V be any random variables defined on (O, f ,P). Notice that the

joint density function of U and V and the conditional density function of [/
given V can be expressed as

p(u,u) : p(U(r),V(r))

: p(U,V)(u)

p@la) : e(u(u)lv(u))

: p(ulv\(u),

where U(u) = z and V(u): u, for some ø € f).

First we prove some general rules for conditional densitres.

Lemma 2.3.2 Let U, V and W be ang random uariables defined on a proba-

bi.lity space (O,f, P), then

18



(a). p(u lv,w) : e(ulv)' Y(Y lu'v)
p(wlv)

(b ). e(u lv,w) : e(u:Y-V)
p(vlw)

Proof :

The conditional probability density function of U given V is defined by

p(ulo):P3 -, (2.19)p(r) '

for all u anò for all o such that p(u) > 0. By equation (2.19), we have

p(ulv)-P(Y:Y). e.zo)p(v)

(,) p(u,vlw) :'p(vlw) .p(ulv,w)

Analog with (2.20),

p(Wlu,v) :

p(UlV,W) :

By equations (2.20), (2.2I) and (2.22),

P(U,V,W)
P(U,V)

P(U,V,W)
p(v,w)

p(U,v) p(U,V,W)
p(V) p(U,v)

P(U,V,W)

(2.2t)

(2.22)

p(ulv) .p(wlu,v)
p(wlv)

p(U,VlW)
p(vlw)

p(v,w)
: p(UlV,W),

P(U,V,W)
p(w)

p(v,w)
p(w)

P(U,V,W)
P(V,W)

: p(UlV,W),

19



and

p(vlw) -p(ulv,w) p(V,W) p(U,V,W)
p(W) p(v,w)

P(U,V,W)
p(w)

= p(U,VlW).

So the lemma is proved. t

Using the general rules from Lemma 2.3.2, q¡e prove the following lemmas which

describe the nature of dependencies between random variables in the hidden

Markov model.

Notation 2.3.3 For convenience, sometimes X*r-..,X- and its realizations

rtnt. .. , ø," will be abbrev\ated X| and r\ respectively. Similar notations are

also applied for the {Y1} process and its realizations.

Lemma 2.3.4 Let t 1 m 1t 1n.
( 
") 

. p(X r*r,Yr+tlX!*,Y),) : p(Xr+t,Y*rlX r).
(b ). p(X r,YrlXi*r,,Yf*t) : p(X r,YrlX r+r).

Proof :

By the third part of Lemma 2.3.2,

p(X+t,y*rlXl^,vl) : p(xr+tlxL,Yh) . p(Yr+rlxil' ,vj^). (2.23)

By the first part of Lemma 2.3.2 and the Markov property,

p(X+tlXL,Y:) p(X t+ tl xL) . p(Y:lx'Ì' )

p(Yhlxi^)
p(X,+tlx,) -p(Y|lx#')

p(YAlxh)

20

(2.24)



Also by the first part of Lemma 2.3-2 and condition (c) of Definition 2.2.L,

p(Y+tlX'J-''Y:) : p(Y+tlxå*')' p(Yhlx#',,Y*')
p(YAlx:Í')

P(Y+'lXr+t)' p(X#t,Yl*t)
P(Yklx#')' p(xll',Y+')

p(Yt+tl x,+, ) - p (Yh*' lx#')
p (Yll x ll') . p (Y+,1 x #')

p(Y+tlX'+t )' p(Yh*' lxj.' ' )
p(Yhl X :Ì') . p (Yr+'l x'+' )

p(Y:+'lx#')
(2.25)p(Y*lx#') '

From (2.23), (2.24), (2.25) and conditions (b) and (c) of Definition 2.2.1,

p ( X r+ t, Y, * tl X 1,,,, Y !^) p(Yilxh)
: p(Xr+iXr) . p(Y*tlX'+')

: P(Xr+t,Y+tlXr).

The proof for (b) is similar using the first part of Lemma 2.3.2, the Markov

property and conditions (b) and (c) of Definition2.2.l. I

Corollary 2.3.5 Let L 1 m < t 1 n.

(o). p(Xr*tlXL,Yj) : p(Xr+tlX').

(b). p(Yr"'lXL,Yi) : p(Yr+lXr).

(c). p(X¿lXi*',Yíi) : p(XrlX+ù.

( d ) . p(vrl xi*t, Yf+r) : p(YtlX r+t) .

Proof :

For (a), using the first part of Lemma 2.3.4,

Ë

L
: P(xr+tþù,

P(rr+tl*',.,u') : p(r+t., a t+lrt 
", 

a'^) d p(a r*t)

F (r r+t, 9 t+ lr ¿) d p(a r+ r)

2l

(2.26)



which gives

p(X +tlx|,!l) : p(X r+ilX r)

The proofs for (b), (c) and (d) are similar using Lemma 2.3.4. I

Lemma 2.3.6 Let I 1m 1t 1n.
( 
") 

. p(X r*t,Yt+tl Xl",,Yl-*r) : p(X t+r,Y+rlX r) .

(b ). p(Xr,YrlXi*r,Y#1\ : p(X uYlX r*') .

Proof :

For (a), by the first part of Lemma 2.3.2, Lemma 2.3.4 and the third part of

Corollary 2.3.5,

p(X r+t,Yr+tl Xj.,Yh*r) p(X t+t,Yr+ rlX,., Xl-*r, Yl*t)
p (X r + t, Yr+ tl X L+ r, Yl- * r) - p (X -l X :# r, Yj,I\)

p(X,-lxl*+r,Y!.*r)
p(Xr+t,Y+tlXt) - p(X,"\X,"+ù

P(X,"lX'"+t)
: P(Xr+t,Y*tlXr).

The proof for (b) is similar using the first part of Lemma 2.3.2, Lemma 2.3.4

and Corollary 2.3.5. I

Lemma 2.3.7 Let 1 1 m I t < n.

( "). 
p(Xi*yY&tlXL,Y*) : p(Xi+t,Yi*rlx r)

(b ) . p(X|",YhlX i+r,Yri) : p(Xk,YAlx r*') .

Proof :

For (a), using the third part of Lemma 2.3.2 and the first parts of Lemma 2.3.4
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and Lemma 2.3.6,

p(Xi+r,Y#lXt^,Y:)

: p(X r+t,Yr+rlXk.,Yl) p (X r*r, Y+rl Xf; t, Y#t ) . . . p(X o, Y.l X ;*t, y;-t 
)

: p(Xr+t,Yr+tlXr)p(Xr+z,Y+rlXr+t) - - - p(X-,Y^lX*-t)

: p(X+t,Y+rlxr)p(Xt+z,Y+zlX!+r,Yr+r) . . . p(X.,Y-lXi-t,Y#1t)

: P(Xi+r,Y{*tlXr).

The proof for (b) is similar using the third part of Lemma 2.3.2 and the second

parts of Lemma 2-3.4 and Lemma 2.3.6. t

Lemma 2.3.8 Let t 1 lf,I < t 1 m,n.

( 
" ) 

. p(Xfrr,Y#rl Xl,Y') : p(Xfrt,Yi*rlxr)

(b ) . p(Xl,,Yt' lXfrr,Yf*r) : p(Xl,Yt' lX r+t) .

Proof :

For (a), let 1 { k,1,1 t 1 m,n and suppose that k ( I and ffi 1 fl,then by

the first part of Lemma 2.3.7

P(rT+t,ai*tl*'o,a!)
P('ï,,rï+r,Yt,Ei+)

P@'x,Yl)

Efl *, =,'''Df ̂ :, /å''' I Î* p@'o, ti+t, a'*, uî+r) d p(y *)''' d p(a, - r)
p@l,vt)

Ðf^r,-r" 'Df =r lA' ' '[Ï*p(ri*t,uî+tl"*,gl)p@',,,uÎ)dp(v*)' ' 'dp(Eçt)
p@1,,s|)

Df^*,:t"' Dl =, fî"'' l Î* p@i*t, u1+tl'. òp@'n, v'*) d p(v o)'''d p(v, _t)

P(r'^,a!)
p (æ?+ r, ai+ lr ù p (#k, aï)

P@'n,at)
: P(ri+t,Yi+l*r)

23
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The proofs for the other possibilities of ,k and I are similar. So from (2-27), (a)

follows.

The proof for (b) is similar using the second part of Lemma 2.3.7.

Corollary 2.3.9 Let L 1 le,l < t < m,n.

("). p(xfrrlxÍ,Y,') : p(Xfrlxù.
(b). p(v&rlxl,Y,') : p(Y#lxù.
(c). e@ftlxfrr,,Y{+r) : p(XllX¡¡).

(¿). p(\'|.Xfr', Yrir) : p(\'lXr+').

Proof :

This lemma is a direct consequence of Lemma 2.3.8 which is obtained by inte-

grating part (a) and (b) of Lemma 2.3.8 with respect to ø and 3r. r

Corollary 2.3.10 Let 1 3 k < t, then

p(YlXr,Yt-') : p(YlXù

Proof :

By the first part of Lemma 2.3.2 and, the third part of Corollary 2.3.9,

p(YrlXr,Yi-')
p(Y,l x') . p(Yl- \l x',Y,)

p(Yi-'lxr)
p(Ylxt) 'p(YÍ-l)lx,)

p(Yi-'lx,)
: p(Yrlxr).
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Lemma 2.3.tt

("). If I <k < ¿ < t 1m,n, thenp6flxl",Yi):p(XilX¡,Y¡\r)

(b). IÍ 1< ¿ < t<m1nt,n2, thenp(Xilxi:,Yi"):p(X!lX^,Yi-t)

Proof :

For(a), by the first part of Lemma 2.3.8, the second parts of Corollary 2.3.9

and Lemma 2-3.2,

p@il"I*,si) p@L,xT,vi)
P(dn,sî)

P@'x,"T.,ul,aî+r)
P("Ix,gl,aî+r)

Df;*,:,'''Df,-,=, P(tL, *i+t, a\, ai+r)
p@L,u\,vi+r)

D{, -, =, P (tT+ r, ai* tl rL, Y\)t K
øt+r,:1'

p(ai+'l"L,sl)

Ðf, *,=r'''Ðf -, =, P(ri+t, ai+læ t)
p(ui+tltt)

p(ai,ai+rlrt)
p@i+'lnt)

: p(xilq,si*r)

Thus (a) follows

The proof for (b) is similar, using the second part of Lemma 2.3.8, the last

part of Corollary 2.3.9 and the second part of Lemma 2-3.2. I

2.4 Representations of Hidden Markov Models

The aim of this section is to find parameters which determine the characteristics

of a hidden Markov model.

25



Since the Markov chain {Xr} i" a hidden Markov model {(Xr,X)} it not ob-

servable, then inference concerning the hidden Markov model has to be based

on the information of {f¿} alone. By knowing the finite dimensional joint dis-

tributions of {Yr}, parameters which characterize the hidden Markov model

can then be analysed.

Let {(Xt, fr)} b" a hidden Markov model defined on the probability space

(Q,F,P), taking values on,5 x ), where ,5: {1,...,K} andJ: R. Let

A : (o'¿¡) be the transition probability matrix and zr : (q) be the initial

probability distribution of the Markov chain {Xr}. Assume for i = i, - . . ., K,

the conditional densities of Y¿ given Xt : i with respect to the mea,sure ¡r,

p(li), belong to the same family F, where F: {l(|¡0):0 e O} is a family

of densities on a Euclidean space with respect to the measure p, indexed by

0 e@. This means that for each i:1,...,K,

p1i): Í(.,0¿),

for some 0¿ e @.

For y € ) and i,j :1,...,K, define

*t¡(y)-aij-f(a,0¡).

For every y e J,let M(y) be the K x K-matrix defined by

M(y): (*¿¡(y)).

Then

M(y)-A.B(y), yeJ, (2.28)

where

l@,0') o o

o l@,oz) o

0

0

0 0 0 I (u,ïx)

26
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Observe that

Il**rr¡dt'@) 
: [Ë

m;¡(v) dp(a)
)

a¿¡f (a,0¡) dp(u) )
(ot¡)

A (2.2e)

Lemma 2.4.L For each n € JV, the n-d.imensional joínt d,ensity fuction of

YtrYzr -. -.,Y. is

p(Y,Yz, . . .,Y.) : r B(Yt) M (Yr)''' M (Y*)", (2.30)

where " 
: (L,1, 1,. . ., 1)t.

Proof :

By Lemma 2-3-2, Corollary 2.3.5, Lemma 2.3.6 and Lemma 2.3.7, the joint

density function of Y1,Yz, . - - ,Yn can be expressed as,

KK
P(h,yz,. - -,a-) : t' Ð p(*r,Vt,tz¡az,...,tn,Un)

ot:l tn=l
KI{Ðt {n@ì 'p(slr)

x p(æ2ln 1, u r) . p(g2lr2r, y t)

x- - .x p(*,luî-t ,ai-\ . p(a.lx|,sî-t) )

{n@ù 'p(alu)

x p(rzl*t) .p(arl*r)

x' - 'x p(r^læ.-t) - p@.1"ò|

¿1=1 za:l

KKtt
¡1:1 4o:l

K K

' 
' Ð {P(x'-',) 'Í(a,,0",)

c1=1 ¿¡:I
x P(X2: rzlXt - *t)- l(Ur,0".,)

x. . 'x P(X. : rnlXn-t : rn-r) ' Í(y*,6".))
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t D n",' l(at,o",) fI d,,-,,,,' Í(ar,o",)
K K

:¡l:l t¡:L

tt

t:2
: rB(y1)M(sz) - - - M(a)",

so the conclusion of the lemma follours

Corollary 2.4.2 If {Xr} is a stationary Mørlcou chain, then for each n € N,
the n-d,imensional joint densitg function of Y1,Yz, . . . ,Y* is

p(Y,Yz, - - -,Y^) : r M (Y)M(Yr)''' M (uò"

Proof :

Since {Xr} i. a stationary Markov chain, then the initial probability distribu-

tion n satisffes

¡rA: A. (2.31)

By Lemma 2-4.L and equation (2.31), for any n € N, the n-dimensional joint

density function of Yr, Yz, . . -, Y, is

P(Yt,Yz,. - -,Y*) : rB(Y1)M(Yz) "' M(Y")"

: rAB(Y1)M(Y¡) . . . M(Y^)"

: rM(Y1)M(Yr) . . . M(Y-)".

Since for i : l, -. ., K,

P(X^:i):ft Vn€lV,

when {Xr} ir a stationary Markov chain, then using a similar proof as rn

the proofs of Lemma 2.4.1 and Corollary 2.4.2, for any m,n € JV, the n-

dimensional joint density function of Y*,Y,o+r¡. - . ,Y^+o-1 has the form

P(Y^rY^ur,-- - ,Y,o+n-t) : rM(Y^)M(Y**t)' ' 'M(Y, +',"-r)e' (2'32)
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Equation (2.32) shows that the observation process {%} ir a (strictly) station-

ary process. This implies the pair of stocha^stìc processes {(Xr,Yr)} is also

(strictly) stationary. So we have the following corollary.

Corollary 2.4.3 A {Xr} is a stationary Markou chain, then the hidden Mar-

lcou model {(Xt,Yr)} ¿s also stationary.

Lemma 2.4.4 For each n € N , the conditional density function oÍYt,Y2, . .

Y* g'iuen Xt : i, for i : 7, - -.,K, is

p(Yt,Yz,...,hlX, - i) : el AçVr¡tW(Yr)...M(Y.)e,

where e! : (0r...,0, 1,0,...,0).

Proof :

Let n € lV and i e {1, ...,K}, then by Lemma 2.3.2, Corollary 2.3.5, Lemma

2.3.6 and Lemma 2.3.7, the conditional density function of Yt, Yz, . . -, Y," given

Xr:iis
KI{

P(ar,az,-. -,a^li) : t "' Ð p@t,r2,a2,...,r*,Uoli)
¿z:1 &¡:l

KI(

t' Ð {e@'li)p(r2li,aùp(szli,rz,at)
ez:t x¡:L

x . . . x p(r.li, rî-', ai-\p@.]¿, "î, ai-')\
KI{
D Ð {p(s' li)p(r2li,)p(a,l*,)
æz:l x¡:l

x. . . x p(æ"1a.-)p(y*lx.)\
KK
D I {l{u', o¿)P(x2: xzlxt: i)l(s",,0,,)
úz:l 4¡:t

x''' x P(X. : tnlXn-t -- r.-) I @*,0"*)\
KKn

! Ð f@r,o;)or,,"f (sr,o.,)fIo,,-,,,,1(vr,o,,)
u2=l t¡=l t=3

: e! B(sr)tut(yr). ..M(s")..
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So the conclusion of the lemma follows T

FÌom Lemma 2.4.1, it can be seen that the law of the hidden Markov model

{(Xr,Yr)} ir completely specified by :

(a). The size K.

(b). The transition probability matrix A: (or¡), satisSring

a¿¡ ) 0, iri:Lr.-.,K

(c). The initial probability distributioÍt rr : (zq), satisfying

K
zr¡ ) 0, 1 K Do¡:1

i=l

K

Dor¡ -- r,
j:l

x

(d). The vector 0 : (0¿)T , 0; €. @, i : l, . . . , K , which describes the conditional

densities of Y¿ given Xt :'i, i : I,..., K.

Deffnition 2.4.5 Let

ó: (K,A,r,0).

The parømeter S is called a fieprv-sentøtáon of the hidden Marleou model

{(x,' Y')}.

Thus, the hidden Markov model {(Xr,Yr)} can be represented by a represen-

tation ó: (K,A,,r,0).

On the otherhand, we can also generate a hidden Markov model {(XrrY¿)}

from a representation { : (K, A,n,0), by choosing a Markov chain {X¿} which

takes values on {1, ...,K} and its law is determined by the K x K-transition

probability matrix A and the initial probability rr, and an observation process

{Y¿} taking values on }, where the density functions of Y¿ given Xt : i, for

i :1,. . . , K are determined by á.
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2.5 Equivalent Representations

Let $ : (K , A, r,0) and fr : (î , Â,t,î¡ be two representations which respec-

tively generate hidden Markov models {(Xr, f¿)} and {(&, f¿)}. The {(Xr,Y)}
takes values on {1, ...,K} x } and {(fir,Yr)} takes values on {1, ...,î} *y.
For any n € JV, let p6(,. . ., .) and p6(-,. . ., -) be the n-dimensional joint den-

sity function of Yt,. ..Y, with respect to Q and $. Suppose that for every

n. € JV,

pô(Y, . . .,Y-) : pî(Y,. . .,Y^).

Then {yr} har the same law urtder { and fr. Sitr." in hidden Markov models

{(Xr,y¿)} and {(fi, Yr)}, ttre Markov chains {Xr} and {fr} are not observable

and we only observed the values "f {Yr|-, then theoreticall¡ the hidden Markov

models {(Xr,f¿)} and {(îr,Y¿)} are indistinguishable. In this case, it is said

that {(Xr,yr)} and {(1r,Yr)} are equiualent. The representations S and, $ æe

also said to be equiaalent, and will be denoted * ó - 6.

For each K € N, define

Q¡ç : {ø, O : (K,A,r,o), where A, r arrd,d satisfy :

K
a;¡ ) 0, Do¡:1, i,i:1,...rK

i=L
K

Ðnt: r
d:1

0¡€@, i:t,.-.,K ) (2.33)

A: (ar¡),

r : (tr¿),

0 : (0;)r,

i: 1, ... rK,zr¿ ) 0,

and

(þ - u iÞç.
relV

The relation - is now defined on Ø as follows.

(2.34)
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Definition 2.5.1 Let þ,6 e ø. Representatíons þ and $ are said tole eqtío-

ølent, denoted as

ó-6
if and, only if for euerg n € lV,

pO(Yt,Yz,. .- ,Y.) : p6(Yr,Y",. .. ,Y^)

Remarks 2.5.2 It is clear that relation - forms an equivalence relation on @.

Let þ - (K, A,r,0) € (Þx, then under ó,Y1,.. . ,Yn, for any n, has joint density

function

KK fL

t:2
pø(Eu. - -,9n): I t 7r,,Í(at,0"')'lIo,,-,,,,1(ar,0,,). (2.35)

¿t:l ¿¡:l

Let o be any permutation of {I,2,. . . , K}. Define

"(A) 
: (o,(t),,(¡))

"(n) - (o<O)

a(0) : (0,<E)'.

Let

o (ó) : (K, o(A), o(n), 
"(0)),

then ø(t') €Qx and easy to see from (2.35) that

p+(au - - -,ao) : Pn(ö)(yu - . .,y^)

implying Ó - o(Ó).So we have the following lemma.

Lemma 2.6.3 Let þ € (Þx, then for eaery perrnutation o of {I,2,...,K},

"(þ) - ó.
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Lemma 2.6.4 Let þ : (K,A,rr,0) € Qrc. If 0i : ^1, i : 1,..., K, for some

'Y €. @, then

ó - ó0),

where ó(ù : (L, Â,t,î) e iÞ1, with,Â : (1), î : (1) and" î: (r).

Proof :

For any r¿ € lV,

KK ta

t=l
Po(ar..-,Un) t " Ð n",Í(Yt,r) fI o,,-,,",f (ar,'Y)

ot:l t¡:l
fL

Ilf (a,,ù

(ut, -- . ,Un),

t:l
pób)

hence Ó - Ó6).

Lemma 2.5.5 Let S : (K,A,r,0) € (Þx, where r is a stationary probability

d,istribution of A. Let N be the nurnber of non-zero r¿. Then there is $ :

(N,Â,æ,î) eQy, such thot :

(o). ¡, ) 0, for i: I,.. . , N.

(b). î is a stationarg probabititg distribution of Â

k).ó-6.

Proof :

Let þ: (K,,A,n,0) e 1Þx, where rr is a stationary probability distribution of

A- Let N be the number of non-zêro 7r¿. Without lost of generality, suppose

that
rr¿)0, fori:1,...,N
7(¿:0, for i: ¡Í + 1, ..-,K.
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then

Since n satisfies

rA: T,

0¿j:0, for i--I,...,/V and j:N+I,...,K

Thus A has form

d]^rl tl,lv 0 0

dr,r

Olv+1,1

0.¿v,¡¡

dlv+1,-lv

0 0A_

Set

and 1 x Il-matrix

Then it is clear that

and

cJV+l,lV+t OtN+t,It

olK,l dK,N dK,N+l

: o¿ij,

: Tlit

: 0;,

iri:1,...,ff

i:lr.--rN.

Ã- (ã¡¡), î : (î;), î = qîr¡r

ê:(1,,1,...,1).

î¿ ) 0, for i:1r..., N

7t A:7t

dK,K

N1

ã;j

î¿

0,

Let
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Let

l@,0r)
0

0

r@,0r)

0

0Ê@):

0 0

and

tu@: ÂÊ@).

Take fr: (N, Ã,t,î¡, then fr € @r and it is clear that

po(su "''a'") : tM(v1)M(a') "'M(v")"
: ttu@)tu@ù...û@òe

: n6(ut,...,un),

implying ó - A.

xÊ@)

: YAX

: B(s)x,

:tx
:Ye

¡tKt

Vy el

thenþ-$

Proof :

Fhom (2.36) and (2.37), for every g e l,

tu@) : ÂÊ@)

a €y

l@,0*)

Next lemma gives sufficient conditions for representations to be equivalent.

The idea of this lemma comes from [22].

Lemma 2.5.6 Let þ: (K,A,r,0) € iÞx and $: (î,Â,,t,î¡ € eî. If there

are K x î -rnatri,x X and. R x K-matrixY, such that

I

(2.36)

(2.37)

Â

It

e

XY
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Foranyz€lV,

P6(uu îE@ùtu(yz) . . .û@ìe

rx Ê(sr)Y M(uùx . - .Y M(a^)XYe

rrB(s1)XY M(aùX - - -Y M(y")XYe

rB(s1) I 1ç M (aù - . . I ¡ç M (y") I yçe

rB(s)M(sz) - - .M(y.)"

Pø(au- . .,a*)-

,A.) :

:

Hence ö - Ó

Lemma 2.1-z Let þ : (K,A,r,0) Ç Qx anil $ : (R,Ã.,æ,î¡ e iÞç, where r
ønd î ore statí,onøry probabitity distributions of A and Ã, respectiuelg. If there

are K xî-matrix X andî x K-matri,xY, such that

fr@ : YM(s)x, ya e! (2.s8)

î:rX
e: Ye

XY : Ir,

then S - $.

Remarks 2.5.8 Equation (2.38) implies A:YAX.

Proof :

For any rz € lV,

pî(sr,.. -,un) : æfu@)fu@ù "'fu@-\e
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: rxY M(y1)xY M(y2)x - . -Y M(y")xYe

= rI ¡ç M (y1\I ¡ç M (y2) I yç . . . I r M (Un)I xe

: rM(s)M(yr).-.M(aòu

: PO(h,''.,Un)-

Thus ó - ô. I

Based on Lemma 2.5.6 and Lemma 2.5.7, we derive the follon'ing lemmas

Lemma2.6.9 For øny K e JV andþ e iÞrc, thereisó €Qrc+t, suchtha,t

Q-Q.

Proof :

Ler S : (K, A, r,0) € iÞ r. Define a K x (/f + l)-matrix X and a (lf + t) x lf-
matrix Y respectively as follow

x- Irct Or-t,z

ot,K-l o' b
Y_

Ir-t

Oz,K-t

OK-t,t

1

1

(2.3e)

where ¿ and ó are any real numbers, such that a,ó > 0 and ø *b:1. Notice

that

XY:Ir

and

ê:Ye-

Let Ã: (ô¡¡) be a (K + 1) x (K + l)-matrix defined by

Â YAX
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@1,1

aK_\t

dK,r

OlK,!

r@,0ù

0

üK_L,K-l

otK,I{-7

QK,K-l

Qt,K-t a'Q!,K b. Ot,K

a'aK-t,K b'ox-t,x

a'dK,K b'ox,o

a. otK,K b.oO,*

(2.40)

(2.4t)

(2.42)

(2.43)

It is clear that

ã,¿¡)0, i,j:1,...,K+l
K+t

Iô,j:1, '-=rr.-.rK+r.
j:7

Let î: (A) be a 1 x (K * l)-matrix which is defined by

:rx
: (ntr. . . r7f K-1rQ. î(K¡b. orc),

K
1 ,K+1 and rA:r

7f

then it is obvious that

xa>0

î

1'

Let î : (îù be a (K + 1) x l-matrix which is defined by

=Y0
: (0r,...,0K-r,0xr0x)'

r'= 1

0

and for y € l, F1g) U" a (K + 1) x (ff + l)-diagonal matrix defined by

0

0

I (a,or)

0

0

Ê@):
0

0

0

0

Í(s,o*) o

o l(Y,îrc)

Notice that
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xÊ@) : B(y)x, yy e J.

Let$:(K +I,Â,î,â'), then 6 cQ**rand by Lemma 2.6.6, ó-A.

From the proof of Lemma 2.5.9, for / € Ø¡ç, there are infinitely many 6 e Q**,

depending on how o and ó were chosen, such that ó - 6. So we have the

following corollary.

Corollary 2.5.10 For þ €.tÞx, there are infinitelg rnøny ó €Qr+t such that

Q-Q.

Lemma 2.5.LL For any K e lV and, þ : (K,A,r,0) € iþrc, where r is

a stationary probability distribution of A, then there is S: (K +I,.Ã,,î,î¡
e Qx+t such that :

("). f is a stati.onary probabitity distribution of Â.

(t). 6 - ô-

Proof :

Let þ: (K,A,r,0) € (Þx, where zr is a stationary probability distribution of

A. Lef $: (K +1,Ã.,î,0) e (Þr+t as in the proof of Lemma 2.5.9, hence

ó - 6.Since zr is a stationary probability distribution of /., then

rA: 1r,

implying

îÂ, : tXYAX

r I1¡AX

rA)(

nX

7f.
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So î is a stationary probability distribution of ,Â.

Remarks 2.5.12 In Lemma 2.5.11, if zr¡ ) 0, for i :1,. . . , K, then by choos-

ing o,b > 0 in matrix X, we have 1¡ ) 0, for i:I,..-,K +1.

Let S : (K,A,r,0) € Qx, then by Lemma 2.4.4, the conditional density

function of Y1, - - - ,Yn, given Xt : i, under / is,

pó(Y,"' ,Y.lx, - i) : e! açvr¡tø(Yr) "'M(Y-)"-

Define,

qo(Y,. . .,Y-) : 
ry"T*pö(vr, . . .,Y.lh : i).

Lemma 2.5.L3 For any K e À[ and S € iÞx, there is 6 e iÞ**r, such that :

þ).ó-6.
(b). q+(Y,...,Y-) : qî(Yr,...,\), for euery n € JV.

Proof :

Let g : (K,A,r,0) € Qx. Let $ : (K + L,Ã,æ,î) e (Þx+t,as in the proof of

Lemma 2.5.9, then fr - /. Notice that from definition of X in (2.8g),

€:"TX, for i:r,...,K-L. (2.44)

Therefore by (2-a\ and Lemma 2-4.4,for i : 1,..., K - I,

pî(Y,.. .,Y.lXt: i) : ;{ Bçv'¡ûVù "'û(n)e
: 

"7 
x B(ùY M(Yz)x . . .Y m(v")xYe

: e! nçvr¡xY M(Y2)x . . .Y M(Yñ)xYe

: e! nçvr)txM(Y.)IK. . . IyçM(y*)|,çe

: e! nçvr¡u (Yr) . - . M(Y")e

: Pö(Y, "',Y*lxt: ¿¡ (2'45)

I
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Also notice that for o,b > 0 and ¿ f ä : 1,

Since by (2.40), the K-th and K+ l-th rows of Â ur. the same andî1ç :îr+t,
then by Lemma 2.4.4,

pî(Y,...,Y.lXr- K)
If+l I{+7 n: l(Yr,c*) D r ãx,",1(Yr,4,,) il A,,_,,.,1(Yr,î,,)
tz=l ¿¿:1 t:3

K+l K+t n: f (y,î**r) D. .Ð ã**r,,,Í(yr,î;fIã,,_,,,,f (yr,î,,)
az:l ¿'¡=1 ú:3

: pî(Y,.- . ,Y"lXt: K + 1). (2.46)

"& + bfl*r: eT<X, (2.47)

then by (2.47) and Lemma 2.4.4,

o,p6(Y1,. . .,Y-lX, - K) + bp6(Yr,. . .,Y.lXt: K + 1)

: 
"flÊ1v,¡ûVù- 

.-fuçu"¡e + uf Eçv,¡fuVù . . .fu(n)e

: ("& + u&)BVL)ûVù. . . tu(n)a

: 
"f,x Êçvr¡Y M(y2)x . . .y r(n)Xye

: 
"f,a \v'¡xY M (Y2)x - . -Y m (n)xY e

: elraçvr¡t*M(Yz)IK - . . IyM(y.)Içe

: elraçvr¡u (Yr) - . - M (Y-)"

: p+(Y,.. . ,Y.lXt - K). (2.48)

Since a,b) 0 and a*b:1, then from (2.46) and (2.48),

P6(Yr,.--,Y"lXt- i):po(Yt,--.,Y"lXt: K), for i: K,K +I. (2.49)

From (2.45) and (2.49),

qø(Y' 'Y") 

r W'":lT^";")"
4I



T

By Lemma 2.5.9, we can define an order < in {@¡¡}.

Definition 2.6.L4 Define an otde¡ I on {A*} by

Øx 1Øt, K,L e N,

if ønd only if for euerA ó e iÞx, there is 6 e iÞ, such that ó - A

As a consequence of Lemma 2.5.9, Lemma 2.5.15 follows

Lemma 2.6.L5 For euery K e N,

Qx l.iÞx+t.

From Lemma 2.515, the families of hidden Markov models represented by

{øu} are nested fanilies as shown in Figure 1.

Øx+t Qx+z

Figure 1.

2.6 A True Parameter

FYt¡rn section 2.5, it is known that representation, which generates the observed

process of a hidden Markov model, is not unique. Our main interest is to find
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the simplest one, that is, the one with minimurn size. Such representation will

be called a true parameter. One of our task is to identify a true parameter and

its size. Therefore, the main aim of this section is to collect facts regarding the

true parameter for our purpose.

We begin this section with a formal definition of a true parameter

Definition 2.6.L Let {(X¡,U)} b" o hid,den Markou model with representation

ó eø. Let þ" : (K",Ao,To,e") eø. The hidden Marleou model {(Xr,Yr\} it
called to haae a ttnte polmeter þ and, øn otder Ko, iÍ and only if

("). ó" - ö

(b). K" is m;inimurn, that is, there is no S € (Þx, with K 1 K", such that

6-ó.

A true parameter of a hidden Markov model {(Xr,yr)} i. not unique. By

Lemma 2.5.3, for every permutation a of {1,... ,K"},

o(ô") - ô"

So ø(/') is also a true parameter of the hidden Markov model {(Xr,Y)}

As a straight consequence of Definition 2.6.I, we have the following lemma.

Lemma 2.6.2 Let þ" : (K", Ao,To,0") be a true pararneter of a hidden Mar-

leoa rnodel {(Xr,Yr)}. Then there is no ó e Qr, with K < K" such that

ó-ó".

The next two lemmas show some properties of true parameter which generates

a stationary hidden Markov model.
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Lemma 2.6.3 Let S" : (K", Ao,To r0") be a trae pararneter of a hidden Mar-

leoa model {(xr,,Yr)}. $ r" is a stat'ionary prvbability distribution of A , then

lti>0, fori:L,...,Ko-

Proof :

Let N" be the number of non-zero zrf , then 1 < ¡tr" < K. lf N" < K", then by

Lemma 2-5.5,, there is /: (N",A,r,0) € Ø¡y", such that / - óo, contradicting

with Lemma 2.6.2- Thus, it must be N" : Ko. r

Lemma 2.6.4 Let S" : (K", Ao,To ,0") be a true parameter of a hidden Mør-

kou m,odel {(xuY)}, uhere tf is a stationary probabilitg d,istribution of A .

Let þ: (K,A,r,0) € (Þrc, where ó - ó and N be the number of non-zero r¿.

þ).AK:Ko,thenN:Ko.

(b). If K)K",thenN>K"

Proof :

Let S: (K,A,I,O) € Qx, where ô - ó. By Lemma 2.6-2,

Let N be the number of non-zero ur;, then

1</V<¡(.

Suppose that l/ 1 Ko , since / - óo, then zr is a stationary probability distri-

bution of A. By Lemma 2.5.5, there is fr: (N,Ã,t,î) eØiy, such that S - $,

implying 6 - ó", contradicting with Lemma 2.6.2. Thus, it must be

K"<N<K. (2.50)

If K: K",then by (2.50), N: K"- lf K > K",then N > K".

K>K"
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corollary 2.6.5 let $" : (K", Ao,To,0") be a hv,e parameter of a hid,den Mar-

kou model {(xr,Y)}, where r" is a stationary probabitity distribution of A" .

Let þ : (K",A,r,0) E (Þç". IÍ ó - S, then

T¿ ) 0, Ío, i:1,. K"

Proof :

This is part (a) of Lemma 2.6.4

2.7 Stationary Hidden Markov Models

From Corollary 2.4.3, if the Markov chain of a hidden Markov model is station-

ary then the observed process is also stationary. As a stationary process, the

observed process has several properties, the most important is ergodicity . The

ergodicity is essential for limit theorems which will be used lãter in Chapter

4. Therefore, finding sufficient conditions for the ergodicity of the observed

process will be the focus of this section.

Let {(xr, yr)} bu a hidden Markov model defined on a probability space

(Q,f ,P), taking values on ,5 x /, where .9: {1, -..,K} and }: ¿.

Let Â be the set of all realizations {(z¿,yr)} of the hidden Markov model

{(Xr, Y¿)}. Let Btbe the Borel a-field of Â. For each ú € N, define mappings

X¡: lt ë S,

x4^) : æt

Yt , It ---+ U,

by

and
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by

?,ç\¡ : o,,

for À : {("r,gr)} € r\. For ú € JV, Ír, Y, are coordinate prvjections on A,.

The next lemma shows that there is a probability measu." F d"fitt"d on 6¡ such

that the hidden Markov model {(Xr,f¿)} and the pair of processer {(lr,ir)}
have the same law.

Lemma 2.7.1 There exists a probability measure P def,ned on B¡ such that

the pøir of coord,inate projections {(Í¿,Íò} an¿ the hidd,en Markou mod,el

{(Xr,Y¡)l haae the sarne law.

Proof :

The idea of the proof comes from [11], page 511

The hidden Markov model {(Xr,,yr)} ir defined on the probability space

(dl,T,P). For each ø € CI, let

Xr(r): tt¡ ú€lV

Y(r) : Ut, ú€iV.

For each /c g iV and distincttlr...,tn € JV, let utt...,t* bethe joint distribution

of Xi, ,. . . ,Xr*i Yrr.. . ,Yro,

utt,'.,th(A x B) - r{(Xrr,...,Xrr) e A,(Yt,,. .. ,Yr) , BI, Q.5Ð

for A €.S¡ and B e ß¡, where.S¡ and ß¡ are the Borel o-field of ^9È and /È

respectively.

(:Cl-rÀ,
Define a rnapping
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by the requirement

x'(((r)) : X¿(u):¿,
7,(((r)): vr(r):ut,

for ø € 0 and ú € iV. Clearly,

e-'{r € Â: (i,,(r),...,ñ-(r)) € A,(Vr,(À),...,7,.(À)) € B}

: {ø e o 
= 
(.F,,(((r)),. ..,V,r(C@))) e á, (i,1ç1r¡¡, ...,Í,r(C(r))) . B}

: 
{c., e CI : (x¡,,(u),. -.,Xr*(r)) e A,(Y,(r),...,Yr*(r)), B}

€ î, (2.52)

if A € <S¡ and B e Bn. Thus ( is measurable.

Define probability measure F : PC-r on 6¡, then from (2.51) and (2.52),

F{.1 e À: (ñ,(À),.-.,&-(ì)) e A,(y,(À),...,¿-(À)) . B}

: p(-'{À e Â: (i,,()),...,f'-(À)) e A,(?r,(À),...,v,-(À)) € B}

: n{u e CI 
' 

(Xr, (r),...,Xr*(r)) e A,(Y,(r),.. .,Yr,(u) e B}

: utt,..tt"(A x B). (2.53)

The equation (2.53) shows that {(Xr, Y¿)}, defined on (L,Bo,P) also has finite

dimensional distribution ru¿,,...,¿*. Thus {(Xr, y¿)} and {(Ír,fr)1 ttr"" the same

law. I

Remarks 2.7.2 By Lemma 2.7.L, from now on, the hidden Markov model

{(Xt,Yr)} *uy be considered as the pair of coordinate projection processes

{(Vr,7r)}, ¿"nt ed on (L,ßn,,F). fo. convenience, we will drop the tilde.

Suppose that the Markov chain {Xr} ir stationary, then by Corollary 2.4.3, the

hidden Markov model {(Xr,fr)} ir also stationary. We want to build a pastl.or
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the hidden Markov model {(Xr,Y) : t € N} without loosing its státionarity.

The problem is to find a pair of stochastic process". {(xr, yt) : t € z} such

that {(X¿, Vr) 
= 
t € iV} and {(Í¿, Yr) , t € jV} have the same law.

Lemma 2.7.3 There is a stationa,ry process {(Xr,Y¡)} indexed, by t Ç. Z , such

that {(X¡,Y) : t e lV} and {(X¡,yr) , t € 1V} haue the same lau.

Proof :

The proof follows from [2], page 21.

Let I : {tt,tr,...,úr} € Z. For all r large enough, the integers 1, -
{r*h,r*t2,.-.,r atr} C 

^f 
and the joint law of {(X¿,Y) : t € /,} is

independent of r, since {(x¿, yr)} is stationary. Let fI¡ be this law. The fam-

ily fI¡ is consistent. Kolmogorov consistency theorem ([2], page 6) grants the

existence of the process {(Xr,Y¿)} indexed by Z , such that for all I as above,

fI¡ is the joint law of {(Xr,Yr) : t € 1}. Clearly {(Xr,Yt) : t € .lV} and

{(Xr,Y) : t € lV} have the same law. r

Remarks 2.7.4 Without loss of generality, by Lemma 2.7.3, now v/e have the

stationary hidden Markov model {(xr, Y) : t e zl, defined on the probability

space (L,B¡,P), where Â is the set of realizations l: {(*¡,Ar)},6¡ is the

Borel o-fleld of Â and XrrY, are coordinate projections defined on Â-

If z : {z¡} is a real sequence, let Tz denote the shifted sequence {"r+r}.
T is called the shift operøtor. A set "4 of real sequences is called shift inuariant,

when Tz €.,4' if and only if z e. A. A stationary process Z = {Z¿} is said to

be ergodic if
P(Z e A) :0 or L,,

whenever .A is shift invariant.
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From [53], page 33, a stationary and irreducible Markov chain is ergodic. Based

on this, Leroux [34] derived the ergodicity of the observed process {yr}.

Lemma 2.7.5 (Leroux l34l) IÍ the Marlcou chaín {X¿} is stationary and

irreducible, then the obseraed process {Yr} is stationary and ergodic.

Proof :

Let "A, 
be a shift invariant set of sequences U : {Ut} of possible realizations of

Y : {Yt¡.. It will be proved that

P(Y e A):0 or 1.

By the approximation theorem ([11], page 167), there is a subsequence {fr'}
and cylinder set .A¡, having form

,4x, : {,l e,n : (Y-¡,(À),. . .,Y*,(l)), Bzx,}

: 
{,1 e ,,t:(a-n,,...,at,)eBrn},

where Bzx, e B2¡",, that is the Borel a-field of yzx', such that Vk € N,

P(YeAAAk,)<2-t',. Q.54)

Since I/ is stationary and ,4 is invariant,

P(Y e A L Ax') : P(TZV'Y e A L Ax,)

: ;"i::iT.:,,^u
where

h' : T-zk' Ak'

: {l e n: (y¡,(À),...,%n,(À)) e Br*,\

: 
{,1 e n:(ax,,...,ysr,),Brx,).

(2.55)
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Let

then

"a= ll u Ã,,,
ft>1i>&

An,Ã : A ,)

)n
&>r

lim
ht -+æ

AÀÃ:*,.

and

Anft : 
'n (ggo,)

: 
'n (g ß-nv)

("qna;')

r,nÃ : (¿n¡") U (¿.n"¡)

(r¡g*r, nÃi,)U (u*,"0 nnh,)

(t*,"orn"¡;,) U (r'n':, ,nnh,)

c

Hence,

C

: 
1Lîo ((¿n.Ã;,) U (¿. fì Ã"))

: l';\îo (¿ o Ã*,) .

Flom (2.54) and (2.55)

Ðp(v e AA Ã*) : Ðp(v e,4LAk)
ao

ls=1

oo

ls=1

Ic=1

1:
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so by Borrel Cantelli's Lemma,

0 < P(Y € "44 A) < P(Y € limsup "44,4,*,¡ 
: g,

implying

P(Ye"4A"ã) :s. (2.57)

Since (2.57) holds, showing P(Y e /) : O or 1, is equivalent with proving

that

P(Y e,Ã¡ - o or 1

By definition, Ã: ll¡>rl)¡¿xÃ¡,, ro I is in the tail ø-field, that is, 'Ã is

contained in the ø-field F* - o(Yn,Y*+r,. . .), for all k" Since Y¿ arc condition-

ally independent given a realization c : {ø¿} of the underlying Markov chain

X : {Xr],, then the zero-one law implies

P(YeÃ¡r¡:s or 1.

B:{*:P(Y eÃlr)-1},

P(YeÃ): Elr".af

: nlø¡tr.71r7f

: ølr1v€"õlø)]

: 0+1.P(XeB)
: p(X e B). (2.58)

But, B is invariant, as

eg eÃlr) : PgY eÃlræ¡

: P(Y e Ã1r"¡.

Let

so
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Since the Markov chain {Xr} it stationary and irreducible, then {X¿} is ergodic,

implying

P(X e B):0 or 1.

Hence, by (2.58),

P(Y e Ã): o or 1'
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Chapter 3

Identifiability

This chapter concentrates on studying the identifiability problem for hidden

Markov models. The aim of this chapter is to find conditions on parameters

A, r ar,id 0 of. a representation rf : (K,A,r,0), which is equivalent to the

true parameter þ: (K"rÆrf ,d'), such that parameters á, zr and 0 can be

identified with parameters ,4", r" and 0".

For convenience, this chapter will be divided into three sections. The first

section, section 3"1, explains the identifiabilþ problem for hidden Markov

models and shows that this problem \s similar to the identifiability problem

for ûnite mixtures. In section 3.2, we collect results regarding the identifiability

of finite mixtures. Finally, in the last section, using a slight modification' we

derive the identifiability of hidden Markov models from the identifiability of

finite mixtures. In this section, we also give the cha¡acteristics of the true

parameter and parameters which are equivalent to it"

53



3.1 The Identifiability problern

Let Q" : (K"rAo,,Tord") be a true parameter of a hidden Markov model

{(Xr,yr)}. By Lemma 2.6.2,, lf ó e Qy and ó - ó", then K > K". More-

over, by Lemma 2.5.9 and Lemma 2.5.3, there are infinitely many Ô e 1Þx,,

with K ) Ko and at least finitely many Ó e Qx, with K - Ko, such that

ó-ó"-

Let

7:{óe U iÞx i ó-ó"\.
K>I{"

For parameter estimation purposes, every Ó e T must be identif'able. This

means that all parameters of { can be identified with parameters of {".

Let þ : (K",A,r,0) € 7. Since ó - /", then by definition, for any n € N,

the n-dimensional joint density functions of Y1, . . . ,Yn ulrder S and /o are the

same, that is,

Pæ(av... ,uo) : P+(au.-.,un), (3.1)

for every (at,. . . ,y*) Ç. )'. Consider a special case of (3.1), when rL: I,

po"(a) : po@t)
KO KO

Ð"i l@',eÐ : Dn,f (a',e). (3.2)
i=! i:1

From (3.2), we must be able to identify each (zr¿,d¿), with (nj,îi). In other

words, we must be able to show that for every 'i : t,...,Ko, there is i,
I < j 1K", such that

r¿:7Û and 0¿:0i,

which can be written in the implication form,

I{o I(o Yi:Ir-..Ko, fj, I< j<K"
Ðnrl (ur,d,) : I ri l(sb|?) :+
i:L i:r such that r¿ -- Tí and 0¿ : Ql.

(3.3)
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Çonsider the following example

Example 3.1.1 Suppose that from the observation, I! has a density function

as in Figure 2. Since we only observe the yalues of {yr}, then there is no way

we can tell if the observation comes from

p(u): Iu(-t,1) + åu(-3,3)

or

p(aù : *u (-s,1) + åu(-1, 3),

where U(a,b) is a uniform distribution with range (o, b).

po(sù

z
8

oo
L
I oo

-3 -2 101
Figure 2.

23at

the Example 3.1.1 above, shows that not every family of densities satisfies

(3.3). Therefore, we have to find conditions on the family of densities t :

{ÍGe) :0 e A}, so that (3.3) holds.

Later, it can be shown, when n¿ and tf arc positive for all i: Ir... , K", (3.3)

is a special case of identifiability criteria for finite mixtures. Using a slight

modification, we can apply identifiability criteria for finite mixtures, which

have already been established, to hidden Markov models, so it can be used to

identify the true parameter r/".
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3.2 Identifiability of Finite Mixtures

The purposes of this subsection are to collect results concerning identifiability

of finite mixtures which are scattered in several journals and books, and to

present them as coherent as possible for our use.

A good review of this subject can be found in [52], [20] and [37]. In particular,

[52] provides extensive references.

This section begins with a formal definition of mixture distributions which is

cited from [50].

Definition 3.2.L Let F: {,t'(.,0) : 0 e B} be a farnily of one dimensional

distribution functions, taking ualues on ! , indered by a point 0 in a Borel subset

B of Euclidean m-spo.ce R*, such that f. (-,.) is measurable in U x B. Let G

be any distribution fanction such that the measure lte iniluced by G assigns

n'Leosure I to B. Then

H(u): Iur@,0)d,p6(0): Iur@,0)dc(0), s ey (s.4)

is called a tnåatute, dist"ibution. and G is called the miting distñbution.

Reference [20] gives a corresponding definition for a mixture density,

Definition 3.2.2 Let t - {/(-,0) : 0 e B} be a family of one dimensional

density functions, indexed by ø point 0 in a Borel subset B of Euclidean m-

space R*, such that f (.,.) is meøsurable in ! x B. Let G be any distribution

Junction such that the measure ¡t6 iniluced by G assigns nrteasure 1 to B. Then

h(s) : l"f {r,0) d,p,ç@) : l"l{n,q dG@), a e y (3.5)

is called a tniætutz deneitg and, G í.s called the rni.aing distributðon.
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Example 3.2.3 Let F be the family of uniform distribution functions tl(a,b)
with range (o,b), where a 1b. Let

G(a,b): l6çz,t¡ * |6ç¡z¡, a,b e R, a 1b,

where d1o,a¡ is Dirac distribution of a point mass at (",b).Then,

H(a) : 
f1o,u¡,o,uen ,o.rlu(o,b) 

dG(a,b) : +u(-2,r) + +u(-',z), ueR

is a mixture distribution.

Example 3.2.4 Let F be the family of Poisson density function Í(.,0),where

l(a,0):#, a:0,7,.-. and de(0,oo)

Let

G(0):e-0, de (0,oo)-

Then from the simple recurrence h(a) : In@ - 1), with h(0) - +,

h(ù - f* e-oes ^-o 
'1= lo -T- - e-' d0 :2-@+r¡, U: 0,1,.. .

is a mixture density

From Definitions 3.2.1 and,3.2.2, it can be seen that a mixture distribution

and a mixture density can be derived from one another. Hence, it is enough

to consider mixture distributions only. However, the results that we have for

mixture distributions will also apply for mixture densities.

Let I denote the class of all such rr¿-dimensional distribution functions G and

7l the induced class of mixtures Il on .F. Teicher [50] defined the identifiability

of ?l as follows.
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Definition 3.2.5 A cluss of mixture d,istributions ?L is said to be identifiable

if and only if the equølity of two representations

Lr@,q dG@) : I"o@,0) d?(o), vy e !
implies G : G.

Definition 3.2.1 given above is the general one, but most of our applications

are concerned with a special type of mixture. This type is generated by the

special case when G is discrete and assigns positive probability to only finite

number of points, as in the Example 3.2.3.

Definition 3.2.6 H is called a finíte tnintutu if its mixing distribution G

or rather the correspondi,ng rneasure pc is discrete and assigns positiae mass

to only a finite number of points in B. Thus the class fr. of fi,nite ¡nirtures on

F is defined by

a

iv rV

1t H(.)' H(.): Ð.,f(.,0r),", > 0,t ci:L¡ F(.,Îr) e F,N e N
i:1 i=1

that is, ?1, is the conaeî hull of F

Remarks 3.2.7 In every expression of finite mixture

JV

11(.) : \c¿F(.,fl¿),
i=1

0t,. . .,0y ãÍeassumed tobe distincú members of @. The c¿ a,nd 0¡, i : 7,. . ., N
will be called respectively the coeffients and support points of the finite mixture.

Applying Definition 3.2.5 to the class of finite mixtures, we have the identifi-

ability criteria for finite mixtures. The following formal definition states that

the class of finite mixtures ã i. id"ntifiable if and only if all members of ú.

are distinct.
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Definition 3.2.8 Let ?L be the class oJ finite mixtures on F. fr. is identåft-

oble if and onlg if
N,T
D.,r(., o¿) : Ð ar(., â,)
i=1 i:l

implies N: f and,for eachi - 1,..-,N, there is j,\ < j < N, such that

c¡:îj and 0¿:îr.

Definition 3.2.8 can be stated in different way using Dirac distributions. To

show this, the following lemma is needed.

Lemma 3.2.9 Suppose that

N /v

Ð"r6t,:\î;6¡,,
i:1 i=l

fo,
lV

c¿20, i:1,...,N, Ðtr:1,#

4>0, i:7,...,fr, Ðe:t
i=t

0¡,0¡ €@, ,i:I,...,N, j:7,...,fr
where 66 denotes the Dirac distribution of a point mass at 0.

(3.6)

(a). Suppose there are i, j, wherel < i < N andt < j 1Ñ, such that0¿:î¡.
Let D: {lc:0* - 0¿]¡ andD: {k:î^:î¡}, then I c¡: ) e¡.

keD neô

(b). IÍc¿ )0, forsomei,L<isN,thenthereis j,I< j <Ñ, suchthat

0¿ : 6¡.

("). Ifc¡ ) 0 and|¿ are distinct, fori:I,...,N, thenÑ) N øndfor euery

i : L,. .. N, there is i, I < i S f such that 0¿ :î¡.

(d). IÍ c¡ ) 0 anil 0; øre distinct lori - 1,...,¡f and N: F, then there

is a perrnutation o on {L,...,N} such that c¿ : ôo(i) and, 0¡ : înç¡, for
i: Lr.,. , ¡y',
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Proof :

To prove (a), suppose that there are i,j, where t < i ( ll and I < j < û,
such that 0, : î¡. Let D : {k : 0x : 0;}and D: {/c : îo : î¡}. Let ( be a

smooth real function defined on @ such that :

a

c(d) : 1 if t-0i
0, if

(3.7)
ee ({er...,0*}u{4,. ,4t) \{0,}.

By (3.6) and (3.7),

äLc¡,((o)6s*(o)

ß:1t
toeî

E l"e*ççe¡6r1e¡

N

fr=1

fr¡I

I "*((Pr) =k=1

Ð"0 :
k€D

Iac(a)
c¡," (3-8)

For (b), let c¿ ) 0, for some i, 1 < i < ¡f. Suppose that d¿ f 0¡, for every

j : L,. . . ,fr, then by (3.8)

D"*:o'
keD

implyingcÈ:0 for all k e D- Since i e D, then c¡:0, contradictingwith

c¿ ) 0. Thus, there must be j, L < j < Ñ., such that 0r: î¡

For (c) and (d), suppose that c¿ ) 0 and 0¡ ate distinct, for i : 1, .. . ,l/. By

part (b), for every i:I,...,N, there is j, 1 S j < f, such that

0¡: ã¡. (3.9)

Since 0¡ale alldistinctfori - L,...,ff, thenit must bef > ¡f. If ff:F,
the mapping i r+ j is bijective. Let ø be the mapping and by (3.9),

0;:0nG), for i:tr...,N. (3.10)

By (3.8) and (3.10),

c¡ : ca(i), for i : L,...,¡tr.

So the lemma is proved. r

60



Lemma 3.2.10 Letfr. be the class o! finite mixtures on F. Ñ. is identifiable

if and only if
rV N N N

d=1 d=1

Proof :

To prove the lemma is enough to show that the necessary and sufficient condi-

tion for

D",tr(.,d,): D îrF(.,î¡ + N: fr,
Ðr"ot 

: 
Ðu'o

rV rV

Drr6t,:DQ6A
i:I i:l

where

c¡,Q)0, 'i,:I,...,ff,
rv

C1 1 Ðe: t
i=1

JVt
i:1

N

fr,

0¿

0,

are distinct for

are distinct for

i: tr... ,

i:1r... ,

is foreach'i - 1,...,N, there is j, 1 < j < N suchthat c¡ - Q.and 0¿:0¡.
The sufficient condition is obvious and the necessity follows from part (d) of

Lemma 3.2.9. I

The following theorem is the first result concerning the sufficient conditions of

the identifiability of finite mixtures.

Theorem 3.2.1t (Teicher [50]) Iet F : {F(.,0) : 0 e B} be a famíly of

one dimensional distribution functí,ons, indexed bg a point 0 in a Borvl subset

ß of Euclidean m-space R* such that .F(., .) is measurable in R x B. Suppose

there exists a tru,nsforrn

M:F+þ,

where þ is a real aalued function defined on sorne 56, such that M is linear and

injectiue. If there is a total orderi.ng ß) "f F such that F1 I F2 irnplies

(o). So, C S+,,
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(b). The existence of sorne h E Só, (t1 being independent of óù such that

,,+Ìffi:0,
then the class fi, of att finite mi,x.tures on F is id,enti,fiable.

Proof :

Suppose there are two finite sets of elements of F, say F1: {.t'(.,di)
1,...,N) and Fz :{F(., î¡). j - 1,...,F¡ such that

lV ff

ÐqP(y,er):\etrçy,ît¡, Vy e R,

L-

(3,11)

where

i-1 j=1

0<c¿(1, 1

0<ed<1, i:L,...,f,

lv

N

Ði:r
,ût

i=l

D"ró.(t) î¡6¡ (¿)

N

Without loss of generality, index F1 and Fz srch that for i 1 j,

1, C¡

î¿

1

1

F(.,0,) < F(.,,0¡) and F(.,î) < F(.,î).

If F(., 0t) # F(., A), suppose without loss of generality that

F(.,lr) < F(.,îì,

then

F(.,1t) < F(.,î), for j :I,...,F.

Apply the transform to (3.11). Then for ú € Tt: Sö, n {t : ót(t) *0},

cr *Ðc¡

i:t
.tv

6¡@
ó'(t)

êi

NI
j:I

ivt
i:7i:2

ó,(t¡
ót(t)
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Letting t -+ tr, through values in ?r, we have c1 : 0, contradicting with the

fact that c1 ) 0. Thus

F(.,0t) : F(.,îr)

and for any t € T1,

(",-â).å,,*r9r:å îtm
i:2

Again, letting t - t1, through values inT1, we have ct:ît.

So now,
lV .lv

Drrn(y,1¡) :\erf 1y,î,7, Vs e R.
i:2 j:2

Repeating the same argument min(N, fr) ti-"., we have

F(.,,lr) : F(.,î) and ci : Ci,

for i : I,2r...,min(I[,F)

If N + fu-, without loss of generality assume ¡f > F. Then

lV

Ð c¿F(y,2r) :0, Vg € R.
i:]V*1

Letting y -) @ in the above equation, implies ci :0, for i: fr+ 1,...,.ðy', in

contradiction to the fact that c¿ ) 0, for ¿ : l+ I, . . - ,N. Therefore

N : F, c¿:4 and F(.,lr) : F(.,î),

for i : L,2,...,.1f. But F(-,1r) : F(-,4) imptv 0, :îr,for all i : L,2,...,N.
Then by definitionfr, is identifiable. r

An important application of Theorem 3.2.IL is the identifiability of the class of

finite mixtures of one-dimensional normal distributions, the class of finite mix-

tures of one-dimensional gamma distributions and the class of finite mixtures

of one-dimensional Poisson distributions.
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Lemma 3.2.L2 (Teicher [50]) The cla.ss of all finite mixtures of one ilimen-

sional nortnal distri,butions,is identifiable.

Proof :

Let N : {ff(., 0,o') : 0 e R, o } 0} be a family of normal distributions,

where N(',0,ø2) denotes a normal distribution with mean 0 and variance o2.

Let iú(-, 0,o') € .Â/ and define its (Laplace) transform by

þ(t,0,o2) : Il_*fo,0,o') e-tu d.y

: I-*"-+(+)" e-tc d'v

: t*n'tz -ot

where t € Sd: (-oo,oo).

Order",V bv

^Ir 
: N(', dr, "Ï) < N(.,0r,o2) : N,

if 01) 02 or if cr: c2t but ü 102.

Let ff1 : .ÀI(',0¡o?) and -AIz : -1V(.,0r,o3) in "À/ such that ¡rr < ff2 and

Iet S{.,ït,o?) artd S2(.,0r,o?) be their transforms respectively. S¿, : Sö, :
(--, oo). Take ú1 : oo. If o1) 42, then

yr *9: .lim .{4+t-.(e'-a')t} - o,t-+ø Q1(t) ú-+oo

srnce
| {"}-"2r¡r2 1

lim e\-l :o
ú-+æ

If o1- o2 and 0t 102, then

ô'(t)
: lim 

"{-(ez-er)tl - 
g.

ú-+oo

Then the identifiability of the class of finite mixtures of ",V follows from Theo-

rem 3.2.11. r

(Ðó,lim
ú-+oo
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Lemma 3.2.13 (teicher [so]) The class of atl finite mixtures of gamma ilis-

tributions is identifiable

Proof :

Let F: {F(., 0,a) :0 > 0,o > 0} be a family of gamma distrsibutions, where

F(a,O,o) : {; Io' 
,--'"-t, dr, a ) 0, 0 > 0.

For .F (., 0,a) e F, defrne its (Laplace) transform as follows.

s(t,0,a) lo* *or*'-re-ote-t¿ dt
0ù r(o)¡Gt'ø¡i;

( for t> -01+
e
t -d

)

Order t by

if el <02 or

Ft: F(-,h,ot) < F(., 02.,o,2) - f2

0t:0z but a1 ) d2.

Let F1 : F(',9t,ot) and F2: F(',1z,az) be any elements of N, such that

Ft 1 Fz and let Ót(',0t,o1) and ór(,er,a2) be their transforms respectively.

Then Só, : (-ït,oo) C Só, : (-0r,oo). If 01 < 02, then

,r+,ffi#B:,rs,ffi:0,
since ,lim, (t * å)-'' : oo. fi er - 02, brt a1 ) a2, then

,:* ó'(t,o'-!4:.ri,l f*{] :,Ig, (, * å)''-o' - o,,!\t, 6¡tprn¡:,j1ä, G 
",since a1 - o¿z ) 0. Then by Theorem 3.2.11, the class of all finite mixtures of

gamma distributions is identifiable. I
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Corollary 3.2.L4 The cløss of all finite mirtures of negatiue exponential d,is-

tribution i,s identifiable

Proof :

Let F: {F(', 0) 
= 
0 > 0} be the family of exponential distributions, where

F(g,o): 
lon 

oe-o'dr, o > o.

It can be seen that F is a special case of the family of gamma distributions in

Lemma 3.2.13 with a : 1, then the result follows. r

Lemma 3.2.L5 The class of all fi,nite mixtures of Poisson d,istributions is

identifi,able.

Proof :

Let F : {/(., 0) : 0 > 0} be the family of Poisson distribution with mean d,

where

l@,0):#, U:011,2,-.- and 0>0-

t€n.

For /(., 0) e F, define its transform ari follows

h: l(,ît) < r(,0r) : Í, if ù ) 02.

Order t by
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Let fi: l(-,d1) and Tr: Í(.,02)beinF, such that lr < l, and let ör(,er¡
anð, þ2(.,d2) be their transforms respectively. Then Só, : Só, : (-oo, oo) and

Ó2ft) ,' 
"02(et-7)

'1* d(4 : '1å æ¡;.¡
: 1i- 

"oz(e'-l)-41(et-1)ú-loo

: li¡¡¡ ¿(oz-erxu'-l)
ú-+æ

: 0,

since d2 - ü 10. Then the result follows from Theorem 3.2.11 I

Yakowitz and Spragins [5a] extended Teicher's results of identifiability to in-

clude multidimensional distribution functions. Let

Fn: {f'(-,0):0 e B}

be a family of n-dimensional distribution functions taking values in -R' indexed

by a point 0 in a borel subset B of Euclidean rn-space fl-, such that f'(., .) is

measurable in R" x B-

Let îln be the class of all finite mixtures on Fn defined as in Definition 3.2.6,

that is,

/v .lV

Ttn: ä(.) 
' 
ã(-):Ð",f(., 0r),r¿ > 0, t c¿:l,F(-,1r) € Fn,N e iV

i:1 i-1

As in one dimensional case, for every finite mixture

N
¡r(.) : \c;F(.,0¿),

9tr.-. ,0y ate assumed to be d,istinct.

Theorem 3.2.t6 (Yakowitz and Spragins l54D A necessary and suffici-

ent cond,ition that the closs Ñ.^ of atl finite rnixtures on Fo be identifi,øble is

that Fn be a linearlg i,nd,ependent set oaer the field of real numbers.

i=1
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Proof :

Necessity :

Suppose Fn is not a linearly independent set over the field of real numbers

Let
lV

Ð"rF(u,O,) : o, vy e F.,n,
i:1

where a¿ e R, i: L,2,... ,|y', be a linear relation in Fn.

Assume the a¡'s are subscripted so that

a¿10 €=+ i<M.

Then
MN
Ðl"Je@,O) : Ð lø;lF(y,0;), Ys e R- .

i:l i:M+l
By letting y ì oo in (3.12), where oo : (-, -,..., æ),

(3.12)

M

Ð lo,l :
/Vt l"'1. (3.13)

d-1

M
U:Dla¿l and ci: O,¿

+1i:M

Let

b
(3.14)

i:!

By (3.13) and (3.14),

b>0
M

c¿ ) 0, i: Lr. M Ðt¿:1
i=t

lV

c¿)0, i:M*1,...,N, t c¿:I.
i-M+r

Then
MtV

Ðr,P(.,eù : I c¡F(.,2¡)
i:1 ¿=M+l

are two distinct representations of the same finite mixture and therefor. fr.-
can not be identifiable.

Sufficiency:

Lef (F*) be the span of F-. If Fn is linearly independent, then it is a bases for

, i:1,...,ff.
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(F"1. Two distinct representations of the same mixture implied by the non-

identifiability of ã.* C (.F*) would contradict the uniqueness of representation

of bases. I

From the properties of isomorphisms, Fn is linearly independent if and only if

the image of the isomorphism is linearly independent in the image space, the

corollary below follows.

Corollary 3.2.17 The class ?L- of øIl fi,nite miatures of the fømilg Fn i's

id,entifiøble if and onty it the image Fn under any aector isomorphisrn of (F*)

be lineørlg i,nd,ependent in the image spq,ce.

The most important result of the application of Theorem 3.2.16 is the identifia-

bility of the family of finite mixtures of multidimensional normal distributions.

Lemma 3.2.18 (Yakowitz and Spragins [5a]) The tamily of n d'imensi-

onal normat distribution functiofts generates id,entifi,able finite mixtures.

Proof :

Let

,^/ : {¡f(.,e, L) : 0 e ff and 
^ 

is an r¿ x n positive definite matrix }

be a family of n-dimensional normal distribution with mean vector 0 and co-

variance matrix.r\..

For N(.,d,^) €.,V, let M(.,0,Â) be its moment generatingfunction defined

by

/r. "*o{- 
t' u} N (a, o, It) d's

u*p{e't+ltrtrt]¡, t e n".

M(t,e,L)

69



Note that d, ú and y are n-dimensional column vectors. It is clear that the

mapping N Y+ M is an isomorphism.

Suppose that,Â/ does not generate identifiable finite mixtures. Then by Corol-

lary 3.2.17, the set

M- {M(. d,À): 0 e R' andÂis ann x npositive definite matrix}

is a linearly dependent set over trÌ. There arc M ) l, d'¿ e R, di t' 0, i -
L,.,.,M and distinct pairs (0;,Â;), i -1,..-,M such that

M

I d¿ exp {eit + l{ tr*} : o, t e H - (3.15)

Consider a special case of (3.15), when t: QS,t for a fixed vector s and a € R.

Then (3.15) becomes

M

f a, 
"*p {a(of s) + f,az(sr tti s)} - 0, a € R. (3.16)

i=1

If all d¿, i =L,...,M are identical, then all Â¡, i:L,.. -,M are distinct' For

i+ j,L si,j<M,

"".4.¡s - rTtvis e s e {z, zr(h¡- L¡)r: 0}'

So if
s ( U {", r'çtt, - It¡)r- o},

i+i
t<i,i<M

then s"Ä.¿s, foli:1r...,M, are all distinct positive real numbers, implying

the pairs of real numbers (0!srstlt¡s), for i:1,.-.,M, are distinct.

Otherwise, Suppose without loss of generality that d1, .. .,0k, for some k,

Ie < M, are the only distinct vectors among 0r,..-,0M- Then for i { j,

71i,j<lr,

o!s:ffs € se{2,@T-Ç¡z-ol .
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So if

then the real numbers 0fls, for i,:1,..', lc, ate distinct- Since the (d¡,^i), i:

L;..., M are all distïnct, then the.A¿, i: Ie,*1,.-.,M with the same dd' are

different. So if
s( u

;+i
f +1<i,j<m

then the reã,I numbers s"^d s, for i: Ie* 1,.. .,M, are distinct. Consequently,

for

{z:@! -S),:o\ U "'(L, - Ir¡), - o) ,UI
i+i

È+1<¡,j<t/

the pairs of real numbers (ffs,sTÌt¿s), for i:1,..-rM, are distinct.

Therefore, for such a choice of s, the equation (3.16) asserts that there is

M t I, d;e R, d¡#0, i:1,,.--,M and distinct pairs (prro?), where

and o? : sT L, s, for i lr---rM,

such that
M

f a, .*p {u;o + f,ola'\ : o, d e n.
i=1

Corollary 3.2.LT implies that the class of finite mixtures of one dimensional

normal distributions is not identifiable, contrary to Lemma 3.2.12. I

Teicher's result which is concerned with mixtures of product mea,sures will be

presented next. Teicher [51] stated that the identifiability of mixture distribu-

tions can be carried over to mixtures of product distributions.

Recall that for any fr € N, we have defined

t*: {.F(., o) : a e B} ,

s( u {,;+i
1<i,i <1.

(oT -ff¡z:o\,

{, , 
"r 

(Ìt, - L¡)" - o} ,

sf u
i+i

1<i,j < tr

p;-0ls
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as a family of k-dimensional distribution functions indexed by a point a in a

Borel subset 6 of Euclidean rn-space R^, such that F(''') is measurable in

F¿kxB.

Define for every k,n € -lV,

nG+J lcrø -
.F.(.,o) 'F*(.,o) 

: fl F(.,or), F(',or) ç F*, i:I,
tù

i:1
(3.17)

Notice that in (3.17), tr'(',') is defined on fiLfr x 6 and F.(',') is defined on

F¿kn x ßo.

Theorem 3.2.19 (Teicher [51]) // the class of all mírtures on Ft is iden-

tifiable, then for eaery n ) !, the class of mixtures on Fl,n is identifiable.

Conaersely, if for sonxe n ) L, the class of all mixtures on F1,n is id,entifiable,

then the class of rnixtures on Ft is identifiable.

Proof :

To prove the second part, suppose that the class of all mixtures on .Fl,o is

identifiable for some n ) l- Let F(', a) e F¡ If

I"r@,a) d,G(a) : I"r@,e dG@),

r¡-l
then multiplying both sides bv fI F(y¿,o"), ao €. B, necessarily,

i=1

foo X - - - x Ioo x G : fo" x "' x Io" x G,

where 1o" is a characteristic function X[co,oo). Hence by the hypothesis G : G

To prove the first part of the theorem, the mathematical induction will be used.

Suppose the class of mixtures on .F1 is identifiable and also suppose the class

of mixtures on Fl,, is identifiable, for fixed but arbitrary n. It will be shown

that the class of mixtures on Fl,6¡1, is also identifiable.
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Suppose that for F' e Ft* and F € Fr

l r'@,o)F(s,B) d.G(a,Ð : I F*(r,o)F(a,$aÀ@,fl . (3.18)

Ler G2(p) ana Gr(B) denote the marginal distribution of B corresponding to

G and G. L.t G(olÐ, ê@lÐ denote versions of the conditional probabilities,

such that, for each þ, G(olÐ ana G(alB) are distribution functions in the

variable o, and for each a, G(alþ) and G(o;lB) are equal almost every where

to measurable functions of B. Then (3.18) may be rewritten as,

l r@,þ)H(,,þ)dG,(þ) : I r@,ÐÈ@,Ø¿G,(þ), (3.1e)

where

H(", þ) :

Ê@,p):

In turn, (3.19) may be expressed as

where

I o@,p)d,r,(p): I ,@,Ðd,î"@),

F*(r,a) d-G(alB)

F' (*, Q a-G@lB)

H(r,t)aGz\) SGr(þ)

È@,ù d?r1) < Gr(þ),

I
I

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

J"(p) :

î"@ :
r_
L

aæ H(a,7) S l and F(æ,?) I 1. Dominated convergence appliedto (3.22), to

ensure that

/"(-) _ Â(*),

since this cornmon value is finite by (3.23) and (3.24). Thus from (3.22) and

since the class of mixture on Ft is identifiable by the hypothesis, then

J,
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Or equivalently from (3.23) and (3.24),

r_ H(t,t) d,G2(1) : I:- fr@,ù d1r1). (3.25)

On the other hand, letting æ -| oo in (3.19) and since

linr' H(n.ß\ : lim
t-+oo\"'t-+oo

lim Ê(r. ß\ : lim
¿-+óo\"t¿-loo

by monotone convergence theorem, then (3.19) gives

I ,@,p)dc,(Ð: I ,@,Ð¿G,(þ). (B.zs)

By the hypothesis,

cr(þ): G,(þ). (3.2e)

However, (3.29) in conjunction with (3.25) necessitates

H(',þ):fr(*,þ), (3'30)

for almost all B. Equation (3.30) together with (3.20) and (3.21), gives

f
J o.@,a)d'G(alø: I F*(*,Qa.G@1fl. (s.81)

By the induction hypothesis, that is, the class of mixtures on F1, is identifi-

able, and (3.31) imply

c("1Ð : G@lp) (3.32)

Finally, combining (3.29) and (3-32) we have

G(", þ) : G(alþ) G(þ) : G("1Ð G(p) : G@, p).

So that the class of mixtures on fi,(,,+r¡ is identifiable. r

Since Theorem 3.2.20 applies for general mixtures, then we have the following

theorem for finite mixtures.

I
I

F*(r,a) d,G(alB) - t

F*(r,Q a-G@1B¡ :1
(3.26)

(3.27)
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Theorem 3.2.20 If the cløss of all finite mixtu¡es on F1 is identifiable, then

for eaery n ) I, the class of finite mittures on fl,n is identifiable. Conuersely,

if for sorne n ) I, the class of all finite mixtures on Fl,o is identifiøble, then

the class of finite mixtures on Ft is identifi'able.

Analogous result hold, with F1 and Fl,nis replaced by Fx and F¡,n, where

k>r.

3.3 Identifiability of Hidden Markov Models

Let {(X¿,yr)} b" a hidden Markov model with representation Ó: (K,A,r,0)

e iÞx.From section 2.5, the parameters A, r and á satisfu :

A - (a¿¡), a¿i 2 0, i,i:7,,.-.,K
K

ET¿:r

K

Ðot¡:!,j=l

tr:(tr¿), zr¡10, i:I,...,K,

0:(0r)r, 0¿ê.@, i:1,...,K.

Notice that d1,02,...r0¡ç need not all to be disti'nct.

Qo: t D nr, ff o",-',',d(o"r,...,0".),
Dt=l x¡=l t-2

i:l

Under þ, for any n € N, the joint density function of )í,-
I{ K tù

llt:l x*=l t:2

Let
K K n

,Yo is

p+(ut,..-,un): I ' t T,,f (!tá",)fI a,,-,,.,Í(ur,0,,)' (3'33)

(3.34)

then (3.33) can be written as

po(vt,uzt -. -,an) : 
lu^ f{rr,eù"'l@*,e,,)Qó@ist,...,d(n). (3.35)
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Equations (3.33), (3.34) and (3.35) assert that, for n.: I, p4 is a finite minture

with non-negatiue coefficients lrt¡ . . . ,1ty â,nd m,øy not be disti'nct support points

0r,...,0x. For ¿ ) 2, p6nis a finite mirture of product rneo,sureswith non-

negatiae coefficients (t", f[0.,-,,".) and mag not be distinct support points
t=2

(0"rr... rï.^),for ø1, ... tfrn€ {1, ... rK}.

In order to apply the identifiability of finite mixtures to hidden Markov models,

Definition 3.2.8 has to be relaxed to allow the above possibilities.

Definition 3.3.1 Let F: {F(',0) : 0 e @} be a familg of one dirnensional

distri,bution functíons, d,efined on U, indexed by 0 e @ - Let

K K
û: H(.) , ¡1(.): !cf(.,0¡), c¡ > 0, tcd:0,

i=1 i=1

fr. is said to be identifieble if and onlg if

K K

i=l i=1

K

E ",tr(., 0r) =|ôiF(.,îr) Ð"töt,

0¡€@,i:Ir2r...rK, K eN (3.36)

K: lc;õ6,. (B.gz)
i=1

R

d=1

where 66 denotes the Dirøc ilistribution of a point mass at 0

Remarks 3.3.2 In every expression of

Ir(.): I"rtr(.,0r) e+1,
d=1

the parameters d1, ...,0x need, not all to be di'stinct-

Next lemma shows the relation between Definition 3.2.8 and Definition 3.3.1.

Lemma 3.3.3 û" is õilentifiable accord,ingto Definition 3.3.1 if and only if ñ.

is identifiøble accord'ing to Defini'tion 3.2.8.
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Proof :

Necessity :

Assume thatû. is identifiable according to Definition 3.3.1. We will prove that

ã is identifiable according to Definition 3.2.8. Suppose

Kî
D ",tr(., eò : D er(.,fl), (s.J8)
i:l i:L

where K
c¡)0, i:lr...rK, Ðt¿:l-

E
4)0, i:lr...rî Ee:t

i=1

are distinct for i : l,
are distinct for i : I,

By Definition 3.3.1, equation (3.38) implies

Kft
D"rõr,: !Qô4. (3.3e)

K

î
0¡

î,

Since c¡ ) 0 and0; are distinctfor i - L,...,K, then by part (c) of Lemma

3.2.9, î > X. On the otherhand, since e > 0 and 4 are distinct for i :

1,...,1, th"r, by part (c) of Lemma 3.2.g, we also have -ãl >î. Hence, we

haveK-landby(3.39),
K I{

f "rôr, 
: Ðî¿õî,

i=1

i:1

i=l

í:L

By Lemma 3.2.10, ?l is identifiable according to Definition 3-2.8

Sufficiency:

Assume thatñ. is identifiable according to Definition 3.2.8. We will prove that

I is identifiable according to Definition 3.3.1. Suppose

Kî
Ð.,¡(., e) :le,rç.,îr¡, (3.40)
i=l i=1
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where :
K

c¡)0, i:L,...rK, Ðq-f

i:1,...rk,
ö=t
fr
Ðôt:1
i:1

0¡ need not all to be distinct, for i :1,2,. . . , K

A, need not all to be distinct, for i: L,. . ' ,Ê.
Let

F+: {i, z c¡ } 0, i - 1,. ..,K}
F+:{¿' 4 )0, i-1,. ..,R¡.

Let r be the number of distinct 0;, i €. .Fa, and î be the number of distinct

0¿, i e.Ê*. Without loss of generality, suppose that 0t,...,0, are distinct and

also â1, .. -,î;. Let

R¿ = {i : i e F+, 0j - 0¿}, 'i: I,... )r
Êr: U : j e F*, î¡: 4), i: I,...,î.

Equation (3-40) then can be written as

4>0

D orP (., 0¿) : larr 1-,îr¡, (3.41)
d:1 j=1

where

c¡ and
[-^a¿: L ci-
jeñ,

Since a¡ ) 0 and d¡ are distinct for i - 1,.. -,r, and â¡ ) 0 and 4 are distinct

for i : 1,...,î, then by Definition 3.2.8, equation (3.41) implies r : î and

a¿ t
ieni

1

Ì

i:1

I

i=l jeR¿

t

¡
Ðo164 - !a;d4. (3.42)

i:1

But this is equivalent with

ÐE "t6',

D "t6t,i€.F1
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Since c¡ : 0, for i fF-,. and also Q : 0, for i ê F*,then by (3.43)

K K

E"rõt,: I a;ô4
i=t 'í:l

Hence, ?l is identifiable according to Definition 3.3.1. I

Rema¡ks 3.3.4 As a consequence of Lemma 3.3.3, all the results of identifi-

ability in section 3.2 arc now applicable for hidden Markov models. So from

now on, when we say 1' is identifiable, we mean it in the sense of Definition

3.3.1.

The following lemma gives a necessary and sufficient condition for two repre-

sentations of a hidden Markov model to be equivalent.

Lemma 3.3.5 Suppose that û. is iilentifi,able. Let þ,6 e O, uhere Q -
(K,r,A,0) and,6: (k,A,¡,ê). Then S - 6 ,f and only if for eueryn € JV,

RI{Ít

t . D n"rffo,r_,,,,6(0,t,...,0.o,)
tt:l e'=l 

:,
KKt¡: t' 'E î"' flâ",-r,",ð'(î"1,.,,î"nl' (3'44)

æ1=L E¡:I t:2

Proof :

The sufficient is obvious. We will prove the necessity. Suppose that S - $,

then for alry n € N, the rz- dimensional joint density functions of Yr, --.,Yn

under { and $ ur" the same, that is

p+(vu. . .,a".) - P¡(au - - -,an),

which can be written as

KKn

t'' Ð o",/(aL,o,,) fI o.,-,,",1(Y',0",)
¿t:l tn:l 

^ 
r:,

KKn: Ð . Ð î",Í(ar,O",) fI ô",_,,.,f (ar,î"). (3.45)
tl=l Ð¡=l t=2
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Since ?i is identifiable, by Theorem 3.2.20, equation (3.45) implies (3.44). I

In particular, Lemma 3.3.5 gives necessary and sufficient condition for repre-

sentations to be equivalent with the true parameter.

Corollary 3.3.6 Let $ : (K",AorTo,0") be ø true parameter of a hidden

Mørlcou mod,el {(Xr, Y¡)}. Let ó : (K,A,r,0) Ç. iÞr, then S - Óo, if and only

if for eaery n € N,

6(ozr,-.-,og*)

KoK"î

t ' Ð "1, fl ol,-,,',
¿1:l tt=l t=2

K

D
¿1=1

" Ð r"' fI dr¿-1,t¿6(0n1,...,0"n')
&¡=1 t:2

Next lemma gives an example of such parameter that can be a true parameter

of a hidden Markov model.

Lemma g.3.7 Assume thatû. is identifiable. Let þ: (K,A,r,0) € iÞx

satisfying :

(o). n, ) O, for i : I,...,K
(b). e, are distinct for i - 1,. .. ,K,
then the size K is minimurn, that is, no 6 e iÞç, uithf 1 K, such that ô - ó.

Proof :

Suppose the size K is not minimum, then there is fr : (R, Â,a, Ð e @ç, with

î < K, such that 6 - ô.Since 6 - ó, by Lemma 3.3.5,

Kî
Ðor6q: t îi6î;. (3.46)
d=l d=1

Since zr¿ ) 0 and0¿ are distinct for i - 1,. -.,K, then by part (c) of Lemma

g.2.g,î > K, contradicting with the fact that I < K. Hence, the size K

must be minimum. t

K
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The following three lemmas give characteristics of representations which equiv-

alent with the true parameter.

Lemma 3.3.8 Assume that û, is id,entifiable. Let ó : (K", Ao,To,0") E iÞy"

be q, true pammeter of a hidden Marleou model {(Xr,Yt)} satisfying :

þ). "i ) 0, for i : I,...,Ko
(b). 0i are dístinct fori - 1,...,Ko.

Let $ : (K",Â,æ,0¡ €. iþrc", then $ - ó" if and onlg iÍ 6 : o(ó"), for some

perrnutation o of {1,..., K"}.

Proof :

Let $: (K",Â.,t,î¡ € iÞr". lf ô - o(ó"), by Lemma 2.5.3, it is clear that

6 - ô"-

Now suppose that 6 - ô.By Corollary 3.3.6,

I{O KO

L"iõti: D î'6a'
i=I d=l

Since ?rÍ > 0 and 0i are distinct fori - 1,. ..,Ko, then by p"rt (d) of Lemma

3-2.9, there is a permutation o of {L, . - - , K"} such that

î;:03(Ð, i-1,...,Ko (3.47\

and

î¡: r"n¡), 1 ,Ko (3.48)

Also by Corollary 3.3.6,

(3.4e)

Since 0! arc distinct for i: 1,...,K", then by part (a) of Lemma 3.2.9 and

(3.47), we have from (3.49),

î¿ã¿i : T"n1i¡dTç¡,,1¡¡, i, i : L,,. . . r Ko

KO I{O K" KO

t t rlai¡6pi,ei) : t Dî¿ã¿¡6 @,,î,t
i--l i=7 i=l j=l
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Ar nÍ > 0, for i : L,. . . , Ko, then by (3.48) and (3.50)

ã¿i: d?ç¡,,q¡¡., i,i --1,...,Ko

Hence from (3.47), (3.48) and (3.51) ,6: o@).

(3.51)

Lemma 3.3.9 Assume t at û, is identifiable. Let Ó" : (K", Ao,To ,0") e iÞ7ç"

be a trae parameter of a hidden Markoa mod,el {(Xr, Yt)} satisfying :

(o). "i ) 0, for i : I,... K"

(b). 0", are distinct for i - 1, . . . , Ko .

Let $ : (K" +I, Â,,î,ff (ÞKo+t, uhere ô - ó. Then after suitable permuta-

tion of ind,ices, paramete of $ høue one of the fotlowing forms :

(o).
al,t

ai,t

dï,K"-t

aI,x"-t

aL,x.

o3,v"

0

0

Â

1r

î

QoKo-r,r

olo1¡o rl

ã.7ço¡t,t

oto4ço-1,7ço-1

eo1¡o rço -r

ã,¡¡o¡1,7ç"-1

Qoyo-1r¡ço-1

Qo4ço rl{o-i-

Qoyo,¡(o- l

Qoyo-¡,7ço

do4ço,¡ço

ã7ço¡1,¡ço

0

0

ãK"+r,K"+l

(ni,r. . -, ToK" _rr o"rc" r0)

(oî,. . ., îk"_r, o"*", ^r)'

where

ã,7¡o¡1,;/0, i:Ir... rK" *l,

"'/ eO, 'Y+0i, i:I,...,Ko

Ko+l

i:r

ã!,K"

ãz,Ko

Alço-1,7ço

ãç",yç.

ã,7ço 1¡¡,7ço

| ô¡¡""'r,;: 1

(b)
ait aï,K"-t

di,t al,,K"-t

C1,Éo+1

ãz,Ko+L

dK"-1,K"+l

ã.7ço,¡ço+!

ãK"+r,Ko+t

Â
ooKo- rr!

oro¡¡o,r

do4ço,r
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It

î

: (nir''' rT"x"-t, o,nfoço rbn"*")

: (0î,. . .,ïk"_r,0"*",0"x"),

ãr,*" + ãr,K"+t -- dl,x", i - 1,. .., Ko

ã,yç"¡1,yço * ãrc"+t,xo+l : Qo1ço,yo

o,rb>0, a*b:l
aã¿,yo¡r{bã¿,7¡", lo, solnei, I li < K" -I

where

(")

(d)

doKo-r,!

doyor!

ao¡çorr

dit
aít

QoKo-rrr

ã yç",r

ãKo+t,t

aï,r"-t

ú,K"-t

Oloyo-1,yo-1

OloTço,Ko-l

doyço,Ko-l

aï,K"-t

dî,,K'-t

doyo-1r7ço-1

ã.7ço,Ko-l

ã.yo¡1,yo-1

adl,vç"

adl,7¡"

0,Olo¡ço-1,7ço

ã.7ço,yço

ã 1ço.'¡1,1ço

be"2,y"

bof6o-1,yo

ã7ço,yço¡l

ã,¡ço¡1,y¡o¡1

boP1,¡odit

dlt

Â

7r

0

: (nîr. . . rÌT"-ranroy"rbn"x")

: @i,...,0î"-r,0î",0"K")T

a,b>0j aIb:I
ãr,Ko +ã.;,¡ço¡t: doyo,got i: K"rK" +1

a(aã. yç o, 7ç " 4r * bã, 7a " a1, K " +t) f b(aã, y 
", 
y" * bã x " +t, K')

wherc

aal,y" baf,¡r"

adfl,y" befl,ç"

A
O,do¡ço-y,7ço

ã.¡ço,yço

ã.7ço1¡1,yo

beo1ço 
-1,7ço

ã.7ço,yço ¡l

ã,yo¡1,yo¡1
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'Í

0

(ni,, , - . ,'tfo*ço -1t 
anr"¡ç" rhoi")

(0T,. . . ,0î"_r,e"K",o"K")r

uhere

a,bl0, a*b:L
aã,yo¡*bã,y"¡y,i = Qo1ço¡t j:lr... rK" -I
aãyço,7ço I Vã.y"¡1,xo : QdoKo,Ko

o"ã, ¡ç",K" 4L * bã y" ¡1¡ço+r = bdol¡o,Ko.

Remarks 3.3.10 Notice hat the representation fr : (K"+L,Ã.,î,î¡eø*"*r,

where

ait dl,,K"-t

dï,K"-t

ooï,rr"

aal,vç"

ûQoyo-¡,Ko

Aeo¡¡o,yço

Adoço,yço

bal,¡"

bafl,v"

bo'o1ço-1,1ço

boP1¡o,yo

bofyço,7ço

Â

7l

al,t

doKo-rJ' Oto¡ço- 1,yço-1

ú4o,1{o-l

doyorKo-l

ao¡ço,r

do¡ço rr

(oi, r - . .,, TT" -.rr alro¡ço 1 b""*")

(0i,. . . ,0î"_r,0î",0"*")'0

as in the proof of Lemma 2.5.9 can be clasified having (d)-form.

Proof :

Let $: (K" +I,Â,A,î) e(þrc"+, and fr. - óo.As fr - Ó",by Corollary 3.3.6,

I(o Ko+t

Ð"i6ti: t ît6î.. (3.52)
i=l i=l

Since ?rí > 0 and 0i are distinct for i -- L, . . . , Ko, then by part (c) of Lemma

3.2.g, for each i:L,-.-,Ko, there is j, 1 S i S K" + 1, such thatî¡ -0i-
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Without loss of generalit¡ suppose that

for K"

There are two possibilities for â¡¡.*1, it may be equal to 7, for some 7 € @,

where 1 + 0i, i:7,...,Ko, or it is equal to one of the di. Without loss of

generalit¡ suppose we have two possibilities

ïrc"+t :7 or îxo+t - e"K"

for i : Ir. . .r Ko and îx"+t:',1, (3.53)

then by (3.52) and part (a) and (b) of Lemma 3.2.9,

7f¿

0i

ri for i:L,,...,Ko and î¡¡"¡1:Q. (3.54)

If
for 1 , Ko and î*"*r:0î", (3.55)

then by (3.52) and part (a) of Lemma 3.2.9,

î¿:Tl, fot i:Ir...rK"-l and îx"-atr"tç", îK"+t:br"<ç", (3.56)

for some a,b e n, arb ) 0, a * b: I

Consider the first case. By (3.53) and (3.54), parameters of / are of the form :

Â: (ãr¡)

î - (trî,. .. ,toK"-t,r"y",0) (3.57)

î - 10i,... ,ooKo-rro"*,,.y)T.

To identify.Â, consider the following equation implied by Corollary 3.3.6,

10¿: o?

If
0¡ : oi,

î, 'I

Ko Ko l(o+l l{o+l

Ð Ð riai¡õpi,ei) - E )- îrar¡d (1,,1,¡.
i:L j:l i:l i:!

(3.58)
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But by (3.57), the RHS of (3.58) can be written a^s,

Since?rí > 0 and0i are distinctfor i - 1,. ..,K" andT t'îi,fori:1,.
then by Lemma 3.2.9, we have from (3.58) and (3.59)

ã¡i: d"¡i, i,,i =Lr... rKo

ã4,yo¡1 :0, 'i,: lr... rKo.

So in this case, .Â is of the form

dit

K"+l K"+l Ko Ko Ko

t I nia;t6rî,,î,): tt rorã;¡61ei,e;) +t r¿ã;,¡¡"¡r6e!,ù.
d=l i:t i:l j:l d=l

0

0

(3.5e)

.rKo,

QoKo-l,l

otoyço,r

ãI<"+t,r

C{oyço-1,yço-1

Qo4ço,yço-l

ã.7ço¡1,¡ço-1

Ql,v"

dl,x"

Ctoyo-1,yo

do¡¡o,yo

ã.¡ço¡t,Ko

0

0

ã7ço¡¡,¡o11

di,t

0.T,,

d2

R"-l

I{O _L

Â

where 
Ko+!

ã.¡ç"¡1,¡ ) 0, i = !,... ,K" *L, Ð âr"*r,i : 1.
i=1

So (a) follows.

Now consider the second ca^se. FYom (3.55), parameters of fr have forms :

Â: (ãr¡)

î : (rir... ,Tko-tre7ro7¡o¡bÌ"K) (3.60)

î : (0î, -.. ,0"7ç"-1,0k",æK")T,

where a,b Ç R, a,b > 0, a*b : L.

To identify ,Â, consider the following equation implied by Corollary 3.3.6,

I<o Ko Ko+t Ko+l

t t riai¡õ1eipp : E Ð î¡ã;¡õ,ri,,î¡)
i=l j:t i=l i=l
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By (3.60), (3.61) can be rewritten as

t I rio.i¡6(o?,0ï+ E nToi,*"6pi,eç")
i=l i=l

K"-l
+ \ t"y"a"y" ¡6pç",ei,) t Toyçootoyo,yo6l0o*o,0"rro)

i=l
Ko-r K"-l K"-l K"+7

I riã;,¡6(e?,0"K")
i=Kq
I K"+l

\ îrã^,tõ(ooço,oo¡o). (3.62)
i:Ko j:I ¿=Ko j:Ko

Since 0i are distinct andri ) 0, foli: Lr.--,Ko andî¡ç": a'troKo¡îk,+t:

btr!1ç,, then by Lemma 3.2.9, from (3.62), it can be derived that

t lriã¿¡6(dí,d;)+ D
i=l i=7 i:I

Ko+l Ko-l K"+
+ t \ærart61oo*",ooi\+ I

ã¡j:ali, i,i:1,..., K" -L
ã4*o +ãi,Ko+r: QT,K,, i : Ir... rK" - I

aã.K",i *fãy"¡y,¡ : d.oyo,¡t j :lr... rK" - |

a(ã.y",y" | ã.1ço,Ko+r) * b(ôx"+l,¡ro * ã.7ço41¡çø¡!): do¡ç",6o

So from (3.63), (3.64), (3.65) and (3.66) ,, Â r*, be identified having form

Ko-L Ko-L Ko-1

i:1

ãr,Ko

ãz,Ko

ã 7ço -1,7ço

ã7ço,¡¡o

ã7ço¡1,!{o

(3.63)

(3.64)

(3.65)

(3.66)

Â

oit
ait

QoKo-r,r

ãK",!

ãKo+L,l

dï,K"-t

ú,,K'-'

Q.oyo-1,7ço-1

ã,1ço,¡ço-r

ã.¡ço ¡7,yç"-1

@1,ß"+l

ãz,Ko+l

QK"_L,KO+I

ã,¡ço,ço¡l

â¡¡o lr,1çoa1

To identify A further, let us consider another equation implied by Corollary

3.3.6, that is

Ko+l I{o+1 Ko+t7(o I(o Ko

ÐÐt
i=l j=1 Ic=1

ricri¡ajnìte?,ei,oi) : 
Ð D
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By (3.60), (3.63), (3.64) and (3.65), (3.67) can be rewritten as

! t lfiai,aioõti,r;,ri¡+ I I ni airei,*"6 pi,ei,e¿"t
i:l

KO_I K"-L KO_L

i=l i:l fr:l
Ko-L Ko-l

í=l lc:l
Ko-l Ko-l

d=l j:l &:1
¡ço -1 7¡o¡l Ko-l

i-l j-Ko lc-l
Ko+l Ko_l Ko-l

¿_Ko j_Kø h_t
Ko_t Ko_l Ko_l

KÔ-L K'-I

d:1
K" -l

d:1
KO-L

+ I Ð nioi,*od,"y",¡61e7,0ï",0i) + E nioî,*oc,,o<ço,yço6(0l,lo,.o,toKo)

+ f Ð n"*"o"*,,¡aJt 6{ilç",0"i,0Ð + | r"rç'alç",¡a},x"6{eço,01,0"¡ç")
j=l É=1

KO_L
i=l

+ \ t"y"a"1¡o,yçootoyo,k6(0"K"ro",.o,ei,) * Tfoyoolo¡ço,<çoQoyo,yço6(0o*o,0o¡ço,0"¡o)

k:t
Ko_l Ko_L Ko_l Ko-| Ke-t Ko+l

+

E t \ riai,aj¡,6p7,ei,eit+ I E I riaita¡,r"õpi,ei,e2")

D E I riã¡¡ã¡*6pi,op",ei\+ Ð t I riã;¡Ai,bõp!,0i",0k")

d=l i=I k:I{"
Ko-L Ko+t Ko+1.

i-l j-Ko k-I(o
K"+t Ko-t Ko+t

k=Ko
I K"+l

| æ rarra r,r,6 pV",e;,eVo)+ t Ð lî¿ã;¡o.lx6p"*,o;,e7)+ t t
i=K" j=7 fr=l i=K" i-l

K"+t K"+L Ko-l Ko+l Ko+
+ Ð t \æra4i¡,61eç"p7",e;)+Ð t | æ rarra i,hõ (e"Ko,ok",ek")

i=Ko j:Ko h=I{o

K"-t Ko-l
t E \ rieitaloõtti,ti,rp+ t I riaira"¡,x"6pi,ei,eç.)
i:l j:l lc=l i:l i:t

7ço_1 yo1-l Ko_l yço_1 lço1I Ko*l
+ t D lriã¿¡ã¡r,6pi,e2",e7)+Ð Ð lriã;¡ã¡,*6pi,e2",e2")

¿-l i-I{o k-7 i--\ j:I{" k-7ç"
Kè-tK"-l Ko-l

+ D I r"rç"a"¡ç",¡aJkõ1e"*o,eî,eil + \ n"¡ç"o"ç",¡ao¡,7<,610ç",0"i,0k")

i=t ß:l i:t
Ka+t K"+L K"-t Kô+l K"+l K"+l

+ Ð t \ ærartaik6ølk",e*",0r) +I Ð | ¡artai,k6(0"K",0"K",01c")
i-Ko i-Ko k-7 i:Ko i:Ko k-Ko

(3.68)

By Lemma 3.2.9, (3.63) implies

ã. ¿, y o ã. yç ",¡, 
j ã ¡, y 

" 4 1ã K o *!,k : Qo4 ¡ç o do¡ç o,h (3.6e)

for i,k: t, ,K" -I

ã¿,7ç"(ãy¡",y" ! ã.yç.,K"*r) + ãr,rt"+r(ã*"*r,*" *.ãx.+t,K'*r) : d!,6oeoyo,yço

(3.70)
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fori:1,...,K"-1,

(oã*",*" *bã,y"¡1,¡ç")A*",¡* (aã6",*o+r * ãyço¡1,yo¡,)ôr"*r,o : eoçço,¡çooloKo,k

(3.71)

for,t:1,...,Ko-1and

(aã v",¡ç" * bã 7ç' ¡1,vç ) (t*",*" J- â6",¡¡"¡1)

+þã.7ç",*"¡t * bãyç"¡r,r"+r) (A*"*r,u" I ãx"+t,x"+t) : do¡¡o,¡çooloKo,Ko.

(3.72)

By (3.69), (3.64) and (3.65), for i, Is : I,...,Ko - I,

ã46oã y",k { ã,¡,yo ç1ã Ko +t,k (^r,*" + ô¡,r"+r) (aãv",¡"+ ôôr'+l,fr)

o,ã;, 1ço ã, 7ç o,x * bã.¡, x " 
ã, Ko +\,k

* aã.¿,7ç " ¡1ã, Ko,k + bã.¿,7ç " 1l1ã. 7ç " ¡1,¡

which gives

or

implying

bã46o ã. yço,h I aã¡,¡ç" 11ã Ko +t,h : bã,¿,ço ã, yo+l,& + û,ã,¡,y" 41ã, ¡ço,¡

(aã¿,ç"¡y - bã.¡,x")("*"*r,, - A*",*) - 0

aã.¿,7ço¡1 : bãi,Ko or ãKo+t,k: ã.yço,k (3.73)

From (3.70), (3.64) and (3.66), for i - 1,. ..,Ko - L,

ã. ¡, y " (ã y 
", ¡ç o ! ã, 7ç o, K'*, ) + ãr, * o *, (.ã * " *r,* " * ã. 7ç " ¡1, yç " ¡1)

= (^r,*' * â;,r"+r) {o(r*",*" | ãço,Ko+r) + a(at o*r,Ko * ãK"+t,K"*t)}

: aã.¡,6"(a*",*" | ã.¡ç",¡to¡r) + óô,,r" (ã*"*r,*" * ô¡r"ar,r"ar)

*aã¡,ç"¡1(a*",*" * ãvo,v"¡t) +bai,K"-+r (ô¡"*r,r." f ô¡"a1,K"+1)
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which gives

bã¡,¡ç"(A*",*" { ã.yo,ço¡r) + oô,r,*"*r(Arr"*, ,Ko * ô¡ç"a1,¡¡,a1)

: bã¡,¡¡"(ã.*"*r,*" * ãxo+\r"+l) + aã,¡,¡ç"¡1(^*",*" * âr",¡¡'11)

or

(oãr,*"*, - bã¡,rc"){ (t*"*r,r, o I ãKo+t,*"*r) - (ro",*, ! ã,.ço,¡to..t) } : 0

implying

aã,¡,1ç"¡1 : bã.¿,y" or ã,¡ç"¡1,¡to I ãx"+t,Ko+t : ã.¡ço,6o | ã.yo,K"+t. (3.74)

From (3.71), (3.66) and (3.65) , for ls - 1,. . . , Ko - t,

(aã 7ç ",y " * bã. y " ¡1, y ") 
" 
*.,* * þã * ",*"+r + bã. y " ¡y, yç. ¡r) A * " *r,r

: {(oã*",*" I bã,¡¡"¡r,K") + ("a*o,Ko+r } bã<ç"¡r,K"*t)}

x(aãa,,¡+ öAn"+l,fr)

: øã¡ç",p(øãKo,Ko * i/ãyo¡1y") * **,*\x(ai¡¡",*" { bãy"¡1,r") +
/^

ùa s o ¡c \aa K o, Ko +r * bã g" ¡1, ¡ç"*, ) + bã. ¡ç " ¡1,¡ (aã ç ",¡a " ¡r * bâ¡¡"11,r"+t )

which gives

bã, ç",¡ (øã. y", yo * bã ¡ç. ¡1, y") + oA * " +t,* (aã y",7ç" ¡r * bã y" ¡1,¡ç " ¡¡)

= bãK"+t,k(aã.¡¡",7ç" *bã¡¡"¡1,y.) + oa*",t (aã6",¡ç'*r * ffi¡¡"11,¡r"+1)

(^ *' *r,* - ã r",t) {o (oã x",x +1 + bã, y" ,¡1, y" at) - b ("a *o,6o * bã y" ¡1,ç.)} = 0

implying

ãK"+t,k : ã,¡ç",k

or

or

a(aã¡¡",7ç"11 * bãx"+l,¡r"+r) : b(aã¿.",y" * bã7ç"¡1,y") -
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From (3.72) and (3.66),

(aã¡¡",¡ç" I bã'ç"¡r,r") (^*",*" I ãrc,,7ç"¡1)

+ (aã. yç",¡ç" a1 | bã ¡ç" ¡r,¡r"+r) (4r."*r,¡." * ã. ¡¡" a1, yç" ¡1)

{(oã*",*' { bãv"ur,x") + ("at o,Ko+r * bã,v"¡1,v"*t) }
x {o("*",*" { ã.¡ço,Ko¡t) + a(a" otr,Ko * ãK"+t,K"*t)}

a(aã v",¡ç" * bã vç" ¡v,¡a") (" *,,*" * ã v",v"¡1)

+ b(aãv",v" r bã¡ç.¡1,¡ç") (ôt"*r,* " { ã¡ç"¡1Ã"*r)

+ a(aã¡¡",7ç"¡r * bãy"¡r,r"*r) ("u",*" * ãy",ç"¡1)

+ b(aã.y",¡¡"a1 * bã.¡ç"¡1r,"*r) (ão"*r,u" + Alr,+1,¡r"+r)

which gives

b(aã y",y" I b-ã. y"¡1,y") (^ *",*" * ãx",7ç"¡1)

+ a(aã ¡ç",7¡"¡1 * bã 7¡" ¡.r,r"*r) (A *"*r,*" * â¡¡"-.,.1,¡¡"a1)

b (aã x., x " +r * bã ¡ç " ¡1, * ") (ã *" *!, K o * ô¡¡"a 1,6,a 1)

+ a,(aã¡ç",¡ç"+r * bãy"*r,*"*r)(A*",*" * ãy",¡ç"¡1)

or

implying

{o (øã *", ¡ço+1 + lã ¡ço ¡1,¡ço ¡r) - b ("a *", K o * bã, ¡¡ " ¡1, v "

* { (ô*"*, ,Ko * ã'7ço¡1,7ço¡r) - (at", 7ço | ã'vço,Ko¡r

))

)) 0

ã,¡ço¡1,1{o ! ã.yço¡y,¡ço¡t = ã.¡ço,¡ço }ã.¡ç",l{o+L

or (3.76)

a (aã ¡ç ", 7ç. ar * bã ¡ç" ¡r,r"*, ) b(aã 6",yç' + bã K.+',K")

Fþom (3.73) and (3.74), we can consider two subcases.

Subcase (1): Suppose there is i, 1 < i < Ko - 1, such that

aã4,7ç"4y t' bã¿,y"-
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Then by (3.73) and (3.74),

ãK"+t¡=ãKo,k for k:1,..., K" -I
ã.7çorr1,vo I ãKo+t,Ko+l : ã.7ço,6o -l ã7ço,7ço¡1

By (3.77), (3.78), (3.65) and (3.66),

ã,yo,h : ãKo+r,k : ao¡ço,k k :Lr... rK" - |

ã.7ço,yço | ã.¡ço,Ko*, : ô1çoal, ¡ç" ! ã.6"¡t,Ko+l -- olo¡ço,7ço .

(3.77)

(3.78)

(3.7e)

(3.80)

Notice that (3.77) and (3.7S) also imply (3.75) and (3.76). Hence by (3.79)

and (3.S0), in this subcase, the matrix.Â is of the form

doKo-!,r

aoK"rl

do¡çorr

a?',K"-t

dl',x'- 1

d.oyo-1ryo-1

do¡çorKo-l

do4ço,I{o-l

ãr,Ko

ã2,Ko

ã,7ço-1,yo

ã.7ço,7ço

ã,¡çoa1,¡ço

ã1,fto¡r

ã2,K"+l

&.7ço -1,1ço¡1

ã.yo,ço¡1

ã.1ço¡1,7ç"¡1

ai
o¿i

A

where :

ãi,K" + ãi,Ko+l = doi,Ko, i: Lr.. - rKo

ã,1ço¡t,yo I ã7ç"11,yo+t = do¡ço,yo

o,,b>0, a-lb:I
aã4,ço¿r1{ bã4,y", for some i, 1 < ¿ < K" - L

So (b) follows.

Subcase (2): Suppose that

aã,¿,\ç"¡y:bãi,Ko, for i:1r... rKo - I, (3.81)

then by (3.64), (3.81) implies

ãi,K" : ooI,y" ã¡Ko+t :bal,yç", fot'i, :1,..., K" -1. (3.82)
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Consider two sub-subcases.

Sub*subcase (2.i): If

/ ^ \ ,,/ ^ \
a laã v",x' ¡r I bã x' ar,t"*, ) { b (aã ¡ç",v" * bã x" +t, x")

then by (3.75) and (3.76)

ãK"+t,k:ã,qço,kt for k:1,..., K" -I
û.ço¡1,Ko * ãK"+t,Ko+l : ã.¡ço,yo | ã.6o,¡ço¡t.

Thus, as in the subcase (1), (3.79) and (3.80) holds. Hence by (3.79), (3.80)

and (3.S2), in this sub-subcase, the matrix,Â takes form

ait
aït

doKo-r,r

Qoy¡o,L

Qo4ço,!

Kö_I

Ko-l

AQoyço-1,ço

ãyo,7ço

ã,¡ço¡1,yo

0ll,

ú,tl

bao1,¡o

ba"r,7ç"

aaï,K"

aQï,x"

A
doyo-1ryo-1

do4ço,yço-:.

OIoT¡o,Ko-l

bto¡ço-1,yo

ã.yço,7¡o¡1

ã.yo¡1,Ko*l

where :

ãi,Ko +ãi,Ko+t: oloyo,Kot i: KorK" +t

a(aã. ço,7ç" ¡1 * bã rc' ¡tr"+r ) { b(aã yç", ¡ç" } bã. yç" ¡1,y") .

So (c) follows.

Sub-subcase(2ii): If

a(aã<ç",yç"¡r * bãyç"¡r,rr"+l) : b(aãr"¡ç" {bãlç".+r,rr'), (3.83)

then (3.75) and (3.76) hold. AIso by (3.66), (3.83) implies

aã.yço,7ço I bã7ç"¡1,yo : o'ã.7ço,1ço

aã 7¡o,7ço ¡r * fã. yç" 41,¡1o +r : bã. 7ç",7ç" .

(3.84)

(3.85)
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Thus by (3.82), (3.84) and (3.S5), -Â ir of the form

dit ú.,K"-, ao!o1,.ço

eil al,,K"_r odl,K,

QoKo-r,l

ã.yo,!

ãK"+l,l

olo4ço 
-1,7ço -1

ã,7ço,Ito -L

ã,7ç"¡1,7ço-1

AQolço-1,7¡o

ã.¡ço,yo

ã yoa1,¡to

bal,¡"

fuï,*"

boPgo-1,ç2

ã,7ço,7ço4lr

ãK"+L,It"+,

Â

where

o,ã,7ç",¡ *bãy"¡1,¡: afyo,jt j:Ir..-rK" -I
aã. ¡ço,¡ço * bãy" ¡1,7¡o : ddoyo,yo

a,ã.yço,Ko¡t * bãyç"¡¡,ço+t : bof4ço,yo .

So (d) follows.

Lemma 3.3.11 Assume îl is id,entift,able. Let þ : (K",,Ao,To,0") € (Þ¡ç" be

a true paranleter of a hid,den Marlcoa model {(Xr,Yt)}, such that ri } 0, for
i,:L,...,Ko. Let$: (Ko,Ã.,n,ã¡ ê.(Þ¡ç, and$ - ôo. Then

{0i : i.- 1,. .., K"} : {î, : i : 1,..., K"}-

Proof :

Let $ : (K",Â,æ,î¡ €. (Þx" and. $ - ó. Consider the following equation

implied by Corollary 3.3.6,

I{O KO

Ð"iõri: D î;6î,. (s.86)
d=l i=1

Since ri > 0, for i: I,.-.,Ko, then by Lemma 3.2.9, part (b), for every

i:I,..-,Ko, there isi, 1 <i <K", suchthat di:Q. So

{0i:i-1,...,K"}c{ãr;i:r,,..,K"}. (3.87)

Suppose there is j, 1 < j < K", such that

î¡É{eiti:L,...,K"}.
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\Mithout loss of generality, suppose that

4e{ei:i:I,...,K"}, fori: L,...,Kt (3.88)

îrÉ{0"r:i:I,...,K"}, fori: Kt*I,...,Ko, (g.Bg)

for ro*" Kr e IV, with 1 1 Kt < K". Lemma 3.2.g, (3.86), (3.88) and (3.89)

imply that

î¿ :0,, for i - Kt * l, - .- , Ko. (3.90)

Also by Corollary 3.3.6 and (3.90), we have

KO KO KO KO

t Ð riai¡6q,ei) Ð Ð îiaii6(ît,î¡)

l,î,ãri6r¡,,¡,r.1:t

Since î¡ É {ei:i:L,...,K"}, for i: Kt* 1,...,K", then (3.91) implies

î¿ã¿¡-Q, for i:t,...,Kt, j:Kt*1,...,Ko. (3.92)

Consider two cases-

Case (1): If îi > 0, for i :1,..., Kt, then by (3.92)

ã;i:0, for í:Ir...rKt, i:Kt*1,...rKo.

By (3.90) and (3.93), in this ca^se, parameters of fr are of the forms :

(3.e3)

i:l i:l i:l
Ko

BKr,Kr. 0Kr,L,

Dh.r,, Err,t,
î : (îrr...,îKr,0,...,0)

î : (îr,... ,î*r,î*r*r,. .. ,0*")',

i=1
K1

Ð
i:1

(3.e1)

Ã,

where Lt: K" - K1. Let

Ãt : BK,,K,

-1 \

ãt : (îr,...,îo)'
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and

õt = (Kt, Ã1,frr ,ãr¡,

then /1 çQx, and /1 - fr. Since 6 - ó, thus @1 - óo, contradicting with the

fact that Ko is ttlltìltl'tlrtTt

Case (2): Suppose there exist i, 1 < i < K1, such that î¿ : 0. Without loss of

generality, suppose that

A>0, fori:L,...,K2 (3.94)

î¡:0, fori:KzlIr...,Kr, (3.95)

for some Kz,I a Kz 1 Kr By (3.92), (3.94) and (3.95), we have

ã¡j:0, for i:Lr...rKr, i:Kt-F1,...rKo. (3.96)

By (3.90), (3.94), (3.95) and (3.96), parameters of f'take forms

Â

B'*r,"" Bzxr,r,

BJnr,x, Bot'r,r,

DL,,K,

0Kr,L,

C L,,L,

ELr,L,

D I E ærarri ro6 tî,,î,,îr¡i=L j=l k=I

(3.e7)

1l

where Kz * Lz : Kt a,nd K2 * Lz t Lt - Ko.

To identify .Â further, let us consider another equation implied by Corollary

3.3.6, that is
I(O KO KO

0

(îr,...rîxr,0,...,0)

(îr,.. .,î*r,î*r*r, -.- ,îo")' ,

(3.e8)

(3.ee)

t t Iriai,a"ioõt i,ri,ri¡
i=l j:l þ-1

I{z Kttt
i=I j-l

K"

\æ;airark6{î,î,,î*¡ (3.100)

Equation (3.100) follows from equations (3.97), (3.98) and (3.99). Since d¡ f
{ei:l - 1,. ..,K"}, for i: Kt* 1,...,Ko, then (3.99) and (3.96) imply

î¿ã.¿¡ã¡x:0t fori:1,...,K2, j - K2*1,...,K1, k: Kt*1,.
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But î; ) 0, for i : I,...,K2, then

ã.¡¡ã.¡¡-:0, fori:1,..., Kz, j - Kz*1,.. .rKr, k: Kt*1,.. .,Ko.

(3.101)

So from (3.97) and (3.101), our focus will be matrices 8T",", and C¡,",y,,.

Based on the value of Lz- Kt- Kz, we divide case (2) into two subcases.

Subcase (2i): Suppose that Lz: Kr - Kz - 1, then equation (3.101) can be

written as

ã,¿,tçrã.yr,¡:0,, fori:1,..., Kr-1, le : Kt*lr...rKo. (3.102)

If there exist i, 1 I i < K1 - 1, such that â¡,¡ç, ) 0, then by (3.102)

â¡rr,fr :0, for k=Kt*1,...rKo,

giving

Cr,L, :0r,¿r. (3.103)

Thus by (3.97), (3.9S), (3.99) and (3.103), parameters of fr trk" forms

Â

B'*r-r,*r-, Bkr-r,,

81,*,-, 81¡

DL,,K,

(îr,... rîKr-tr0,. . .,0)

(6r,. . .,î*r-r,î*,,. . .,î*ò'

oKr-t,L,

0r,¿,

EL,,L,

îf

0

Let

Ã2

-,7r'

ã2 (îr, - -- ,î*,-r,0*)'

õ, : (Kr, Ã2,12 ,ã2¡

and
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then /2 ç !Þr, and þ2 - ô - /", contradicting with the fact that Ko is
mlnrmum.

If
ãi,Kr:0, fori:1,..., Kt-I,

then

B'*r-r,r: o6r-t,t' (3'104)

Hence by (3.97), (3.9S), (3.99) and (3.104), parameters of fr', itr thir case have

forms :

A

Bt*r- r,*r-, o

Bl,xr-t

Drr,*,

0Kr-L,L,

cr,r,

EL,,L,

K1-1,L1

Bl,,

(ît,.. - rîKr-rr0,...,0)

(îr,. . .,î*r-t,î*r,. . .,î*")' .

Let

and

õ, : (K, - r, Ãt ,,ñt,ot)

then {3 e Qxr-t and /3 - 6 - /o, contradicting with the fact that K" is

If

e

mlnrmum.

Subcase (2.ii): Suppose lhat L2 - K2 - Kt ) L.

If for every j : Kz * 1,. .. , K1 aûd i : L,..., Kz, ã¿i :0, then

BTr,¡', :0Kz,Lt'

Ã3

¡t

ã3
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Hence by (3.97), (3.9S), (3.99) and (3.105), parameters of ô tuk" forms

A

BIr",r, o2Kr,L,

Bl",*, BTr,n,

DL,,K,

,..',0

0Kr,L,

C L",L,

E Lr,L,

)1(

0

: (ît,'" ,îKr,0

: (îr,'..,î*r,.. . ,î*")'.

BL",*, BT,,t',

B"¡,r,r, Bl",r,

DL,,K,

(ît,.. -,îKr,0,...,0)

(îr, - . -,î*r, - ..,î*")'.

Let

mlnlmum.

: Br*r,*,

: (ît,.. -,îrc")

: (îr, "',î*)'

and

õn : (Kz, ft,ñn ,ã4¡

then fra ç iÞx, and fr'a - ô - {", contradicting with the fact that K" is

Ã4

14

ã4

If for every i : Kz* 1,.. .,Kr,there is i, 1 < i <K2, such that ô¿¡ ) 0, then

by (3.101),

ã¡,k:0, for i:Kz*1,...rKt, le:Kt*1,...rKo, (3.106)

that is

CLr,L, : OLz,Lt (3.107)

Thus by (3.97), (3.98), (3.99) and (3.107), parameters of fr hr.'" forms

A

T

0Kr,L,

0Lr,L,

EL,,L,

î
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Let

Ã6:

ã5

Btxr,*" B?rr,",

BÏ'r,rc, Bîr,n,

(îtr...rîKr,-..,0)

(4, .. . ,,î*",.- . ,î*,)'

frr

and

õu : (Kr, Ãs ,ñs ,ãu¡

then fr5 ç (Þx, and fr'5 ,n 6 - {o, contradicting with the fact that K" is

mrnlmum

Suppose without loss of generalitg there is K¡ € JV with Kz 1 Ks 1 Kt
satisfying :

(a). for every j : Kz* 1,.. .,K3, there is i, 1- < i < K2, such that ô¡¡ ) 0,

(b). for every j: Kt*1,.,.,K1 and i-I,-..,K2, ô¡i:0.

By (3.101) and (a),

for j:Kz*1,...rKs, k:Kt+1,...,Ko- (3.103)

So in this case, by (3.108), (3.97), (3.98) and (3.99), parameters of / are of the

forms :

ã¡x:0,

Ã

7f

BIr,,x,

B'tt",r,

B'],,r,

B'rit,,r"

82",,,

BÎ,1o,""

DLr,K,

0Kr,Ln

BI2",t'o

Bî.1,t*

0Kr,L,

0Lr,L,

t tl1,9 L+,L,

EL,,L,

(3.10e)

(3.110)

(3.111)0

(ît,...rfrK",0,...,0)

(4,.. -,î*,, -..,î*")',
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where Kz*Lt: Ks, Kz* Le* L+: K1 and Kz* Ls* L+* Lt: Ko. Notice

that by (a)

B'i",r" # TK,,¡,r.

To identify ,Â further, consider the following equation implied by Corollary

3.3.6,

Ko K" Ko Ko: ÐÐI Ð î¡ã¡¡ã¡*ãxt6(1,,1,,1r,î,)
i=I j-l lc=l I=1
Kz Kt I(t K": Ð t I t î¿ã¡¡ã¡¡ãuõ(i,,î¡,îr,î,t.
i:l i=I É=l l=1

(3.112)

Equation (3.112) follows from equations (3.109), (3.110) and (8.111). Since

î, É {0i:i:1,...,K"},for i - Kt*L,...,Ko,then (3.109), (g.110), (3.111),

(3.112) implies

î;ã4¡ã¡¡,ãa :0,

fori: Ir...rKz, j: Kz*t,...rKsrlc: Kt*7r...rKrandl: Kr*l, ...rKo
As î¡ ) 0, for i : 1,. .. ,, K2, then we have

ã.¿¡ã¡¡ãu = 0, (3.113)

forf = Lr...,Kz,i : Kz*Lr... rKsrk: Ktilr..- rKtand/: Kt*!,,...,Ko.
By (3.113) and (3.109), our focus wilt be matrices B2rl,,r", 81,2,,u arld CL:,',.

However from (a), for every j : Kz* 1,. ..,Kx,there is i, 1 < i <K2, such

that ô;¡ ) 0. So B'¡lr,h # }xr,"". As a result, we only have to focus ourself to

matrices Bî,"",t n and CL¡1,1r.

If Kl- Ks - 1, then we have a case similar to subca"se (2.i). If K1- Ka 2 I,
then we have a case similar to subcase (2.ii). We must consider the equation

in Corollary 3.3.6, for n : 5. Since K" is finite, then maximum number of

procedure that we have to follow is (K1 - Kr)/z.

Ka Ko Ko Ko

i:l i=l å=1 l-l
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Sincetheassumption: "thereis j, 1 S j S K", suchthatQ Ê {0i:i:
1,..., K"\" lead to contradiction, then it must be, for every j : I,...,,Ko,
î¡ e {oi : i : 1, ...,K"1. Thus

{î¡ : i- 1, - ..,Kol¡ C {ei : i : L,..., K"} (3.114)

By (3.8a) and (3.114), the conclusion of the lemma follows. T
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Chapter 4

Maximum Likelihood

Estimation for Hidden Markov

Models

Numerous concrete phenomena provide numerical sequences of observations,

for instance, in econometrics: stock prices, interest rates, exchange rates, etc;

or in meteorology: daily temperatures, weekly rain levels, etc- In general, these

sequences have two characteristics :

(a). The graph of the observatiorrsis irzegulør and complexwhich is impossible

to model by a simple curve depending on a small number of parameters.

(b). It is impossible to have the sequence again in identical conditions

Suppose a series of observations {y1, ... r1,-!- is given to be modelled for some

specific reason. In view of (a) and (b), it is convenient to model the sequence

{Ut,...,A-} as observations of some unlenown stochastic process {Y t ú € JV}.

The observed data sample {gt, . . . ,U,.} is now irtterpreted as the initial segment

of the realization {Yr}.
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Based on prior information, insight and mathematical tractability, v/e suppose

{yr} it equiualent with the observation process of a hidden Markov model,

which is generated by an unknown tnte parameter $ : (K"rAorrrord"), in a
sense that, {Y¿} and the observation process have the same finite dimensional

joint density functions. {yr} it defined as the coordinate projection process

on (,)*,8,P6")., where )- is the set of all realizationsA: {y¿} and 6 is the

Borel ø-field of )*, that is, for g - {Ur} e y*,

Yr(a): ur, ¿€lv

Under þ",for any n € N, th n-dimensional joint density function of Y1, -. . ,Yn

is
K"Ko7

Pó(ur - - .,u,.) : Ð Ð nZ,Í (yr,e:)fIoiZ,-,,,Í (ar,0:,).
ât=7 c¡=L t=2

The modelling problem is now reduced to an estimation problem. To estimate

the true parameter ó, we have to select a class of hidden Markov models and

define a likelihood function on it. The true parameter /" is then estimated by

parameters in the class which ma¡rimize the likelihood function.

Consider two approaches for estimating ó

The flrst approach :

This approach is based on the assumption that the selected class of hidden

Markov models is the one that consists of all models having size K", same as

the order of the true parameter þ. So in this approach,

(
Õyo : 1ó , ó: (K",A,r,0), where A, r and d satisfii :

l.

Ko
A: (ori), a¿¡ ) 0, Dor, : 1, i,j :L,...,Ko

i:l
KO

T:(tr¿), ir¿20, i:!,...,Ko, Ð4:l
d:1

0 : (0r)r, 0¡ €. @, 1

r04
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will be this class

For i, i : I, . . . , Ko , define coordi,na,te projections a¡r (.), zr¡(.) and 0¿(.) on iÞ ¡1"

by

a;¡(Ó): dij¡

for / = (K", A,r,0) e (Þ¡ç".

,r¿(ó) = r¿, 0¿(Q) - 0¿,

Under @ € tÞrc", {Y} is defined as the coordinate projection process on

(y*,8,P¿) and for any n G JV, Y,. .-, Y* has the n-dimensional joint density

function

I(o KO n
pø(at,... ,an): Ð - t ,c",(ó)f (at,e",(ó)) fl o".-,,,,( ó)l(yr,0",(ó))

æt=l at=l

Define the log-likeli,hood function on Ø¡¡" by

t=2

L*(ó,ù : 
:Lospo(ur, 

. . . ,!n), neN, (4.1)

for g - {yr} C }-, and the maximum lilcelihood, estimato, {ô.: n. € .lV} such

that

6*çs¡: $: L,($,s): sq L,(g,y) n € l\L (4.2)
öëiÞr"

Since a true parameter for a hidden Markov model is not unique, let

T"-{óeo*"=ó-ó'\.

The maximum likelihood estimator {fr.} is then judged to be good,, if. it is

stronglg consistent, that is

6-@) ----+ T", for almost all y under /",

when n -+ oo, or in another words:

6. ---+ 7", with probability one under /o, (4.3)
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when n -+ oo

The second approach : (which we prefer)

Since the order K" is unlcnoun,let

Qx: ó , ó:(K,A,r,0), where A,r andd satisfy:

A: (or¡), a¿¡ ) 0, i,i:I,.--,K
K

T: (lri), i:Lr...rK, Et¡:1
i:l

K K ÍL

rt¿>- 0

K

Ðo,¡ : 1,

i=l

0 : (0r)r, 0¿ € @, i: I,

be the selected cla^ss of hidden Markov models, for a fined K e N

For i, i : 1,... rK, define coordinate projections a¿¡(.), zr¿(.) and 0¿(.) on iÞy

by

a¿¡(ó) : dii¡ ,r¡(ó) : o;, 0r(þ):0r,

forþ-(K,A,r,0)eiÞ7¡.

Under ó e Õx, {(yr)} is defined as the coordinate projection process on

(y- ,8, P6) and for any r¿ e JV, Yt, . . ., Y* has the r¿-dimensional joint density

function

P+(at,--- ,a.): I t o,,(Ó)Í(ar,0,,(Ó)) fl o",-,,",( ó)Í(gr,0",(þ))
tt=1 t¡:t t=2

Notice that a true parameter Q may not be in Ø¡¡. A true parameter estimation

is then transformed into one of best approximation. A distance between ó e ø*
and /o is introduced and a quasi true parameteris defined a^s¡ parameter which

minimizes distance to ó.
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Define a distance between {" and þiniÞy as Kullbacle-Leibler d,iuergence

pö"(Yl,. . . ,Y")K(ó",d) : ,lgg PO(Yt,---,Y.)

1
(4.4)

n

where 86" is the expectation with respectto þ. As a distance, we will prove

later in section 4.3, that K(ó,d) ì 0, for every ó e Øx.

Define the quasi trae paranteúer set as

u : {ó, K(ó",ó) - Ërr*K(ö",ó)\. (4.5)

Later in section 4.8, it will be shown that if K ) K", then

N:{ó€Õx:ó-ö"} (4.6)

Now define the log-likelihooil function on Õ¡¡ by

L-(ó,ù ::rrgp,¡(sr,...,Un), n €. N, (4.7)

fot y - {gr]¡ e }-. The marimum tilcelihood estimøtor {ó- , n € iV} is defined

by

ó"@): {ó: L*(õ,u) : 
,s_1n 

t'.(ó,ù]¡, n € JV.
óec* '

The estimator {/.} is then judged to be good, if ii is strongly consistent, that

ó- ---+ N, with probability one under /",

ls

(4.8)

when ?? -+ oo.

Since for K : Ko, N : T" by (a.6), then by comparing (a.3) and (4.8), it can

be concluded that the first approach is a special case of the second.

The consistency of the mæcimum likelihood estimator in the sense of the first

approach has been established by Leroux in [3a]. In this chapter we will prove
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the consistency of the maximum likelihood estimator using the second ap-

proach. So our result will be a generalization of [3a].

This chapter begins by giving some topology to the hidden Markov model space

iÞ7ç in section 4.1. This section also gives some regularity conditions for iÞy

and the true parameter $. In section 4.2, some properties of the log-likelihood

function are presented. In section 4.3, the Kullback-Leibler divergence is dis-

cussed, starting from general to hidden Markov case.

The focus of section 4.4 is to find the relation between the Kullback-Leibler

divergence and the log-likelihood process. The result of this section shows

that the Kullback-Leibler divergence does not depend on the initial probality

distribution, which gives the idea for simplify the hidden Markov model space

Øy in section 4.5.

Section 4.6 studies the relation between the Kullback-Leibler divergence and

parameters which are equivalent to the true parameter. In section 4.7, uniform

convergence of the likelihood process is derived. Based on the results of section

4.6 and section 4.7, the quasi true parameter set can then be analysed in section

4.8. Consistency of the maximum likelihood estimator, which is the main result

of this chapter, is presented in section 4.9.

4.1 Parameter Restriction

Let

øK ó = ó: (K,A,r,0), where A, r and d satisfy :

A:(or¡), o'¿¡) 0, Doq :I, i,i :I,...,K
K
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K
o:(n¡), r.¿)0, i:L,...,K, Ðr¡:1

i:1

0 : (0¡)r, 0¡ € @, i: I,

i=t

(4.e)

(4.10)

be the hidden Markov model parameter space for a fued K € ]V. Since

all hidden Markov models in Q¡ç have the same size K, then for each / :
(K, A,r,0) € iÞy, we may consider it as

6 : (A,r,0).

For estimation purposes, we need to compactify iÞx. Let

úy (A,,n) : where,4 and n satisfii :

A: (o'¡¡), iri:Lr...,K

K
n:(o¿), r¿)0, i=1,...,K, fo¡-1

R
a¿j Z 0, Eor¡ : L,

j=l

ihx is a compøctsubset o¡ 7¡K2+K with respect to the Euclidean norm ll . ll. gV

(a.9) and (4.10),

iÞx=ÚYx@K' (4.11)

Suppose that @ C Rn, for some n € JV. From examples, @ is usually locølly

compact and not compact. Hence by (a.11), to compacüfy AK, we need to

compactify @.

Let A' be the one-point compactification of @ (see for example [17], page 321).

@' is obtained by attaching a point inf.nity, denoted by *, to @. Extend

f (a,.) to @" by definine Í(u,æ) :0.

Suppose @: R', then @" : Rn u{*}. Fbom [17], page 196,.[Ì'U{o"}
is homeomorphic to S, : {t ç ¿a+l ' llrll - 1} by homeomorphism / :
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¡l'u {-} = S, which is defined by

Í(*)

/(o")
WÊnølr "'¡r*'o) r
(0,...,0,1),

(0,"',0,1)

for ø: (ør,

ll"ll*: ll/(,)ll (4.r2)

Let Ø'* be the compactification spa.ce of Õyç- Thus

Q"K:iLrcx("")*

Notice that Ør is dense on iF*. Define norm ll . ll* in @i. by

K

lldlt¡, : ll(,a, ")ll + Ð llB,ll"", (4.13)
r=1

forþ:(K,A,r,O)eQ'*.

For each i, i : 1, . . . , K, define the coordinate projections or¡(.), zr¿(.) and d¿(.)

on Øi. by

o¿¡(Ó) : dii't r'¿(Ó):'¡¡', 0r(Ó):0¡,

forþ-(K,A,n,0)eiÞ"*

Based on the results of Chapter 2 and Chapter 3, and to simplify theoretical

considerations, our model parameters will be restricted to a certain class which

satisfy the following conditions.

41. The transition probability matrix A is irreducible.

L2. r" is a stationøry probability distribution of ,{

43. The family of finite mixtures o" {/(., 0) :0 € @} is identifiable

y'^4. f (,.) > 0 and continuous on lxA. For each A, f (g,.) aanishes at infinity.

,r,) €.ãl'. Define norm . ll* ott trl" [J{oo} by
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,4'6. For each i, j :1,2,... ,K, n¿(-), or¡(.) and d¿(.) are continuous functions

on (Þ"y

.L6. 86"[lfog/(ft,eí)l] . -, fori: I,...,Ko.

-A'7. For every 0 e@, øa" 
[(tog l(Ytd))*] < oo, where r+ - max{ø,O}.

Remarks 4.L.t

(.). BV conditionsAl and Ã2,r! ) 0, for i:!,...,Ko.

(b). Conditions A1 and A2 guarantee that the observed process {Y¿} is súø-

tionary ar'd ergodic under /" and under all / which are equivalent to

ó.

(c). FYom Chapter 3, condition A3 is needed for parameter identification pur-

poses.

(d). Conditions A4 and A5 together imply that the likelihood function

L^(.,A), for each n € JV and g € )-, is continuol.ts on compact space

Øi.. This guarantees the existence of maximum likelihood estimator.

(e). Conditions A6 and A7 are uniform integrability conditions, which are

essential for the Kullback-Leibler divergence.

Next, some examples of distribution families which satisfy conditions 43, A,4,

A6 and AZ are given. For these, the following lemma is needed.

Lemma 4.t.2 (Farrel and Ross [2L]) Let a,b,c Ç R. If b,c > 0, and

a > -1, then

[* ,o"-ur" d¿: f!-Ë) 
.

Jo cb-i-

111



Proof :

Let x - bt".,then ú : 4 and dr : cbt"-r dú. Therefore
bc

fo* 
f"-"' dt : l"*

!-r_, r"
-lcb;

4
I,c
;îe
bc

dæ

lo* "-"**-t d,x
1_;E

CDc

I

Using Lemma 4.L.2, conditions 43, 44, A6 and AZ hold for three important

families of distributions.

1. The family of Poisson distributions

. f(y,E:+, a€): {0,L,2,...}, 0e@:(0,oo)

. {/(., 0) :0 € @} is identifiable (see section 3.2).

. /(',') is continuous on J x @ and for each y e U, 1(y,.) vanishes at

infinity.

o Let 0 e@.

øa" [ltog f (U,e¡¡] D Po"(s')l log /(s1, d)l
æ

91=0
æ I{o

gr:0 j=l
oo Ko

Ko æ

j:l !/r=0

t t $f @ud,:)llos f @',Ðl

ÐÐ ", 
{y{e + a,l ros dl + los(e1!)}

e-oi çoe¡^

U}E"ÍD {e + a'l logál + log(y1!)}

Ut:o j=t

(4.r4)

Koæ

D"ÍÐ
i:t vr=o

Itz

1



Ë
9r =0

Yr:0

e-oî (02¡u'

a]i log(s1!)

s1 lrog0l : ejl",sille-eíåffi
= 0j llos?le-eí eoi

: oj lIosîl

e-oi çee¡o,

al

(4.15)

Ë
Yr =1

æ

Ð
lh:2

æt
lt=2

oo

Ð
!t:2

"-ei 
( )r'

: (eÐz e-oí î fÐ^-:.
^=' 

(u' - 2)l

: (îj)z 
"-oi 

eei

: (0Ð'

(v' - 2)l

(4.16)

where the first and the second inequalities come respectively from gl. 1

(alu' and log Ut t h - 1 (see [1], page 68).

Fbom (4.r4), (4.15) and (4.16), then

I{o
ø6" [ltog f V',qü

Hence condition A6 and AZ hold

2. The family of negative exponential distributions.

o Í(g,0) - Q ¿-ou, 0 e A: (0, oo), g e y: (0, oo)

. {/(., 0) : 0 € @} is identifiable (see section 3.2).
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. l(,') is continuous on U x @ and for each y e l, f (v,.) vanishes at

infinity.

o Let 0 eA.

Io*

I,*

ø¿" [ltog Í(vr,e¡1] pe (st) I los /(v', 0)l dv'

\riÍ@udre) |los f @',o)ldu'

: 
2lr* 

trj 0i e-.toí\r, ltos 0 - 0y1ld,y1

I(o

j:t

(4.r7)

and

where the second equality comes from Lemma 4.1.2.

From (4.17) and (4.18), then for every 0 e @

l"* ti"-@flnshdh : & Ir* 
ue-od,u

o n/o\
0?'\elt
0

est
(4.18)

ø¿" [f tog lVr,Ðl] <

llog0l *å. *.

Therefore, conditions A6 and AZ hold.

3. The family of Normal distributions with fixed (known) r¡ariance

o Í(a,0) : #*"-i(+)" , aeY-R,0e@-R, andø)0
constant (known)

. {/(., 0) :0 € @} is identifiable (see section 3.2)-
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. l(,.) is continuous on I x @ and for each y e l, f (g,.) vanishes at

infinity.

rLet0e@

øa [ltog f (Y,,qü : l] n*@') lloe \fur,0)lda'
,- Ko: / t niÍ(urdre) llog l(vr,0)ldu'

u _æ 
¡=l

: i,-; f-{#"-t(=#)'
i=I r-æ (

* 
l- 

r"s o,,/2n - ; ("-)'l\on,

+ ("-)'
t(u'-tj2\ c dut

Ë e

s i,";{t r"* otfinl

).(t

:(

:(

+

y-|i+ei-e

)'

)'

(4.1e)

I**

("-)'

1
2 ( ", 

-e"¡

) dat #- Ir* 
uz"-\u'¿u

sl-oí 0e -0t
C

(4.20)

+(*+)'" û

' r(å)
- T.'lã
: ã.iJñ

) t* u"-\u'du

I
2

(4.21)

where the second equality comes from Lemma 4.1.2.

[*e)(.#) "-i(#)"0,,
1

Jzr (

0

115

ei-e
C

(4.22)



since g(z) :11¿-lu2 is an odd function.

FYom (4.19), (4.20), (4.2L) and @.22), for every 0 e A,

ø¿" [ltog f (Y,e¡1] ')

Ko
tos(o\/-2n)l +å+ *Ð"j

i:r

(ry)

(ry)'

Hence conditions A6 and AZ hold.

4.2 The Log-likelihood f\rnction

For y : {gt!' € }- and n € N, the log-likelihood function L.(.,y) is defined

on iÞy by

K ta

Unlogpa(ar,

K

1

n
1

n

(ó,s)Lo )

tos I - - t o",(ó)l(ut,0",(ô))fI o",-,,",( ô)Í@r,e",(ó)).
¿l:1 x¡=L t:2

(4.23)

Condition A4 ensures that for each Ar, f(yt,.) vanishes at infinity. By defining

l(a,,*): J\T l(v,,O) :0, (4.24)

the log-likelihood function L^(.,g) in (a.23) can then be extended to Ø*.

Since for each i, j : 1, . . . , K, the coordinate projections r¿('), or¡(') and d¿(')

are continuous on Q'*by 45, and /(.,.) continuous on ) x @'by A4 and (4.24),

the log-likelihood function L"(.,y) is continuous on Øt .

The next lemma shows that {.L,.(. ,y) : n € N} is an equicontinuous sequence

on iÞ7ç.
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Lemma 4.2.1 Assume conditions Al and A5 hold. Then for each g € l,
{L"(.,y) tn € lV} is an equicontinuous sequence onQ"y¡.

Froof :

Let y - {yr) € }. Since Ø¡¡ is dense in(Þ*, it is enough to show that {L^(.,g)}
is an equicontinuous sequence on Õ¡ç.

Given e ) 0. We will prove that there exists ô(.) > 0 such that for every r¿,

lt^@,y) - L.(6,r)l . e if ó,6 eiþ*, lló - 6ll* < ¿

For each ú € lV, let s¿ : (ær,g¿), where nt € {L,...,K} and

po(s t,. . ., s.) - rr rt@) I @ r, 0 
",(ó)) fI o",-,,", ( ó) I @r, 0 ",(þ))

1t

t:2

Then

K

where

T¿:{L<t<n:0¿:0¿]¡,
N¿,j:f ,,r,-r= i,x¡=j| t

t'=2

For each n € JV, define

1
L-(ó., t) logpp(s1,...,s",)

Pó(sv.'.,s,,):Trr(ó) [I il Í(sr,e,(ó)) fI o'¡(ó)e'
i=lt€T¡ à,i=l

trJ

(4.25)

(4.26)

)(

I{

i: L,, K

K1

n

By $.25) and (4.26) , for 5,6 e iÞ*,

1",(ó,") - r*(ô, ")l <
tI{

+: Ð D lr"* f @,,e¡@))- los f @,,e,(ôDlm4'' i-l tET¡

.:Ðä*4,llosa¡,¡(/) - los .,¡(6)l

TT7

(4.27)



Since K is finite, then by A.5, there is d1 > 0, such that for every ,i, : 1,... , K,

lrog?ft(f) - los ",(ô)1. i, if ó,ô e 1Þrc, lló - 6ll" ( dr . (4.28)

Also by 44, there is ó2 > 0, such that, for every i: I,...,K and for every

t €T¿,

lros/(s,,e,(ó))-ros f@,,0,(6| .;, @.zs)

if

ll@,,e,ç6¡¡ - (a,d,(A))ll : lla, - all+ llo'(d) - d,(A)ll-

: lle,(ó) - B,(ô)ll-

(4.30)

However, by 45, there is d3 ) 0, such that for every i: L,... ,K,

lle,(ô) -e,($)ll* < 6z fió,6 e iÞrc, lló-6ll"( ôe. (4.31)

Moreover, by 45, there is ô¿ ) 0, such that for every i, j:I,...,K,

llogo¿¡(/) - los o,¡(ô) 
I . å, if ó,6 € (Þx, lló_ 6ll* 16+. (4.82)

Let 0 < ô < min{ó1,ôr,ôn}. Then by (a.27), (4.28), (4.29), (4.30), (4.31) and

(4.32), 1f ó,6 € iÞrc and ll{ - ôll" < d, then for every n € lV,

+!.("-1).åe

5

(4.33)

The equation (4.33) can be written a"s

1

n
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Therefore

implying

'a

po(st,.. .,s,,) < exp(ne)p6("r,.. ., s,),

K K
P+(uu..- ,Un) t ' Ð P+("t,ur,.--,tn,!n)

D 'Ð pt(tr,"',s')

o1:1
K

¿1:1
K

r¡:l
K

t¡=7
K

t1:1 x¡:l
KK: exp(ne) 

"å' 
p_rna@t,at, - - -, rn,an)

: exp(ne)p¡lUy.. . ,an).

Similarly by exchanging the roles of / and 6, *" have for every n € JV,

Ir',(ó,s) - L.(A,r)l :
'rf ó,6 € (Þrc, and ll/ - 6ll* . t.

I
n

po(ar ,A,-)log (€t
n6(n,---,un)

I

LetY : {Yr}. For each ó € iÞr, define

L-(ó,Y) : I^f rr(n,...,Yn), r¿ € lV. (4.g4)

Notice that {L.(þ,Y) : n € ]V} is a stochastic process defined on (}*, ß,pó").

Such process will be called the likelihood.-process.

As a consequence of Lemma 4.2.L, if conditions A4 and A5 hold, then we have

that for every € ) 0, there is d(e,y) > 0, such that for every rz,

lt,,@,y(ù) - L*(ô,y(y))l < . 1r ó,6 € Õx, llø - ôll" < ¿.

So the corollary below follows.

Corollar¡r 4.2.2 Assume cond,itions Al ønd A5 hold, then {L*(.,Y) : n € jV}

is an equicontinuous sequence on iÞ"*.
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4.3 Kullback- Leibler Divergence

This section is divided into two subsections. The first subsection discusses

Kullback-Leibler divergence in general. Here, definitions and characteristics

of Kullback-Leibler divergence are given. Using definition in subsection 4.8.1,

the Kullback-Leibler divergence for hidden Markov models is then derived in

subsection 4.3.2.

4.3.1 General case

This subsection begins by defining absolute continuity between two measures.

Definition 4.3.L Let ), an u be tuo measures defineil on a n'¿easurable space

(O, .F). A measure u is saiil to be øbsotatelg contírrruøæs with respect to the

rneosure \, if for each A e f , 
^(A) 

: O im,plies v(A): g. The relation is

indicated by v K 
^. 

If u K \, it is said, that u is do¡ninøted by À.

The Radon-Nikodym theorem (e.g. [ a], page 276) states that if (Q,î,1) is a

ø-finite meÍìsure spaÆe and u is a measure defined on F such that z ( À, then

there is a non-negative measurable function g, such that for each set A e f ,

u(A): 
losax.

The function g is unique in the sense that, if /r is any measurable function

with this propertg then /¿ - g À-almost sure. The function g is called the

Radon-Nileoilym d,eriuatiueof z with respect to I and denoted Ot #,.

Now we are ready to define Kullback-Leibler divergence. According to [2], the

Kullback-Leibler divergence is defined as follows.

r20



Deffnition 4.3.2 Let P and Q be two probability nxeo,sures defined on the mea-

surable spa,ce (R^,R") dominated hy a measure u. Let

dP
d"

and, q

Suppose that q is u-almost sure stri,ctly positiue. The Kullbock-I'eibler di-

oetgence of Q with respect to P is defin7d by

I nrcs? a"

*oo

From (4.35), the Kullback-Leibler divergence of Q with respect to P can be

expressed as

p
dQ

du

can also be written as

K(P,Q) :

K(P,Q) :

K(P,Q) :

*oo

"l^r#]
*oo

,ilP<Q
, otherutise

,íf P <Q

, otherwise

,if P <Q

, otherwise.

(4.35)

(4.36)

(4.37)

where Ep isthe expectation with respect to P. Notice that ? : 
#,so 

(a.36)

dP
P: ,

dU

Lemma 4.3.3 Let P and Q be two probabilitg n1'eúsures defi,ned, on the mea-

surable spo,ce (R ,R^) dominøted bg ø rneasure u. Let

and q
dQ

du

Suppose that q is u-almost sure strictly positi'ue. Then

K(P,Q) > 0 and K(P,Q) :0 íl and only í'f P : Q-

Proof

Assume without loss of generality that P ( Q. Let

g(r):nlogr-ll-c, t)0

tzt



Since

g'(*\:logø' t)o'

then g(c) is always positive and zero only for æ : L. Notice that

I(iLogP-*'- +
Ð

du
p_

q
logp

d8: I
:T
:T

'-i)qdu

*q-p d,u

I+ qdu - I oo'

: K(P,q+ I dq- I o,
: K(P,g)+r-r
: K(P,Q). (4.38)

By (a.38) and the characteristics of 9¡ wehave K(P,Q) >- 0 and K(P,Q) :0

if and only if ? : L, Q-almost sure, which implies P : Q. r
q

Remarks 4.3.4 Notice that in general the Kullback-Leibler divergence K(',')

is not symmetric, so it is not a metric.

Definition 4.3.2 canbe extended for probability me¿ìsures defined on (.El-,ß-).

Using projections, the Kullback-Leibler divergence of probability measures on

(.El*,ß*) can be defined in the following way.

Let P be a probabitity measures defined on (Il-,7¿""). For each n € lV, let

P, be a probability measure on (.El',ß') which is defined by

p*{@r,...,un) e Ro i (ut,...,un) € A} : e{{urI € ¡Ì- : (st,..-,un) e A\.

The probability measures Po, n €. JV, are called the projections of P on

(Ãl-,ß"")'

L22



Deflnition 4.3.5 Let P and, Q be two probability n'¿eo,sures defined on the

rneasurable space (trÌ-, R*), with projections Pn and Qn on (R*,R*). The

Kullboek-Leibler dioergence oÍ Q uith respect to P is def,ned bg

1

K(P,Q) : )A;xçn-,Qn), (4-3e)

if this limit exists

Lemma 4.3.8 Let P and Q be two probability meosures defined on the rnea-

surable spo,ce (trl-, R*), then K(P,Q) > 0. I1 P : Q, then K(P,Q) : 0

Proof :

For each n € lV, let P. urrd 8* be the projections of P and Q on (R',R.*)

By Lemma 4.3.3,

K (Pn, Q.) > 0, n € JV,

implying

K (P, Q) : ]ryI* rr", Q-) 2 o.

If P : Q, it is clear that Pn : Qn,r¿ € lV, implying K(P.,Qò : 0, rz € lV,

thus K(P,Q) : 0. I

4.3.2 Hidden Markov case

The idea of using Kullback-Leibler divergence to measure a distance between

ó e iÞ'rc and the true parameter þ comes from [22], who used it for a hidden

Markov model, in which the observation process takes values on a finite set.

Recall that under the true parameter Ó : (K",, Ao,f ,0"),, Y : {Yr¡- is defined

as a coordinate projection process on ()-,8,P4") having r¿-dimensional joint
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density function

K" K" rt

Pó"(at,--- ,a-): t t ni,Í(ur d;,) fI o"",-,,,,1(gr,0Z,), (4'40)
c1:1 t¡:t t=2

with respect to the measure p. Also under each Ó e Q"x, Y is defined as

a coordinate projection process on ()*, B,Po), having r¿-dimensional density

function

Po(Y¡.--,an) :
KKn

t . Ð t", @)l@t,0",(ó)) fIo-,-,,',(ó)Í(ar,0",(ó)),
(4.41)

with respect to the measure p.

Define a distance between {" and ó e A¡, as the Kullback-Leibler divergence

of P6 with respectto P6",, that is by (a.35), (4.36), (4.40) and (4.41),

K(ó,ó) lim
?r-+æ

lim
ß-+æ

1

n

I
rL

IPö"(at, . ' ' ,u*)rcuP-0"-@J:::::-!ù
P+(gt,. . . ,U^)

þ"*
Pó" Y"

dp(ar) ' ' 'dp(a^)

(4-42)

(4.43)1r "'r

if this limits exist

Eö" pö(Y,--- ,Y")

By Lemma 4.3.6, it is clear that K(þ",Ó) > 0, for every Ó €Q"x

4.4 Relation between the Kullback-Leibler

Divergence and the Log-likelihood Process

The main issue of this section is to find relation between the log-likelihood

process

L,(ó,Y) : lbgea(Vr,... ,Yn), n € lV (4.44)
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and the Kullback-Leibler divergence

Eó"I
fI

lim
r¿-+oo

K(ó",ó) : (4.45)

for þ e Ø"yr.

In this section we will adapt the work of Leroux [e+] to our caÉ¡e. ftom (4.45),

the Kullback-Leibler divergence of d € @i¡ with respect to /" can be expressed

as

1

n
86" llog pq(Yt, . . .,h)1,

(4.46)

provided the two limits in the right hand side exist. So the main interest now

is to investigate the characteristics of these limits.

By condition A1 and A.2, {Y¿}, under the true parameter /" is stationary and

ergodic. As in section 2.7, we can give a past to {yr} without destroying its

stationarity. So, without lost of generality, we may consider {%} tt a stationary

and ergodic process indexed by t € Z.

Define the entropy of {fr} as follows

Definition 4.4.L The entropg of the stationary process {Y¿} under the trae

parometer $" is defined by

H(ó") - -Eö"[t"gpa"(v,l%, v-r, . . .)]. (4.47)

In order for this definition to have meaning, we must show the existence of the

conditional density pÒ" (YL lYo,Y-t, . . .).

From sections 2.3 and 2.4,

Ko
pö"(YtlYo,. . .,Y-.) : t Pø"(x, : ilYo,,. . .,Y-) r(Yr,ei). (4.48)

K(ó d) : Jgg lør" ¡toro*(Yr,. . . ,Y.)l- J5g

i=l

L25



Lévy martingale convergence theorem ([48], page 478) states that if. Z is an

integrable random variable and {f¿} is an increasing sequence of ø-fields, then

)gyø[zlî"]: ElzlE*1,

with probability one, where .F- is the o-field generated ¡V U f¿. Applying the

theorem for 
f

Z : Ilxr:;¡ and Fn: o(Yo,...,Y-.)

gives

Jiry P6"(Xt: ilYo,.-.,Y-o) : Po"(Xt: ilYo,Y-t,...), (4.49)
r¿-'oo

with probability one under þo. Define

KO

po"(YrlYo,Y-y,.. .) : t Po"(Xt: ilYo,Y-t,. . .)f Vt,ei). (4.50)
i=1

Then by (4.48), (4.49) and (4.50),

Jggp+"(ytl%,' ' ' ,Y-*) : pÒ"(YtlYo,Y-t, "'), (4'51)

with probability one under /".

The characteristics of the first limit of (a.a6) are given by the following theorem.

Theorem 4.4.2 (Leroux þ41) IÍ conditions A1, A2 and A6 hold, then

("). H(ó) -- -EÒ"lrosp6(Y1lYo,Y-r,...11 * finite.

Eö" (h, . -. ,Y')] : -H(ó").

Proof :

To prove (a), from (4.48), for rz : 0,1,

KO

logpþ"(yr,. -. ',Y") : -H(Ó") with probabi'lity one under þ

1
n

1
fL

lim
¿-+æ

lim
rt-+og

(b

(")

) logpö"

p+-(\lYo, . . .,Y-.) : E P6"(X1 - ilY¡, . . -,Y-") I (Yr, ei),
d=1
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implying

mrn
t<i<I{" f (Y',,ei) S po"(Yl%,. . .,Y-^) I ,ä¿,p" f (Y',0",).

Since

øa" [ltos l(Y,,ei)l] . *, fori:t,Zr...,Ko,

by 46, then {logpp"(YtlYo,.. . ,Y--)
der {". Also from (4.51),

n. :0,1, . . .) is uniformly integrable un-

logp6"(Y1l%,.. .,Y-*) ---+ rogp6"(ytl%,I'-r,...), (4.52)

with probability one under /", when ú -+ oo, implying logp6"VtlYo,Y-r,...)

is integrable and (4.52) also holds in Lt, that is,

Jgg ør" Ito*o* (YrlYo,. . . , v-,)1 : 
"* h* lospó"(v,l Yo, . . ., 

"--)]
E6,llogp6"(YtlYr,Y-t, . . .)]

-H(ó"), (4.53)

which is finite.

To prove (b), using Cesaro convergence theorem ([16], page 83), stationarity

of {Y'} and (4.53),

)4"It*[,o*o* (Y,,--. ,Yò] : ]i*.*r* [t"*gor" 
(YlY-,, ,v,)]

: Æ"lt*[åt*or" (Y'lY'-''' ''n)]

: 
-l!¡g ; i t*UosP6"(YtlY-r,''',Y,)]

[l ør" Itouor" (YrlYr-r,. . . ,Yr)]

: ,lig ør" 
I 
to* o* ("r l% , . . . , Y-,)1

-H(ó).

To prove (c), consider
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1
lim logpó"(Yt,.. . ,Y")

,,¡g ; t"*,Û o* (Y,lY,-t, .

Jl* { lÐ'"ror(YlY-"Y-'' "') *

¡-+æ Ttr

.rYr)

-,Yt)

Since {fr} ir stationary and ergodic under Ó", by A1 and 42, then {lo1p+"(Yl

Yq,Y-2,...) : ú € iV) is also stationary and ergodic under þ", which by

ergodic theorem ([31], page 488) implies

lYr-t,Y-r,- . .) E6"Uogp6"(YrlYo,Y-t, . . .)]

-H(ó"), (4.55)

; å ( losp6" (Yt Yr-t, . - -,Yr) - ros px (YrlYr-r,Yt-2, . -l) 
).t+ 

s+l

IF:,^rr*rn

,tig; É (to*o, "(YrlYr-r,. . . ,Yr) -rospö"(YrlYr-r,Y-2,.. .)) : o.

lim
7t-+æ

with probability one under /"

Following [31], page 502, we will prove that

(4.56)

Let .lÍ be any positive integer. Set

Àio(Yt, %, . . .) : 
,sll lrogp6"(Yl%, . . -,Y-r) - logp6"(yrl%, Y-t, -- .)1. (4.57)

Let

Z{ :Àiv(Yr,Yr-t,...), t e z-

Since {yr} it stationary and ergodic under /", then the proces, {Z{ : t e Z}

is also stationary and ergodic under /o. Moreover,

ør" lz{l : u* 
|;lp ltosp+"(YrlYo,. . .,Y-r) - togp6"(Yrl%,v-r, . - .)l]
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¿ts

logp6"(Yrlyo,.. . ,Y-r) ----+ logp6"(YtlYr,Y:,-. .), (4'58)

with probability one under þ andin Lt, when ú -+ oo. The ergodic theorem

then implies

and hence

lim
r¡-+æ Iät, : Eö"1'Yl

lim s3p 
É å (,o*or" (Y,lY-r,. . .,Yr) - rosp6(YtlY,-r,n-r, . )) 

I

lim sup llogpø' (YlYr-t, . . .,Yr) - Iog p6" (YtlYr-t,Yr-r, . . .)l

_<

:

r¿ -+oo

I
rL

L
n

p z{

É
t:L

It
t:l

SUlim

for any positive integer N

fl-+oo

n* lzil

with probability one under þo

The next theorem shows the characteristics of the second limit of (4.46)

(4.5e)

However, by definition of Z{ and by (a.58),

ziu \ o,

with probability one under /", when N + oo. By monotone convergence

theorem,

]*n*lz{l '*l]*t{l
Eo"lol

0 (4.60)

Combining (4.54), (4.55) and (a.56), we have

Hence by (a.59) and (a.60), (4.56) follows
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I
n

I
n

lim
n-+æ

lim
r¿-+æ

(b)

Theorem 4.4.3 Assume conditions A1, A2, A4, A5 and A7 hold'- Let S €.

Q*, with 
"r(Ô) 

> 0, for i: L,, -..,K. Then for þ, therv is a constant H(5,þ),

such that :

'(o). -* 1 H(ó,d) < -

Eô" (Y,,. .. ,Yòl - H(ó,ó)

("). logp6(Y1,-- . ,Y^) : H(Ó",$) with probability one under þ"

Proof :

Since @¡ç dense in(Þ¡ç, then to prove the theorem, it is sufficient to prove only

for S eÕ6, with 
"r(Ô)> 

0, for i:1,..-,K. Herewe usetheproof of Theorem

2 in [3a].

Let $ €!þx with zr¡(/) ) 0, for i:I,..-,K- Lel

n;(ó) : r¿,, o,;¡(Ó): Qij' or(Ó): or,

fori,j-1,...,K.

For i: 1,.--,K, tu,n e Z, with rn ( n and any realization {(c¿,g¿)}, define

K K

fto(Y*+t, ' " ,a*li) f(Y^+t,1¡) t' Ð a;,.^¡rÍ(u,o+z,o,o+z)
ôñ+2=1 Q¡:I

n
X il drr-r,rrl(arronr) (4.61)

t-rn*3

Notice that for i : 1,..., K and r¿ € N,

q+(a¡ -' -,g-li) : Pö(at,''',a-li), (4.62)

that is, the conditional density of Yt,-.-,Y,. given Xt: i, under t'' Hence

from (4.62), the joint density function of Ii', ...,Yn under / can be expressed

rogp¿
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as

Po(h, "',an) : DnrPo(Yt, "' ,u.li)'
K

d:1
K

i:t
: Dnrqr(gt,--. ,g.li) (4.63)

(4.64)

(4.65)

Define for m,n € lV and m 1n,

Qó(U^+t,''',Un) : r?,PÞ. Qó(a,n+t,''', u^li)'

Then from (4.63) and (4.64),

t"'('g¿* 
q+(ut'' "' v*lù)

K

i:1
: g+(au "' ,Un)'

and

Therefore from (4.65) and (4.66), for each n € lV and any realization {g¿},

(r*lL n') nri*', "' ,un) 3 po(u''''"'un) 1 qo(a" "''un)'

implying

(r11lç nr) rr(vr, " ' ,Y*) < po(Yr,"',Y*) < q+(Y,,"' ,Y-)'

Thus for each n € lV,

* t"u (,qliL',) * lbgqa(v,,. 
. .,Y-) l"epo(Y1

n
I
n

,''' ,Y.)
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and

å 
t* (,gi* '') + lt*ftog qa(Y" ' ' ' 'Y')]

(4.68)

As n¡ are fixed, for i : 1,. .. , K and

.tIs;.* (,qiiL*,) : o,

,tg ; bspa(Yr,. . .,Y-): ,qg ; logq¿(Yr,...,Y^) (4.69)

)$Iu*[togpa(v,,...,v')] : *\g *"*[tosq¿(vl, "',v')], (4'70)

provided the separate limits exist. Therefore, the conclusions of the theorem

will follow from the corresponding conclusions applied to q4.

Let l,nt,n. €. Z, where m < I ( n, then for i : 1., - - -, K,

then takingn -) oo on (4.67) and (4.68) gives

and

K K

kö(a^+t, - - -,a,li) : l(y, +r',0r) Ð E a¡,,^*rf(u'n+2,0"^+r)
tmlz:t an=L

ft,

x II a,r-t,,tf (at,onr)
t=m*3

K K
: Î(g^+t,o¡) t 't di,,^+"1(u-*",0,^r,)

cm+z:l tt:l

X II o¿rr-r,rrf (Urr0.r)
t:n*3
KI{

x ! t - . t d.,,il(ut+t,0¡)oq,,,*,1(ur*r,0",*,)
j=l a,¡¡2=l tn:l

f¿

fI o""-r,,"f(y",0,,)
¡=l+3

KK
: f(u,,+t,o¿) t t di,,^+,Í(Y^+2,0n^*r)

aø*2=l tl:l

K

X
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X II a,,-,,,,f (ut,o,,)Don,,i Qö(a+t,. .' ,a*lj)
K

i:tt:n*3
K I(

1 f (u^+t,or) t 't d+,-+,f (a,,*r,0"^*,)
um1z:l rt:t

I

x II a.,-t,,,f (ur,o',) qo(gt+t,'
t=rni3

: Qt(u,-+t,.. -,utli)' Qô(at+t, -..,an)

I qo(u-+t,. .- ,ut) 'qó(gt+t,. . . ,un)-

/x \
. ,aò lÐ o",,, I

\j:r /

(4.71)

Since (4-7I) holds for every i : t,. . . , K, then

Qó(u^+t,' '' ,a^) S qo(y,"+t, "' ,ut) ' Që(u+t,'" ,a*)' (4'72)

Equation (4.72) holds for any {g¿}, implying

1ô(Y,,+t,--- ,Y^) I qo(Y,,+t,... ,Y)'q¿;(Yt+t,.'. ,Y*), (4'73)

form<l<n.

Now define a doubly indexed sequence of random variables W - {'9V",¡ : s,t

€. Z,s < ú) on (Y*,ß,4)Av

W,,t -- log g¿(Il"+r , . . . ,Yr), for s ( t. (4.74)

From (4.73), f.or m 1l 1n,

W*,n : logq6(Y*¡rr... r YrYt+rr... ,Y*)

: Wn,¡ *W¡,n. Ø-75)

Since {yr} is stationary and ergodic under Ó by A1 and A2; and {W",¿} ate

functions of {yr}, then {}7",r} is also stationary and ergodic under /", relative

to the shift transformation

{r",r} tt {."+r,r+t}.
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Moreover

n* lwdr] I )(nogqólr

It

Eó"

Eó"

oo.

+

"* (,?,ä Í(Y,,''l)).]

by condition 47.

Kingman ([33], theorem 1.5 and theorem 1.8) proved that a process {Wr,t :

s,t€ Z,s < ¿Ì defined on a probabilityspace (Q,f ,P) and satisfying:

(^). W*p SW^,t*Wt,n,for m < I < n

(b). {tV",r} is stationary relative to the shift transformation (4.76)

(.). 8[tfr] (oo,

also satisfies the conclusions of the ergodic theorem, namely,

1

("). Iiå i*r,*: 1I/ exists, with probability one, where -oo ( W < æ.

1

(b). Elwl: JH iElwo,"l.

(.).W is degenerate (constant), if the process {W",t} is ergodic: that is, the

ø-field of events invariant under the shift transformation in (a.76) is triv-

ial.

An application of Kingman ergodic theorem to

Wo,n: logqqô(Yl, ... ,Y^), n € N,

gives the existence of. H(þ,/), such that -oo < H(Óo',/) < oo and

ligt !q¿(Y, ,...,Y-) : H(ó",ó),
n--+æ fL
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with probability one under /". Since {W",t} is ergodic under /", then H(Ó,Ó)

is constant and

#+"It*[togqa(v,,. . .,%)] : ELH(ó", d)] : H(ó",ó) (4.78)

By (a.69), (4.70), (4.77) and (a.78), the conclusions of the theorem follows. r

Remarks 4.4.4 The proof of Theorem 4.4.3 shows that the value of H(5,þ),

for d € Øi., with 
"¿(ó)> 

0, for i:I,...,K, depends on the value of

KK
qo(Y,...,Y"!i) : l(Yt,ït(ó)) t 'D o,,",(ó)l(Yr,e",(ó))

t2=l ã¡:1

" 11o,,-,, ,,(ô)f (Y,e,,(ó)),
t:3

for i: 1,...,K and n, € JV, which does not depend on the value of the initial

distributio" n(ó).

As a direct consequence of Theorem 4.4.2 and Theorem 4.4.3, we have the

following corollary which shows the relation between the Kullback-Leibler di-

vergence and the log-likelihood process.

Corollary 4.4.6 Assume conditions A1, A2, A4, A5, A6 and A7 hold. Then

for ó € (Þ"x, with q(S) ) 0, for i -- L,..., K,

K(ö",ô) : lim L-(ö", Y) - lim L"(þ,Y)
n-+æ ' ia--+æ

: -H(ó")-- H(ó",ó).

Remarks 4.4.6 lf K > K", then for S - þ, H(Ó): -H(Ó,Ó)-
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( )

(.)

4.6 Simplified Pararneter Space for Hidden

Markov Models

Let S : (K,A,r,0) € Q*,with zr¿ > 0, for i : I, - - -, K. FYom Theorem 4.4.3,

for $, there is a constant H(þ,{), such that :

(u). -* . H(ó,d) < *

Eö" .,y,")] : H(ó",ó)

The proof of Theorem 4.4.3 shows that the value of H(5",/) depends only on

the values of ,4. and d, and does not depend on the value of ¡. This means that

H(ó",ó): H(ó",6), (4.7e)

for all 6 e E(K,A,0), where

S(K,A,e) : {ô e ø'* , ô: (K,A,î,0,), A > 0, i:1,... ,K)

By Corollary 4.4.5 and (a.79)

K(þ",ó): K(þ",6),

for all $ e S(rc,A,0), which implies that all parameters in the set E(K,A,0)

a,re indistinguishable in term of Kullback-Leibler divergence. This suggests that

the set S(K,A,0) can be simply represented by a single parameter

õ: (K,A,aK,o),

where aK is an arbitrary initial probability distribution with a{ > 0, for

i : L,.. -, K and aK is independent of A and 0-

b

Iogpo(Yr, - . . ,Y") : H(Ó",@) with probability one under {"'

I
n

I
n

lim
r¡-+æ

lim
¿-+æ

rosp+(Y,
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Let S: (K,A,r,O) €. iÞrc, with n¿ :0, for some i, I < i < K. As K" is
minimum, if K < K", then ó * ó". If K : K", then by Corollary 2.6-5,

ó * ó. If K > K" and ô - ó, then by Lemma 2.6.4, the number of

non-zero r¿, that is N, satisfies K" < N < K. By Lemma 2.5-5, there is
^ó: (N,A,î,0) € Õ*, with î¿ ) 0, for i: I,.. -,¡{ such that ó - Ó - Ô.

Two facts above suggest that we may ignore every parameter in iÞ'* which has

zero elements in its initial probability distribution and simplify every set

s(K,,A,o)

by a single parameter

õ: (K,A,aK ,o)

So Õi. can be simplified by

õ"*: õ , õ: (K,A,aK d), where A and d satisfy :

A: (a;¡),
K

a;¡20, Iori:1,
j=t

K

Ðorj:r,j:t

iri:L,"'rK

0 :(0;)r, 0¿Q@", i:I,...,K

(_
iÞ"*: 

\ó 
, ô: (K,A,O), where ,4. and d satisfy :

(4.80)

Since aK is arbitrary but fixed for all (A,0)., then for convenience, we will write

(a.80) as

A: (or¡), a¿¡ ) 0, iri:lr...rK

0 :(0¿)T, 0¿ €@", i:I,...,K (4.81)

Notation 4.6.t For convenience, we will use tilde for every parameter in Õ*

and without tilde for every parameter in iÞ"*, for example, $ e õ'* anð. Ó e iÞ"r.
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To extend the idea of the equivalence relation - defined on

(Þ' : U Q"*

to the nev¡ parameter space

Q'*,
relV

define a new relation - on õ' as follows.

Definitio n 4.6.2 Let $1 : (Kt, At,0r) and $2 : (Kr, Ar,0r) be two elements

oÍ õ". Define

if and onlg if

("). K(ó",õt): K(ó,õr)

(b). there are initial probability distríbutionsl\ &nd,t2, such that

ót - ór,

where öt: (Kr,At,nr,fl1) and óz: (K2,A2,r2,02)

It is clear that - is an equiualence relation onõ".

From Defirrition 4.5.2,íf õ, - /2, where õ, : (Kr, At,lr) undõz : (Kr,, Az,0z),

then there are initial probability distributiorls ?r1 and 12, such that Ót - Ó2,

where ór: (Kr,Ar,irrd1) and Óz: (K2,Az,Tzd2), but in general the con-

verse is not true. The following example shows this case.

Example 4.5.3 Let þ1 - (2, Ar,rh,ît) € Õi, with

reJV

õ": U

ót=óz

At
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7f1 : (i,i)
: (or,o,)',01

where oq * az ãrLd ó2 - (3, Ar,rz,0z) € Øi, with

A2 :[lil)
: (+, +,0)

: (or,o",dr)r,

It is clear that /1 - Ó2, but since d!¡otzto3 â,r€ distinct, then K(þ,,Ót) f
K(ó,õr). So ór * õ,

Then next lemma gives a sufficient condition for the converse to hold

Lemma 4.5.4 Let $1 : (Kr,Ar,rt,0t) €. Q"x, and þ2: (Kr,Ar,,nz,0z)

€. (þ"x", with r1,¡ ) 0, for i : Lr...rKt and r2,; ) 0, for i : lr-.-rKz.

Let õr : (Kr, Ar,0t) and, õz : (Kz, Az,0r). U Ó, - $2, then Ó, = õr.

Proof

H(ó",ôt) (Y,. . . ,Y")

(Y,. . . ,Y")

'lr1

0L

where as * at and a3 * or- Let $1 : (2, At,á1) and õ, : (3, Ar,0r).

Since rL,i) 0, for i:Ir...rKrrÓt- Órarrdt2,¡ ) 0, for i:1r...,K2, then

Iogpd,

logpö,

H(ó",ór),

T
n
I
n

lim
r¿-+oo

lim
z-+æ
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implying

K(ó ,õr) : K(þ,õù.

Corollary 4.6.6 Assume conditions A1 and A2 hold. If Ó: (K",A,T,0)

€ (Þx" anit $ - óo, then $ - ó", where õ: (K",A,0) and Ô : (K",A,0").

Proof :

By A1 and Ã2, ri ) 0, for i : 1, . . . , K" and by Corollary 2.6.5, zr¡ ) 0, for

i : I,.. . , Ko. By Lemma 4.5-4, the conclusion of the corollary follows. t

As direct consequences ôf Lemma 2.5.t3 and Corollary 2.5.10, we have the

following lemmas.

Lemma 4.6.6 For any K e lV and,$1 e õ"*, there isõz eõ'**t suchthat

--
Qt = Qz.

Lemma 4.5.7 For $1 € õ"*, there are infi,ni'tely nxøna Óz €. iÞ**, such that

1a
Qt = Qz.

Corollary 4.5.8 Assume that conditions A1, A2 and' A9 hold'- Let

(K", A r0").

("). If K 1 K", then there is no $ € õ"* such that õ = õ".

@ U K: Ko, thenthere are atleastf,nitely mangõ eA'* suchthatõ=õ"

k). If K ) K", then there are i,nf,nitelg many õ e õ"* such that ø = t'

a

SoÔt-óz

õ"
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Proof :

Since K" is minimum, then (a) follows. (b) holds since o($") = õ", for every

permutation ø of {1, . . . ,1("} and (c) follows directly from Lemma 4.5.7. r

By Lemma 4.5.6, we now can define an order : on {ø2}.

Deflnition 4.6.9 Defi,ne an order I on {A*} bU

õ"* jõ"r, K,L e N

if and only if for eaery õ, e õ"*, there is õz e iÞ'" such that õt = õr.

By Lemma 4.5.6, we have

Lemma 4.5.10 For euery K e N,

Flom Lemma 4.5.10, the new families of parameter for hidden Markov models

are nested families.

Let iõ"*, for some arbitrary but fixed K e N, be the parameter space for hidden

Markov models. For i,:j - 1,. ..,K,let a¿¡(.) and á¿(.) be the coordinate

projection" o.t õft, which is defined by

ar¡(õ) - a¡i and 0;(õ) :0i,

for $: (K,A,e) e õ"*. Then f.or n e.lV and y: {at]Ì € }, the log-likelihood

function L-(.,A) is defined on õ1 Uy

1

L.(ó,s) : ir"roõ(yt,... ,un)
tK: i.*"å.

õ"* j õ"**,

Zn:l t:2

Suppose that a similar condition to A5 hold, that is,
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-45*. For each i, j:L,...,K, a¡¡(') and d¡(') are continuous on @tç

Then A5* together with A4 imply the continuity of L"(',A) on(Þ'*, for every

n € lV and 3r € ). Furthermore, from the proof of Lemma 4.2.1, it can be seen

that for each g e y, {L.(.,y) : n € iV} is a,n equicontinuous sequence on õ'*.

4.6 Kullback-Leibler Divergence

and Parameters which are Equivalent

with the Tbue Parameter

Let iÞ'* be the selected parameter space for hidden Markov models, for some

1( e iV. If K > K", then by Corollary 4.5.8,

{õeõ"u,õ=õ"\+Ø-

Recall that S : (K",Ao,rro d") and õ": (K",A,0").

Let $ e õ"*. If õ = /", th"n by definition of -, it is clear that K(Ó,,d) : o'

On the otherhand , if K(ó,õ) : O, is fr ¡: /'f fni. whole section is dedicated

to the ansvler to this question.

In this section, we will adapt the work of [3a] to our case. The adaptation is

possible due to the existence of parameter g" € Õx which satisfies :

(a). zr¡(9") > 0, for i : 1, K

(b). 
"(p") 

: (Ti(g")) is a stationary probability distribution of the transition

probability matrix (or¡ (p") )

(t). P" - ó
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(d). En" [ltos/(r',4(r"))l] ( oo, fori:L,,...,K

Flom the proof of Lemma 2.5.9 and under conditions A'1, A2 and A.6, the

existence of such <p" is guaranteed. By ("), (c) and Lemma 4.5.4., Ø = õ",

where T : (K,A(ç"),0(ç")).

Since (u), (.) and (d) hold, by Theorem 4.4.2 and Lemma 4.5.4,

H(ó")

H(ó",õ)

: H(p")

: tl(ç",õ), õ'*vóe

Then to prove K(Ó,õ) :0 implies õ = õ" is equivalent showing K(9",Ó) : O

implies õ = Ø". Thus throughout this section, the rqle of /" will be replaced

by g"-

First, as in [34], the Fustenberg and Kesten [23] approach will be used to

define a new probability space in which the process {y¿} and {Po"(Xt: i

lY-r,Yr-2,--.), i - 1,- --,K, ¿ € ivÌ are stationary'

The Fustenberg and Kesten approach requires a careful accounting of the prob-

ability spaces and measures involved. We begin with the process {f¿} which

is defined on the probability space (y*,ß,Pç"), where ))- is the set of all

realizations g : {g¿} and 6 is the Borel o-algebra of y*. Let T be the shift

operator on y- which is defined by

r{sr}: {s¿+r}

Since go - óo, then by condition A2, {Yr]¡ is stationary under rp", with respect

to p", that is,

PT"(T-L(A)) : Pe"(A), A e B,

T-'(A): {a e!* :Ty € A}.

where
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F\rrthermore, by condition 41, tyrÌ is also ergodic under rp"

Let 0 be the set of sequences , : {(ar,u(t),aþ\)}i where {yr} it a realization

of {yr}, ¿(¿) and tr(t) are K-dimensional vectors satisfying :

uf;\,rÍ') ,
llu(r)¡1 _ s,

l[u(t) ¡¡ : s,

j:t,
or 1,

or 1,

K t: L,,2,. -.0

t: Ir2r...

t:1,2r...

with

u

ll"ll : E l"rl, for o: (or,...,ax).
K

i:1

Now defineYr,(I()ry(t) ¿5 the coordinate functions on f), that is,

Y(r) : ar, ¡¡{t)@) - uu), V(t) (r) : ,G),

for ø : {(Ar,ut'1,tl(ú))} € CI

For þ € Õ'x with K ) K",let CIo be the subset of 0 on which

(1) : r¡(9"), for j:7,.-.,K

"f;) f @r,e¡(e))a¡x(v")

(4.82)

for le:Lr...rK, t:7r2r...

(4.83)

for k:L,..-rK, t=Lr2,

":')Kt
j:l

,[t*t)

D"Gi) l@r,o¡(p"))
K

i=t

I{

2ofi l@r,o¡(õ))"¡r(ó)
of+tl

j=!
K

2uf\ f @,,0¡(õ))
j:L

(4.84)

K
If t uf;)f@r,,0¡(p")): 0, define uf+r) : 0, for fr : L,"-,K' Also if

j:l
K

fo!'\f@r,L¡(ó)):0, define tr[¿+tl:0, for le :L,''',K'
j:l
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Remarks 4.6.!

("). 
"r(t) - ,tt) : n¡(p") > o, for l 1

K
llz{tl¡¡ : ll?,(r)ll : t r¡(e") : I

j:t

K

K

(b). For t : I,2,..- , if I "r(')/ @r,0¡(ç")): 0, then
i:l

,rf*t) : o, for lc : r, K

and

llu(ú+1) ll : 0

K

2"f t@r,o¡(ç")) f o, then
j:t

llu{t+t) ¡¡

ç-f{
l-k-l u(Ð

f (sr,0¡(ç"))o¡o(ç")
s-I(l-¡-t f(ur,o¡(p"))

1

K
a,s I o¡*(P"): 1, for i : 1,..',K.

k:l

(c). Similarly,

rlt+l > 0, for le : t,- - . , K, t' -- 1,2, "
llu(t+tlll :O or 1, for t:I,2.,...

(d). So by ('), (b) and (c), fi" c 0.

Notice that on f)", each , : {(Ar,u(t),aþ))} is uniquely defined by U : {yr1-

€ y*. Hence f)o may be taken as the sample space for the {Y¿}. Defrne a

function r : O" -+ )- by

,{(gr,t (l), ,(t) ¡1 : {yt1¡,

K

E "f*'lc:1

if

I{: Ð "f*t)lc=1
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Let

then r is a 1-1 correspondence

Bn"- {"-t(¿)cCI": AeBl.

Bç¡ is a a-algebra. Also let

ßn:{Acft:AnO"€ ßo"},

then 6ç is a ø-algebra and ßn" C Bn

The goal is to define a probability mea,sure on Bç¿, under which {(yr,,Uf'1,,

y('))Ì is a stationary sequence, while {yr} h* the same distribution as it does

under Pr".

Since r : f,l" -+ y* is a 1-1 correspondence, then we can carry ouerthe meafiure

Pr" to 6s" and triuially entend, it to a measure P'n",r on Bo. Define P'o",õon

Bn æ follows :

PL",ll) : Pç"(r(An CI")), A e Bn

Observe that

P'r",lA) : P'r",lAñO"), A e Bn

P'r",6(a")

(4.85)

and

By (a.S2), (4.S3), (4.84) and (a.85), on the support of Po",õ,

U:') : V;t) : n¡(p"), for i :1,... ,K (4.86)
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2 u|') t {u, o ¡ (p")) o ¡*(p")
K

i=7
[J$+L) for Ie : 1,,. .. , K, t: l,2r - . .

Ðu') f (Y,,l¡(p"))
I{

i:l
(4.87)

I(

Ð v ;') r V', e, ç$)) a ¡*(õ)
V(t+r) i:t for k: t, K t: Ir2,...

K

>v;'t f (Yr,o¡(õ))
i=l

(4.88)

Lemma 4.6.2 The proces" {yr} has the sarne distri,bution under P'r",õ a,s un-

der Pr".

Proof :

Let A€Rn, where îLn is a Borel ø-algebra of -tl', then

Pr",õ{' ç Q (Yr(r), ...,Y"(w\ e A\

: e'o",,6{{@r, ø(t), o(Ð¡1 € f)" : (gr, "' ,uò e e}

: Pr"{{@r)} € y- : (gt,... ,uò e l,\
: Pr"{y € Y- , (rr(g), ...,Y"(ù) € A}.

Let Tç¡ be the shift operaúor defined on CI by

Tn{(gr,rr(t), r(t)¡1 : {(gr+r, uþ+r), r'*t)}'

Lemma 4.6.3 Assume condition A2 hol&s, then {Yt|' i,s a stationorg process

with respect to Tç¡ under P'r",6.
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Proof :

Let A €. R.n and

,ó(

"r)

B

i=l

{ø e CI : (h(u),...,Y"(w)) e A\

{{(r,, u(t),a(t))} e c¿:(vr,' ..,u*). A},

D'l\ f @,. o ¡ (p"))o ik(e")

then

Tnt : {ø e CI :Tç¡(u) e B}

: 
{{(rr,ø(¿),u(¿))} € o : {(gr*1,2(¿+r),u(t+t)¡1 a B}

: {{@r,r(t),r(t)¡} e Q : (y2,...,un+t) e A}.

rnt(B)) : pr",+{{@r,z(t),u{t)¡1 €CI": (gr,...,v,+r)e ,+}

: pr"{{(yr)} € )*, (g2,. . .,a.*r) e A\

: Pr"{{(s,)} € }- : (vr,. ..,un). A} (4'8e)

: e'r",,6{{@',u9) ,u(t)¡¡ € f)" : (g" " ' 'uò e A}

: P' ^r(B n CI")
q.orQ'

: P'r"r6(B)'

where (4.89) follows from the stationarity of {yr} with respect to ? under Po".

Notice that

K

B( )

P,
go

K

2"\'t l@r,o¡(ç"))

for k:lr...rK

i:t
I{

2 ul\ r @', e, ç$)) o ¡r,(õ)

"f) : i:l
K
y"!'t Í@,,0¡(õ))
j=l
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need not equal rx(g"),, when ,f) : ,f;) : rx(P"), then in general the {(U(t),

yC))Ì process is not stati,onary under P'*",õ.However, based on PL",õ, we can

construct a probability measure, say Fr",õon 6ç such that :

("). {(yr, U(t),V(t))} is a stationary process under Fo",6

(b). The process {yr} has the same distribution under Fo",õ* under Pr",

as follows.

For each k : Lr2,.. ., define a measure P|",{no*l on Be by

P'r",{n**t(¿) : P'r,,T{, € 0 : ?f;-1 (w) e Al,

for AeBa

Lemma 4.6.4 For each n: Lr2r. let

õ(')1 --gorÔ * -: PL"dn**'

then there exists a subsequence {n¡} and a probability n'ùeøsure Fr",õ on Bs such

that

fu). Þ9') conuerges wealely to Fo",6, in the sense that the finite dimensional
\ / goró

joint d,istri.buti,on functions of the uariables Yt,U(t),VG) with respect to

F@,L conuerge to the corresponding joint distri,bution functions of the
ç",Ó

Y,U(Ð,VG) with respect to Fr",õ at eøch continuitg point of the latter

(b). {(Yr,¿r(t),y(¿))} is a stationary process und,er Fr",õ

(r) The procest {yr} has the ila,tne d'istribution und,er Fr",õ as under Pr"'

Proof :

The idea of the proof comes from Lemma 1 of [23].
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For each ffi,fl : I,2,..., let tr.(') be the joint distribution function of Yr,... ,

Y,,;[(t),...,,(J(ù;V$),,...,V@) with respe.tto F[);. To show the existence

of the subsequence {n¿} and the probability measure Fr",õ 
^nd 

to prove (a)

it will suffi.ce to show that for each m, there exists a subsequence {n¡} and a

distribution function F- such that

Jïå4f-'(r): F''(r)'

for each continuity point æ of F,n- Using diagonal procedure the required

subsequence {n¿} is obtained and we have

,[* flÍ^)(r) : F, (x), V m: L,2,. ..

for each continuity point x of F^. Thus, the probability measure Fr",õ no*

can be defined on 6ç¡ by assigning ¡t as the joint distribution function of

Yr,.-. ,Y*iU\),. . . ,[J(*)'VG),... ,V(^) under Fr",õ.

By Helly selection theorem, for sequence of distribution functions {¡lÍf)}, there

exists a subsequence {n6} and a function .F}', such that :

. F,o is non-decreasing in each variable

(o,bl, where :

o 0( F*1L

(o,bl :
Ao,,b, :

. F- is continuous from above

o For each continuity point r of F,o,

(or, bt] x -.- x (apx+r,¡,n,bprc+r¡-)

Fr,"(*r, . . - ¡ fri-7, ai¡ rr.i+lt. - ., rpf¡t)m)

- F*(rr, . . ., ri-trb¡, r¿+t, . . ., rpx+t)m)

J¡g 4f-'( r) : F^(r)'
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We will prove that ft is a distribution function. We need to show that

F-( oo) : 1, oo : (-,. . . , æ) (4.91)

and

F*(t) : 0, if at least one coordinate of c is -oo' (4'92)

\Me will prove that (a.91) holds and the proof for (a.92) can be verified similarly.

Let a: (ar,

Let

.,a*) e H" and ä: (ä(1),...,b(-)¡,c: (c(1),.'.,c(-)¡ e RK'"

Ao,b," v|ù@)<+',{ø e CI : Y(u) . or, U}ù(r) I a¡f)

Ao

i: Lr... trr¿1 i : l, K )

{{(rr,r(t),r(t))} e CI : u¡ 3 or, uf;) <b?, "l' s 4',
1 .rrfl, j:L, K)

{c,,' e CI : Yr(ø) ( ¿r, ...,Y,.(r)a o-}

t{(rr, r(t), r(t)¡1 € f) : gr S at,,--. ,u,o 1 a,n )

Bo {u e }* :Y(ù 1 at,... ,Y^(s) . "-\
{t{vr)} € Y* : h s at; - -.,a,. 3 û^\'

L

and

Notice that

r(A"nQ"): Bo.

Since for t:1,2,.

uf;) ,r!') > o, j
llu(¿) ll : g, or 1

llu(¿)ll : 0, or 1

then0 S"yl,uy) <1 andhence

- 1,...rK

Ao,b. - Ao (4.e3)
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for band cwith b?,"y) ) l,i - 1,. ..,tu,, i:I,...,K- LetG^ be the joint

distribution functions of Y1, . . . ,Y,o under Pr", then

C""(o): Pr"(g.)

r*) @, b, c) : Fg)¡(A,,u,")

By (4.90), (4.95), (4.93), stationarity of {y'} under PL",õ and (4.94)'

"lgg 
F-(o,1,11

"l$g Iîå,Fj;*)io, t, t¡

"qåm 
F$tQ+,,',')

-ri¡a .lim : Ë ei^",r(r;'+t 't")ø--)æ ft-16 nX í!, e'

1
nE

(4.e4)

(4.e5)

(4.e6)

lim lim
d-+oo &-+æ nk p^P''"''(A")

J*P'r",1'A")

"\[ 
Pr" Q(o"n 0"))

"lgg 
Pr"1a"¡

Iim G-(¿)
.¡-+oo

G-(*)
1.

Since 0 < f; ( 1 and by (4.96), then -t|(oo, æ,æ) : 1- So (a) is proved

To prove (b), let 1ç7Qx+1)- be a continuity set of the joint distribution of

Yt,...,Y,o;(J$),...,(J(^) ;VG),. ..,V(ù under Fr",6. Then by Theorem 29'1

of [11], page 390,

Fr,,6{(Yr,... ,Y^ì(IG\,,--- ,[J@);vG),. - - ,y{*)¡ e A}

tú2



: ,tl* 4::à{(v1,. . .¡Ymiu\),... ,(J(ùiv$), -.. ,vt^)¡ e A\

:,tl* 
å å "r,,r{, 

Yt,, . . . ¡Ym+ki [J@), . . ., t[@'+r'\ ;v$), . . .,v(-*n) ) a ¿]

1 1i+1
: lim a ï ¡"-,a{ (Y0,...,Y^+h,[J(Ð,.. -,,f¡('o+t') ;v(k),...,v(***)) e a]

i-+æ n¿ *1t_, 9o

* lim Lr:^"r{(vr,...,Y*i[I$),...,(J@);vG),. .., yt*)¡ e A]' i-+æ n¡ iao'@ L

1

- r[* i'r",r{(n¡*lr' ' ' 'Y,,'¡'n+ti¡¡@i+r) ' ' 
" )(I@i+r't+r)'

Y(ni+Ð r... ,V(n'*^+t)¡ e A)

1 ¿¡*l
: lim A i p1",a{(ytr,. -. ¡ym+kiu(k),. -.,,f¡(n"+r"l ;vG\, -..,v(^*^') a ¿}

i-+æ n¡ f,-/_, e"

: tim F(l'){ (Yr,.. .¡Y^+ti[IQ),.-. ,[¡('n+t);vQ),. . . ,v(**t') a ¿]
d-+æ po,d \'

: Fo",õ{(yr, "' ,Y*+lifIQ), " ',u?o+r);vQ), "',v(-*tl¡ e a}'

Hence {(Vr,Ut'1, yC))} is stationary under Fr",õ.

To prove (c), let B e R.* be a continuity set of the joint distribution of

yt, . . -, Y- under Fr",õ, th n by Theorem 291 or [11], page 390 and by station-

arity of {Yr} "n¿", 
P'o",õ,

F,",õ{(y,,...,y*) € B} : ,tf*4:i{ (Y,,,---,Y, ) € B}

: ,tl* å þ_r,",r{rYt 
,... ,Y,o+k) € B}

: lim I i, r:^";{(Yr,... ,Y^). B}
i-+æ n; *a-, 9"'@ (' -

: 
,llg 

på",a{ (y,, . . . ,y,.) e B}

: e,r",,6{(yr,-.-,y,.) € B}

: pr"{(Yr,...,Y^)€B} (4.97)

The equation (a.97) follows since {Yr} has the same distribution under Fr",õ

-0+0

as under Pr"
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Remarks 4.6.5 Lemma 4.6.4 is similar to Lemma   of [3a]

The next goal is to interpret the process {U(t)} under PL",r

Recall that on the support of P'o",õ,

U:\:v;'):n¡(e),

and
K

for i:t,...,K

D u:Ð r (Yr, o ¡ (ç"))o ¡* (p')

(4.e8)

(4.ee)

(4.100)

IJ$+r)

VU+rl

i=t

DuÐ r(Y,,0¡(ç"))
K

i=l

I(

Dv;q rV,,e,ç$))a¡x(õ)
i=L

I{

Dvp ¡(u,o¡(ó))
i=t

for t:1,2r... and lc:tr..-rK

Lemma 4.6.6 On the suPPort of P'r",õ,

U:') : Pe"(Xt - jlY'-'t',' ",Yt)

for j : t,...,K and t : 1,2,.. - .

Proof :

For the proof we use mathematical induction. From (4.98), for j - \,... ,K,

U:t) : n¡(ç") : Pç"(Xt: i)'

Assume that for some ú,

Uf) : Pe"(Xt-lelYt-r,"',Yr), k:L'"''K' (4'101)
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We will prove that

By (a.ee) and (4.101),

K
¡¡(t+t¡

U(t+t\ : Pr"(x¡¡t:klY,...,Yr), le :L,...,K-

1(Yr,0¡(ç"))o¡o(ç")
\-f -uJ=L I Í(Y,e¡(ç"))

Pv" (Xr: il}l-t,--. ,Yt)pr.(Yrl&: i)Pe"(Xt+t: lclXt: i)
Po"(X, - jlYr-r,. .. ,Yr)pr"(Yrlxr: i)
,YtrXr+t: lclYt¡r. .. ,Yt)

=1

tPç"(Xt: i
i:l pç"(Xt : j,YrlY-t, . . .,Yt)

pr"(Y,Xt+r: klY-t , "' ,Yt)
Pe"(YrlY-t, "',Yt)

Pr"(X¿¡1 : lelY, . . -,Yt), (4.102)

Iwhere (4.102) follows from Lemma 2.3.2-

So under ,F -rgo rlþ'

u:q - Pr"(xr: jly-r,. ..,Yt)

for j - 1,...,K and t:L,2,... . Theoperationof shiftingthetimescale and

taking limit to obtain Fr",õh* the efiect of converting Ur(1) into a conditional

probability depending on infinitely many pa^st value of tyr). Precisely, Ur(l)

represents

Pr"(X, : jlYo,Y-t, . . .). (4.103)

Therefore, the entropy

H(ö") H(ç")

Eç" - toe Ð Pr"(Xt: jlYo,Y-t,.. .)1yt,0¡(p"))
K

i=r

is seen to be equal to

- ros iu!'\ rfn,o¡(ç")Er",õ
j:t
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which is true and proved in Lemma 4.6.8

Before proving Lemma 4.6.8, we will need the following lemma-

Lemma 4.6.7 For n : I,2,. ..,

(") D tos Ðu't f (Y,,0¡(ç")) - log
/x
(.,.l u|') nr"(Yr, . . .,Y*lxt : i)

K

(b). lLos DvÐ f (Y,,e¡(ó))

1¿

t:l
n K

ú:1 =1

i:l

For ú: 2, by definition,

) 
:.* (ärt,rr(Y,,. ,Y-tx,: i)

Proof :

Here we will only prove (a), the proof for (b) is similar. First, using mathe-

matical induction, we Prove that for t: I,2r. - --

K

Ðu:Ð f V,,o¡(ç")):
uj')nr"(y,. .,YrlXt j)

(4.104)
1

K

ÐuÍÐ l(vr,o*(ç")) :

ÐË' Pr"(Yt,' " ,Y-tlXt: j)

s-trfLk:t ') 1 (Y, o ¡ (e))a¡*(ç") Í (Yr,, o n(9"\)1

h=1

Assume that for some ú,

then

K

DuÍÐ iln,ox(ç"))
lc=1

ç'.tfLj=l l(Yt,o¡(ç"))
) f (vr, e ¡ (ç")) D{=, o ¡x(v"\ Í (Yr, 0 n(ç"))

sIf
Zt¡:t

t) 
Í(vt,o¡(ç"))I

Ðf:t U!t) nr" (Yr,Yzlx t - ¡¡
Df=ru|t)ne"(YlXr: i)

K

ÐuI'-') f (Yr-r,o¡(ç")) :
i:l

\ pr"(Yt,. . .,Yt-tlXt : i)K

s-K2-i-t pr"(Yr, . . .,Yr-zlXt : i)t

Ð f (Yr-r, o ¡(9")) a ¡r,(p") Í (Yr, o x(p"))

l(Y-t,o¡(v"))

s-[fLk=t K

ç.,t(/, j-7 I
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=1

sIlL*-t )pr"(Yt, ,Y-tlX t : j)o ¡n(ç") I (Yr, 0*(p"))
s-[(Li-t pç"(Yt,--. ,Y-tlxt: j)t

) 
Pr"(Yr, ,Yt-rlX1 i) D{:, o, ¡ n (ç") Í (Yt, 0 *(ç"))

ç.-tf/z j-1, t pç"(Yt, - . -,Yr-1lX, : j)

'or"("t, 
. ,YrlXt: j)

Df:, I pv"(Yt,... ,Yr-lXt: i)
Thus (4.104) is proved

By (a.10a),

Ër* iujÐ rtn,o¡(ç"))
t=I i:L

log
Kt

i=l

Kt
j:l

u:Ð l(Y,,0¡(ç")) * iuf t(Yr,o¡(ç"))

xx

j=t

X *iuf r(n,e,çr"¡¡\

log uj') nr"(Ylx1 : i) x
U:, ) pr"(Y,Yzlh : i)

s.trfL¡=t pr"(YtlXt: j)I

u[') nr"(Yr, . . .,Y*lXt : i)
<--KL¡=t pç"(Yt, . . .,Y"-1lXt : j)

K: tosl u|t)no"(Yr,...,Y.lxt: j),
i=L

thus (a) follows.

Lemma 4.6.8 Assurne conditions A1, A2, A4, Af ønd A6 holil. Then

t

H(v"): En",õ
[-.* f-u]') ttv,,e,@\f

Proof

Since

K

,g'&los/(vl, 0¡(ç")) ( los Ð_ru!') f {n,0¡(v1) < ,-2rätos/(v1,0¡(p"))

t57



and

Ef:,\lttog f (Y1,4¡ (ç") ) l] : E eo[ I ros / (Y', e¡ (e") ) l] ( oo,

for every j : 1,...,K and i : L,2r"', then the sequence of laws of log

>f:ruÍ\ Í(Yr,l¡(ç") ) with respect t" F[àis uniformly integrable. Also, the

joint distribution of (Yr, y(r)) undet Fry:',Iconverges weakly to the correspond-

ing distribution under Fr,,õ, then by Theorem 25-12 of [11], page 348,

E*'¡lt"-å uj') t(v,,e,(r'))] 1 8,",õlt.-å u!') t(v,,o,to"))]

as i -> oo, implying

8,",õ[t"- 
å 

u]Ð I (Y,,r, tr"))]

: lÆ É,r",,¡[t"- 
å 

u:'\ r (Y,, e,rr"Df

: ,tr* * Ðr*,rþ-å 
u:'\ r(Y,,B,tr"))]

: !**',",, lå'"*å 
u:') t(Y"',t,"))]

: !**,u,",, 1,"* þuÍ')n*(Y,,...,Y-,1x,: 
r,]

: ,¡*,];rL",, 
1,"* 

f n,@)o,"(Y,..-,Yn,lt, : i)]

: ]*:,,ur",6lloln'"(Yr'''''Y*')l
: ¡i^ LEr"llogpr"(Y, ,... ,Y-,)l

t-+æ fl,i

(4.105)

(4.106)

-- -H(v"),

where (4.105) follows from Lemm a 4.6.7 and (4.106) holds since (/r(1) : ¡r¡(9"),

under P' =.gorþ
I

The result of Lemma 4.6.8 can be extendedlot H(9", /) shown by the following

lemma.
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Lemma 4.6.9 Assume conditions A1, A2, A4, Ar and A7 holil. Then for

eaeraõeõ"*,withK)K",

I r -..1
@,õ) -- ø,",t|r"*E v]') l(vrdr(A))l

Proof :

The proof follows the proof of Lemma 5 of [34].

By the ergodic theorem, there exists a random variable z such that

and

First, we will show that 8r",6Í2) 1 H(g",õ). ev pa* (b) of Lemma 4'6'7,

[r* I å 
t"* f,.v]'t nn, r,tõ))]

["pg *.* f,r]" 
rarYt, - - -,Y^lxt: i)]

Lt* l t* (,1,rä n6(Y" "''Y^lx',: j))]

tq* I bsq6(Y1,"''%)]

Er",6lzl : Er",õ

: Er"lH(ç",õ)l

: H(ç",õ),

(4.107)

where (4.107) follows from the proof of Theorem 4'4'3'

Next, we will show that Ér",6127 > H(ç",õ). without loss of generality,

F,",t{;* ; å'"-å v;Ð r (Y,, e¡(õ)) : r\ :,

: 
"," t1g |r'ror(n,...,%)]

Er",õ

Ev",l

Er",õ
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assume that H(g",ó) > -oo. Let

( f- ,r\. -.?.. ì
o : 

t, 
€ Q : t"*rÐ v|') çr¡¡çv'(r),e¡(õ)) 

= 
oÌ

Since the joint distribution of (Yr,y(1)) unde, F[:àconverges weakly to the

corresponding distribution under Fr",õ, then by Theorem 25.11 of [11], page

347,

tyçl_
/. lr"* ivfl tçv,,e¡@Dl dF,"¡tol i=r I , ',

inf rosÐ v;') f (Y',e¡@))lim
d-+oo I^

K

j=t
dF(-'L.

9"rÖ

implying

Also, since

I ̂^rf,vj') 
t lv,, e ¡ @)) dF o",õ

1K

i_+æ JA Èt

r"s É v;Ð r(Y,,e¡(õ))

(4.108)

{

i=t ).
+

,?&los /(Y1, 0t(õ))\

and by condition A.6,

E,'"',1[{ t"* r {",, d, (õ)) }.] - E so [{t'* r {",, 
d, (ø) ) }.] ( '",

for any rz¿, then the sequence of laws or {log >prv}Ð l(Yr,l¡(ó)) }+ with re-

spect t" F9ù, is uniformly integrable, then by Theorem 25.12 of [11], page
' goró

348,

,t_*.Ä,, t"*å vj\ r(v,,,,¡(õ)) dFFj

: 
.Árrro* f,.v|') r{vr,e¡.ri))d,F*",¡,. (4.10e)
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Hence by (4.103), (4.109), Lemma 4.6.7 and Theorem 4.4.3

Er',lZl : 8,",õ1.-å vjÐ t{v,,r,(ø))]

:I^ K
ros D v;') l(Yr,e¡6Ð dFr",õ

j=t

+

¿-+æ

a lim sup
d-)æ

: lim sup
i-+oo

/"r"
K

ros D v|') Í(vr,o¡(õ)) dF,",õ

K
tos Ð v;') Í(Yr,e¡G))

j=l
K

rosI v;') f (y,e¡(õ))
i:l

ft^ dP\n')-
gorÓ

: ripzup 
*p_E*",õ[t"-å 

v;') f (Y,,r,(õ))]

Eþ,L
g" rÓ

j=t

I ̂ ^ri 
v|'\ r rn, o ¡ (ó)) oFl:ì

o 1u,",õ

: li{nsup *u*¡ toe I v;') Î(Yr,e¡@))

r. 1-r: lrmSUD-þ -:
i-+æ' 'ltri 9"'Q

f'¡It
ler

l'"-

l"'

K

i:I
K

lv')n6(Y,
i=l
K

E nt(p")po(Yt, . . .,Y.,lXt : i)
i=1

',Y.rlXt: j)

sulim
t-+æ

(4.110)

-- lip.sup jrnr, [toroõ(",, .- . ,v',)] (4'111)

: n@,õ).

Equation (4.110) and (4.111) follow sin"e V¡(1) :r¡(9") > 0, for i:I,"',K
under P' -. So the conclusion of the lemma follows' I

go'Q

Based on Lemma 4.6.8 and Lemma 4.6.9, We can answer the main question of

this section.

Lemma 4.6.10 Assume cond,i.ti,ons A1, A2, A3, A4, Ar, A6 and A7 hold. If

õ e õ"*, with K > K" anil K(p" ,õ) : o, then $ = ø" '
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Proof :

The proof follows the proof of Lemma 6 of [3a]

Let $ €. õ"rc,with K > K" and n € JV. Let Q be the distribution of Lr(l) under

Fr",l. If B is a continuity set of Q and A € R-', then

Þr",õ{("r,. ..,Y-) e A,uo) . B}

: Im ! îr'r",r{(",,. ..,y+*) e A,ctØ. B}
i'+æ n¿ f1-,

:,L* * Ð I" I"äuþ¡) n,"(e,,. . .,a,+*li),tp(s,)''' dt (u,*.)dQ,@@)

: 
]Æ I" I"Ðuf;) nr"(ur, - . .,a-U),tp(s')' " dt @*),tq(';)1u(1))

i:l

: 
I" l^f u!Ðo'"(ar, . . - ,un i) dp(sr) ' ' 'dp(a^)dQ@$t¡, (4.112)

where Q, arethe distributions of.U(t) under P'r",õ^ndq(o) .." the distributions

of úr(1) under Fy+ The second equality follows, .i.r"" U¡(t) : Pç"(Xt : j
g"rÓ

lYr-r,...,yr)under P'r",õ. From (4.tI2),theconditionaldensityof Y¡,"',Yn

given LI(1) under Fr",õi"

K

lu\\nr"(att.--,s^lù- (4'113)
j=L

By Lemma 4.6.8, stationarity of {(Yr, ¡¡(t),y(t)¡¡ under Fr",õ, Lemma 4'6'7 and

(4.113)

-nn(p") : 8,",õ[t"-å u:') ÍV,,e,fÐ))

+...+ 8,",õ[t."å u!'t f (v,,ertr"))]

: 8,",õ[r"-å u:Ð t(Y,,o,tr,))]

+ . . . + 8,",õ[t'-å u:ù t(Y.,artr"))]

t62



8,",õfå .- i u|Ð t tu, r,(o"))]

Ë,",õft"- 
å 

u!Ð n,"(Y,,. . .,Y,x, - r)]

I Iäu\\P,"(a,, "',anj) x log f '','),*(v'' "''v*u)

dp(yr). . .dp(aòdQç"t'tr. (4.114)

Similarly, by Lemma 4.6.9, stationarity of {(Yt, UO,Vø)} under Fr",l, Lemma

4.6.7 and (4.113),

,A^U)

dp(a) - . - dp@.)dã (u, o), (4.115)

where Q ir th" distribution of (U(t), y(t)) under Fo",õ

Since the marginal distribution of Q .o.t".ponding to the first coordinate is Q,

then by (4.114) and (a.115)

r@,õ) : -H(p")-H(ç",õ)
: ] 

- "K

; J J I Ðu\') 
P'"(a'' "''Y*li)

ní(v",õ) : Er",õ v|t)n6(Yr,. .. ,Y"li)

The inner integral of (4.116), that is,

"t
tlpr"(urr. 

. . ,a*U)

: I I I fu\'\ n,"(at,.'',a^lÐx log fol') n6(a,,

Df:to
dp(v') ' ' 'dp(a-)

(4.rt7)

1

IÉu\Ðpr"(ur,. 
.. ,s-lÐx log
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for fixed u, u, is the Kullback-Leibler divergence between two mixtures of

product densities. Hence K(g",Ð > 0 as (4.117) is non-negative by Lemma

4.3.3.

Lf K(g",õ) : O, then (4.117) is zero for Ç-almost every pair ,r¿, tr, implying

KK
f u\t\nr"(at,. .. ,v-li): D ,!t)n6(ar, ' " ,u^li) (4'118)

!:7 i:l

by Lemma 4.3.3. Equation (4.113) can be written in another form,

KKl¿ÍL

t . D "!',) fI o,,_,,",(e)fIl(u',0",(p"))
at=l &¡:l t:2 Ú=1

KKrttL: t . t ,Íi) fl o,,_,,",(øl II Í@,,0,,(õ)) (4.11e)
¡l=l 4¡:l t--Z t=t

for Q-almost every pair u, a.

However, by condition A3 and Theorem 3.2.20, mixtures of product densities

from family {/(.,0):0 € O} are identifiable. Therefore, (4.119) implies

KKrt

Ð . . D "!1) fI o",_,,",(r")6p"r(ço),...,0,n(ç"))
æt=l an=l t:2

I{Kr¿
t . t rÍ1) fIo,,_,,",(õ)õp,,rõ),-,d",(õ)) . (4.120)
ct:l E¡:l t:2

for Ç-almost every paft u, u.

Moreover, since unde, Fr",õ

u:t) : P?"(xr: jlYo,Y-r,.. .),

then

Ér",õ[uj"] E r",õlPr"(Xt 
: ilYo,Y-t, . - .)]

Er" ltr" [11x,:it lYo, Y-r, . . .]]

En" lIg,=itl
Po"(Xt - ¡¡

o¡(p")-

t64
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Thus from (4.120) and (4.121)

K K fa

¿t:l t¡:l t=2
t ' Ð n,,(e") fI Q,,-,,,,(?o)ô(e"r(,p"),...,l-n(ço))

KKr.-

E ' Ð ñr",t f?] fI o.,-,,,,(ó)60",(õ),-.,0,o6¡1\- Ø.122)
c1=1 tn:l t=2

which holds for any r¿. By Corollary 3.3.6, Ó = e"

Corollary 4.6.11 Assurne conditions A1, A2, A3, A4, Af , A6 and A7 hold-

U ó e õ'*, rith K ) K", then K(p",õ) : 0 if and only if õ = Ø.

Corollary 4.6.L2 Assume conditions A1, A2, A3, A4, Aî, A6 and A7 hold

Let $ e õ"x, for anyK e JV. If õ * $", th"n K(Ó,õ), o.

Proof :

rc õ e õ2, *ith K ) K", and $ * õ", then by Corollary 4'6.11, rc(Ó",õ) -
K(e",ø) > o.

tf ó e õ2 wittt K 1K", then by Corollary 4.5.8, Ô * Ó. Also by Lemma

4.5.6,there i" õ, eõ;, such that $1r fr' Si,,"" ö * Ó,then fr1 - /o and by

Corollary 4.6.11 K(Ó,Ór): K(9",Ór)>0, implyingK(Ó d) >0 asõt=õ'
I

4.7 Uniform Convergence of the Liketihood

Process

The likelihood process for f e õ"* is defined as
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L,(õ,Y) logp6(Yy,... ,Y-)
KK

tog I t of,f (Yr,o",(õ)) ff o",-,,".(ó)f (ar,,0",(ó))
ut:l i¡:l t:2

ryhere ??. € lV. By Theorem 4.4.3,

]*t'"(Ó,Y) = H(Ó",Ô)'

with probability one under þ and, pointwise in $ e õ'ç. In this section, we

will show that this convergence is unifor* on õ2.

Lemma 4.7.L Assume condi,tions A1, A2, A4, Af and AThold. Then

]#.n"@,Y) : H(Ó',Ó),

with probøbili,ty one under þo anil unifonnly on õ'*-

Proof :

From Corollary 4.2.2, {L-(-,f)} is an equicontinuous sequence ott õ1. Since

õ"* i" compact and L.($,Y) converges to H(Ó,fr) pointwise in $ € õ"*, th"n

by Lemma 3g of [44], page L68, L*(õ,Y) converges to H(Ó",fr') uniformly on

Qx

corollary 4.7.2 Assume conditions A7, A2, A4, Ar and A7 hold. Then

H(ô",-) is continuou, o, õ"*.

Proof :

since L-(.,Y) is continuous on õ"*by A4 and A5* and L^(',Y) converges to

H(ó,.) uniformly on õ1, th"n from [44], page 49, H(Ó",.) is continuous on

õ"*. t

I
n
1

n

fL
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Corollary 4.7.3 Assume conditions 41, A2, 44, Af , A6 and, A7 hold. Then

the Kullbaclc-Leibler diuergence K(ó",.) is continuou, onõ"*.

Proof :

This is a direct consequence of Corollary 4.7-2 and Corollary 4.4.5

Corollary 4.7.4 Assume conditions A1, A2, 44, Atr and A7 hold. Let B a

subset of õ"*, then

I

lim
rz-+æ

sup -L,. (ó,v) : süp H(ó",õ),
õen óeB

with probability one under þ"

Proof :

Since B is a subset of õV, then by Lernma 4.7.L

)s.t *ç6,Y) : H(ô",õ),

with probability one under S and, uniformly in$ e B. Then for given e ) 0,

there exists l[" e lV, such that

lt"(õ,Y) - H(ó" d)l .., vn ì Àt and v$ e B,

implying

l."ot-
wen

which means that

L-(õ,Y) - l"p H(ô",ó)
öeB

lt"(õ,Y) - H(ó",Ðl

Yn) No,

luP
öeB
e)

limrt-'æ sup L.(Q,Y)
öeB

: 1rp H(ó",õ),
öeB

with probability one under {".
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4.8 The Quasi Tbue Pararneter Set

The quasi true parameter set .Â/ is defined as a set of parameter in õ"* which

minimize the Kullback-Leibler divergence with respect to the true parameter

þ", that is

N õr, K(ó",õù: j"J K(ó",ó) (4.t23)
öQû'x

Since K(ó",.) is continuous on õ'* by Corollary 4.7.3 and õ"* i" compact, then

the infimumof K(þ,.) ote. õ'*i" attained bv õ, eõ'*. Thus the infimum

sign in (4.L23) may be replaced by rninimum.

B¿sed on the results of sections 4.6 and 4.7, the quasi true parameter set ,Â/

can be identified as follows.

Lemma 4.8.1 Assume conditions A1, A2, A3. A4, Af , A6 and A7 hold.

@. ï K < K" and$ € N, then K(ó",ø) > o.

(b). IÍ K > K" and$ e N, then K(ó"d) : 0 and N : {Ó eõ"*,õ = Ó'}

Remarks 4.8.2 Fbom part (a) of Lemma 4.8.1, if K < K", then (4.123)

asserts that the quasi true parameter set ,Â/ is the set of parameters in õV

which are closest to ó" -

Proof :

If K <K", then by Corollary 4.5.8, õ * õ",for every õ e õ"*. Let $ e N,

since / €õ"*,then / *ó, implying K(ó",ø) > 0 by Corollary 4.6.12. Thus

(a) follows.
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For (b), since K(/",õ):0, if and only if õ=õ", when K ) K", by Corollary

4.6.LI, then we have

N:{ó€Q"x:ó=ó"}.

I

4.9 Consistency of the Maximum Likelihood

Estirnator

This section presents the main result of this chapter, which is to prove that

the marcimum likelihood estimator

is convergent with probability one under ,f" to the quasi true parameter set

ó^(y)= 
{ø, 

, L^(õ,,r) : 
õ:ä 

,-tõ,r)\

N : {õt , K(ó",õr) --iqr r1¿", d¡ }I c€ø;c )

Theorem 4.9.L Assunte conditions A1, A2, A3, A4, Af , A6 and A7 hold-

Then

with probabilitg one under $".

Proof :

Here we adapt the proof of Theorem 2.2.I of 122], page 23.

We will prove that for every e ) 0 and Pq"-almost all 3t, there exists lü(e , y) e

Ã[, such that

ó"(y)cN,, fotn) N(r,Y),

lim
tr-+oo Ó-: N
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where

N,: {õ e õ"* , d(õ,¡ô . .}

and, d,($,"Â/) is the distance from f to th" set .Àf, defined by

d,(õ,N): inr llõ - ó,ll*.
ùe'^Í

From corollary 4.4.5, the quasi true parameter set .Â/ can be expressed as

ó, e õ'*, K(ó",õr) : 
õlgo*@, 

ó)\

õ, e õ"*, H(Ó",õt) :

N: 
{
I
I
I
I

õ, eõ"*, K(ó",Ór): i"J -H(Ó") - H(Ó"',Ô)
öeiÞ'x

sup
õeõ"*

H(ó",õ) (4.124)

(4.126)

Given e ) 0. Then I/. is an open subset of. õ"*. Let "Â/u* be the complement

of N, with respect to õ"*..Â/.* is closed and since õ"* i, compact, then,Â/j is

compact.

For every õ e N;,, choose l¡ ) 0, such that

B(ó,^ö) c Ni,, (4.125)

where B(ó, 
^õ) 

is an open Euclidean ball centered at / and of radius À¡. Since

.A/.* is compact, then there exists {õt, - --',Ó*} such that

l/.* c U B(õr,^ó,).
M

d=1

By (a.125) and (4.126),

M M

t/.* c l)n(õ,,t¿) c uB(õ,,\r)cNi,
d:1 i:r

where B(õr,À¿) is a closure n($i,À6,)
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Let

fI : sup H(ó",ó).
õeõç

Let y € ) such that by Corollary 4.7.4,

sup L.(õ,y) ---) sup H(ó",õ), (4.128)

õeB(&'\) õe^(õ;'\;t

for i : 1,..., M. By (4.127), there exists a¡ ) 0, for i : 1,...,M, such that

sup H(ó",$¡:n-a;. (4.129)

$eB($;,x7.)

Therefore by (a.128) and (4.129), for every i:1,...,M, there exists ÀL e iv

such that

sup L*(õ,ù<H-T, Vn>. N¿ (4.130)

õcB(l;,xl)

Let

o : ,llllt ot

then by (4.130), for n à N",

:w L.(õ,s) <
ôeN;

and No - Nd,
l<¿<M
max

sup
õeU[ ø(1,^1,

L*(õ,y) < H -i (4.131)

)

On the otherhand, Corollary 4.7.4 a¡d (4.124) also implies that

jup tr,(õ,y) ---+ _.lp .H(ó",ô): H.
öeN. ÔeNÐN

Ilence, there exists N" € JV, such that

L^(õ,s)rH-T, Y n) N"

Let N : max{Àt, N"}, then (4'131) and (4.L32) implies

(4.t32)sup
õeN.

jup ¿.(õ,a) < H - ;. :ï L*(ó,Y),
õeN.* o öeN,

This means that

ô-(s) ç N.,,

So the theorem is proved.

Vn)iV

L7t

Vn € lV.

t



Chapter 5

Estimation of the Order for

Hidden Markov Models

The aim of this chapter is to study the problem of order estimation for hidden

Markov models. To estimate the order, we adopt the conpensated log-likelihood

technique. The idea of using this technique comes from [22]. In [22], the

technique is used to estimate the order of a hidden Markov model in which

the observed process takes only finitely many values. The same technique has

also been used in [2] for the estimation of the structural parameters of ARMA

processes

The compensated log-likelihood technique is based on the compensation of

the log-likelihood function. A. compensator, decreasing in K (size parameter),

is added to the maximum log-likelihood, and the resulting compensated log-

Iikelihood is maximized with respect to K. The problem is then to find a proper

compensator which allows the strongly consistent estimation of the order.

In this chapter, the problem will be divided into two cases, finding compen-

sators avoiding under estimation and compensators avoiding over estimation-

Then by combining these cases, the strongly consistent estimator for the order
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is obtained

This chapter begins by introducing the compensated log-likelihood in section

5.1. In section 5.2, the sufficient condition for compensators avoiding under

estimation is given. Section 5.3 concentrates on finding sufficient conditions

for compensators avoiding over estimation. Finall¡ in section 5.4, we give

an example of a compensator which allows the estimator of the order to be

strongly consistent.

5.1 Compensated Log-likelihood

Suppose we are given a sequence of observations {g1, ...,U*} to be modelled.

As in Chapter 4, assume that the data sampl" {gt, .- -,A*} is the initial seg-

ment of a realization {gr}, g"rr"rated by a process {Yr}, which is equivalent

to the observation process of a hidden Markov model, with the unknown true

parameter ó: (K",Ao,To,0"). our task now is to estimate the order K".

As the parametric models, we will use

õ" : 
P*õ"*'

where

Ø"r(: õ , õ: (K, A,0), where A and d satisfY :

A: (or¡),, ôri:Ir"',K

0 :(0r)r, 0¿€@", i:1,...,,K

Recall that unde r ó e iõ.*, Yr, . . . ,Y^ has the joint density function

KKI

P6(at,..- ,a*): t t ctf,f (ar,o,'(Ó))fl o",-,,',( Ó)l@"e',(Ó))'
t1=l t¡:! t:2

K
a;¡ 2 0, Ðorj:1,

i:l
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where o,K : (af) is the initial probability vector, with af ) 0, for i -
L,...,K, or¡(') and 0¿(') are the coordinate projectiont ott õ2, for i,i :

lr"'rK'

Let $" : (K",A,0").Flom Corollary 4.5.8, õ!. contains no parameter equiv-

alent to õ",1f K 1 Ko , and at least finitely many parameters equivalent ø õ",

if K : K". Il K ) K", there are infinitely many parameters in õ!. equivalent

to õ"-

Throughout this section we will assume that the following conditions hold.

A'1. The transition probability matrix A is'irreducible'

^2. 
if is a stationøry probability distribution of A'

A3. The family of finite mixtures on {/(., 0) :0 e @} is identifiøble

^4. 
l(.,.) > 0 and continuous on Jx@- For each g, l(a,.) uanishes at infinity.

A5'.ForeachK€JVandô,i:1,"',K'o'¡(')andá¿(')arecontinuous
functions on Q*

,L6. 86"[l tos /(ft, áÍ)l] < o", for i : I,. . . , K".

Á.7. For every 0 e @, øa [(rog f(Yr,A))*] . *.

As in chapter 4, for a : {yr}, define the log-likelihood functions Lx,n(',g) on

õ"* by
1

L**(Ó,0) : ;logPõ(gt,'",un)' 
r¿ € lv'

For K,rz € JV, let

L.u,-(ù = jr1p L*,^(6,a).
ó€Õ.x
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Suppose we attempt to use the classical moxirnum likelihood technique to esti-

mate the order. Then we estimate the order K" by random variable lo, such

thatl Sî-lBand

R.@): min {î = L.ç,^@): ,1p., L.*,^(g)),

where B is a positive integer imposed by concrete computing limitation' How-

ever, according to [2], for large n, the estimabt R* is always equal to B and

if we do not impose any bound B, the situation is worse, since the estimator

ñ tends to oo, a,s rz -+ oo. Hence , Rn i, not consistent.

Therefore, to the log-likelihood should be added a cornpensator, wh\ch will de-

crease the tikelihood, when the size increases. This will discourage the selection

of model with an excessiue size.

Definition 5.1.1 A compeneotot, i,s any ileterrnini'stic sequence of tunctions

d,, : ;V 1 R+, such that ô*(¡f) < 6-(R), il K < R. A cornlre¡sotd

log-líkelihoú' is defi'ned by

cx,.(u): L.x,*(Y) - 6.(K)

for g €. !* and K,n €. N. The estirnoltot of the otdet î* it then ilef,ned

by

î*@): min {î = cft,^(y): ,TÊ{"c*,,(v)}, (5.1)

where B is a positiue integer imposed by concrete computing limitation'

The problem is now to find a proper compensator which allows K* to be

strongly consistent, that is,

Rn 1 K",, with probability one under t'o,

as ?? -+ oo
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6.2 compensators Avoiding under Estirnation

Based on the results of Chapter 4, we obtain the sufficient condition for com-

pensators to avoid. under estimation in the following theorem. The idea of

the theorem and its proof comes from [22]. The same sufficient condition

for the same type of hidden Markov model with ours, is also obtained by

[46]. However, [46] used stronger assumptions and different approach in cal-

culating the Kullback-Leibter divergence, which is based on the information

of rn-dimensional joint distribution of the observed process , for some integer

m ) 2K".

Theorem 6.2.L (Compensators avoiding under estimation)

conilitions A1, A2, A3, A4, Al , A6 q,nd A7 hold' If

lim d.(K) : 0, for euerY K € JV,
r¿-+æ

then

with probability one under þ

Proof :

Suppose that for every K € N,

,,1$a'16): o'

Let K be any positive integer such that K < K" ' By (5'2)

J1'¡ { - cx,*(y) + c *",*(y)\

K"Kninflim

Assume

(5.2)

7¿-+OO

176



provides the limit at the right hand side exists

By Corollary 4.7-4, Corollary 4.4.5 and part (a) of Lemma 4.8.1,

"tg { - 
L**,*(u) + L *",*(õ",a)} : .qå{ - Jry L*,*(õ,y) + Lrc,,n6",ù}

ö€Ø"x

,qå { õ!{ot 
*",.(Ó", ù - t *,^(õ, ù}

: 
-iryr { lim .L¡",,. (ó",ù - t'*,*(õ,ù\
õuõ?. 

r'--
: j"J K(ó",õ)

óetrx
: ?(K) > o'

with probability one under þ".

similarly, by corollary 4.7.4, corollary 4.4.5 and pa* (b) of Lemma 4.8.1,

(5.4)

(5-5)

J$ {.rrr" ,-(õ",s) - L.r-,*(s)\ : i$ {^r'", *(õ",ù - 
¿ä1" 

n*,*(ó,a)\

inf
$eõ.*"

: _igf K(ó",ó)
Ö€'iÞ"Ko

=0,

with probability one under {"

Flom (5.3), (5.a) and (5.5), for K < K"

with probability one under {".

Suppose there is a subsequ 
"n 

. Rnr(g) such that

(5.6)

R.,(a) 1 L,

t77

as 2 -+ oo, (5.7)



where t < L < K". Since î*,@) € N, for every n, then from (5.7), there is

M e. N, such that

î.,(a):L, vi>M,

implying

lir.nzup {- 
"u^,ro¡,.,(g) 

+ c*",-.(g)\ : tip.sup {- "r,-,(g)+ 
c*",-,(g)\

: 1(L) > 0, (5.8)

by (5.6).

However, by definiti on of în,

{ - 
"u-ror,"(g) 

+ c*",^(v)\ S 0, for every n € lv,

implying

ttåio {- 
"u^,rn),',(g) 

* c¡ç",n,(g)} < o,

which contradicts to (5.8)

Therefore, every convergent subsequen ce of R*(y) must converge to a limit,

which is greater or equal to K". Hence we have

l'åBf î*@) ) K",

with probability one under {". r

5.3 Cornpensators Avoiding over Estimation

This section aims to find sufficient conditions for the compensators to avoid

over estimation. The crucial problem in finding these sufficient conditions is to

determine the almost sure rtte of growth of the rnaxi,mized log-lileelihood ratio

Pun*( Av-- . ,9n)
Pô"(a .'" ,un)

log
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for every K ) K", where

Pur,*(At,-- . ,Un) : :Vt Põ(AI,.'' ,An)'
öÇÕ"x

The almost sutz rate, denoted by Oo."., is defined as follows

Definition 5.3.1 Let {Z¡ : ú € jV} be a sequence of random aariøbles and

{or} o sequence of posi,tiue real numbers. We sag that that Zt : Oo.".(or) ¿f

there exists a positiue random aariable C alrnost surely finite such that

lZ¡l I Ca¿, Vú€JV

Using Csiszar lemma as a basic tool, we obtain that for any K € N,

t"sP!+þ@: oo.,.(losn). (5.10)
Po"\Utr'" ,Un)

Based on this, the compensators avoiding over estimation can then be con-

structed.

For convenience, this section will be divided into four subsections. In the

first subsection we introduce Csiszar lemma. This lemma initially holds for

processes taking values on a finite set. However, in subsection 5.3.2, it can be

shown that the conclusion of the lemma also holds for some processes which

takes values on an infinite set. In subsection 5.3.3, we apply the results of

subsections 5.3.1 and 5.3.2 to hidden Markov model. From subsection 5.3.3,

we then obtain the rate of growth of the mæcimized log-likelihood ratio, which

is presented in subsection 5.3.4. Finally, in subsection 5.3.5, the sufficient

conditions for compensators avoiding over estimation are given.
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5.3.1 Csisaar lemma

This subsection studies the Csiszar lemma, which will be a very useful tool for

determining the rate of growth of the maximized log-likelihood ratio'

In order to prove Csiszar lemma, the following integral will be needed.

Lemma 6.3.2 Let

V_ p : (pt,...,px) e RK : p¿) o, i:1,..., K, Dpr:l
K

i=1

oq ) -I, for i': I, K

Then

and

Proof :

The proof is based on the fact that for ø,9 ) 0,

l,fior'*:#Hä

Ir' 
,"-t (t - t)n-' dt -

see for example, [21], page 49.

Let o¡ ) -1, for i -- 1,... ,K, then by (5.11)'

(5.1 1)

Iot lot-^ 
''' I-"'n ¿r-Ðli" 

o' 
p.''o."" '''p-'{-îpi{-î

" (1 - !*)'* dpx-rdpx-2 "'dpzdpt
i=l

Io' Io'n' 
. . . I*'" " 

Ir' 
pî'pî, .--pT--2,

K-2

" 
(1 - 

'f 
o)"*-'*oK*r toK-'(1 - t)-* dt dpr-,' ' 'dpz dp,

d=1
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(5.12)

(5.13)

: 
Io' L-^ ' '1,'-

X

K-2

"(t- Eo,)
i=l

lot 
,'*-,(l - t)-,t dt

pi'pi" " 'pT']

dp*-r " 'dpr dpt

dpx-, dprc-t ' ' 'dpz dpt

I{-2

i=l

sI(-g
L¿=t Pi

aI(-r+dlií+1

ar-r*crll

K-2

"(1 - Ðr,)
i:1

Ir, Iorn, 
. . . 

Ir_rir, 
n, 

¡or_Ði:* 

o, 
ry, oî, . . . pi{:i pT_r,

f( o¿x-t*1)l(a¡¡+1)
X f(or.-t + ax *.2)

The equation (5.t2) is obtained by letting

pK-t:t- |r;.

I

Using the same technique, calculate the integral in (5.13) with respect to

Px-zrPx-y¡. . . ¡p1 respectively, then we have

I{ Df:ta;+K-2)
fIP'd'P : f( ta; i K) f( o'¿*K-L)i=I

f arc-z*l) dK-t * qrc *2) l(ar-r + 1 f(or+r)
l(o*-, *ax-t*ar*3

II[' r(o' + 1)

l(or-t +aK +2

f (D[' a¿ * K)'
I

Now consider an independent identically distributed process {Z¡ : ú € jV},

with values in {1, ... , K} and distribution P. Let

P(4-i):pr, i:I,..-,K,,

then the joint density function of 21,.-. ,2,,

P("r,..., zn) : IIP(4 - "r) :

r(o' + 1) a¡*K-I) f(or+t

d:1

K

fl pl'
i=l
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where n¿ is the number of times i occurs in 21,...¡zn. This probability rs a

maximum if
fù¿

Pi: -,fL
Hence the maximum likelihood estimate is given by

i: Ir..., K.

ni
Pu r,(rr, . . ., zn) -- y^(+)

Q("t,-

where

'(P):
r(x[' a¡ r K

l(o, + 1)

with

cr¡)_L, fori:Lr--.rK.

Since p;) 0, for i: L,..-,K andDf=tp¿:1, then by lemma 5.3.2

Define a mixture distribution Q such that

Also by lemma 5.3.2,

I Ðf=t a¿ * K
Q("t,--',zn) :

l(or + 1)

Ðf=r'r+ K)

,zo) : l"{fr,n,) . ,@) ap,

1,,@) 
¿o : l(or + 1) LfrPi'd'P:r'

f(D[' a¿ * 1

I{

IIpi
i:1

I

I
f(or + 1)

Ð.{:ta¡ -l K
r(o' + 1)

l(D[, o' +

nKK

JufIo.' '!-ni'an

1K

|,rnnÏ**aa

ilåt f('t * a¿ * 1)

ffi
r(

Ð{:tn;*o,¿]-K l(or + 1)

K
II
d=1

K n¿*c¿*1)
(5.14)

r
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Lemma 5.3.3 (Csiszar llSD If Q is definedby (5-11), withor: -1, for i:
1 K then

n+ +
I

I I{
2

"+ +)

"+l

K
TI
i:l

r(;)
r(f)

nr*I

I
log

Trogn -t.*ffi *€n,

eo:0'lim
/¡-+æ

erewh

Proof :

Let cr¡: -T, for i : 1,.. . , K, then by (5.1a)

T
Q("t,,---,z,): I

2

(5.15)

(5.16)

1I
To prove the first inequality, it must be shown that

I I"+ +
1

2Put(4,...,2n) 1 Q@t,.-.,2n) -

)I "++
.f K

2

that is by (5.15)

K

il
n++ 1

2)
K
2((i)"'

+)
nr-l

+

1

2

I I
I

r
.r K

2i:l
:< r("

il['
n++

3 1
TL¿ - 2 2

n-l 1
2

n-l)
However for any m e N,

(",
1

2
(*

3

2
(T)e#)
(2* - t)(zm - 3) "'1

zrn

(2m-I)(?m-3)..'I 
.
2*(2m - 2).-.2

2rn 2m(2m - 2).--2

) )
1

2

(2m)l
2m

: (zm)t
2n

1
' 2(*) .2(m - 1) ' ''2't

2m(2m-1)'.'(
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So (5.16) can be expressed as

g(;)"rfr,ry
a

2n
' 

2n(2n - 1) .. .(n + 1)

or in a long form

nl terms r¿2 terms

11f;rzn¡(zn¡ - r) "'("'¿ + 1)

2n(2n-1)(n+t)

r¿K terms
TL¡ç fly

n n

n terms
rr1 terms ?¿tr terms

2ry(2n1- 1)-..("rt + 1) 2nx (2n* - 1) ...("r + t)
2n - t)(zn - z)- -.(rz + 1

n. terms

. (5.17)
)

So (5.17) will be proved if we can show that it is possible to assign to each

l-I,..-,n, in a one to one manner, a pair (i, j),1< i < K,l <j ( n¿, such

that
n¿ an;* J,. (5.1g)rL n*l'

For any given / and i, (5.18) holds if and only if

J

K

i:I

(n+l)
T

: TL¿. _
n

I
Tù¿ - Tùi' -n

Tl'¡---n-
n

:n-l

Hence the number of j that satisfy (5.18) is greater than n¡ - "r* and the total

number of pairs (i, j), t < i s K, ! 1i 1n¡ satisfying (5.18) is greater than

Ð( )

It follows that, if we assign to I : n, afiy (i, j) satisfying (5.18), that is, i may be

chosen arbitrary and 7 : ??¡, then recursively assign to each I : n-trn-2r "' ,

etc, a pair (i, j) satisfying (5.18) that were not assign previously. 'we never get
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stuck, at each step, there will be at least one free pair (i, j), because the total

number of pairs (i, j) satisfying (5.18) is greater than (n -l), that is the number

of pairs already assigned. So the first inequality is proved.

The proof for the second inequality, use the Stirling's formula for l-function,

that is,

l(a)æ t/-2n"-'r"-1, (5.19)

for z €W(6): {z e.C : zl0,-r+ô < Argz 1r- ô}, where 0 < ô ( zr (see

for example, Stromberg, K.R., [49], page 468).

By (5.le),

log
,K-rT J\tc e-'-* "++

*++-,

n++
log

J2tr e-^-i L
2

n

nI
I n*

r"s{"-(+)(
"TT
"+ + ç"*f;)

.K-1
2

K -r_(+)*n,.g(#) +z rog (n . T)

Expand log (t * i) using Taylor's formula,

rog (n . Ð- ros "* + :- * fif # *,.?(B),

(5.20)

(5.21)

where

€n:

n(3) : )
1

3!

K
,

( n<(<"++.for
K
T

)

3 2
' (r'

Let

ÍK I 1

lt ';- 
2t

( )'.( Tl rn,og(#) Fzz)
1

"'
) 3n(+ (

Then it is clear that

lim e. : g.
r¡-+oo
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Thus by (5.20), (5-21) and (5.22),

"+ +
I
2

r("+ f; f (f)
f (å)

log
I .f
I "++ .f

: log - log
K
2

I n++

N -(T). (?) rosn * e,, - rog
f (f)
FO-

(T) rogn-rog
I K

2

I 1
2

*en
)

I

6.3.2 Extensíon of Csiszar lemma

In this subsection we try to extend the Csiszar lemma to processes which take

values on an infinite set.

Let {Z¡: ú € jV} be an independent identically distributed random process.

Let /(.,á) be the density function of z¿ unð,er the probability measure P6,for

0 € @". Then the joint density function of 21, - - - , Zn

pe(2y,. . ., zn) : ft f çrr,t).
i:l

Suppose that d* is a maximum likelihood estimator, then the maximum likeli-

hood estimate is given by

Pun(21,. .. ,zn) :fi ¡ç"r,t.)'
i:1

Next two lemmas give the examples of distribution functions having similar

property as in Csiszar lemma.

Lemma 5.3.4 IÍ {Zr: ú € jV} is an independent identically ilistributed Pois-

son process, then there eústs a probability measure Q with the convspond,ing
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density function q such that

log Put' Zlr...rzn
llogn-C¡en,q(2t,"'rzn)

uhere C i,s a constant and lim €,, : 0

Proof :

Let

fþ,0) :" :l', z€ {0,1, 2,...}, d e (o,oo).

Then the joint density function of 21,. -. , is

e-oe'¡
Pe(21,-'-rz,-) II

f¿

i=1 -.1þtr-

"-*0(DL, "t)

Equation (5.23) is maximum if
S1n¡ Li=l þr

n

Hence the maximum likelihood estimate is given by

where

u(0) -- e-o

It is clear that

(5.23)
zl.z2l. . - zn!

pnrr,(21, . . . , zn)- "-( 
tL' ") ( tL't)( DL' ")"-(EL' ")

o1ro2l' ' ' znl

Define probability measure Q through its joint density function q, which is

defined by

q(2t,. . ., zn) : 
Io* 

pe(2t,. . ., zn) v(0) d'0,

Io* 
,@) ae : 

Io* "-o 
d,o : L
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Then by lemma 4.L-2,

"-* e(ÐL, ')q(zt,---,zo) : 
Ir*

- 
"-o 

do

I"
de

ztl.zzl....znl
oo ¿-(æ*l)dd( DLr,,)

zlz2!. - . znl

f ( El=t z; + r)(r¿ + 1)-( ÐL' "'+r)
zlz2l. . - znl

Using Stirling's formula ([1], page 257),

Put(ztr--.rz*) :
q(ztr"',zn)

Hence

u-( DL.,,) ( Ðr=, ",¡( 
ÐL' ',)n-( ÐL, ,,)

r(DL'a+1)(n+1) -(l!, 'r+r)

"-( 
tL, ',) ( t:!, "r¡(Di=, 

",) n-(Ðl=, ,,)

( ELr z¿)l (n+ 1)-( Dl=, "+r

"-( 
DL,',)1 z.¡(Ði=,",)n-(ÐL,',)

t/T" 1Dl'=t z¿) L;-t'i lDa" "-(Di="')

1 /. " \
'Æ\n+t)

-(EL,,')
(rz + 1).

log (#) - los t/n + log(n + 1). (5.24)

)

I

É
d=1

,r)

Expand log(rz * 1) using Taylor's expansion,

11log(nl1):log n+ n- z"' + A(3), (5.25)

where
2l

,1(3) wheren<((n*13! Ct'

cn-- Ð"t
rL \ 1 1

n+l) ' n 2n2

ft

log

Let

i:l
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then it is obvious that

lim e. : g.
n-+æ

Thus by (5.2a), (5.25) and (5.26),

, P¡wl(ztr---rzn) ,r r,- /;-
rog -,------------.- I log n - log t/Ttr + e.

Qlztr"',zn)

Lemma 5.3.5 If {Zr: ú € lV} is anindependentidentically distributednormal

with fixed (lcnown) uariance process, then there erists a probability measure Q

with the correspond,ing densitg q such that

, Put(ztr-.-,z,-\ 1

^r.ffi I Utogn-C *€.,

where C is a constant and lim €n:0.

Proof

Let

1

"116
f (z,o): "-+(+)', oen, z€R and a)oknown

Then the joint density fuction of. Z¡.. - , Zn is

Pe(21r..-,zn)
r('i-e\2

¿ z\ o /

@ tÆ)-* 
"- 

¡*, (!i, Gi*a)' )

@ J ztr)-* 
"- 

# {(Ði:, "?) -"( tL' "')+".o'}

@Jzn¡-" "-,*r(DL,',') "þ(Ð:=, ")e-;3re' . $.27)

I
i=1

The equation (5.27) is maximum if

0:!
n

Z¡É
i:1
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hence the maximum likelihood estimate is given by

P u n(21''''' zn) 

: o 

r",2r-^" "I' r7';','*' r".ÍT;, 
", 

"',,'r"*'DL* 

)'

Define probability measure Q through its joint density function q as follows,

e(2t,..., zn) : l* nr@Lt. ..,t z-) ot(0) d,0,

where

From [39], page 344, for

Thus,

o(0)
1

_ ---=c

\/T
_ez

Rep > 0. (5.28)

Using (5.28), it is obvious that

.-o' de : I

By (5.28)

e(zt, . - . , zn) : Il-t"ø)-""-#(D:="î) e#( tL' ")e-;;'e' ft"-t' ae

1

,fr
1

I* "-n",-q" 
d,:D: [î""o(#),

qo J n)-. 
"- 

;*, (D:=,'?) I :"f 
(DL, ")'- ( þ +r)e' ot

@ rffi¡-* "- 
¡È, (>:=, "Ð ffi"", ( ã#t')

1_: :=þr/ar\-*
\/ 7t

2o2t - 
"- 

z*'(Dî=, "Ð "ao#;a¡( 
tL"')' 

.

n*2o¿

a(0) d0 :Ë
1f-

-,rtl-*

Pur,(21,"'rz,-)
q(zt,'.',zn)

-. .- Ì;, (D:=, "!) e#r ( ÐL , ", ) '

ft@'/-n)-"{# "-rþ(DL, 
"Ð"ap,i¡;a(tl, ")

(
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and

1 1
log(n, + 2o2) log(2a2)

2

( Z¿ (5.2e)

2

+ t
d:1#- )t

2

)

By Taylor's expansion,

where

R(3)

Let

log(n + 2o2)
2o2 4 o4

-logn+ n - Zr.. nr+ n(3), (5.30)

8ø6 2
with n S C < nÍ2o2.3! (t'

(5.31)

then it is clear that

lim e," - 0
æ-loo

By (5.2e), (5.30) and (5.31)

Pun(21, zÍ 1
log q(2t,"',zn)

log log(2o2) + e-.
2

So the proof is complete

5.3.3 Application to hidden Markov models

Recall that unde, õ e õ"*, th" Markov chain Xt, . .. , X,, has the joint density

function

u_ :Ie - * #+ n(3)) . (# - ñãTræ)(É,,)',

P6(Xr: r;t-.. ,Xo - ,*) : P6(u,... ,ro) - clfrfj1^o"r-',,,(õ)' (5'32)
t=2

) ft
1

-2
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Since the initial probability distributior_ dK : (af) is fiæedfor every õ e õ"*,

then for optimization purpose, this probability can be ignored and hence (5.32)

can be rewritten in the form

P6(u,...,n,-)= (o,¡(ó))", (5.33)

where n¿¡ is the number of times the pair (f , j) occurs in adjacent places in

r]t. . . ,æn. Let n¿ be the number of the occurences of i in rtt . . . ttn-r- Notice

that probability in (5.33) is maximized when

or¡(ó)-7, i,i:r,...,K.

Hence the maximum likelihood estimat e in õ"* is given by

Pu¡,*(*tr... ,æ'-) :

A consequence of Csiszar lemma (Lemma 5.3.3) is the following lemma.

Lemma 5.3.6 There erists a probability measure Q such that

KK
iltI
í=l i=l

frff (?)-"
i=l i=l '"t

^r'ffi=4+]J .sn*KC,

whereC is a constant.

Proof :

Define a mixture densitY Q such that

where

e(,,,...,tn): 
,ü, I E(T)"" 

v(n¿.) d,n,

u(n¿¡):ä# y_f;fr
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Then by Csiszar lemma,

where C¡ are constants and C : ,2-3*C,

P6(u,.'',anlxv,''',tn)

:

<

1K

Kt
i:r
Kt

d:1

K( ) logn * KC,
2

T

By definition of hidden Markov models, given a realization {æ¿} of the Markov

chain {Xr}, the process {}i} is a sequence of conditionally independent random

variables. Recall that under õ e õ"*,Y, given z¿ has the conditional density

f (.,0"r(õÐ- Hence the conditional density of Y,.--, Y* given rtt.-. lnn carr

be expressed as

n

ftr@,,e"
t:l

\Ip,.@,1",)
t:l

K
il [[ Í@',0,(õ)),

)(õ)

where

N¿:{1 <t<n:X¡:i}, I ,K

In this case, we would like the family of densities F : {f (',0) :0 e @"}

having the Csiszar property, that is, there exists a probability measure Q with

the corresponding density function q such that

a*W ( logn *Constant.
8\9t,''' ¡An)

Lemma 5.3.4 and Lemma 5.3.5 shows that the family of Normal distributions

with fixed and known variance, and Poisson distributions have this property.

i=1 t€lV¡

x
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Let

pur*(yr,. . .,unlr1,. - -,r,-) : 
-61p 

P6,(u, - . .,unlr1, , rrn
ÒeÞ'x

then we have next lemma which is similar to Lemma 5.3.6.

Lemma 5.9.7 If the family of densities F -- {r(,0) : 0 e @"} has the csiszar

propertg, then there exists a probability m,easure Q with the corresponding den-

sity function q such that

rcro@1Kbsn*KC,
q(u, - -' ,Unln1, "' ,rn) o

whereC isaconstant.

Proof :

suppose that the family of densities t : {1(,0) : 0 e @'} has the csiszar

property, then for every i: !,...,K, there is a probability density Ç¡ such

that

loq 
supõ€õ?rú€N' /(gt' oi(d)) ( log n; * c¿, (5.34)

q¿(at...,an) e

where c¡, ,i,:1,..., K are constants. Define a probability measure Q through

its density function q such that

K
q(ur - . .,anl'1,'''', rn) : flq¿(gt,''',an)'

i=I

Then by (5.34),

)

log Put*(Ut,---,An tr'" rtn)
q(Yr -.- ,anlr1,-- - ,æn)

"upõrõ"* 
flrc x, I (a r, 0 r(õ))

q¿(Yt,''' ,Un)

K
I Ðtos

j:1
K

I Dtosn¿1_C¡
i:L
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where C: ma,:! C¡. Hence, the theorem is proved.
r<i<¡(

Using Lemma 5.3.6 and Lemma 5.3.7 we prove a similar result for the observed

process {Y¿}.

Lemma 5.3.8 Assume that the family of densities F : {Í(''0) :0 e @"} has

the Csiszar property. Then there exists a probability measure Q with corre-

sponding density function { such that

log
l(yr,- . . ,un)

<K(K+r)u,.n*KC2"
Put' Utr.'' ,Un)

where

pun*(ar-.-,an) = ilP P6(ut,. .' ,un)
ó€Q"x

andC isaconstant.

Proof :

Put*(Ut-..,a,.)
: 

2:u¡' n6(ut' "'19-)
ö€û"x

K
' t P6(u,.-- ,rn) 'P6(uu "' ,anlrt, "' ,æn)

K
: suo \-.

L/¿

öe-iÞ* a1-1

I{ I{
tr¡=l

t E _.qp P6(u,...,tn)' 
-s1p 

p6(uu -. -,unlr1, - - -,rn)
ro:! ó€iÞ"x Ô€iÞ"x11:1

I{ I{

¿t=l t*:l
t ' Ð P*r*('r,' ' ' ,tn) ' pun*(h,' ' ' ,uolr1'' - ' 'æo)' 

(5'35)

By lemma 5.3.6, there exists a probability measure Q1 such that

Ptøn*(rt,.. .,t') S Qr(rr, -.. ,*n)n#"*"', (5'36)

where C1 is a constant. Also from lemma 5.3.7, there exists a probability

measure Q2 with corresponding density q2 such that

pMLK(A;,. -.,Unlr1r. -.,rn) 1 qz(Ar,...,anlæ1,... rro)nK"K"", (5.37)
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where C2 \s a constant

Define a probability measure Q through its density function f, where

K K

t1:1 2¡:L
l(ar,. . . ,u^): t ' t Qr(*r, - .- ,rn) 'qz(gu." ,anlt1, "' ,nn)' (5'38)

Then by (5.35), (5.36), (5.37) and (5.38),

Pun*(Atr - -. ,U^) <
'1=1 

4¡=l

' 
n4TÐ 

"K(ct+cz)
: q(yr,. . . ,U^) r\#Ð "*(4+cù.

Thus
K(K + L)

2
Iogn* K(Ct*Cz)

5.3.4 Rate of growth of the maximized log-likelihood

ratio

Based on the results of subsection 5.3.3, we obtain the rate of growth of the

maximized tog-likelihood ratio, in the following lemma. The idea of the proof

of this lemma comes from [22].

Lemma 5.3.9 Assume that the famitg of densities ? : {f (.,0) :0 e @"} høs

the Csiszar property, then for any K e N,

lim sup (log n)-1 log
Pe(gv "' ,u*)

pun*(Yt , "''ran)

P4"-ølmost sure
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Proof :

By Lemma 5.3.8, there exists a probability measure Ç, with corresponding

density function fl such that,

^rofr#* =[J;!',sn*KC,
where C is a constant. Hence

For every n € JV, let

An

lim sup (log n)-1 log
¿-+æ 4(at,.

implying

Put' An

n-+oó )

)

{

(5.3e)

(5.40)

then

Pø"(A^) :

Thus,

and hence by Borel-Cantelli lemma,

lo.

lo^
1

"r'

-0limsupá*Pó"

pø"(At,. . .,Uo) dAt.'' dA^

1

7 ø@r, " ' ,an) dYt' ' 'da.

æoo1

!Pr"(t*)<Ð#.*,,
n:l n=t

q(
limsup (togn)-r log 9t Uo

Pó"(Yu "' ,u,-)
) 2

n-+æ

P4"-almost sure.
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By (5.39) and (5.40),

lim sup (log rz) -1 toeq!494
'ù-+Òo " pö"(gt...,g^)

lim sup (log n)-r log
7¿-+æ

+ lim zup (log n)-1 log

Pur¡r(hr--.,u-)
l(ut',. . . ,a,-)
l(at,,. .. ,an)

Pø"(h,'..,u.)

Corollary 5.3.10 Assume that the fømály of densities F : {/(',0) :0 e @'}

has Csiszar property, then for any K € N,

rcseffi:o".".(rosrz).

liminf (logn)-r tor'ÆW >0,r¿-+æ pö (Urr. . . ,Un)

The following lemma is very simple, but later it will play an important role in

the proof of Theorem 5.3.12,

Lemma 5.3.11 For K 2 K",

P4"-almost sure I

As a direct consequence of Lemma 5.3-9, we have the next corollary.

uith probability one under þ.

Proof :

From Corollary 4.b.8, for every K 2 K",there exists õ e õ"*, such that õ = õ"

Since {yr} h* the same law under $" and þ and

Pun*(ut., -. - ,un) : ilP r¿(vr ,''' ,an),
ö€Ø'x
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then it is clear that

uhere g satisfies

and h satisfies

then

put*(ar.-- ,a') )- Po(at,- .. ,an),

õ"(K): e@)h(K)

(5.41)

for any n € lV. Then the conclusion of the lemma follows trivially I

5.3.5 Compensators avoiding over estimation

In this subsection, the sufficient conditions for the compensators avoiding over

estimation are given. These conditions are similar to 1221, which hold for hidden

Markov model, in which the observed process takes values on a finite set.

Theorem 6.3.L2 Suppose that conditions A1, A2, A3, A4, Al, A6 and A7

hold and, the family of densities F : {l(,0) : 0 e @"} has Csiszar propertg-

If the compensator is of the fonn

(5.42)

rïitsr (Y) p@)>I

h@) - h(K).Wj! *r,

limsup R@) 3 Ko,

î > rc >t,for

(5.43)

(5.44)

7¿-+oo

with probability one under þ

Proof :

Suppose the compensator 6^(K) satisfies the hypotheses of the lemma. Let K
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be any positive integer such that y s Ko, then by Lemma 5.3.9 and Lemma

5.3.11,

-1
limsup (Y) log(;

Pl,t Ut, -.' ,Un)

PML¡ço(Au. -. rUn¿-+oo

t¡-+oo

logn

By hypothesis (5.44) and (5.43),

Iimsup e@)(nQr") - h@))
r¿-+æ

-1

n

(Y) -1 K(K + t)
2

log n

+2

ç(n)

ç(n)
r¡-+oo

K(K + t)

2

Hence by hypothesis (5.42), (5.45) and (5.46)'

limsup

1)

2

K(K +

-(

-(

(ry)-' ("*,^rr) - c*",^@))

n
lim inf

r¡-+æ.,

.,

-l

(5.46)

1

p

psu

Iim sup

sulim
n-)oo

lim
z-+æ

n-+æ

* lim sup eçn¡(nçx") - h1.r'))
7t-+ oo

(Y)
*1
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4s;!., _ (ti._u.,)

So we have

rimsup (Y)-' ("*,*rr) - c*",n(u)) < o,
r¡-+oo \ ?7' /

for K > K". (5.47)

Suppose for gr € )-, there is a subsequence î^r@) such that

R,,@) --+ L, as i -+ oo, (5.48)

where L > K". Since fr-@) € N, for every n,, then from (5.48), there is

M e N, such that

R.,(g):L, vi> M,

implying

ripzup (Y)-' ("u*,ro),,,(s) - c*",-,(s))

: rip sup (Y) 
-' 

(, ,,^,(s) - c *",^,(u))

by (5.a7).

However, by definition of Ê,,

"u-rnr,n(r) 
* C*",*(g) > o, for everY n € N,

implying

lim st,p (Y)-t ("u.,r"),.,(s) - cx",n,(a)) > o,

which contradicts with (5.49).

Therefore, evety convergent subsequence of î"@) must converge to a limit

which is less or equal to K". Hence, it follows

lim sup î"@) { K",
t¡-+oo

with probability one under /". r
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5.4 Consistent Estirnation of the Order

Finally, in this section, an example of a compensator which avoids both under

estimation and over estimation are given. The idea of this compensator comes

from [22].

Theorem 6.4.t Suppose that conditions A1, A2, A3, A4, Al , A6 and AT

hold and the famity of densities F : {f (,0) : 0 e @"} has Csiszar property-

Then the compensator

6*(K): e(n)h(K),

where

ç(n):2Wn
ønd

h(K): K2(K + l)',

prod,uces a strongly consistent estin¿ator R. of K".

Proof :

It is clear that, for each n € N,

6*(K) S 6*(î), forKlK

and for every K € JV,

.\ga,1r¡ : [ry2K'z(K* t)' (

: zK2(K + 1), (;*
0

lrßtåf în) K", (5.50)

So by Theorem 5.2.1,
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with probability one under /".

It is obvious that

a

log nliminf p(n) liminf
¿--+æ (Y)-1 (Y)-1

2
¿-+æ n

12

Now we only have to show that for R > K > t,

h@) - h(K) ,î(î^* t) *,
2

or

zî'z(î +L)" -2K2(K + l)', -îtR + 1) > 4.

Letî : K + Ic, forsome ft ) 1, then

zR(î + 1)' -zKz(K + 1)'- R11+ t¡

: 2(K +k)'(K+/c + 1)' - 2K2(K+ 1)' - (K +k)(K+k+ 1)

: z(K2 +2kK + k'){(K + 1)' + zk(K + 1) + *'?}

-2K2(K + 1)' - (K + k)(K + ft + 1)

: 2K2(K + 1)' +2K2{zk(l( + 1) + k'z}

+2(2kK + k2XK + 1)2 + 2QkK + tc\{ztcç¡r + 1) + k'\

-2K2(K + l)', - (K + k)(K + k + 1)

: 4K2k(K + 1) + 2K2lc2

+(2K + Ð{2k@ + 1)' + 4k2(K+ r) + zr3}

-(K+k)(K+/r+1)

So by Theorem 5.3.12,

lim sup Kn I K",

with probability one under /"
ß-+æ
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From (5.50) and (5.51),

ttår3f în: lims;p Rn: K",

with probability one under {o, implyi"g JR I' exists and

with probability one under /"

Knlim
'l-+æ

K"

t
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Errata
Explanation: p/n means page p, line n from top . The first word/phrase is to be repÌaced by the
second following the colon (:) but sometimes a simple addition is indicated. Mathematical typos
are in bold face. The errors were mainly of a grammatical nature which was due in part to the
fact that English was the second language of the author. This list has been presented in a compact
folm and lists the errors pointed out by one of the examiners.

vä173 patient: patience 1/5 with : where 1/B hidden : it is hidden Il72 widespread : widely used
216 model: models 2116 fact to be :fact, noticed in.. 3121in size : in the size 4f2 on : in 4/3
and also the last : (omit) 4/7 inspiring : inspired 417 is dedicated to solve : investigates 4/10 in
[46], we will: those of [46], we shall 4fL3 contains .. aim : reviews literature and gives the aiùs
5/8 for completeness and : (omit) 5/13 So the : The 5f 14 can be : are 6/3 Such : Such a 6f 4 a
true: the true 6/5 this true parameter : these true parameterc 7f 4 with (2.2) : to (2.2) 7f7 then
a¿¡:Thentheo¿¡7l1,4Thu,sA:Thatis,A11/14theblock:block7615Apair:Thepair'18/1
we will : we shall 18115 expressed as : written 20/9 sometimes : sometimes the sequences 26f2
then : (omit) 2613 By knowing : Knowing 26f 4 parameters: the palameters 26f 5 then: (omit)
2619 i - i,.. : i : 1,.. 2712-5 nlmfu)]: A 2BlI0 rA: A : rA : r 35170Next Lemma : Tþe
next LemmaSS/ß are: are a35/13 and : and a36114 (see 35/13) 42112 that: that the 43/1
such: such a 4312 parameter : parameter seí 43f 5 parameter : parameter set 43/8 parametei :

parameter set 43f 12 parameter : parameter set 43/16 As a straight : As a 43120 true : a true 43120
parameter : parameter se|44f 7 parameter : parameter set 44f 7 contradicting with : contradicting
44f Sparameter: parameter set 44lLB since : .Since 44120 contradicting with : contradicting4419,0
it must be: (omit) 45f Tparameter: parameterset 45110 important being ergodicity. trrgodicityiis
essential for the limit 4B/11 The Kolmogorov consistency theorem .. gives the existence 48/15 now
we have : we have 49/9 This is the Borel ..51/5 equivalent with : equivalent to 5412 parameteri :

parameter set54f22 in the implication form : (omit) 58115 of a finite mixture 60174 contradicting
with : contradicting 60/191/. Then Ñ > ¡¿. 6115To prove the Lemma it is sufficient to show 61/1,9
such that: such that each 64f 6defr,ne it Laplace transform 67/8 results of : resultson6Tf 77 in onq:
intheone63f2Sbases: basis6g/3of bases: inabasis6g/5space.The69/gislinearlyindependent
70/6 There exists 70119 Otherwise, suppose 72llg theorem, mathematical T2/21for some nJzl2I
that then the class 73117 The dominated convergence theorem applied to (3.22), ensures 7al6by,
the monotone convergence theorem, (3.19) then74ll0 (3.25) implies 74/I4 hypothesis, the calss of
741I5 implies 74/19 Therefore, the class 74120 mixtures, we have 75/5 results hold, when .. are
replaced by... 7617 omit: to allow the above possibilities 76115In the expression 7712We shall,
7711,4 then by part : by part 77/79 We shall 7BlI4 written as : written 78/21This is equivalent
with 79/1 then by : by 79115 The sufficiency is obvious. We shall 80/3 parameter: parameter set
B0/4 parameter : parameter set 80/5 Then BO/9The next lemma an example of such a parameter
set that can be a true parameter set B0/15 Then the size .. that is, there is no B0l2I contradicting
the fact 81/1 which are equivalent to the true palameter set. 81/4 parameter : parameter set
8I/27 Since the 82f 5 parameter : parameter set 8219 the parameters 85/16 the parameters 86/1
However, by 86/7 In the case 86/12 the parameterc BT f 12 identified as having the form 9lll0
This gives 96/3 contradicting the 97lI However, for i : 1, . . ., I{2, î¿ ) 0, so 97/3 From (3.97)
97l8If there exists an g8/1 contradîcting the fact.. is minimal 99/1 tlìe parameters.. take the
forms: 99/18 the parameters.. take the forms: 100/7 The ... contradicting the fact 100/15 the
parameters f07/73 then we have: we have 101/17 focus on the 70212 contradiction) we must have
for 103/9 and is impossible I03/II to obtain L03112 is to be modelled 103174 some stochastic
I04/I9 same as : equal to 104120 So in this : In this 70511and Õ¡ will be this class 10711. the
I(ullback- 70713 we shall I07/7 In section 1071L7 the comparirgI0Tl20 we shall I0Bl2 Therefore,
our 108/3 giving a topology on the I0Bl4 We also give some 108/7 from the general to the hidden
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I1016 compactification of 1i0/B dense in .. Define the uorm lI7l6 We shall 118/1 then by: by

118/19 The equation : Equation II919 Similarly, exchanging 17911'5 Such a process 119/19 So

the: The I1gl20 hold,then: hold. Then 120lIB almost surely 12114 almost surely 127176 almost

surely l23l2l having an 124f 4 having an I26fI The Levy 12615 theorem for : theorem l27fl4
the Caesaro.. the stationary 12817 by the 728112 we shall I29lI2 by the definition 72911,48y

theI34l77 Kingman's lSslgwhich:This LSîllSwhich: This I37lI5 weshall 1'41177 parameters

I42lI5 weshall 74313 such a I4Slllspaceon I5017 using a 1,501I3 By the Helly .. forthesequence

ISI|I We shall lflll We shall l55ll We shall l55ll0 Therefore, under 155113 taking the limit
155114 values of 155120 to equal 156lI This is proved in 75612 we shall 15617 we shall I5Bl20
as is shown in the following lemma. 159/10 we shall 159179 we shall 16812 parameters 16817

attained for 769177 we shall 17019 Given : Give 170110 compact, then : compact, I70lI9 is the

closure of l7ll22 The theorem 17319 to be modelled :(omit) 173113 task now is : task is l73ll4
As parametric.., we shall 173120 have joint I75lIl models 17612 obtain sufficient 77918 Using the

1,7gl13 introduce the 181/9 calculating 181/10 respectively, we have l84l19 assigned previously'

The recursive step is always possible. There will be at least..185l4Fot proof of ..' we use Stirling's
186/5 Extension of the 186/6 we extend 186/10 density function of .. is 187/10 is a maximum

188/13 Expanding 189/6 variance process : varaiance I8916 and corresponding density 189/18 is a

maximum Ig217 thar the probability lg2lIl of the Csiszar I93/1by the I9316 By the 193/19 show

tg4/II property. Then 196/15 propert. Then 196/17 almost surely I97lIB This implies 197120

almost surely 193/6 almost surely 198/9 has the Csiszar property. Then 199/6 for a hidden 199/9

has the Csiszar 20llß by the definition 202/3 estimation is given 20216 has the Csiszar 205127
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