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Abstract

This thesis is concerned with the action of an environment on a system.

We first deal with the fundamentals of decoherence by describing a model for the
interaction of two particles. We use standard quantum mechanics to derive the density
matrix and its behaviour in time and space; this allows us to investigate what the model
can tell us about any mechanism which might be involved.

The remainder of the thesis looks at scalar fields, and uses the influence functional
technique to derive the density matrix resulting from the evolution of a gaussian density
matrix, which itself describes the initial state of a field mode coupled to a bath (of
oscillators).

First we cover the background to influence functionals and squeezed systems. We
then consider a squeezed system, in particular calculating the entropy production. We
show that influence functionals can reproduce and also extend earlier results that have
been obtained by others in several different ways. These earlier results were all derived
by calling on various ad hoc prescriptions for decohering a system; our approach is more
systematic in that we do not force any coarse graining to occur. In doing so we place the
system-environment interaction on a more secure footing.

Next we extend our formalism to consider the evolution of primordial fluctuations
in the early universe, using new inflation as a starting point. We are able to follow
the evolution of density fluctuations and their conjugate momenta to determine whether
the general model of a scalar field mode outside the horizon coupled to an environment
(composed of short wavelength modes which are still within the horizon) can adequately
produce the perturbations needed to act as seeds for galaxy formation.

Lastly we use the influence functional technique to study particle creation in two types
of spacetime: those which have a horizon and those which don’t. Traditionally, particle
creation has been associated with the presence of a horizon and its geometrical effect of
distorting field modes. We show that in our language the nature of particle creation need
not actually refer to the existence of a horizon; this goes some way towards tying together

the seemingly disparate viewpoints of statistical mechanics and the geometry of relativity.
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Chapter 1

Introduction and statistical

background

Quantum mechanics traditionally is concerned with isolated particles evolving in some
potential, and it allows us to explore what characteristics they can be found to have as
the result of a measurement.

The conventional interpretation of quantum mechanics does not ask what happens
during this measurement process, merely what its results are. Of course the act of mea-
surement itself has long been seen as problematic, as typified by the Schrodinger’s cat
paradox.

The resolution of such paradoxes—at least within the conventional framework—appears
to lie with the identification of an “environment” which can act on a “system” of interest
whether or not an observer is present to consciously make a measurement.

This view, that the environment cannot be neglected in the evolution of a system, is
the subject of this thesis. The question of what “really” happens when a wavefunction
collapses is not addressed; instead we focus on investigating to what extent an environment,
can influence a system in such a way that classical behaviour ultimately emerges from
a quantum treatment. This investigation has important consequences for ideas of the
universe’s early evolution. For example, consider a system interacting with a detector.
Somehow as a consequence of the interaction, the density matrix of the system becomes
diagonal, which implies some sort of classical behaviour emerging. But if we consider
the system-detector to be a new, bigger system, then its density matrix does not become
diagonal. If we introduce another detector to interact with this new system, the same
description holds: by introducing ever more environments which interact with the first
system to become ever larger systems, we are effectively pushing the off diagonal terms

further and further away.

In the original contexts where the density matrix played a role, this continual sweeping
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under the rug gave no problems. But in the context of the universe as a whole we clearly
are running out of environments to soak up the extra terms. This thesis aims to develop
some techniques of dealing with the system-environment interaction at both small levels
and cosmological ones, with applications to investigating the emergence of classicality both
in a simple system and in the early universe, and an alternative view of the production

of thermal radiance for various types of motion and spacetimes.

It has two rather separate parts. The first comprises just one chapter on the DeWitt
model of decoherence. This model considers a light particle incident on a more massive
one, and it then goes on to consider the case of many light particles incident. DeWitt
wished to use this to follow a relatively simple route from a quantum system to a classical
one. Initially we studied his model in some detail to see what we could infer from it.
Because DeWitt’s explanation of the model was somewhat sketchy, our aim in this work
was to calculate the maths fairly precisely, trying not to leave any stones unturned along

the way.

Unfortunately, doing so defeated the whole purpose of discussing such a simple model
in the first place. We made the model more realistic—and introduced the all-important
concept of time—by modelling the particles not as plane waves but as wave packets. Not
unnaturally, at this point a lot of numerical evaluation was needed to get some feel for
the increasingly more complex density matrices involved, and current computer speeds
are not up to allowing us to proceed at a worthwhile pace. It seems that on a closer
inspection, the model didn’t live up to its initial promise of simple results. However we

did establish a new uncertainty principle in the plane wave case.

The second part of this thesis comprises the more technical, but hopefully more fruit-
ful, models of system-environment interactions modelled by influence functionals. The
influence functional technique, now something over thirty years old, is a formalism for
evolving a reduced density matrix, and as with so many tools in physics it finds its easiest

application to systems and environments composed of oscillators.

Any system with a quadratic lagrangian (which is always what we consider) has an
evolution operator that can be described in quantum optical language using Bogoliubov
coefficients. Besides giving the influence functional formulae in a more elegant format,
chapter 3 (the introductory chapter on influence functionals) gives a simple but very useful
theorem which states that the sum of the Bogoliubov coefficients of such a system satisfies
its classical equation of motion. This theorem is used throughout this thesis, because such
a sum figures prominently in the formalism. It has been noted before, for example in [1]
and in a more limited form (for the static case only) in [2].

In chapters 4 and 5 we use influence functionals to evolve reduced density matrices.

The main effort in these chapters concerns calculating coefficients in the matrix prop-
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agator. These coefficients contain divergent integrals, and when treating these in two
different ways we found a contradiction in the results. In chapter 4, the results found by
using a simple approach to regularising the integrals differ from the next chapter’s more
sophisticated approach. We have not been able to resolve this contradiction.

In the last chapter of this thesis we deal with the subject of thermal radiance as seen by
a variety of different observers, such as in the familiar Davies-Unruh effect. Although we
don’t use influence functionals in this chapter, the sum of the Bogoliubovs again makes its
appearance. We concentrate on using the formalism as an alternative way to consider the
noise and dissipation created in the surrounding vacuum by say an accelerating observer,
and show that it gives the usual result that these are identical to the noise and dissipation
which an inertial observer would see in a thermal bath. We also show how the formalism
can be used in examples of more complicated motion which were previously thought to
be related to the existence of a horizon. In the influence functional treatment the idea of
a horizon is no longer really necessary at all.

Many of the long calculations for the influence functionals have been put into appen-
dices. Also in the appendices we have listed the various lagrangians for the scalar fields
used in this thesis.

A note about notation: there are three system-environment models discussed in this
thesis, each with different labels for the system and environment oscillators. I have chosen
not to use a uniform notation for all three, since this would make them unrecognisable
from other work which has been done in each of the three areas. Notation which has been

used is as follows:

chapter 2 | chapter 4 | chapter 5

system: X T q

environment: x q r

Statistical background

The idea of looking for the effects of an environment without having to include it in every
question we might ask about some system of interest, is important to quantum statistical
mechanics, and plays a major role in this thesis. For example it is thought to play a key
role in the quantum to classical transition, and in such areas as entropy growth for an
evolving system.

In practice we can “hide” the environment as follows. Suppose our system is labelled
by z, with the environment (or bath) labelled by q. Consider finding the expected value of

a system observable A(z). The system plus environment is described by a density matrix
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p. Elementary theory enables us to trace over both ¢, z:

(4) = tx pA = [(galpAlgz) dgd (11)

We wish to make use of the fact that A is independent of the bath, ¢q. So write

(A) = /(q z|p|l¢' ') (¢ 2’| Alq z) dq dq' dz dz’ (1.2)

The term involving A can be split into its constituent bra-kets, since it doesn’t depend

on ¢q. So we have

(4) = [lazlold'a')(s'|4l2)8(d’ - q) da’ dq do da’

/(q z|plgz')dq (z'|Alz) dz da’

-

= (zlpr|2')
= [(elp.la’) (o'|Alz) du d’
= trp.A (1.3)

where this last trace is now only over z, the system variable. This defines a new quantity,
the reduced density matrix, and armed with this we are in a position to treat the system

in the usual way without needing to refer to the bath.

Although the density matrix is central to the work which follows, it certainly does not
give an unambiguous description of the system. We can see this by describing two very
different mixed ensembles, both of which have the same density matrix. Each ensemble

comprises say three large sets of atoms. Suppose they are produced from an oven:

(1) In the first case, they leave the oven without our measuring their spin. Write a
density matrix description of them in the z-basis: it will be just a weighted sum of | T)(7 |
and | [)(] [, and since we have made no measurements, the weightings must both be 1/2,

so that the density matrix can be written:

1/2 0
[ / 1/2] (L4

We now could choose to send them through a Stern-Gerlach apparatus which sorts them

into spin up and down. We might measure the populations of the three sets as follows:

60% 1,40% |
54% 1,46% |
50% 1,50% |
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Obviously the percentage of each spin has some nonzero variance. Even for a large num-

ber of sets, the mean will tend toward 50%, but the variance will not tend to zero.

(2) For the second ensemble, we again have three sets each containing a large number
of atoms, except that now after exiting the oven, the atoms have been prepared into equal
up and down spins by a preliminary measurement made by someone else, before we get
to measure them. Then their density matrix is again (1.4), but now on passing the atoms

through our Stern-Gerlach apparatus we measure

50% 1,50% |
50% 7,50% |
50% 1,50% |

i.e. the mean is 50% and the variance is exactly zero. So these two ensembles are distin-
guishable even though they have identical density matrices. We do not treat this point in
this thesis; we implicitly assume that the reduced density matrix we are using contains all
the information about our system and its past interaction with the environment. However
we should bear in mind that issues such as how fundamental the density matrix is, are

still a matter of some debate within the various theories of quantum measurement.






Chapter 2

A simple model for decoherence

In this chapter we explore a model originally proposed by DeWitt [3], who suggested it
as a simple means of exploring decoherence using elementary quantum mechanics. We
examine his derivations and conclusions, but ultimately decide that the model is not as
useful or simple as it might at first appear.

The basic model is that of one light particle (the environment) incident on an infinitely
massive one (the system), in one dimension. The light particle is modelled by plane waves
and the interaction potential is assumed to be a delta function. After analysing this we
then introduce a large number of incident light particles, and ask how they affect the
position and momentum of the heavy particle.

DeWitt originally calculated the density operator of the heavy mass, and used it to
conclude that if the mass was bombarded by a large number of light particles of incom-
mensurate momenta, then the density operator would become diagonal. He proposed that
this was a simple mechanism for the emergence of classical behaviour for the heavy mass.
We wish first of all to follow his argument, but with all details included.

Suppose the light particle has mass m and position z, while the heavy one has mass
M and position X. We take as our hamiltonian for the assumed point interaction:

—K* 8 K 9
T 2M 9X? 2m Oa?
where g denotes a coupling constant.

Let the state vector of M be |¢) while that of the whole system is |¥). DeWitt
originally assumed that the heavy particle is much more massive than the light one, and

used this to give the following solution to the Schrédinger equation:

X,t | . I
d)(\/Ll ) {0(X — ) [e’gz + Re"%(”_ZX)] + 6(z — X)Te’gx} e himt  (2.2)

H + g6(z — X) (2.1)

U(z, X,t) =

where L is the length of a box used for normalisation, R and T are reflection and trans-
mission coeflicients: |R|? + |T'|* = 1.



We first wish to derive this result and follow DeWitt’s reasoning. To this end we will

carefully define the problem and solve the Schrodinger equation.

2.1 Deriving DeWitt’s result

The first thing apparent about (2.2) is that it appears to have been derived in a box,
and yet for X < z there are no left-travelling waves. This is an inconsistency: we expect
that for both periodic and non-periodic boundary conditions we should always have waves
moving in both directions.

Also DeWitt’s argument depends upon one particle’s being much more massive than
the other, and among other things we wish to investigate the extent to which this condition
must hold. So we solve the problem initially without assuming that M > m.

We will change to coordinates which make the equation separable, and the form of the

potential suggests that the best transformation will be to the centre of mass; so define:

mx 4+ MX
=z—-X Y= —o 2.
y=z ’ m+ M (2:3)

together with the usual reduced mass p, and write
U(y, Y1) = ®(Y,1)e(y, t) (2.4)
so that Schrodinger’ equation becomes
—h? 9? —-h* P oV

XN V(y)J * 2(M + m) oy? V=g (25)

EHy EHY

—

If we follow the usual separation of variables approach, then we obtain an expression
which equates a function of ® with a function of ¢, in which case each expression can be

set equal to some function of time only, say f(¢). Then rearranging the equations gives

(8, - 10)¢ = in2?
(Hy +f())e = z’h%? (2.6)

So f(t) acts like a potential, and inasmuch as such a time dependence wasn’t considered
by DeWitt, we set it equal to zero. The two functions ®(Y) and ¢(y) each satisfy their
own separate Schrodinger equations, and the one for ® is easily solved to give plane wave
solutions with the centre of mass energy:

B(Y, 1) = ¥ VIMIm)Ecy /h=iBcpt/h (2.7)
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A more general solution ®,., can be made by summing over these modes. We will later
choose @, to be a gaussian wavepacket.
The wavefunction for the relative motion, ¢, is expressed in terms of plane waves of

energy E,.. Separating the y and ¢ variables yields

By, t) = x(y)e FL (2.8)
with P2 g
[—2—#% + V(y)} x(y) = Erax (2.9)

Suppose we obtain the delta function limit by solving the more general problem of a
square barrier potential. Because this potential is a function of the relative positions of

m and M, we can consider it as follows:

Q &=

vV region 1 region 2 region 3

0 a

We will let @ — 0 to get the delta function limit. In order to try to reproduce DeWitt’s
solution we have not explicitly placed the interaction in a box, or rather, the box has a
length which tends to infinity. The unnormalised wavefunction for the separation of the
particles is:

Xi(y) = ¥ + Re™™™  y <0

Xx2(y) = A"+ Be™ 0<y<a (2.10)

Xa(y) = Te™ a<y

hk = \2uE. , hy= \/QM (% - E,e,> (2.11)

Matching the wavefunctions and derivatives at y = 0 and a yields

where

k2+2
—_ - shya

!‘%;—,;ﬁ shya +2 chya

() (1£2) e
Bf T B shya + 2 chya

T = e 2.12
K2 shya +2 chva (2.12)

tky

tky




R and T are the usual reflection and transmission coefficients, with |R|? + |T']?> = 1. We

can introduce a normalisation N /v/L to write:

N iky —iky
x(y) = Ji {0(=y) [ + Re™]
+0(y)0(a — y) [Ae™ + Be™]
+0(y ~ a)Te™} (2.13)

Finally the total wavefunction is

mz+ MX

U(z, X, t) = <I>m( e

,t) x(z — X)e 7k (2.14)

We can show this leads to DeWitt’s result. Set the width a of the top hat equal to zero

and take out a factor of e~*¥X to match DeWitt’s notation:

Ne kX mz + MX ike —ik(z—2X)
\I/(:E,X,t) — —\/E— gen (rrn_l_—M’t> {H(X—IL') [e +R€ ]
+0(z — X)Te“w} o~i=Rls (2.15)
DeWitt took M > m, so that
Y—-X , k—\/2mE,; =p/h (2.16)

where p is the momentum of the light particle in the original X,z frame. Hence the

wavefunction becomes:

L i
U(z, X,t) = N-eTLhX(I)m(X,t) {0(X —z) [eiﬁx + Re‘i‘,'%(z—zX)] +0(z — X)Teiﬁx} -5t
(2.17)
If we put
H(X,t) = Ne XD, (X, 1) (2.18)

then this solution reduces to (2.2), which was given by DeWitt.
This factoring out of a wavefunction for the heavy particle depends on our taking
M > m. The density matrix for the whole system is just |¥)(¥|. We can calculate a

reduced density matrix (called simply p with no subscript r since this is the only density
matrix we will deal with) by tracing out m:

o(X, X' t) = /(:c,X,t|\Il)(\I!|m,X',t) de

. ‘ .,
_ /(I)gen (mx%—M‘X,t)q)* (m:a-!—MA

m._},.M gen nl_!_ﬂ’j‘ !t)/\/(x_'X)X (-’B—X)dw

(2.19)
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If ®,., is chosen to be plane waves, then the Qgenézm in the last equation has no z-
dependence, and merely multiplies the rest of the integral by a function of X — X’. Also,
if M — 00, @, becomes a function of X only, and again it plays no part in the integral.
This is the case considered by DeWitt, and he concludes that this fact is crucial to the
decoherence process happening. In section 2.1.3 we’ll investigate the consequences of
assuming that the masses can be quite arbitrary, and will take (2.14) to be the correct
solution, calculating the reduced density matrix for the mass M. But for now we keep
M > m but take a # 0, and calculate the reduced density matrix. In that case

PGXLE) = Bun(X, )05, (X, ) [ x(z— X)x" (o — X') de
= 9 (X,1)95,, (X', 1) x
- V2 - ik(z—X) ik(X ~7)
Jim T/ {0(X —2) e + Re ]
+0(z — X)0(X +a—=z) [AeV(x_X) + Be"(X—I)}
+0(x— X — a)Te““(T‘_X)} :
{G(X/ _ CU) [eik(X’—x) 1 R*eik(z—X’)]
+0(z — XN(X' +a —a) [A7e" K 4 prer(X'-o)]
+0(z — X' — a)T*eik(X’_x)} dx (2.20)
We assume X' < X, and first take the width of the hat a to be such that the ordering of

variables appearing in the integrals is as follows:

S
S
+
Q
e
L+
[l ]

|
!

I I
X' X' X' +a

Xl

When L — oo the only surviving terms in the integral will be those with L in the limits
of the integral, i.e.

p(X, X' t) = <I>gen(X,t)<I>;m (X', t)x

- V]? /X’ [eik(x—X)+Reik(X—x)] [eik(X’—z) +R*eik(x—X’)] P
L—oo L X'—-L/2

X+L/2 . ,
+/ ITIZezk(:l:—-X) ezk(X’—x) d:IZ}
X+a

= @gen (X, 1), (X', )NV [cos k(X — X') — i| T2 sin k(X ~ x| (2.21)
In the limit of zero coupling (g = 0), T =1, so that

X, X, 1) = @yen (X, 1)D5.., (X', 8) N2 X=X = (X, 1yp™(X', 1) (2.22)

11



as expected. Substituting this into (2.21), we can then recover DeWitt’s case by setting

a — 0 as follows: firstly, with ¢ — 0, we have ya — 0, while v?a — 2—;"52 Hence, with

. mg
o= —hzk (2.23)
we have , )
—ta
2.24
i (2:24)
So finally

p(X, X', i) = (X, 1) P (X, 1) (L4 )7 L + o2 E M cos k(X — X')|  (2.25)

which was arrived at by DeWitt, who points out that this density matrix can be modified
to describe a localised state. Two things must be introduced: first, bombard M with a

large number of identical masses m. In that case the “environmental modulation function”
E(X - X) = (1407 14 a?e* X cos k(X — X7)] (2.26)

in the reduced density matrix (2.25) will become raised to some large power. A plot of
the |Ey| versus X — X’ will have sharp peaks, separated by X — X' = = /k. Second,
bombard M with further large numbers of light particles, but make sure that there are at
least two groups of incommensurate momenta. This has the effect of multiplying terms
like (2.26)—one for each different value of momentum, so that the new environmental

modulation function becomes
ENX - X)ER(X-X") ... (2.27)

When the modulus of this is plotted versus X — X’ we now find that, for Ny, N, ... large
and ki, k... incommensurate, that all peaks have been removed except for the one at
X — X' = 0; that is, the reduced density matrix has become diagonal. DeWitt describes
this as pointing to a localisation occurring. Actually, what has happened is that the den-
sity matrix has become diagonal. This doesn’t mean the large mass has become localised;
for this to happen we would require all but one of the diagonal elements to go to zero.
What we are really dealing with here is decoherence in position, and this is a first step in

the direction of classicality.

Does a similar thing happen for a top hat as opposed to a delta function interaction?
Again plot the modulus of (2.27) versus X — X', where each modulation factor now comes
from (2.21) for ki, k2 ..., while a is given by (2.23) and T is calculated in (2.12). It’s easy

to verify that exactly the same thing happens: decoherence in position still occurs for a
top hat potential.

12



Suppose we take the width a of the hat to be larger:

I I

X' L X' X'+a

Then as before the only surviving terms in the integral, eqn (2.20), will be those with

L in their limits; this doesn’t change the final expression for p, eqn (2.21). Note we’ve

assumed X' < X. If X' > X we use the fact that p is hermitian: p(X, X') = p*(X’, X).
A typical plot of |EY| -vs-X — X' for some large N is shown in figure 2.1. In sec-

1.0
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0.4
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Figure 2.1: Modulation function for a large number of incident particles of one momentum.

tion 2.1.3 we relax the requirement that M be much greater than m. But first we use the

theory developed so far to introduce a new result not noted by DeWitt.

2.1.1 A new uncertainty principle

Refer to figure 2.1. We define 6X to be some measure of a peak’s width (say, where
the first inflection point of the |EY (u)|-vs-u curve occurs), and focus on the spread in

momentum of the mass M by defining a new quantity AP,

2 _ D2 2
AP = AP + APC (2.28)

large mass -+ interaction  large mass without interaction correction

13



Armed with these definitions we here prove the important result of this section:
AP 68X ~h (2.29)
To do this we need to calculate A P?:

AP = (P?) - (P)?
tr pP? — (tr pP)?

Now we can for example calculate (P) by: (dropping the ¢ in the following expressions)

(PY = tr pP = / 4X (X|pP|X)

= /dX dX' (X|p| X" [—ih ) 6(X’—X)]

ox’
0
X'

- /dX dX' (X|) (] X") Ep(X — X') [—m §(X' — X)l (2.30)

However it turns out to be simpler to write the trace in the following way:

=[x x5 = ) (wIx') (—in e ) (K1) B - X0 2a)

Then using the fact that £,(0) = 1, we have

(P) = —ih / dX dX' §(X — X') zp*()(')ai [$(X) Ex(X — X")]
= —ih [ dX §(X) W(X) + $(X) EY(0)
(F), . (P) for no interaction
= (P) — ih E|(0) (2.32)
Also
2 2 / ! * (] 82 !
(P) = 1 [ dX dX' §(X — X') " (X) 5z [(X) Be(X — X

= / dX dX' §(X — X') ¢*(X')aa—;2 [$"(X) Ex(X — X') + 29/(X) EL(X — X)
+9(X) E{(X - X')]
= = [aX w0 W)+ 2(X) BO) + $(X) BLO)
(P), i.e. (P?) for no interaction
= (P) — 2ih E}(0) (P) — K2E"(0)

14



So
AP? = (P?) —(P)
= (P*) — 2h E,(0) (P) — k* E}(0)
— (P)? + 2ik EL(0) (P) + h® E(0)
(P*) = (P2 + 1 [B2(0) - B{(0)]

e —— 2
AP = AP?
Thus
AP? = 1? [ER(0) — E;(0)] (2.33)

For simplicity, consider the case of N particles of mass m, each with momentum hk,

bombarding the mass M. Then as previously discussed,

p(X, X' 1) = (X, )9 ( X', 1) e (X — X) (2.34)
with (u = X — X') o
Ep(u) = [e““‘ (cos ku — 1|T|*sin ku)] (2.35)
Hence :
Ej(0) = —iNk|R]* , E{(0) = —~N(N — 1)k} R|* — 2NE*|R|? (2.36)
and we obtain
AP? = N&** (1 —|T}") (2.37)

We now calculate 6.X, where we have defined it to be the peak half width at the first
inflection point of |E} (u)|-vs-u. With

w|2

flu) = |Fr(u)| = [cos:)‘ ku + |T|*sin® ku] (2.38)

then

N

f'(w) = NE?[cos® ku + |T|*sin® ku] * " (T - 1) x
[% (g — 1) (|T[4 - 1) sin? 2ku + [cos2 ku + |T|* sin® ku] cos 2ku] (2.39)

and this is required to equal zero for u = §X. Since we are dealing with a strongly peaked
modulation function, ku will be much less than one, so replace the sin and cos by their
leading order approximations. Then since |T'| # 1 we require the square brackets in the

above expression to equal zero. In that case, taking the reflection to be nonnegligible we

obtain
1

~ BN T (2.40)

6X?
Finally then
AP. 6X ~ h (2.41)
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2.1.2 Creating a transmission resonance

As is well known, when the energy of the bombarding particle is chosen so that an integral
number of half-wavelengths fits inside the square barrier, the reflection coefficient R be-
comes zero. In this case it appears that the DeWitt style decoherence no longer happens.

In this section we analyse this in more detail.

If R =0 then
k.2+,y2

1k

shya=0 (2.42)

This expression is not satisfied for v = 0 since both k& and @ are nonzero. We also rule
out k* + 4% = 0, since this implies @ — 0o or ¢ = 0, both uninteresting cases. So set

sh ya = 0 and solve for complex v: we write
ba(y) = Aet=Mv | Be—il=imy (2.43)

and note that when E,; > Vo = g/a, ¢, will be oscillatory with an associated wavelength

27

A= (2.44)

Now, shye =0 = sin —tya =0, or
—tya=nt neN (2.45)

This is just the half-wavelength resonance condition. The relative energy in this resonant
case becomes
n?m?h?
2ma*
There are two competing influences here. The first is that by increasing the number N

En=Vo+

(2.46)

of bombarding particles we can decohere the position of M fully. However by making the
relative energy equal to a resonant energy, we are setting [T'| = 1 in (2.21), which sets
Ei(X — X') = 1 and implies that no N, however large, will give decoherence. Which
effect is the stronger here? Putting

en = Byt — B, (2.47)
we can find out by calculating |Ey(u)| as a function of N and ¢,. Firstly,
Ei(u) = eNku [cos ku — 1|T|*sin ku]N (2.48)
Set I'= —iy and f, = BT 5o that
Rk = 2m (€0 4 Vo + By) (2.49)
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RT? = 2m (e, + fBn) (2.50)

This means

2 4 2\ 2
|1}|2 — (kZ—II:II ) sin? I'a 4 cos? I'a (2.51)
and with
la = nr (l. + ,)Eg ) (2.52)
—1)"e,
sin['a ~ (2% (2.53)
cos'a >~ (—1)" (2.54)

we can write |T'|? as a series in &,, keeping terms to second order. Eventually we obtain

(Vo +28,)%2
1683(Vo + B)

IT]? =1 + O(&3) (2.55)

Substituting this into the expression (2.48) and taking the modulus gives

(Vo +2B,)?
1683 (Vo + 5n)

So we see that the relative energy is the stronger competing factor, in that as we adjust

|Ep(u)| ~ 1 sin® ku N 2 (2.56)

this energy closer to a resonance value, the number N of incident particles required to

offset the cohering effect increases dramatically.

2.1.3 Keeping M finite

When the mass M is not infinite, we can no longer replace the centre of mass coordinate Y
with the large mass coordinate X. We need to evaluate (2.19), and one way to proceed is
to choose some form for |®,,, |2. Suppose then that |@gen (Y,0)]? is a normalised gaussian,

so that ®,.,(Y,0) is a wavepacket centred around some wavenumber K. Then

1

o\ 2r

(I)yen (Ya 0) =

X2 LKoY
X (2.57)

If we now express ®,.,(Y,0) as a sum of plane waves and evolve each in time in the usual
way, we obtain

1 ¥’e inFC2e -

1 -lY- t
. | M
tht ] 2 o

= %2 _4l 2 e
o2(2r) [o +2(m+M)

17



This is of course a wavepacket travelling with group velocity Eh% We can now calculate
®,e, 7., For what follows, define:

ht
a =
2(m + M)
m
ay =
m+ M
M
as =
m+ M
ay = o 4ia
0'2(1,%
as =
2
2|a4|
o _G§X2+iKoa-2a3X_a§X"2_;'I(Qa2*aax’_21(ga2a§
by = —e to4 o4 tay ay lag |2
vV 27r|a4|
b = a2a3X a2a:3X’ 2[(00'2(110,2
2 5 — —

2(1,4 2(12 |a4 I B

The X, X' dependence is contained within b and b, (and when the arguments are not
explicitly inserted it’s implied that they are X, X’).
Then
mz + MX . [mz+MX'
gen (——at) o T T

m+ M e \ Ty M ’t> =i &8 (2.58)

Note that even though this is a gaussian in z, we cannot invoke its vanishing at z = o0
to do away with the 1/v/L in the normalisation in (2.13). If we attempt this, setting
S22 S22 ¥ |? dz dX = 1 and solving for NV, the integration over X is still divergent; so
we have no choice but to retain the 1/+/L factor in (2.13).

The expression (2.19) for the reduced density matrix becomes

p(X, X',t) = Jim MLf i / I
{0(X — ) [eik(m_x) + Reik(x"”)]
+6(z = X)0(X + a - ) [Ae7=5) 4 Be"¥-#)]
+0(z — X — a)Te*==X)} x
{0(x' = z) [e*X'=2) 4 Rreikle=X1]
+0(z — XN(X'+a—2z) [A*ev‘(r—X’) + B*ev*(x'-z)]
+8(2 - X' — )T+ X)) 4o (2.59)

We assume X' < X, and first take the width of the hat a to be such that the ordering of
variables appearing in the integrals is as follows:
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]
XE’X'+a

Again, L — oo means most terms in the integral are immaterial, except those with L in
the integral limits, i.e.

2
p(X3X’7t) = Ll_l__{g) |A£| bl(X,X,) x

/X: p—sTi b [eik(:c—X) i Reik(X—z)] [eik(X’—x) + R*eik(a:—X:)] e
X'—L/2
X+Lj2

+ |T|26—a5.7:2+b2:1: eik(ac—X) eik(X’—:c) d.’E}

2.60
- (2.60)

This is just a sum of gaussian integrals. If we let L — oo in the integrals, they don’t

diverge, and hence don’t provide any factor of L to cancel the |A|?/L term. So despite
the fact that we have already discarded some terms to get the previous expression, for

now we will keep L finite and denote this by a subscript on p, obtaining

(X X/ ) |NI2 1 _a(if)(_)'+1asK (X- -X)
L 2(12

oo o () o (o - )

i ’ 'b2k 2 ) 2 k L ( _2}&7
1 Retk(X+X"), [erf (\/_X \/_Z )—erf (\/a_g, (X/_ 5) - };\/a_: )]

: n ibpk—k? by 4 2ik L by + 2ik
Rre-tk(X+X7) 22 ¢ a1 ( f_ﬁ_)_ 2
4 R*e e erf | Jas X N erf |as [ X 5 W

+ |TPemitx=x) [erf (\/(75 (X + g) - 2\1’/%) — erf (\/a‘s (X +a) - 2\6/2—5 ]

and we have p = lim;_,, pr. If we now take the width « of the hat to be larger so that

the order of X, X' is as shown on page 13, the only surviving terms in eqn (2.59) will be
those with L in their limits, and the expression for p is unchanged.

(2.61)

Showing a correspondence to DeWitt’s result

Here we show that in the limit M — co with a = 0 our expression for p(X, X', t) will

reduce to DeWitt’s corresponding quantities, as it should. Consider
etk (X -X")

lim p; = AKX -X1) |

M—oo L
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lim M { [e_ik(x—xl) + |R|2e“°(X_X')] [erf
M—co 2m

V8o

. ' X+ X Lm X+ X’] }
20=ik(X=X") | opf o —erf
T ler ( V8a \/gaM) V8a

The first error function limit is calculated as follows:
i M ¢ X+ X' ¢ X+ X Im )]
— |€ —er -
Moo 2m i NG V8o V8o M
= B N e d
T e Im S g
. M 2 Jﬁgg_{ﬁ Lin
Il}l-frnoo %ﬁe e VRo M
L _ §X+X’12
— 8o 2.63
20\/27re ( )

Similarly the second has the same value. The L’s then cancel, and after a few steps we

have
lim pp, = 12 ¢~ S HKX XY () o)™t 1+ 02X =X cog k(X — X (2.64)
M—o0 o\ 2T

Finally, this is just DeWitt’s result with the appropriate ¥(X,t) (and the L dependence
has vanished).

2.1.4 Characteristic shape of the reduced density matrix

Although the full density matrix (2.61) is too unwieldy for any useful analytical work,
we can plot its evolution for typical parameters with [ — 00, to see how necessary the
requirement is for m <« M (set A/ = 1 without loss of generality). A typical plot of
|p(X, X")| is shown in figure 2.2 (note that to keep computing times manageable, the
grid size chosen for this plot was insufficient to portray the detail of the inner peaks,
as is evident from the cross section of this plot shown in figure 2.3). As expected |p| is
symmetrical about the main diagonal, X — X’ = 0. Because of this, we can take a cross
section in the orthogonal direction, namely X + X’ = o for some constant o (which we
have taken to be 70 for plotting purposes). This plot is shown in figure 2.3. It corresponds
to DeWitt’s modulation function, except that now we have included the gaussian density
matrix due to (X, t) in (2.2) (and this acts to suppress all but the central ridges). There
is no reason to exclude this, as we must deal with the entire density matrix to see how
it will decohere. Further plotting of |p(X, X ‘)| for various times shows that the width of
the modulation of the central ridges is constant through time. This is presumably due
to our modelling the incident particle by plane waves, which by definition fill all of space

20
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Figure 2.2: |p(X, X")| for ¢t = 100, top hat width = 1, equal masses

and time. Clearly, if we arrange for a large number of incident particles, then p is raised
to a large power which leads to the central ridge being accentuated; that is, decoherence

occurs.

Characteristic width of |p|

DeWitt states that in his model, localisation (which we suggest should be read as position
decoherence) is not expected to be sharper than the width of the potential. In that case
he can achieve decoherence with many particles only because he is using a delta function

potential. Here we have used a square barrier, so we can test his idea for the case of one

|rholx, 70-X] |
[=] Q o o o o
=] =] =] =] o] ]
=] o] =] o o [s]
N W » 5] ] ~

o
=]
=]
B

Figure 2.3: Cross section of previous |p(X, X")| from (X, X") = (0,70) to (70,0).
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incident particle by examining the width of |p(X, X')|.

Since we are taking a cross section of [p(X, X”)| along the line X + X' = «, we consider

N2 1 —edex-ap _ '
lo( X, — X, 1)| = T 24.¢ 507 X |terms in braces in eqn (2.61)] (2.65)
2

where the terms in the braces have been modulated by
—a2(2X-a)?

e 82 (2.66)
This is a gaussian centred around a/2 (as we expect) with a half width (i.e. a standard
deviation) of ¢/asz, which is just ¢(1+m/M). Note that the width of the modulation—the
measure of decoherence—doesn’t depend at all on the width of the potential, a. However
decoherence is maximised (i.e. the modulation width is minimised) when m/M — 0,
which is not unlike DeWitt’s assertion that in his model, localisation (i.e. decoherence)
is a consequence of m/M — 0. Certainly by choosing a small enough o, we can have
decoherence better than the square barrier width, but this can mean starting out with a

well localised centre of mass of the system.

2.2 Conclusion

We started this chapter by explaining the model proposed by DeWitt who used it to try
to understand decoherence in a simple way. DeWitt’s result is not as realistic as it might
at first appear, based as it is around modelling the incident particles by plane waves
which by definition have existed for all time. As such it contains no information on the
evolution of the systems, and can tell us nothing about the decoherence time. However,
we did use this simple model to derive a new uncertainty principle. We then began a more
rigorous treatment based on wavepackets, which unfortunately soon gets held up by the
long computer time needed for numerical work. Although it seems that we can decohere
the large mass arbitrarily finely in position, to do so requires an initial wavepacket for
the centre of mass whose width is small. We still have no time evolution information
because the small mass has still only been modelled as plane waves, but modelling it as
a wavepacket increases the model’s complexity significantly.

At least in the way we have pursued it, the model’s initial attraction of allowing
simple tests on decoherence ideas quickly becomes complicated when we make it more
rigorous. In the remaining chapters of this thesis we consider the effect of an environment
by modelling it as oscillators using the influence functional technique. This technique
could possibly be developed for application to a bath of particles—as opposed to the

more usual oscillators it more easily adapts itself to—and that forms a direction which
further work on DeWitt’s model could take.
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Chapter 3
Influence functional theory

The influence functional formalism was first introduced by Feynman and Vernon [4] as
a way of deducing the influence of an environment on some system of interest. It was
later applied by Caldeira and Leggett [5] to the high temperature limit of a model where
both system and environment are composed of static oscillators. Initially, a prerequisite
for the use of the formalism was that the system and bath were initially uncorrelated—
an assumption we use throughout this thesis—although it was later developed for more

general cases of initial correlation [6].

The language of influence functionals is different to that of field theory, but nevertheless
has points of contact with it (as indicated in this thesis), and in fact it can be shown [7]
to be formally equivalent to the Schwinger-Keldysh closed time path formalism. Hu et
al. [8, 9] used the influence functional approach to derive the master equation for a static
oscillator coupled to a bath of static oscillators, and this was later extended to include
time dependence in both system and bath [2]. Most work in this area has concentrated
on a bilinear system-bath coupling, while a perturbation approach for other couplings [9)

has also been developed using field theory formalism.

In this chapter we further develop the work of [2], by considering a squeezed system
coupled bilinearly to a static bath, but now with a time dependent coupling constant.
Including such a time dependence will be necessary for our work in chapters 4 and 5.
We also lay out the groundwork for how we will go about calculating such quantities as

entropy, fluctuations and coherence, which form the focus of those chapters.
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3.1 Propagation of the density matrix using influ-

ence functionals

The primary thing we wish to consider is the evolution of the reduced density matrix of
our system. For this we use the Feynman-Vernon influence functional method. This has
been discussed at length in [2]; we describe it bere in order to establish the notation, and
just state its main results without deriving them.

Again consider our system described by = which interacts with its environment ¢

through some interaction. The combined action is
Sle,q]'= S[z] + Splg] + Sin[z,q] (3.1)

We require the reduced density matrix of the system at time ¢. This is found by tracing

out the environment:
pr(za't) =/ dg p(z gz’ qt) (3.2)

The full density matrix p(z ¢z'qt) evolves unitarily. Suppose we expand it using com-

pleteness relations and then path integrals:
p(z gz’ qt)=(z qt|pla’ qt)
z/dxi dq,-/da::- dq; (z g t|z: ¢; 0)(z; ¢; 0|p|z’ ¢} 0) (!} ¢/ 0]z ¢ t)
° : ) | z! [t
=/d:cidqi/da::- dq,{/ D:v/ Dgq e’s[w’q]p(mi ¢ T q 0)/ D2’ /q Dq' e~iSlz"]
zi q: g !

z; q;
= [ duidg: [ daldg J(z g2’ qtleiqi 7,4 0) p(z: 4:7)q}0) (3.3)

where J is seen to be an evolution operator for the entire system plus bath. Now to
allow further calculation we make the assumption that the system and bath are initially

uncorrelated, i.e.
p(z: 4 7 ¢; 0) = poys(2: 2} 0) pr(gi ¢; 0) (3.4)

In this case we are able to rearrange the order of integration to write the reduced density

matrix in the following way:

pr(za't) = /da:i dx; J,(z 2" t|z; 25 0) pays(z; 7 0) (3.5)
where the evolution operator for the reduced density matrix is defined by

Jo(z ' t|z; 20 0) = /:Da:/:,Dx' e S-S5l g o) (3.6)
and F[z,z'] is the so-called influence function;il:
g

Flz,2] = / dq dgi dq] pu(g; ¢/0) [ Dq ™SsleltiSindlel

g q!

Dq' =58l 1=iSinle" '] (3.7)
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We can also write the influence functional in a basis-independent form as follows. First

we write the path integrals as propagators

Flz,2] = /dq dg: dg; pi(g: 4;0) (alU(1)la:) (41U (2)lg) (3.8)

where U(t), U'(t) are the propagators for Sg[q]+Su[z, q] and Sg[q]+Sin(z’, ] respectively.

Then upon integrating over ¢, ¢; and writing the remaining integral as a trace, we obtain:
Flz,2'] = tr U(t) pe(0) U'(t) (3.9)

This form allows the influence functional to be found. The calculation is done elsewhere [2]
and here we just list the result: if we use sum and difference coordinates (which we do
throughout this thesis) defined by

Y=(+2)/2 , A=z-2 (3.10)

then the influence functional can be written in terms of two new quantities, the “dissipa-

tion” pu(s,s’) and “noise” v(s,s’):

Flz,2] =Iexp %l/ot ds /Os ds' A(s) [V(S, sYA(S") +1pu(s, ) 22(3’)] (3.11)

Thus the influence of the environment is completely invested in the dissipation and noise.

3.2 Squeezed states and their relevance to density

matrices

A density matrix supplies information about a certain quantity, say position. We can of
course convert to the corresponding matrix as a function of the conjugate variable, in this
case momentum. As the system evolves, we can plot the uncertainties in phase space, in
which case the resulting ellipse will flatten out with time, its axes of symmetry singling
out two new variables which will be some linear combinations of z and p. This process is

naturally enough called squeezing. We describe some of its formalism here, for what we
will need throughout this thesis.

Suppose we start with the general oscillator Hamiltonian

H(t) = f(t)%2 + f*(t)% + h(t)(a'a +1/2) + d(t)a + d*(t)a’ +¢(t) (3.12)

The propagator for this has been calculated in [2] and is
U(t,t:) = S(r, $)R(0) D(p)e®~#F/? (3.13)
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where p, w are defined in terms of the coefficients appearing in H, and

D(p) = exp(—p*a—h.c)
R(0) = exp—if(ala+1/2)
S(r,¢) = exp(re *%a*/2 —h.c.) (3.14)

There is a large body of theory concerning the action of these three operators, and here
we note just a few points to explain the formalism. First, suppose we start with a simple

harmonic oscillator with lagrangian

M., 2.2

_L:E—(:c ~ 0%?) (3.15)
If we construct a gaussian state in the position basis, with initially the same width o as
that of the ground state of such an oscillator, displaced by some arbitrary amount and
with a phase proportional to z, we find this to be an eigenstate of the lowering operator,
and is called a coherent state. Suppose we locate the point ({z),(p)) in phase space
and draw an ellipse about this point, the lengths of whose axes being the uncertainties
Az?, Ap*. Then as the oscillator evolves this uncertainty ellipse revolves about the origin
with angular speed f).

A squeezed state is again such a state, but with an arbitrary initial width o. We find
that as the oscillator evolves the uncertainty ellipse again revolves about the origin, but
its axes change length and it can also rotate about its own centre.

It turns out that the squeeze parameter r is related to the width of such a state:

0y h

r = 111; , Og = __QMQ (316)

Hence a coherent state has r = 0, or zero squeezing. A gaussian that initially has a width
smaller than oo will have some r > 0, and so is squeezed (hence the name). We can

generate a squeezed state by applying S(r, @) to the ground state of the simple oscillator.
Consider the new operator

b=U'aU = aa+ f*al (3.17)
where it turns out that
a = e%chr
B = —ei0+29) gy (3.18)

Going from a to b is then just a Bogoliubov transformation, and so «, 8 become Bogoliubov

coeflicients for our system. Their equations of motion are
a = —tha—if*g
B = ifa+ihf (3.19)
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Ol(ti) =a} , ,B(t@') =0
where f,h as defined in the hamiltonian (3.12) are calculated from the general system

lagrangian. This lagrangian has time dependent mass and frequency, and we will also

allow it to have a time dependent cross term for some &:

L= -M;Q (&2 + 28 (t)iz — QX(1)”) (3.20)
Then f, h are given by [2]

F B % [%(Q"‘ +E) -4 2z'5]

Eo= % [_J‘g(m + €%+ %] (3.21)

and & is an arbitrary positive constant that can be chosen to simplify the relevant equa-
tions.

In the next section we shall find that the quantity of much importance to our work
turns out to be the sum of the Bogoliubovs, X = a + 3. It follows from (3.19) that X

satisfies the classical equation of motion for the system:

. M. ) ME
ol - = .22
X+ =X+ (Q + &+ ﬂ ) X=0 (3.22)
with initial conditions
. —iK
X(t) =1 X(t;) M) E(ti) (3.23)

This is an important result, reducing as it does the usual task of finding the Bogoliubov
coefficients «,  from two coupled first order differential equations to that of solving one

second order equation for X.

3.3 Evolution of the reduced density matrix

Suppose now that we work within the context of quantum brownian motion, using the
notation of [2]. That is, our system is modelled by an oscillator with time dependent
mass, cross term and natural frequency. This interacts bilinearly with an environment

modelled in the same way, the total lagrangian being

Slz,q] = Slz]+ Selq] + Sinlz, q]

- /tj ds {%(S—l (2 + 28(s)zd — Q%(s)2?)

+ 2 [ 712 (qn + 260 (5)gndn — w2(s) qn)] + 3 [els) qu]} (3.24)
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where the particle and the bath oscillators have coordinates z and ¢, respectively.

We wish to start with some initial system density matrix p,ys(z; z:0) and evolve it
using (3.5). As described in [2], J, is calculated using the standard path integral approach.
Using the sum and difference coordinates defined in (3.10), the classical paths followed

by the system, ¥¢;, A, can be written in terms of more elementary functions u, v:

Sa(s) = Za(tiui(s) + Sa(t)us(s)
Adals) = Ag(tovi(s) + Aa(t)va(s) (3:25)

Then it can be shown that the superpropagator J, is equal to

b ;
Jo(z, 2, t|z;, 2l ;) = 2|7r—27Ii exp [%(blﬁA — XA + b3 A — b5 A)
1
= ﬁ (anA? + Cl,le,‘A + angz)} (326)

The functions b; — by can be expressed as

bi(t,ti) = M(t)ia(t) + M(£)E()

batsts) = M(t:)ia(ti)

bs(t,t:) = M(t)in(t)

bat,ti) = M(ti)in(t:) + M(t:)E(t:) (3.27)

while the functions a;; are defined by

i t ¢
ai;(t,t;) = T 65 /t.- ds . ds' vi(s) v(s,s’) v;(s') (3.28)
The functions u; — v, are solutions to the following equations (dropping subscripts on
u,v):
oM )
u()—l—Mu-}— Q+8+—5 u+ /ds,uss () =0 (3.29)

o(s) + %i) + (92 + &+ %S) v — VQ(E /: ds' p(s,s')v(s') =0 (3.30)

subject to the boundary conditions
U](ti) = ’Ul(ti) =1 ’ ul(t) = ’Ul(t) =
U2(t,j) = ’Uz(ti) =0 ’ U2(t) = vg(t) =1 (331)
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3.3.1 Calculating the superpropagator J.: ohmic environment

To proceed further we need explicit expressions for ay; — bs. These are expressed in
terms of u; — vg, which in turn come from solving (3.29, 3.30). To solve these equations
we need to know the dissipation p of the environment.

The noise and dissipation can be calculated from [2, eqns 2.18, 2.19]. We choose the
bath oscillators to be simple harmonic, that is, static with no cross term, since this turns
out to correspond to the simplest form of dissipation—local-—as shown in appendix A.

For such an environment the dissipation and noise can be shown to be

po,s) = [ dw I(w,s,5)m [X(5)X*(5")]

W(s,d) = /0 " dw I{w, s, ") coth S Re [X(5)X" ()] (3.32)
where by T' we will always mean kgT/h; X is the sum of the Bogoliubov coefficients for
the bath oscillators and I is the “spectral density”, a function defined by

Iw,5,8) = LA 55, ) (3.33)

which encodes information of the action of the environment on the system. In general the
spectral density can be described by some function of w’, where j is set by the particular
environment being modelled. The case of j = 1, a so-called “ohmic” environment, is a
borderline between the super-ohmic case (7 > 1)—which models weak damping—and the
subohmic case (7 < 1) modelling strong damping. We can in effect consider both damping
extremes by taking an ohmic environment together with some strength -, which can be
altered from zero, for a free system, up to higher strengths.

Also, by considering the continuum limit of the coupling constant, it can be shown
that this constant’s independence of n also leads to an ohmic environment; so we will only

consider spectral densities of the following form:
2
I(w,s,s") = % w os)c(s') (3.34)

For a general lagrangian the sum of the Bogoliubovs X will be complicated; however we
have simplified our calculations by taking the bath to be composed of unsqueezed (i.e.
coherent) static oscillators with unit mass. For this type of bath the dissipation and noise
are calculated in appendix A for an arbitrary bath temperature; we use the integral form
of the noise as being easier to work with:

u(s,s") = 2yoc(s)e(s)6'(s —s)

2 o0
v(s,s') = —:Q c(s)c(s')/0 w coth % cosw(s ~ §') dw (3.35)

In the high temperature limit the noise becomes white, that is it tends toward a delta
function as shown in that appendix.
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Calculating u; — v,

Now we are in a position to solve (3.29, 3.30) for u; — v,. First consider (3.29). We treat
the integral of a delta function and its derivative in the following way: use a smooth step
function (i.e. 6(0) = 1/2) to write (z1 > xo)

/ } f(2)6(z—a)dz =  f(a)b(z1—a)0(a — z0) (3.36)

To
1 f(@2)'(z—a)de = —f'(a)b(z1—a)b(a— z0) (3.37)

T
These relations can easily be proved by checking the five cases individually, of a < z,
a = zg, To < a < x; etc. Note that treating the delta function in this ‘smoothed’ way
eliminates the need for the frequency renormalisation in [10]. This smoothing essentially

just defines [3° é6(z)dz = 1/2 (see e.g. [11] for a discussion of this).
Hence (3.29) together with (3.35) becomes (with u being either u; or uy)

. M 270c? )\ . : ME . 2v0cC _
u(s)+(M+ M)u-l—(ﬂ-i—M—l—S—l— i u=0 (3.38)
Now define # by
s A2( of
U = uexp [70 /t jcw((‘z’))ds’] (3.39)
in which case it follows that
. M. ., ME . A
u+Mu+<Q +W+S MZ)u—O (3.40)

Comparing with (3.22), we recognise this as just the equation of motion of an oscillator

with mass M, cross term € and an effective frequency

2c4

M2
So, we are in a position to describe our system in terms of an equivalent system. Hence
we know a solution for @(s)—it is the sum X of the Bogoliubov coefficients for this new

system. So we write (with g1, g» constants to be determined)

Qg =0 - (3.41)

u(s) —expl 70/ —dS][ng (s) + 92X (s)] (3.42)

By including the boundary conditions for u; and u, we obtain

_ [ o] Im [X(8)X~(s)]
wfs) = exp __7°/t.- Mdsl Im X (¢)

[t )] Im X(s
uz(s) = exp 70/; Mds] I—HT)% (3.43)
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This tying in of the propagator formalism to the language of squeezed states (such as
Bogoliubov coefficients) will be very useful in the next chapter where we relate the entropy
of a field mode to its squeeze parameter r.

In the same way that we solved (3.29), eqn (3.30) becomes

. M 2y , ME . 2yt
== Mg - 4
v(s)-{-(M M) -I-(Q-i-M—l-g Y 0 (3.44)
Now write ,
. ) e
b= vexp [—')0 A MdSI] (3.45)

. M. M . A2ct
6+———6+<Q2+ M€+£—7A°;2)ﬁ:0 (3.46)

So now v; and vy can also be written as combinations of X and X*. Including the

boundary conditions we eventually obtain

vi(s) = exp '70/ ] Im()z’)((;(S)]

va(s) = exp _—70/5 MdSI] %—%ﬁ% (3.47)

Calculating a;; — b4
To facilitate our calculations we introduce dimensionless parameters for time
2 = kt , (=ks
X(z) = X(t) etc. (3.48)

and a carat will denote division by &, e.g. 4o = 70/«. Note that ¢ is the lagrangian time,
which isn’t necessarily cosmic.

Now we are able to calculate the propagator. Making use of (3.28, 3.27) we obtain

“(¢)]

an(z, ) = %/22 d(/: dct oo I e m [X(2)X*(O)] V(¢ ) e s ¢ ZacrIm [X(2)X

Im X(z) ’ Im X(z)
a . / ’YOf —dC" Im [X( )X*(g)] n =Y :, %d »Im X(C,)
12 / dC/ ¢’ e Im X(z) v((, (") e Jo it Tm X (2) X(z)

"2 = el E X e oy oo e I XD
2 22/dC/ e Im (z) (CC) J dcm
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Im X'(z)

bi(z,2) = —Hokc?(2)+ cM(z2) o X(2) M(z)E(2)
L Fme™h et
) Im X(z)
by = —Aokc*(z)+«& i—z%% + M(z)E(%) (3.49)

3.3.2 Initial and final state

The systems we will deal with are initially in the vacuum state, so that their density
matrix is gaussian. So we start with an arbitrary gaussian reduced density matrix and

propagate it. The initial matrix is
po(s @) 1) ox e tebxaimi-g7sF (3.50)
This is propagated by using (3.5, 3.26) to give
p(z,z',t) = Ne—AA?-2iBAZ-405? (3.51)

where we have used the same A, B and C notation of [12], and with &,,§; the real and
imaginary parts of ¢:

N = 2yC/rn

A = apn+ % {[(2£r + X)/4 + ay| b§ + (26 + b4) az by — (26, — X)afz)}
B = ~bi/2+4 5[(E -+ be/2) by by — (26 — x)asz b
i
C = ZD'(2§T - X) b%
D = 4/ —x*+4(2 — x)an +4& by + B} (3.52)

These expressions form the basis of the calculations in chapters 4 and 5. The quantity
we are focusing on is the reduced density matrix, (3.51), using the expressions in (3.52).
These in turn use (3.49), which in their turn depend on our obtaining X, the sum of
the Bogoliubov coefficients for the effective oscillator. The diagram shows the flow of
logic, together with the means for producing the Bogoliubov coefficients and the squeeze
parameter r, as described in the next chapter.
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system lagrangian (3.20)

M,E,Q
get Q.5 (341) |e Yo
v
eqn of motion for X (3.22) |« choice of &
X o o8 (4.6) o 7 (4.4)
a1y — b4 (349) < v

L 4

p(zz't), i.e. A — D (3.52)

Figure 3.1: The general scheme we will follow to implement the influence functional

approach.
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Chapter 4

Entropy generation in squeezed

systems

One of the issues of interest in studies of quantum cosmology is to what extent the universe
retains information about its early evolution. The natural loss of information with time,
familiar from statistical mechanics, reflects in some way the viewpoint of a particular
observer, and as such might be thought to be very much observer dependent [13]. So we
expect the entropy of some system to be dependent on its coupling to a measuring device.
Conversely, we can consider the entropy of the measuring device itself as it couples to the
system. Suppose we have some system which has been decomposed into two subsystems.
Then using the definition of entropy below, it can be shown [14] that between the entropies

51, 52 of the two subsystems, and that of the total system, S, a triangle inequality holds:
151 = 52| < 512 <51 + 52 (4.1)

In particular, if the total system is closed and so in a pure state, then it has zero entropy,
so that the two subsystems necessarily have equal entropies. Hence, asking for the entropy
growth of a system is equivalent to asking for the entropy growth of the environment it
couples to, if the overall larger system will be in a pure state.

The entropy of a system is usually defined as the logarithm of the number of accessible
states it can occupy. This is useful for a system containing a finite number of degrees of
freedom, but for systems such as fields, with an infinite number of degrees of freedom, we
need to resort to other means. The von Neumann definition of quantum entropy uses the
density matrix of a system:

=—trplnp (4.2)
As it stands, the universe presumably evolves as a closed system in a pure state, so
that p> = p and hence the entropy is always zero. This global idea of entropy is not

especially useful. More appropriate is an attempt to relate entropy growth to arn arrow
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of time. Penrose conjectured that we may be able to assign entropy to the gravitational
field by integrating the square of the Weyl tensor. Thus, the universe’s evolution toward
greater gravitational clumping would be accompanied by a growth in the entropy of the
gravitational field, since the squared Weyl tensor increases regardless of whether the

universe is expanding or contracting.

As the universe evolves, inertial observers must continually update the particle num-
bers they assign to Fock states, so that particles are being created by the fields that are
present. Hu and others [16, 17] have given a description of the entropy growth of a system
of particles in curved spacetime based on the von Neumann entropy of the density matrix
of the system. If we distinguish a system of interest from the rest of the universe, which
then acts as its environment, then we can calculate the entropy from (4.2) by using the
reduced density matrix of the system. Calculating this quantity is generally only possible
if we can diagonalise p,.q; that is, if we can find a basis in which its off-diagonal elements

are zZero.

This vanishing of off-diagonal elements is generally equated with decoherence and
a quantum to classical transition, at least in that particular basis. Other approaches
to the idea of decoherence have also been proposed. Brandenberger, Mukhanov and
Prokopec [18] introduced a decoherence procedure which relies on the squeeze formalism,
first introduced in its full context by Grishchuk and Sidorov [19]. They average over the
squeeze angles appearing in the probability functional (which plays a similar role in their
formalism to the reduced density matrix). This coarse graining procedure has the effect

that all off-diagonal elements go to zero.

A different decoherence procedure was used by Gasperini and Giovannini [20] who
considered a squeezed vacuum in terms of new variables for which the fluctuations are
maximised and minimised, and then neglecting information about the subfluctuant vari-
able. Kruczenski, Oxman and Zaldarriaga [21] also use a procedure of setting off-diagonal
elements to zero before calculating the von Neumann entropy. Likewise, in [12], Matacz

considered the density matrix of a squeezed vacuum, decohering it by setting off diagonals
to zero in the coherent state basis.

All of these approaches give an entropy of S = 2r per mode in the high squeeze limit
(r — o0). However, all of these methods are nondynamical schemes which decohere a
system in some chosen basis by hand: simply setting the off diagonal elements to zero
in that basis. What is needed is a rigorous dynamical approach to entropy generation
using nonequilibrium statistical mechanics. The purpose of this chapter is to place the
problem of calculating the entropy of a field in an open system framework, using influence
functionals to evolve the system, and calculating the reduced density matrix which will

then yield the von Neumann entropy in the usual way via (4.2). We then hope to see to
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what extent the seemingly very robust result of S = 2r is true.

Our field will be initially in a vacuum state, corresponding to a gaussian density matrix
as modelled in the last chapter, with examples residing in both flat and de Sitter spaces.
We will calculate the entropy as a function of the amount of squeezing the system would
have undergone in the absence of an environment.

Our plan is first to find an expression for the squeeze parameter r as a function of
late time, for a given lagrangian; we then wish to calculate the entropy as a function of
late time, which allows us to express the entropy as a function of r. Unfortunately, since
many of the expressions resulting from our formalism have no closed form, we cannot
calculate the entropy for a general squeezed system. Instead we’ll concentrate on two
examples of squeezed systerﬁs that are both solvable and relevant to cosmology. However
in the discussion section we do point out that one might expect a contribution of 2r to
the entropy quite generally, but that there may be other contributions of a similar size

that need to be calculated on a case by case basis.

4.1 Calculating r from the system lagrangian

For an inverted oscillator, i.e. one with Q% < 0, at late times r is expected to blow up. In

that case we can calculate it from (3.18) as follows.
la| — |B] — €"/2 (4.3)
so that
r — In(2|a|) (4.4)

Rather than use (3.19) to calculate «, once we have X we can extract o from it. This is

done by writing, from (3.19),

X = ao+p
9X/0t = i(f—h)a+i(h— 3 (4.5)
which can be solved for «, 8 using (3.21):
ol _ L 1EM iM0X
=50+= Jx e (4.6)

In terms of squeeze notation, we can follow the behaviour of r, ¢,0 by writing (3.19)
in squeeze language, with f = |f|e®:

= |f|sin(24 + ¢)
¢ = —h 4| f] coth 2r cos(2¢ + ¢)
0 = h—|f|thrcos(24 +e) (4.7)
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These equations are useful for numerical work. They also tell us of the existence of
constant, and so possibly attractor, solutions for ¢, 6. If we set r — oo then the equations

for ¢, 60 become

0=—¢=nh—|f|lcos(2¢ +¢) (4.8)

1. Suppose there exist some 6 and ¢ such that § = ¢ = 0. Then A = |f| cos(2¢ + ¢),
so that |h| < |f|. Thus, since h is real, we have A% < |f|?, and from (3.21) this
inequality is true if and only if Q% < 0.

2. Conversély suppose 1?2 < 0. Then by the previous argument, |h| < |f], or —1 <
h/|f| < 1. Thus there must exist some ¢ such that cos(24 +¢) = h/|f|. From (4.8)
we see that for this value of ¢, g = ¢ = 0.

In other words, there will exist constant solutions for ¢,6 if and only if 02 < 0 (the
oscillator is “inverted”). Of course, this doesn’t reveal whether these constant solutions
are attractors. Numerically solving (4.7) with Q? <0, for various &,  and «, shows that
¢, 0 apparently do always quickly tend toward constants, always accompanied by one of
r — Foo.

As a final comment, we note that it’s common to eliminate the cross term in the action

by adding a surface term:

M .2 . 2.2 1d 2
L — 2(m + 282z {lm)_2dt(M&v)
M, . ME -\,
= 3 [:c—(Q—I—M—I-E):c] (4.9)

Although this leaves the classical equation of motion unchanged, it will change the squeeze

parameters. Throughout this thesis we leave the cross term in our lagrangians.

4.2 Entropy from the reduced density matrix

The entropy of a field mode has been calculated in [22]. It can be derived from the final
density matrix by using (4.2), and is

S=?[wlnw-i—(l—w)ln(l—w)]zl—lnw ifw—0 (4.10)
where
2,/C/A
w= VL (4.11)
1+4/C/A

The linear entropy is often more useful to work with owing to its simplicity:

S[,'n = ——tl‘p2 = —\/C/A (412)
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and S = 0 — oo is equivalent to Sy, = —1 — 0, both strictly increasing. Then if S, — 0
we have

S — —In|Sin|+1—=1n2 , ie Sy, — —e'™5/2 (4.13)

As an example, suppose we have a system in an initially pure gaussian state (x = 0), so

that noise and dissipation are absent: 7o = 0. In this case, from (3.35, 3.49) we have
ann = a2 = az =0 (4.14)

so that.(3.52) gives C/A = 1 and hence from (4.10) S = 0 as expected.

4.3 Examples

4.3.1 Uncertainty and entropy of a static oscillator

We demonstrate how the previous results are used in the simplest case, by calculating the
entropy of a static oscillator coupled to a thermal bath of static oscillators, with a static
ohmic coupling. In this case from section 3.3.1 we have local dissipation [i.e. g o §'(A)],
and if we demand 7' — oo then the noise becomes white [v « §(A)]. To evaluate S, we
need A and C in turn for these we need ayy — by. These are calculated from (3.49)*. For

the static oscillator with unit mass choose the following lagrangian:
_ Ll 420
L—g(x ~ k*o?) (4.15)

From (3.41) with M = ¢ =1 the effective frequency is
0% = k2 — 4% = &2 (4.16)

Then the equation of motion for X is, from (3.22) with Q@ — Q.4

X+£X=0 (4.17)
X0)=1 , X(0)=—ix (4.18)

which leads to
X(z)=¢€" (4.19)

with z = kt. Then

Im [X(2)X*({)] _ sin(z — () Im X(¢)] _sin(
Im X(z) sin z ' Im X(z)  sinz

(4.20)

!Various notations exist describing these results; see for example [12, 23, 24]. To compare with [24,
eqn 2.2.7] is a matter of carefully transcribing the notation; key things to note are that X = Y = -A;
here we have taken zo = po = 0; [24, eqn 2.2.6¢] should have an a;; in place of the asy; the b;’s in (2] are
written explicitly in {24] via [2, 3.11]; [2, a;12] equals [24, a12 + aa21]; [2, 70] equals [24, v0/2].
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e v :,- Srdc” = Wl e I Srdc” — ~0(2=0) (4.21)
with noise for T — oo being white:
v(¢, (") = 4kvoTé6(¢— (') (4.22)

Then ay; — b4 follow:

T  e¥0% —1 —4psin2z — 42(1 — cos 2z)

e 2(1 +43)
2T —coszsh%oz + Hosin z ch 4oz
M2 T Sin?z 1+ 42
T —e 2% 41— 4psin2z + 42(1 — cos2z)
aypy = .
2 sin? 2 2(1+43)
. +x etz

For thermal equilibrium, the standard statistical mechanics result for the entropy at high

temperature is

S—1+ ln%— (4.24)

Can we show this using our formalism? First, we take our oscillator ground state as

2

Y(z,0) ox exp %:; (4.25)
so that its density matrix is
2 __
0 = .,
p(zz'0) o exp ot (4.26)
and in (3.50) we have
. 1
f—m 5 X=0 (427)
The reduced density matrix evolves into (3.51), with
i 1 a3
A = axn+ D { [éﬁ + an] b3 + a12bsbs — 2732}
—b by a2
B = —— 4= S
3+ o b~
- b
8Do?
1 2(111
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Tt’s by no means trivial to show that the entropy calculated using these expressions does
indeed tend toward (4.24), and in particular the csc z terms in the a;;’s and b;’s mean their
values can diverge depending on the time. But this divergence cancels out when physical
quantities are measured, as we can see by verifying numerically that our entropy really
does tend toward the usual asymptotic value at late times. First we can plot S-vs-z for

say 0 = 1,k = 1,7 = 0.1,T = 10°, as shown in figure 4.1. Note that for these numbers,

Figure 4.1: Entropy growth over time.

(4.24) gives S — 12.513 as z — 00, as compared with S — 12.514 numerically at z = 100,
a result indicated by the figure. The relaxation time, defined to be

1

== = 4.29
s (4.29)

is apparent in the figure as a characteristic time over which the entropy climbs to its final

value, while the decoherence time scale [10]

1

is too small to be noticeable.

Coherent state as the state of least entropy

We now use our entropy expression to investigate the claim that for large times the state

of least entropy for the static oscillator is the coherent one, at least for white noise and
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local dissipation. This was shown in [23] in the small o limit by using a Wigner function
approach.

Using our expression for the entropy S, we can plot S versus the initial squeeze pa-
rameter r for various times in fig. 4.2. We have chosen k = 10,79 = 0.1. The squeeze

parameter r is related to o the width of the gaussian wavefunction by

1
r=1n22 y o0 =) — (4.31)
o 2K
or in other words .
o= (4.32)

V2k

Note that at early times (e.g. z = 0.001), the entropy is minimised for high initial

2=0.001 z=0.1 2= 1l
1 QR TR 10 [T 1O e
8 8 8
6 6 6
%) %) %)
4 4 4
2 2 2
O Rt (o} U Ol i
—6-4-20 2 4 6 —6-4-202 4 6 —-6-4-202 46
T T T

Figure 4.2: Entropy at various times.

squeezing, as noted in [23, fig. 1]; this is not unreasonable since such a highly squeezed
state will spread with time, becoming indistinguishable at later times from states which
started out being less highly squeezed. At late times the entropy is minimised by starting
with small or zero squeezing, i.e. an initially coherent state is the one which minimises
entropy at late times. Thus our approach agrees with [23], and may be more useful in
that it allows us to directly calculate the entropy at all times.

4.3.2 Static inverted oscillator

The static inverted oscillator is the simplest squeezed system, and as such forms a good
testing ground for the formalism developed so far. It also forms a model for the zero mode
of the inflaton field in New Inflation. Its lagrangian is:

L(t) = %[502 + k227] (4.33)
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Suppose this is coupled to the usual environment of harmonic oscillators in a thermal
state, with coupling constant ¢(s) = 1. Then the equivalent oscillator we consider has

unit mass, no cross term and frequency
02 = -k -y = —«? (4.34)
so that from (3.22) the sum of its Bogoliubov coefficients is (taking ¢; = 0)
X(t)= chz—ishz (4.35)
Hence from (4.6) we have
a= chz , f=—ishz (4.36)

so that from (4.4) at late times (z — o00)
r—z (4.37)

To investigate the dependence of the entropy on the various quantities in the propaga-
tor coefficients, we calculate these coeflicients first for white noise analytically; we then
calculate them numerically for zero temperature.

The b;’s are independent of the temperature, and using (3.49) they are found to be

+retioz

sh z

b{i} = Kl(i coth z — ’?0) y b{g} = (438)

High temperature

White noise is given by v(s, s') = 47T 8(s—s'), or v((, () = 4%k2T'6(¢ —("); the relevant
quantities are inserted into (3.49) with the a;;’s then becoming

T

_ 1.2 2%z __ 2 a2
ay; = Py [k + e — 4o sh2z — 45 ch Qz]
Te—ﬁoz 2902 2902\ 2
a1 = m[(l——ew)chz-{—(l—{—ew)% ShZ]
Te=2w* 7.2 2702 A 2%z (2
azp = m [“k e“1? — 1 + “Yo€ o (’)’0 ch2z — sh 22)] (439)

Note that 4o = 7o/ < 1; however if we assume small dissipation (jo < 1) we can write
down large time limits of these quantities:

T4 2T e~ (1-%)z 3
a;; — 7(1 y Qyp — _e_:__ y Qa2 — T’y?
1 -4 1490 14+ 4
bay — k(1 —4%0) , by — +2ke”1F0): (4.40)
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We can now calculate large time limits of the density matrix coefficients from (3.52):

b3

A =& - 160,11

3 B—%—b1/2 9 C

(4.41)

These coefficients are independent of the initial conditions, which might be expected since
the dissipation is acting to damp out any late time dependence on these initial conditions.

So we have

C —k%e*
= = 4.42
Shn A - 2’)’0T ( )
so that from (4.13, 4.37)
s_>r+1+1nT—Z‘l (4.43)
K

Zero temperature

We are interested in the case T' = 0, since eliminating temperature has more potential

to shed light on the action of the environment due to quantum effects only. In this case,

(A.20) gives [with p(z) = P(1/z)]

Wors) = Lopf(s = o) de ()= 2 p(c - () (4.44)

vy
We could now use this principal part prescription to evaluate the a;;’s. This approach
is not particularly straightforward and we do not pursue it here. However, if we write
the noise in its primitive form as the usual integral over frequency then we can leave this
frequency integration until last after the time integrations have been done. Note that this
is a more naive approach than the one we will follow in chapter 5, but we show it here to
investigate what value it might have.

So we refer to (3.49, A.13), swapping the limits of integration to write

= I /w'"“dA : th@f/zd / 130 g (5 — — Y eosd(C — ¢!
an —7 ) W & coth o0 | ¢ A dl'e sh(z — () sh(z—¢")cos&(¢ —¢')
_ 'YD ‘:-"rnax . %
= o Sh2g 2 dw w coth oT 111 (445)
where
Iy = {F -6 +2e"" + (14+42+6%) ch2z
~ 4e™*[cos bz ( chz + %o shz) 4+ & sindz shz] + 29 sh 22}/
[F* 4202 (14 42) + o] (4.46)
Similarly )
Yo€~ °F  f¥max WK
ajp = - sh2 Z Jo dw w coth '27 I]g (447)
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where

L, = {——2 chz (1 + 62%2) — 240 sh z (1 — eZ%z)

[k + 207 (14 42) + o] (4.48)
and . ) X
Yoe™ <% /Wmu - WK
= th — I. 4.49
ago o sh2 oy dw w CO h oT 22 ( )
where

I, = {2+ 20z [ — & + (1442 +6?) ch2z — 2% sh 27|
+ 4€™% [cos Wz (— chz 4 4o shz) — wsindz sh z]}/
(B4 + 207 (1+42) + @) (4.50)

With T = 0 the coth term is set to one. Then in all cases a;; starts at zero at z = 0; for
low dissipation aji,ase quickly climb to similar constant values while ay, climbs briefly
but then rapidly decreases to zero. This behaviour quantitatively matches the large time
limits of the white noise a;;’s in (4.40), even though the two calculations were done
quite differently. The asymptotic value of a1 increases in even steps as we increase Wmax
exponentially. So we can make a;; arbitrarily large by taking a large enough cutoff, so
that it will always dominate D.

In that case, with 49 < 1 we have at late times, using the b;’s in (4.40)

b3
16&11

A— azy B — —b1/2 5 C — (451)

Again the coefficients are independent of the initial conditions. Since b, is unchanged

from the high temperature case and ay;,a22 tend toward constants, we now can say

b

R i (4.52)
fin 2\/011022 ’

and so again from (4.13, 4.37)

S_>r+1+1n——"a;”‘” (4.53)

4.3.3 Scalar field in de Sitter space

In chapter 5 we will consider a phenomenological model for inflation. This model evolves

the density matrix for a massless scalar field minimally coupled to gravity in a de Sitter
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spacetime. Such a field is chosen since it models the fluctuations in inflationary cosmology,

as well as being a generally solvable squeezed system. It has lagrangian

L(n) = % [5:2 + %xw - <k2 _ %) xZ] (4.54)

which arises from (B.13). We also use a spectral density of the form

_270 w

I(w,n,n) = TH T (4.55)

so that c(n) = 1/4/=Hn. This form of spectral density will be justified in chapter 5,
although for now we note that it does not make the equation of motion for X any harder
to solve than if we had used a static coupling. Since 4o/ H is dimensionless we rewrite it
as ¢ [not to be confused with ¢(n)]. Incorporating the bath gives the equivalent oscillator
with M = 1,£ = 1/n and frequency, from (3.41),

14+¢2
n?

Also we choose £ = k to simplify the equation of motion. With z = kn we can write this
together with its initial conditions from (3.20, 3.22, 3.23) as

2
X”(z)+<1—2+c>X=0

22

X(zi) =1 s XI(Zi) = —7 — 1/zi (457)

where z < 0. The solution of this equation can be constructed using Bessel functions
whose index is a function of ¢; however since we are interested in small ¢ we take the
solution to be approximately that of the same equation but with ¢ set to zero. This
simplifies things greatly:

X() = (14 5-) fa) + Ziz_f*(z) (4.58)

where

f(z) = (1 - i) eilei=) (4.59)

z
We can further simplify X by using a very early initial time, setting z; — —co. We also
disregard the phase in the resulting expression for X, since this is not expected to make

any difference to physical quantities. In this case we obtain a new function which we
rename X:

X(2z) ~ (1 - é) et (4.60)
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The Bogoliubov coefficients can now be found from (4.6):

o= (1 - 2L> e, B= ;—Zle_iz (4.61)

z
and so from (4.4) at late times
r— —In|z| (4.62)

This result was also obtained in [12] using a different formalism.

First we calculate the b;’s. Since we are only interested in late times we can work
to leading order in z (although with hindsight we include some next higher order terms
which will be needed later). Using (3.49) we find

by = ck/z+kz+0(2%)
by = Fhle Tzl
by = (c+Dk/z +k2*/3 + O(2°) (4.63)
and for the a;;’s we need the following expressions, calculated from (4.60):

Im [X()X*(Q)] _ (L= 2/¢)cos(¢ = 2) = (z + 1/¢) sin(¢ — =)

Im X(2) - cos z + zsin z
Im [X(¢)] =% +sing e
Im X(z) ~ <*+4sinz (4:64)

2

) B [ Sa) = ey e

High temperature
Write

v = 4dec*(s)Té(s — )
—4ck*T

= =7 6(¢—=¢") (4.66)

We calculate a1y here and leave the details of aq, ass to appendix C. First, (3.49) gives

o e 4 () EEGHO T o) bty

= 2T [ (35) - (Im [Ii(jgé;«)]y _ig (4.67)

We wish to investigate the dependence of the a;;’s on z as z — 0, and so we now separate

each integral into a sum of two parts. The first is gotten by integrating in to some constant

A close to z, while the second integral contains the z upper limit:

sl (RGO L e
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It’s only necessary to work to leading order in z. We need the following expressions: when

only z ~ 0 we have the z dependence in the integrands as

Im [X(2)X*({)]
Im X(z)

Im [X ()]

Im X(2)

cos ¢ ~sin¢/¢ + O(=%) = f1(¢) + O(?)

~ z(cos(/( +sin() = z2f2(() (4.69)

while if both z,{ ~ 0 then to leading order

Im [X(2)X*(¢)]
Im X(2)

Im [X(()]

Im X(2)

(—=C*+2°/¢)/3

R

z/¢ (4.70)

We are now in a position to write

o o« T [/:dc ICI‘2°‘1ff(<)+/:dC €172 (=C* + 2°/¢)?/9
= oI (0(1) + Olz|%+)
= ¢TI 0(1) (4.71)

since we have taken ¢ to be small. A similar approach gives the following results for
@12, ag3 (details can be found in appendix C):

Q12 = cl O'Z|C+l

T 0(1) (4.72)

ag2

Since T is large, a;; dominates D while a5, dominates A; so we have

b
16&11

A-—-ay , Bo-4/2 , C— (4.73)
These of course have the same form as for the static oscillator case, although it’s by no
means clear whether such a fact could have been deduced from the general expressions
for the ai;’s. We now have

—|ba] 1-
Stin = ——— = O|z|*~° 4.74
I 4\/a11a2; i ( )
and using (4.13, 4.62) we can write
S — (1 = ¢)r + constant (4.75)

48



Finite temperature

Here we leave the frequency integration until last as was done for the static oscillator.
The integrals can then be done in the same way as in the last section, although some

subtleties are present in this case (details are in appendix C). We finally obtain

ai; = Ck' O(].)
a1 = ck O|Z|1/2
ap = ck O(2) (4.76)

Again since we integrate over w, a;; will be large and so dominate D. Again we’ll have

Aoap-2  B_pja O 2 (4.77)
4aq 16aq;
and so
Siin — 0|2/ (4.78)
and so with (4.13, 4.62) we have
S — (1/2 — ¢)r + constant (4.79)

4.4 Discussion

In this chapter we have calculated the entropy of a static inverted oscillator and that of
a scalar field mode in de Sitter space.

Bearing in mind that our results should be doubled since each of our modes was split
into sine and cosine components (see appendix B), we might expect a result of § = r if
we are to agree with previous work described in the introduction to this chapter.

For the static inverted oscillator, in both temperature regimes for low coupling we
obtain S — (1 — )7 + constant. In the de Sitter case, the high temperature result
is § — (1 — ¢/2)r + constant. Thus these three examples certainly do confirm the ad
hoc approaches to calculating entropy that have been used by others. However at lower
temperatures the de Sitter entropy is S — (1/2 — ¢)r + constant. This last result requires
us to look more closely at A and C' which together give the entropy. First write from (4.12,
4.13), and neglecting the added constants which are always implied:

1 1
S-’ 511’114—51110

When the system-environment coupling is small, all of the above cases give —1 /2InC — r.

We suspect this might be true for more general examples, if the dominant contribution
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to C always comes from by in the late time limit. But the behaviour of A needs to be
examined. For the static inverted oscillator and high temperature de Sitter examples
1/2In A — constant, while the finite temperature de Sitter case stands out in that there
we find 1/2ln A — —r/2. In all cases, A and C have similar dependence on ay; — by. A
appears to have a strong dependence on the coupling, unlike C' which is relatively immune
to changes in the coupling.

It may well be that the standard result of S — r expresses the C' dependence only
and somehow misses any contribution of A. Remember that this result is normally de-
rived using a coarse graining which sets all off-diagonal elements to zero in the reduced
density matrix. It may well be that in doing so, these ad hoc approaches are discarding
information about the system which should in fact be kept. It appears that A might give
a contribution which can only be evaluated case by case. The finite temperature de Sitter
result shows that this contribution can be important, and so the ad hoc result will not be

reliable as it stands.

50



Chapter 5

Decoherence and fluctuations

during inflation

The 1992 detection by COBE of angular variations in the cosmic microwave background
radiation [26] gave new impetus to the idea that modern galactic structure might have
been caused by primordial density fluctuations of a quantum scalar field.

By this time, the essence of the theory of inflation originally proposed by Guth [27] in
1980 had become widely accepted. This scenario asserts that the universe went through
a de Sitter phase in its very early expansion. This inflationary phase is driven by a
quantum scalar field with a potential V(@) which can assume different forms satisfying the
“slow roll” conditions. Inflationary scenarios fall into two categories. The first includes
Old and New Inflation, in which the scalar field (the “inflaton”) is assumed to be in
thermal equilibrium with the rest of the universe [28]. The universe obeys the standard
hot big bang cosmology both before and after inflation. The second scenario is Chaotic
Inflation, where the inflaton is assumed to be only very weakly coupled to other fields.
This relaxing of the coupling strength allows one to choose initial conditions that are far
from equilibrium. The standard hot big bang cosmology now only applies after the reheat
stage of inflation.

Along with its solutions to the well known problems of Big Bang cosmology, inflation
predicts an amplification of quantum fluctuations as the universe expands. It does this as
follows. Divide the universe’s early history into two main epochs: inflation, during which
the scale factor is say a = e, followed by reheating, where @ o ¢" where n = 1 /2 in the
initially radiation dominated phase, followed by n = 2/3 for later matter domination.

The linearised quantum fluctuations of the inflaton, thought to be responsible for gen-
erating density fluctuations, can be shown to be described by a free, massless minimally
coupled scalar field. This field comprises modes of wavevector k whose physical wave-

length is just the scale factor times the coordinate wavelength, i.e. 2ma/k. Suppose we
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plot this physical wavelength versus cosmic time, and on the same graph superimpose a

plot of horizon size, a/a,. The resulting plot is shown in figure 5.1. The horizon size is

radiation and matter epoch

de Sitter

cosmic time ——=

Figure 5.1: Physical wavelength and horizon size. Both axes are linear.

constant during the de Sitter phase, but increases with time in the radiation and matter
dominated phases. At some time the physical wavelength will be equal to the horizon
size. For modes that ultimately give rise to features typical in scale of today’s observable
universe, this time is about ten Hubble times after inflation begins (i.e. a cosmic time of
10/H). Because inflation is thought to continue for at least 60 Hubble times, it’s appar-
ent that modes of interest to us today really will become longer than the horizon before
inflation ends. (See [29] for a summary of the COBE data in relation to what modes we
need to consider).

What is the significance of this period for which the wavelength is greater than the
horizon size? To answer this question, consider the lagrangian for a free massless, mini-

mally coupled scalar field in conformal time, equation (B.20) (now with "= d/dn):
1 a. a?
Ln) == —2=4gqg— |k — = | ¢* )
(n) 2[q —dg ( a2)q] (5.1)
From (3.20, 3.22) the equation of motion for ¢ is

é+(W—%)=0 (5.2)

which becomes, in de Sitter space,

§+<k2—;—2)q=0 (5.3)

52



Now at early times such that kn < —1/2, the solution to this equation will be sinusoidal.
However for times later than this the oscillations stop, and instead the solution becomes
amplified; and it’s approximately just at this time that the wavelength becomes larger
than the horizon size (which from setting 27a/k equal to a/a; for de Sitter, occurs at
kn = —2m).

So, the scenario is that at kn =~ —1, a mode “leaves the horizon”, and as it does
its amplitude grows; this corresponds to particle creation. Quantum fluctuations in the

scalar field modes which reenter the horizon today have been shown able to perturb the

CMBR through the Sachs-Wolfe effect [30].

There have been many.studies of the free quantum scalar field in a de Sitter phase
(see for example (31]), in the hope of shedding light on how density perturbations might
be created. In Old and New Inflation the inflaton is assumed to be in thermal equilibrium
with the rest of the universe, and this implies a coupling to an external environment, so
that the field is not free at all. Yet despite this there has been little work on the dynamics

of fluctuation creation for such a coupling.

One such model was investigated by Cornwall and Bruinsma [32], who represented
the zero mode of New Inflation by an inverted oscillator bilinearly coupled to a thermal
bath. This bath was comprised of modes of another scalar field, conformally coupled to
a background de Sitter spacetime. Although they did not attempt to study the bath’s
effect on the scalar field perturbations, they did consider it plausible that the bath might
introduce a damping effect which would affect the amplitude of the generated perturba-
tions. In principle this could lead to an easing of the fine tuning problem that has plagued

inflationary theories.

In this chapter we wish to investigate the effect such a thermal bath might have on
the scalar field fluctuations. To this end we study a massless, minimally coupled scalar
field of wavevector k, bilinearly coupled to a conformally coupled scalar field bath. This
model of the bath is similar to the one used by Cornwall and Bruinsma, but with two
modifications: the addition of a phenomenological damping term in the system lagrangian,
and a time dependent system-bath coupling. Our main aim will be to calculate the
statistical properties of the quantum fluctuations of our system, and to compare these
with the standard results for the free system. Any significant deviation from the standard
results would have implications for our current understanding of the how a quantum
scalar field might generate density fluctuations. The results we derive will also be useful in
further investigating the entropy issue of the last chapter, as well as showing any quantum

to classical transition that might occur as a result of the system’s coupled evolution.

First we state our lagrangian, which includes a phenomenological term whose origin

we justify. We then start with a vacuum, and define two linear combinations of the mode
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amplitude and momentum: these are the super- and subfluctuants as used extensively
by [20]. We calculate the fluctuations in these new variables as the system interacts with
its environment. The concept of a coherence length is defined, and we calculate this for

the super- and subfluctuants, as well as the entropy produced by the system’s evolution.

5.1 The model

Our system will comprise a fluctuation mode of the inflation field, @), evolving in a

Robertson-Walker universe with metric
ds® = dt* — a’(t)da> (5.4)
In the following calculations we will always take:

s = dJ/ds cosmic time

= d/dr conformal time (5.5)

while a prime is used to denote an alternative variable, such as ¢,q’, and also for a
derivative with respect to z (where z will be written explicitly). We will work in conformal
time n = [dt/a(t) and the scaled system variable ¢ = a@. The system plus bath that we
will study has the action

Slg,v] = Slg]+ Se[r] + Sinlg, 7]

= /n dr {l [cjz - 2(—L(jq — <k2 G — 2% (1 +p)a2””ld> qzl

ni 2 a a?

+ 2 [ (2= )] + S l-at(rga (5:6)

k k

The system action is the same as (5.1) but with an extra term in the potential. This will be
necessary to obtain the appropriate semiclassical equation of motion for the system. The
bath action is that of a conformally coupled massless scalar field in an FRW universe,
i.e. (B.14), with the field rescaled analogously to g. This type of bath was considered
by Cornwall and Bruinsma Who.investiga,ted the zero mode of the inflaton, and who
also used an influence functional approach to investigate viscosity and diffusion during
inflation. However because they added a different surface term to their bath action (see
appendix B), this action was time dependent, leading to a more complicated open system
than ours. Our interaction is more general than Cornwall and Bruinsma’s because we

consider a time dependent coupling; we will see shortly that such a coupling is necessary
for a more realistic model.
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The motivation for including the extra potential term in the system action is as follows.

Suppose we write down (3.38):

. i e e
a+(%+27°c)u+(ﬂ2+g+8+ Vocc)u=0 (5.7)

M M M M

Referring to (3.10, 3.25), we see that since the above is an equation of motion for u, it’s
also an equation of motion for Y. But setting ¢ = ¢’ in (3.10) gives ¥ = ¢; hence this is

an equation of motion for ¢ as well. The relevant parameters are, from (5.6),
M=1, £€=-afa , =k -d’la®>-2v%(1+p)a*ta , c=af (5.8)
Then (5.7) becomes
G+ 270a§ + (k* — i/a — 2v0a® ta)g =0 (5.9)
Now convert this to @, ¢, to get
Qut + (BH + 2v0a* 1)Q . + k*/a* Q = 0 (5.10)

This is the effective semiclassical equation of motion of our system. For the choice p = 1/2
it describes the usual classical equation of motion along with an additional constant
damping term proportional to 7. Our system action was chosen in order to generate
this simple damped effective semiclassical dynamics for the system. The choice of p = 0,
as used by Cornwall and Bruinsma, would be inappropriate since it leads to a damping
coeflicient which decays in time. Kolb and Turner have argued for a constant damping [33],
and we have included this by setting p = 1/2.

5.2 Quantum to classical transition

The description of cosmological particle production in terms of squeezing language, which
we will use here, was first introduced by Grishchuk and Sidorov [19]. The dynamics of
our system in (5.6) can be parametrised in terms of the language of squeezed states by
defining the squeeze parameter and anglé, 7, ¢ and the rotation angle 8, as discussed in
section 3.3.1. The phase space these refer to is defined by our variables q and p = 0/04.

A clearer picture of the open and closed dynamics of such a system can be obtained
if we rotate the phase space axes so that the density matrix can be expressed in terms
of so called super- and subfluctuant variables. (Alternatively, we are rotating the Wigner
function in phase space so as to eliminate the cross term there). Call these variables u, v,
expressed as real linear combinations of ¢, p. We fix the linear combinations such that one

variable (u, the superfluctuant) grows exponentially while the other decays exponentially.
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In the case of no coupling to the environment we proceed by expressing (u?), (v?) in
terms of (¢?), (gp + pq), (p?), and then substituting for these the standard squeezed state
results [12]. This enables us to write

2r 6—27'

(u?) = , (V) =+ (5.11)

These relations fix u,v in terms of ¢, p, and we now use the same transformation for the

case of nonzero dissipation:

U = —kKksingq+cosgp
v o= cos¢q+SH;¢p (5.12)

What we wish to do is take a density matrix in position, (3.51), and write it in the u,v

basis. Consider first of all calculating p(u, u'):

p(u,w') = [ (ulg) pla,¢) (¢ ') dqdg’ (5.13)

We need (u|g). This can be found by solving the p.d.e which follows by quantising (5.12)
and applying both sides to (g|u):

ulglu) = (—rsin g g — i cos g ;) {glu) (5.14)
which has solution ' ' )
() = enp o | 20T o] (5.15)

with f(u) to be determined. We determine this by redoing this calculation with the roles

of ¢ and u interchanged; since [v,u] = 7, we have

—singu .
q{ulq) = (—KL + i cos ¢3u> (ulq) (5.16)
Solving this determines f(u) and allows us to finally write (up to a phase)
_ 1 i |ksin¢q? sin ¢ u?
(gle) = V2 cos P os ) [ 5 Tt 2k (5.17)
Similarly we find ‘
_ K ik | —cos ¢ q? cos ¢ v?
(qlv) = o sin¢eXp T [ 9 +qu — 5 (5.18)

Now, suppose we start with a gaussian density matrix as in (3.51). We can then easily
change bases using (5.13, 5.17, 5.18) to get, with

v = ‘52 [4AC + (B - 7)?] | (5.19)



4AC + (4y0 + B — v)?

A= 5.20
40_2 ( )
p(u,u') = ”L exp L [AA2 + 21(4y0 + B — 7)AX, + 4022]
’ ToA 4o A “ “
O _1 2 . 2
p(v,v') = |—exp— [AAv —2i(4vo + B — )AL Z, + 4C’Ev] (5.21)
o 4o

where we have used sum and difference variables, e.g. ¥, = (v + u')/2, Ay, =u—u'.
We can show that in the absence of a bath, these matrices reduce to the expected ones
for a squeezed vacuum. First, in the g-representation the density matrix of a squeezed

vacuum is known to be [25]

~k 14 e*®tanhr ( ) q'z)

—_— . 5.22
2 1 —e2%tanhr ( )

p(g:q)

If we write p(q,¢') in terms of sum and difference coordinates and compare with the

definitions of A, B, C in (3.51), we find

A—C - K | 1 —tanh®r ;
4 1 —2cos2¢tanhr + tanh®r
B - ksin2¢tanhr (5.23)

1 — 2cos 2¢tanh r + tanh®r
Substituting these into (5.21) gives (after much computation)

e~ T _6—21'

4 =
plu,u’) exp ——

VTE
2r
N K r —kKe 2 ”
p(v,v') = -,f?re exp — (v +v) (5.24)

These are the expected results, as can be seen by the fact that with p, ¢ replaced by U,
respectively, they are produced when ¢ is set to zero in p(p,p') and p(q, ¢').

(uZ + ul2)

Measures of fluctuations and coherence

Returning to the general case of dissipation, the fluctuations in u and v are calculated

from the density matrices:

2

- |
v (5.25)

and both of these are just equal to 1/2 divided by the coefficient of —%2 in their density
matrix.
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As a measure of coherence we note that a large coefficient of —A? means that the
density matrix is strongly peaked along its diagonal, i.e. there is very little coherence in
the system. A measure of coherence was defined in [34} as a squared coherence length L?,
equal to 1/8 divided by the coefficient of —A?, so that a large L? means a high degree of
coherence in the system. With this definition of L?, (5.21) gives

o '
L= 57 o — SV (5.26)

We can also relate the coherence lengths and fluctuations to the entropy of the system

a

(see section 4.2 for definitions). We can write
21 c
Au2  Ayp? A

(Note that the linear entropy is negative by definition so that it will increase with S )

=6l= (5.27)

so that as Sy, increases, S, decreases). Also the uncertainty relation for u,v becomes,

from (5.19, 5.20, 5.25):

1 (1 (4v0+ B —~)*
2A..2 _ 1
AUAVT = o |7 16AC

lin

(5.28)

For the free field the last term in the square brackets is zero while S}, = —1 (since S = 0),
so that AulAv=1/2.

5.3 Calculation of fluctuations and energy

We wish to calculate the fluctuations in amplitude and momentum of a mode of the
minimally coupled massless system inflaton, of wavenumber k. These can also be used to

calculate the average energy of a mode. We take P = @, [12], in which case the following
hold:

AQ* = Ag’/a* | AP?* = Ap?/a’ (5.29)
We first calculate AQ?, starting from
Ag* = (¢") + (g)? (5.30)

We start with an arbitrary gaussian initial density matrix (3.50) and propagate it to

get (3.51), calculating the expectation values via,

{¢") = /q"p(q,q,t) dq (5.31)

Then the n'* moment of the mode amplitude is
(") = /_ ¢"Ne 97" dg (5.32)
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so that we obtain ]
AQ? =
@ 8Ca?

Momentum fluctuations are calculated from p(p, p’), which itself comes from the amplitude

(5.33)

in the usual way:

p(p,p) = / / dq dq' (plq) p(q,q") {d'|P)
- —l—/]dq dq e~iwtia’?’ Ne—Ala=a')*~iB(g*~¢"?)-C(a+4')?
27

N -1
WEBE 1 4AC T (B + 4AC)

Then using (p") = [ p"p(p, p,t) dp we calculate

[AA2 —2iBA,Y, +4C%2]  (5.34)

B2 1
AP? = <% + 2A> o (5.35)

Fluctuations with no environment

We can check that the above expressions reduce to the well known scale invariant ones
for a coherent de Sitter vacuum as follows. From (5.22), take vo = 0 with ¢ = k/2, x =0
in (3.50). With no noise the a;;’s reduce to zero. The sum X of the Bogoliubovs was
calculated in section 4.3.3 to be
X(2) = (1 - 1) e (5.36)
z

so that to leading order the b;’s become:
blzbzzkz 3 b3:~k2 5 b4:k/2:1'+k'23/3 (537)

Then using (3.52) we have in the small z limit

A=C=Fn*/4, B~ —k%/2 (5.38)
finally giving
k.H4’I]4 H2
AP? = L
5 , AQ 573 (5.39)

as expected; these are the well-known expressions.
We can easily derive the fluctuations in u,v from (5.11) by calculating the squeeze
parameter r. We simply insert (5.36) into (4.6), using (4.3) to finally give

er — 1/2* (5.40)
so that the fluctuations are
k 22
2 _
Au = 52_2 y A’UZ — 2_k (541)



again as expected: the superfluctuant u has increasing fluctuations as z — 0 while those
of the subfluctuant v are decreasing, and AuAv = 1/2.
Also, A = C and so the linear entropy is —1, again as expected since this implies the

usual entropy is zero. Hence from (5.27) we have coherence lengths of

k 22
2 v 2 _ 2
L“_Zzz » L 2k

The average energy per mode is obtained as follows. The energy density of the field

(5.42)

is the nn*" component of the stress-energy tensor:

Ton = % [(¢.n)2 + Xi:(m)zl (5.43)

and since we have expanded the field modes in terms of () we can write the energy per

mode as .
5 (0,0 + ¥ (5.44)
But 0,Q = a 8,Q) = aP, so that finally the mean energy is

(energy)/mode = % (az(Pz) + k2(Q2))

= %(azAP2+k2AQ2) (5.45)
5.3.1 de Sitter expansion with environment

We now turn our attention to the real case of interest. The spectral density is, from (3.34,

5.6) with p = 1/2:

2’)’0

I(wa 7, 77’) = ?w al/z(n)al/2(nl)
2cw
— . 7777’ , C= ’)’0/H (546)
Again choose k = k so that
—k
z=kn= Fe_m (5.47)

To calculate X, use (5.6, 3.22, 3.23, 3.41) to give

2
Xq@+0_%i§ii)x=o

22
X(zi)=1
X'(z)=~1—1/z~—i (5.48)
which has solution

X(z) = av/—z J|z| + bW/=2 Y |2| (5.49)
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where by J|z|,Y|z| we mean J,(—2),Y,(—z) since z is always negative, and

v = 3/2+4+¢
a = %\/|zi|(cl—ic3)

b = =/|ail(cs +ics)

2
—Y|z J|zi
i = %-FY,'Z%'I y 02:2—21.—JI|21‘1
s = Yz, a=Jlzl (5.50)

We wish to calculate ay; — by for z — 0, i.e. long after exit where the physical wavelength
is much bigger than the horizon. First we consider what choices can or must be made for

some of the parameters.

Time scale of interest

We are interested in evolving the field mode of a coherent vacuum, and for such a field
the initial density matrix coefficients are ¢ = k/2,x = 0. Calculating the times of interest
involves switching back and forth between cosmic and conformal time (multiplied by k):

t and z. The 1nitial time is
ti =0 7 R = —k‘/H = —¢” (551)

Modes able to be probed by COBE [29] are those with coordinate wavelengths in the
range 107%/H — 1073/ H, so that we can take z in the range 7 — 14.

Horizon exit occurs when the Bessel solutions to (5.48) stop oscillating, that is, ap-
proximately when their arguments equal —1. So write z¢po5s = —1, OF tcrpss = 2/ H. Now,
it’s known that inflation must occur for perhaps 60 Hubble times, so that the final time
of interest is

t~60/H ; zm—1072° (5.52)

so that we have constructed the time scale in both cosmic and conformal times. We

will keep t and z arbitrary, although bearing in mind that they’re of the above order of
magnitude. '

Calculation of a;;’s and b;’s

As usual these are calculated from (3.49). The b;’s are straightforward; by considering

large argument forms of the Bessel functions [see (D.36)] we are led to define

(e = {Zen} = e (553)
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and so use (3.49) to write

c+3/2  c3J'|z| — csY'|2]

b/k = z —c3d |z + e4Y | 2|
AFe
by [k = F(2/2)
’ \/7r| |/2 ( (sin)J|z| + (cos)Y|z})
b4/k _ C+1+ C1J|£|+C~2YJZ[ (554)

% —czJ|z| + e4Y|2]
When |z| < 1 we can write, with «; defined in (D.39):

, e o kz , by~ —e T a k2t by~ k|—ve ™+ @ (5.55)
(cos)

where in simplifying the expression for b; we have assumed (cos) - 0.
The a;;’s are much more involved—we have left all details for appendix D, here simply

quoting results for typical values of z, c:
ann ~10%af e ck , ap~10*alcklz| , ay =~ 0.01a2ck|z|™? (5.56)

There are two regimes of interest to us: values of ¢ for which a;; either does or does not
dominate D in (3.52). Taking ¢ = k/2, x = 0 allows us to write, from (3.52):

D = K+ 4dkay + b2

7 2 . 2
K 107 ck L { — (sm)} (5.57)

(cos)? (cos)

and ay; will dominate this expression when the second term is much larger than the third,
which occurs when c is larger than some critical value, ¢y ~ e®/10'2. As z increases
from 7 to 14, c.. increases exponentially from 1071° to 10~7. So we define two regimes

of weak and strong coupling.

5.3.2 Weak coupling regime: ¢ < ¢

This is the case for which aq; doesn’t dominate D. We wish to calculate the fluctuations
and compare the results with the free field case, in order to establish whether a small but

nonzero c gives different results to the free field case (¢ = 0).

By writing the expressions for A — D from (3.52) and making use of (5.55, 5.56) with
D ~ k* 4+ b} ~ k?/(cos)? (5.58)

we can compare the various terms and see which are dominant. This allows us to write

A ay ~0.01a2 cklz|™ BN_blN = C—k—bgfv k2t (5.59
IR ’ T2 T 21+2) 0 T ap ¢ %F (2250)
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At this point refer to (5.19, 5.20, 5.25, 5.26, 5.33, 5.35) to calculate the fluctuations and
coherence lengths. We first need v, and for this we need the squeeze angle ¢. This is

calculated as follows. From (3.18) we infer that for large squeezing,

[0

20+ 7 =arg 5 (5.60)
Then using (4.6) we write
o (1t ) X(z) +z:X'(z) _
g (l—ﬁ) X(z) —1X'(z)

From (5.49, D.37) we have (working to higher order with the benefit of hindsight)

X(z) o |2~ (1 n ﬁ) (5.62)

14

Hence we can extract «, 3 using (4.6); taking their ratio allows us to conclude that to

leading order,

T , 2%(c —2)
¢+§—arg [—z-}-z(c—l-m (5.63)
If ¢ is large enough to dominate the imaginary part of this, we’ll obtain
¢ =z/c (5.64)
while if this condition isn’t met, or in particular if ¢ = 0, then
-7 2(2—-¢)
= 5 + 112 (5.65)
so that for the free case (¢ = 0) we have!
p=z—m/2 (5.68)

Even for the weak coupling case we will take c large enough so that (5.64) holds, in which
case we can now proceed to calculate v,0,A. For all the calculations we will assume

that (cos) 4 O—allowing for this not to be necessarily so complicates the discussion

1Given ¢ for these cases, we can relate u, v to ¢,p via (5.12) as follows. For the free case

u=kq+zp , v=2zq+p/k (5.66)
while for ¢ 3> |2|
—kz z
= Witk [ U0k gk (5.67)
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considerably, which we will not do here—and simply quote the results; we will also replace
e” by the equivalent k/H:

2¢cr 1.2
¢:% : 7:% : a:i : Ag%ﬁ (5.69)
so arriving at 0.01 ok .
Au? ~ (C—Os)—fm , Av?~ TR (5.70)
L: ~ (k/H)* k2 | L1~ %}2)% (5.71)

The fluctuations are growing in both variables while the coherence lengths decrease. Mo-
mentum and energy fluctuations are
H?

, AQ*~ T HET (5.72)

0.02cH*|z|?
2 ~ — e
EL = (cos)2k3

and for the contributions to the average energy per mode we have

2 2 H?
K2AQ? ~ O (5.73)

0.02cH?|z|
2A P2 A
CAPT (cos)?k ’

It can be seen that for small ¢, the momentum fluctuations are heavily dependent on ¢,

unlike the amplitude fluctuations.

Entropy for weak coupling

The entropy as a function of the squeeze parameter for the free system is of interest, and

can be calculated as follows. From (5.27, 5.59) we have
Siin = —(k/H)(cos) |2|*/? (5.74)
We now need r as a function of z for the free case. Equation (5.40) leads to
r— —ln|z| (5.75)
so that (4.13, 5.74) together yield for each mode polarisation,

S — 3r/2 + constant (5.76)

5.3.3 Strong coupling regime: ¢ > c.i

In this regime a;; dominates D so that
D ~ 4kayy ~ 107ck?/(cos)? (5.77)
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In that case from (5.55, 5.56) we obtain

2 -1 —b —kz o 2 1078 e2k2% (5.78
A2622ﬁ0.0101Ck|2| 3 B~ 5 ﬁ2(1+2c) 3 —E__ e z ( . )

which are very similar to the weak coupling results. Then ¢,v, ¢ are the same as for the

weak coupling case while A is different:

0.01e%® ck? 2

~ 5.79
i (cos)? (5.79)
In the same way the fluctuations and coherence lengths are also similar:
10 3ck 107 ¢
P ——— P 5.80
T N T (5:80)
-9 2], ,2 )2
2~ 107° (k/H)*k=z . LEw 10(cos)? |2| (5.81)
c ck
Momentum and energy fluctuations are
0.01 cH*|z|? 107 cH?
B AQ* ~ ———— 5.82
AP (cos)?k® @ (k/H)%k3 (582)
while the contributions to the average energy per mode are
0.01 cH?|z| 107 cH?
2 2 ~ T 17 kZA 2 ~ - 5.83
@AP (cos)?k @ (k/H)*k (5:83)

and the entropy is again S — 3/27+ constant. For both weak and strong coupling
regimes, we have found the super- and subfluctuants growing (i.e. these become seeds
for galaxy formation) while their coherence lengths are decreasing, from which it appears

that our model is becoming classical.

5.4 Discussion
Several results have been derived in this chapter.

e The entropy was calculated using a more sophisticated approach than that of the
last chapter, insofar as we related the noise to the symmetric 2-point function for
the conformally coupled bath field, which allowed us to use Vilenkin and Ford’s
regularised value of the 2-point function.

We found that for both strong and weak couplings S — 3r/2 + constant, and
(referring to the discussion of the last chapter) —1/21n C — r while 1/2In A — r/2.
This differs from the result S — r/2 calculated in the last chapter. There, in
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expressions (4.45, 4.47, 4.49) we assumed a static cutoff in the & integrations which
was a first attempt at regularising the otherwise divergent integrals. On the other
hand, in the current chapter we have done the calculation quite differently, assuming
a time dependent cutoff to the integrations. In this case we’ve again obtained
—1/2InC — r, but now we find 1/2ln A — +r/2. So apparently our choices of
how to evaluate the a;; integrals may be naive in some ways; it appears that the
calculation of A is completely sensitive to the regularisation approach used, while
that of C is not.

For both couplings, the coherence lengths of both super- and subfluctuant vari-
ables are tending to zero with time [see (5.71, 5.81), and note that these assume
the coupling is nonzero, so that we can’t just set ¢ = 0 to recover the free case
there]. Compare this result with that for the free field, (5.42), which shows the su-
perfluctuant coherence length L, to be increasing, while the subfluctuant length L,
decreases. The environment-induced decay of coherence lengths in both variables is

an indication of decoherence occurring.

Also in both coupling regimes the uncertainties in both super- and subfluctuants
are increasing with time (5.70, 5.80); compare this with the free case (5.41) in
which the superfluctuant uncertainties grow while the subfluctuant’s are suppressed.
We interpret these environment-induced fluctuation growths as seeds for structure

formation.

For both couplings, fluctuations in the amplitude @ have similar forms to the free
field (5.39, 5.72, 5.82), whereas the P fluctuations, while tending to zero as 2* in

the free case, tend to zero as z° in both coupled cases.

Note that even for weak coupling, the P contributions to energy, a?A P?, go to zero at
different rates in free and coupled cases (z° and z respectively), showing that even
a weakly coupled bath can have a strong effect on observables long after Hubble
crossing. This point is relevant to the gauge invariant theory of perturbations [35]
in which P is the most important variable. This theory is equivalent to ours in
the massless, minimally coupled case, and stresses the importance of the Bardeen

variable, which is the same as our P (up to a numerical factor).

The amplitude contributions to energy, k2AQ?, are constant for both free and cou-
pled cases, so that they dominate the momentum ones both in the standard free

theory and in the coupled theory.
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Chapter 6

Thermal radiance for

near-exponential dynamics

This chapter concerns work done towards the building up of a unified picture of the
production of thermal radiance in different spacetimes.

Traditionally, the notion of particle creation has been linked with the concepts of
field theory, and in particular the idea of modes being distorted either by a source, or
by the spacetime geometry itself [36]. These distortions are quantified by our examining
the relationship between ficld modes in the far past and far future, described by the
Bogoliubov transformation. Modes which represent the vacuum in the far past will in
general contain particles when viewed from a different basis in the far future.

Particle creation has been viewed within a variety of spacetimes. As early as the
late fifties particle creation in an expanding universe was discussed by Takahashi and
Umezawa [37] and later by Parker [38]. In the early seventies Hawking considered black
hole particle creation [39] while Fulling, Davies and Unruh [40, 46] analysed the spectrum
seen by a uniformly accelerated detector.

Previously it was thought that the production of thermal radiation went hand in
hand with the existence of an event horizon [41], and certainly the previous examples all
possess this. For example, in the black hole case, the geometric approach considers the
modes around a collapsing star as being embedded in the collapsing geometry, and as
such takes the event horizon as having a global significance. For accelerated detectors,
1t was previously assumed that the entropy increase associated with the detector’s seeing
thermal radiation was due to its being unable to access information outside the Rindler
wedge. However it was later shown that accelerated frames not possessing event horizons
can be constructed containing radiation [42], and similarly cosmological examples have

been found [43, 44].

The work of this chapter is a continuation of earlier work by Hu et al. [2, 45] and is
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aimed at further developing this idea, by approaching particle creation from a stochastic
viewpoint. Our basic viewpoint is that vacuum fluctuations of a quantum field mode are
amplified by an interaction with a bath of oscillators. For each system we consider—
accelerating mirror, collapsing spherical mass and cosmological examples—we calculate
the noise and dissipation of the scalar field environment. By comparing these expressions
with the corresponding ones for a thermal bath of static oscillators, we are able to extract
the temperature that such a bath would need to have in order to reproduce the noise
and dissipation seen by the fields in our examples. This temperature, together with
the effective spectral density (which we also calculate, but which is not central to our

discussion) completely characterises the effect of the environment on the system of interest.

Such a characterisation enables known results to be rederived, such as the Hawking
temperature of a Schwarzschild black hole, or the Davies-Unruh temperature measured by
an accelerated observer in a Minkowski vacuum [2]. But it goes further, in that because
it doesn’t assume the existence of a horizon (together with the geometrical interpretation
that this attracts), it can be extended to more arbitrary cases of spacetime or detector
motion. Thus our method differs from traditional approaches which assume equilibrium

thermodynamics and stress the mode distortions.

We note that cases which give thermal spectra involve an exponential scale trans-
formation, and we show that by perturbing this transformation the resulting perturbed
spectrum can be derived. Note that in principle we can treat arbitrary motions and are
not restricted to perturbations around the usual exponential ones. But in practice ar-
bitrary motion is technically difficult to treat, and does not cast any new light on the

principle of the way we are treating the problem.

The disparate perturbed cases of accelerating mirrors, black holes or expanding space-
times can all be characterised by a parameter h which measures the departure from the
straightforward exponential transformation. This parameter then appears in the per-

turbed spectrum.

6.1 Moving mirror in Minkowski space

We first treat the motion of a mirror following a trajectory z = 2(1) in a zero temperature
scalar field, which in turn is coupled to a detector moving at constant velocity. We
can calculate the noise and dissipation produced by the field, and write these together

from (3.32):

C=vtip= /:° dk I(k, s, s") X () X*(s") (6.1)
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Given this form, we can equate it with the standard form
fe /°° dk Lg(k, £) [C(k,Z) cos kA — isin kA] (6.2)
0

where

S=(t+t)/2 , A=t—t

This is the form of { which, with the function C replaced by coth %, would describe a
thermal bath of static oscillators each in a coherent state. We will show that the unknown
function C does indeed have the form of a coth, and can then deduce the temperature of
the radiation seen by the detector. Here I.4(k, ) is the effective spectral density, also to
be determined. We can always write ( in this way since v is even in A while y is odd.
By equating the real and imaginary parts of the two forms of ( and Fourier inverting, we

obtain

I.zC = l/oo dA cos kA v(X,A)
T J—0

—1 [e5)
f5 = 7/-00 dA sin kA (3, A) (6.3)

These expressions will be used throughout this chapter to calculate C for the various cases

of induced radiance that we consider.

6.1.1 Thermal Radiance

We start by obtaining the field ¢(¢,z), so must solve
¢ 9°¢
92 " 5gz =0 (6:4)

subject to the condition that the field vanishes on the mirror:
B(t2(1)) =0 (6.5)

For a general mirror path this equation is difficult to solve; however we can exploit the
invariance of the wave equation under a.conformal transformation to change to simpler
coordinates. We follow the treatment of [46, 47]. If the mirror is static for t < 0, we can
introduce a transformation between the null coordinates u,v and new coordinates u,T

defined through some function f by

where



together with new coordinates ¢,Z derived as might be expected:
U=t—T , U=1+7T (6.8)

These coordinates will be chosen so that the mirror trajectory is just € = 0. To do this,

we relate the two sets of coordinates as follows:

1. .
t = 5[7+/(@)]

1. _ -
v = 27— (@) (6.9)
On the mirror path, setting T = 0 means that the trajectory can be written as

1.-

= 1@ = = (512 + @) (6.10)

which allows f to be implicitly determined. In the new coordinates the wave equation
is unchanged, however it now has a time independent boundary condition, meaning the
mirror is static, while the detector moves along some more complicated path. Thus the

wave equation with boundary condition can easily be solved to give
8(F,T) = / (2rk)"Y2 sin k7 e~ dk (6.11)
0

where the mode functions are orthonormal in the Klein-Gordon inner product. The
barred coordinates are especially useful since they just give us the usual vacuum influence
functional; alternatively this can be seen by calculating X (f). To do this we make use of
a result which was stated in chapter 3, specifically (3.22, 3.23): for a quadratic lagrangian
the sum of the Bogoliubov coefficients satisfies the classical equation of motion. In this
chapter we always take k = k.

In the present case the time dependent modes of the field are just exponentials. That is,
they can be described by oscillators with unit mass and frequency k. So X (%) is a solution
to this oscillator equation, and by satisfying the initial conditions X (0) = 1, X'(0) = —ik
we obtain

X(I) =" (6.12)
If we now write y
CE7) = /0 Tk I(k,5,T) X(OX(T) (6.13)
we have the usual zero temperature vacuum form of the influence functional.

The spectral density of the field is determined by the path of the detector, and the
coupling which we take to be a delta function. With ¢ denoting the coupling of the

detector’s internal variable p to the field ¢, we write
L = [-cps(t,7)6(7~7) a7
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= —cp¢(t,7)
= / —cpqr(t) sin k7 dk

/—Ck Pqk dk (614)

then we have
(k7)) = / EE§(k — k)2 sin kT (D) sin k,(F)

= 2—ksmkr( )sin k7(7) (6.15)

We now need an expression for the detector path, 7. Since it’s inertial, we have r(t) =

r« + wt in the usual coordinates, with r,,w constants. Convert to barred coordinates via

i = %[t—{—x—i—f‘l(t—x)]
7 = %[t+x—f‘1(t—x)] (6.16)

in which case the detector path is written by identifying r, 7 with z,7 in (6.16):

m(t) = % [t+r(t)— £ (t = ()] (6.17)

In order to find f, we need to specify a mirror path. A convenient choice of path is the

following:
z(t) = —t— Ae™*' 1 B (6.18)
for A, B, k positive (note that this « is used in [47] but is different to the one we have

used previously, which we just write now as k). This path provides a horizon in the sense
that there is a last ingoing ray which the mirror will reflect; all later rays never catch up
with the mirror and so are not reflected. It’s this aspect which enables the moving mirror
to emulate a black hole. Note that a variety of mirror paths are possible, but we will
pick one with sufficient generality but simple enough to admit an analytic solution to the
equations that follow.

Equation (6.10) can now be solved to give

1. B-1%
which can be inverted in the large time limit to give
fHu) ~ B — Ae"(B+v) (6.20)
The detector path becomes
1
r=3 [re + (1 + w)t — B+ Ae~rB-re+1-w)1 (6.21)
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For use in the black hole calculations that we do presently, we rewrite the field modes in

terms of the null coordinates. By using (6.6) the modes in (6.11) can be written as

b1 ox etk _ =ik T (w) (6.22)
Then with f~'(u) calculated above, we write for the ¢, d constants

dp o e~ k(e 4d) (6.23)

For black holes (as described in the next section) this will be found to be describing the
radial modes of infalling matter (excepting the r=* factor due to the spherical geometry).
This fact enables us to extend these results very quickly to the black hole case. It also
justifies the choice of (6.18) for the mirror path.

We are now in a position to calculate (. With
=7t , 7=71) , A=t—7 , Ri=7+7 (6.24)

we write (6.15) as exponentials, and substitute it together with (6.12) into (6.13), arriving
at

—c? oo dk ik(Ry-B) _ ik(R——B) _ _ik(~R_-B) , _ik(~R4 &)
C:TOT[e +8) — HR-m8) _ HH-R--B)  oik(-Ri—a)] (6.25)
What is [5° e**®/k dk? We can write
d o] eikw oo —1
. k= / kT — )
| k= [T e — (6.26)
and then integrate to obtain
00 eika:
/ 7 dk = —In(z + t€) 4 constant (6.27)
0

Actually this constant is formally infinite, but will cancel in the expressions to follow.
Equation (6.25) now becomes
—c? (=R-+T)(R.-+T) —c*-

T ON) S Dl i

(6.28)

where T = A — ic and we have changed all signs in the logarithm’s argument: with this
change, the logarithm can be seen to be the same as the two point function for the in-
vacuum in [47], a fact we make use of shortly. This correspondence is important since it
establishes a connection between the influence functional theory we are using here, and

the conventional field theory approach based on the in and out states.

1This can be seen as follows. Consider the first term in the argument, —R + A. This equals —% + 7 +
— < . o« s
7 —t, which from (6.16) and (6.17) is just f~!(¢ — r(t)) — f~1(t' — r(#')). In the notation of [47] this is
written p(u) — p(u’). The other terms follow similarly.
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Given this form for ¢, we now proceed to calculate I.g and C from (6.3). We can make
use of a result found in [47] by first writing the Fourier transforms as complex exponentials

involving ¢, which is possible since v(A) is even and so contributes nothing to the sine

transform:
i = _—1/oo dA psin kA
i - 00
. b = kA —ikA
= g L a e -
—c? feo kAT —ikAF
- ﬂ/_wdA (€47 — emikag] (6.29)

Substituting the identity [47]

00 . —4r £ [1l—w
—ikA PT=_ - )
/_ dA e (= i (e% 1) where 5\ T (6.30)

into (6.29), we get the effective spectral density

C2

Iy = i (6.31)
Similar steps allow us to use (6.3) to calculate C. Writing
I5C = '21? /_ °:o dA [e*® +e*8] ¢ (6.32)
and again using (6.30) we arrive at
C = coth = (6.33)
2T

So a thermal spectrum is observed, redshifted by the Doppler factor involving w as in
(6.30). This is the influence functional derivation, in contrast to the usual approach of

dealing with two point functions for ‘in’ Fock states.

A different mirror path

As a further example we will consider a more specific mirror path, again static for ¢ < 0,

but one which reduces to the above path for large t. This is
=]
) = —
z(t) p In chxt (6.34)

Following our previous calculation, we can use (6.28) to calculate (. For this we need T,
and hence f~!. Again, by solving (6.10) this is found to be (for all ¢ > 0)

fHuw) = %ln (2- e ) (6.35)
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So from (6.17) the detector path is

1 1
() =5 [r* +(1+w)t —~In (2- e_"[_“+(1—“’)t])] (6.36)

This can be used in (6.28) to calculate (, and hence the spectrum; however in this case

the calculation is harder since the Fourier transform might not exist in closed form.

6.1.2 Perturbed Mirror Trajectory

We now wish to calculate the particle creation from a mirror trajectory deviating from
that which produces a thermal spectrum (which we call a ‘thermal mirror trajectory’).

Consider the perturbed trajectory
2(t) = —t — Ae2 b " 4 g (6.37)

and introduce a dimensionless parameter measuring the deviation from the thermal mirror
trajectory (6.18):

h== (6.38)
K
We expand (1) to first order in t:
k(t) ~ k(0) + h(0)x*(0) ¢ (6.39)

=
provided that this expansion is only taken as valid for ¢ <« (h(O)K(O)) . In that case,
we are essentially taking h as roughly constant, so that we can replace A(0) by & in what

follows. Substituting (6.39) into the above expression for z, we obtain (with ko = «(0))
2(t) o —t — Ae~Mot-heit® | p (6.40)

Following the same route as for the thermal case, we find f by solving (6.10). It is inverted

in the large time limit to give
hi?
fH(u) > B — Aemro(Btu)= 3 (B+u)? (6.41)

To calculate ¢ we again use (6.12) and (6.15) in (6.13). If we indicate the dependence of
7 on h then we can write to first order in h:

2
7(h,t) =~ 7(0,t)— MTOAe-Ko[B“-P(f)][B +t —p(t)]?

= Fo+ 6F (6.42)

where Tg is just the unperturbed 7 in (6.21). Note that although the form of 7 has changed,
because we’re obliged to work in the new coordinates as dictated by the perturbed mirror

path, the physical path of the detector remains inertial.
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Next we calculate the perturbations to the noise and dissipation, é¢,
s
8¢ = ——8—6§ (6.43)
by referring to (6.28). To first order

47T + 72 — 72)67 + 47o(T" — T2 + 72) 67

To,Tg) +
(7o 7o) (T? — 72 — 72)2 — 472 722

= (+6C (6.44)

U

((Fo + 67,7 + 67) =

Also the change in the spectrum of fluctuations is given by

8(1.5C) —ct [ coskA |
{ueﬁ } =5 [ {iSikat @ (6:45)
The fluctuations are seen to be proportional to A.

Note that these integrals are by no means trivially done, and in particular we cannot

just set € = 0, since this would immediately make both I, and C' pure imaginary.

Alternative perturbation

We can follow a slightly different approach which will make the previous calculation more
applicable to the black hole case in the next section. First, we rewrite (6.40) by taking
h < 1 and expanding the exponential:

2(t) = —t— Ae”™ 4+ B 4+ hAe P02 42

GRS (6.46)

= 2zo(t) + 8zo(t)

where z9(%) is just our unperturbed mirror trajectory. We wish now to calculate the new
7. For this we need the new f~! [see (6.17)]. So we solve (6.10) for f in terms of f,
whereby the resulting function is by definition f~!. We write

=T(f@) = fo' () + 8(f () (6.47)
where from (6.20)
fo'(v) =B — Ae™<(B+Y) (6.48)
To solve (6.10) we expand 2o to first order in §(f;"') obtaining
T

T (0w w) (649

From (6.17) the detector path can now be written in the new coordinates as

T

Fot 87 = L [thr— f(t=r) = 6/ )(t = 1) (6.50)
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or

57 = 715( £ —7) (6.51)

Now that we have obtained 7, we can substitute it together with 7o from (6.21) into
Eq (6.44), which then gives us the corrections to the spectrum as derived in the last

section.

6.2 Collapsing spherical mass

In this section we study thermal radiance from a collapsing spherical mass coupled to a
scalar field by analogy with the moving mirror case just discussed. Outside the body the

metric is conformal to flat space, and we write it as
ds* = C(r)dudv (6.52)

where u, v are null coordinates defined as in the mirror case, except that now  is replaced

by the Regge-Wheeler coordinate r*:

. [T dr
with Ry the radius of the body. That is,
d
{dﬁ} — dt 7 dr" (6.54)

The field equation outside the body, ¢, = 0, is now solved in the large time limit [47]

to give radial modes containing time dependence which are written
e—ik'u _ eik(ce"‘"+d) (655)

where & is defined by
1
K= EC,(Rhorizon) (656)
These modes are identical to those of (6.23); this shows that the collapsing body case

is equivalent to the mirror case already calculated. So by analogy with the previous
calculation, we can define a function f~'(u) by writing the field modes as in (6.22), and

similarly define coordinates ¢ and T as in (6.6):

|

8

= f(u)
= v (6.57)

o+
8]

+

Hence the radial modes are again sinkZ e~ and just as for the mirror, we obtain

X(@®) = eH,
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We can now calculate ¢ for a detector placed at constant r. Such a detector is also at
constant r*; or by analogy with the mirror case, constant . This just corresponds to the
mirror case when w = 0. So the mirror calculation carries over to here, and we obtain
T = x/(27).

For the case of a Schwarzschild hole, C(r) = 1 — 2M/r,k = 1/(4M) is the surface
gravity of the star, and we arrive at Hawking’s well known result

1
T &M

(6.58)

6.2.1 Perturbed Schwarzschild metric

Suppose we now perturb the Schwarzschild metric, say by the arrival of a gravitational
wave. How does this affect the spectral density and temperature of the hole?
Perturbations to the Schwarzschild metric have been studied by many authors [48]
for stability considerations [49] (a necessary condition for the existence of black holes in
nature) and gravitational wave analysis [50]. We use the notation of [49), restricting our
attention to radial modes only. In this case only the even parity modes survive, and we

can write the perturbed metric using two new functions, Ho(r), Hy(r), as

2 : , -1 .
d82 = (1 — ﬂ) (1 _ Hoe—tkt> dt2 _ 2Hle—zktdt dr — (1 — %) <1 + Hoe—zkt) dr2
) r

' (6.59)

Since we assume Hy < 1 we can rewrite the metric in a more convenient form, with

C(t,r) = (1 - %) (1 - Hoe_ikt):

ds® = C(t,r) [dt ~ (14 Hye®) ] [dt + (1= Hye™™) dr ] (6.60)

Clt,r) Ct,r)

Now in the static case we calculate the form of the wave modes resulting in (6.55), where
we are using (6.54) to define u,v. These unperturbed expressions for du,dv are easily
integrable. However in the perturbed case this is no longer true: if we define du, dv to be

the two bracketed expressions above in analogy to (6.54) then they cannot be integrated
to give u,v. This is because the expression

du = f(t,r) dt + g(t,r) dr (6.61)
is only integrable if f /Or = 8g/0t, a requirement that fails for both bracketed expressions

above. So what we must do is introduce a new function F (t,7) which allows us to define
u and v again in analogy to (6.54) while keeping the form of (6.52):

du = F(t,r) [dt - (1 + Hle"ikt) %rr)}
1 —ik) _dr
dv = i) [dt + (1 - Hye™) C(t’r)] (6.62)
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This function is in principle known by applying (6.61), although in our case the differential
equations are probably not analytically solvable. We assume it’s known and follow the
method of [47] to obtain the scalar field modes. Writing the modes in the form

e~ kv _ =k (a(u)~2Ro) (6.63)

for some Ry, where U = a(u), V = 7'(v), we must obtain the functions a, 8. To do this
we first specify the two line elements: the first, outside the perturbed hole is

ds® = C(u,v)du dv, (6.64)
while the second, inside the perturbed hole, is
ds* = D(U,V)dU dV, (6.65)
where the surface of the hole is at r = R, and
U = 7—(R—-Ryp)
V. = 74+(R—-Ry) (6.66)

for some constant Ro. On the horizon we match up the two metrics and solve for t (where

"= d/dr). Then we have

(wiao) (%) e

(6.67)

The experience of an observer at late times is determined almost entirely by rays not far
separated from the last ray to emerge from the hole. This being the case, we can concen-
trate on near-horizon approximations and solutions of the equations for «, 8 in (6.67).
Near the horizon (6.67) simplifies to
U 1R-1

W ~F g ¢

dv R-1
—~F——D .

dv 2R (6.68)
Hence by expanding C at the horizon to first order in R — Ry, (the radial distance from

the horizon) and noting that C vanishes at the horizon, we can again define

K= L 8—0 (6.69)
2 Or =R '
and write, with v ~ B some constant near the horizon
dU  —k(U - Uy)
du  F(u,v= B) (6.70)
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So the first equation in (6.68) has the solution
U= cle_”fF(Tv‘B) + Uy (6.71)

for some constant ¢;. The second equation in (6.68) is solved by the same argument as

used in {47]. However we must include the function F' evaluated at u — oo and v = B.

This gives B
y-D0+o) FleoB) (6.72)
20
with ¢ = —R(r,). Hence
. 20’61 _‘fﬁdLBT 20’Uh
AR . 2 6.73
5(0‘(“) 2R°) D(1 ¥ 0)F(c0,B)° * D(1 + ¢)F (o0, B) e B

and in the static case with /' = 1 this must reduce to —ce™"* — d.

We want now to connect this with the perturbed moving mirror case. We do this via
the expressions for the modes. Since f~1(u) = f5'(u) + 6(f5")(u), eqn (6.22) can be
written as

etk _ e—ik[—ce”"“—d+6(f0—1)(u)] (6.74)

Now compare this to (6.63, 6.73). Without perturbations (6(f;*') = 0) we have

20ceFY 20U,
+
D(l1+o) D(l+0)

+ep=—ceT™—d (6.75)

For convenience write F'(u, B) = 1 + ¢(u). The modes become

. . 20c; ek [ e(u)du 20U
exp(—tkv) — exp —ik DA T o)1 6(00)]6 e + DI+ o) + (o] + ¢
(6.76)
The bracketed part above can be written as
20c e 20U, 2001 _ [ / ] 20U
—— ¢ Ky | d A
D+0) Dty AT Bre) TR elwd] = pam el
=—ce”™ ~d therefore = §(f5)(u)
(6.77)

This §(f!) can now be used in (6.51) to give 67 and hence the corrections to the spectrum

and temperature of the hole.

Note that we haven’t used the original perturbation parameter A here. The per-
turbations to the Schwarzschild metric were directly calculated from the Einstein field
equations. However we can recover the # that these perturbations imply, by connecting

6(fo ') with the original 8z via (6.49). More specifically, starting with some perturbation
h we have the following progression:

h €9 bzo ©19) §(fH ©51) ér (6-43.6,44) corrections to spectrum and temperature (6.78)

79



The route is admittedly quite convoluted. (Even in the perturbed Schwarzschild case,
solving for the quantities introduced in [49], as well as the function F(t,r), are difficult
analytically or numerically. The limit involved in (6.45) is also not trivial). Here, we are
content with just sketching out a pathway to obtain the spectrum from a perturbed metric,
but leave the details, which may prove necessary in the consideration of backreaction

problems.

6.3 A cosmological spacetime: the Parker metric

In [2] the radiation seen in de Sitter space was calculated as an example of the usefulness
of the influence functional formalism. In this section we again use this approach to
investigate particle creation in a different spacetime: that of [43], which reports a thermal
radiance.

The metric is as follows:

ds® = adn® =Y d*(dz')? (6.79)

1
where

a*(n) =1+ e (6.80)

with p some parameter. We consider the action of a massless, minimally coupled real
scalar field ¢, which forms an environment acting upon a detector coupled to this field
at some point in space. The field can be decomposed into a collection of oscillators of
time-dependent frequency. Using the influence functional formalism, we can determine
the effect of such an environment on the detector, which is also modelled by an oscillator.

To do this we calculate the noise and dissipation produced by the field. These are
given as before:

&= /0 T dk I(k, 7, 7)X (1) X" () (6.81)

Here we calculate X, the sum of the Bogoliubov coefficients for the bath. First we

decompose the field into its modes; the lagrangian density is

Lo) = Ydgmg,

- g |er -] (682

7

l

In terms of normal modes the lagrangian becomes

Lm= 32 5 [(4k,)* — a*k*(gf)’] (6.83)



We see then that the bath can be described by a set of oscillators with mass and frequency
m=1 , w?=ad'k? (6.84)

Now as was already mentioned, X satisfies the classical equation of motion for an oscillator

with the given parameters. So we need to solve

X'"M+E1+eMX =0

X()=1 , X'(mo) = —ik (6.85)
The solutions are written in terms of Bessel functions:
k 2k
X(n) = c1Jax (g—e’"’/z) + e 2 (—e"”/2> (6.86)
P p P p

To fix the constants ¢y, c; consider that the initial time is 5o — —oo; unfortunately the
complex index Bessel functions oscillate infinitely often as their arguments approach zero,
and so for now we leave 7o unspecified. In that case we can calculate? ¢; and c,; the final

expression for X becomes, with

z = %e’"’/2 , 20 = %e
p p

and Bessel indices labelled by v = 2ik/p:

Ju(Z) J_,,(z) JU(Z) J—u(z)
J;I/(ZO) J’_,,(Zo) Ju(zo) J—u(zo) } (687)

In the limiting case of n — oo (with g — —o0) we can use first order and asymptotic

pm0/2

X(n) = :chsch# {ie""°/2

expressions for J and J' to write (which defines the phases 6;, 6,)

sh2rk/p i 1y
J,,(zo) N \\ 2rk/p i

2k | sh2nk/p i
J! S0 | 220 i0a(k)
"(z0> pzo \| 27k/p ‘

2 2§
Ju (z) ~ A\ cos (z —3 = Z) (6.88)

In evaluating X(7)X*(7') we obtain variotis products of Bessel functions with their deriva-

tives (note: J} = J_,); in particular we need

0, -0, = argI‘(l—I—%)—argF(%)

p
2%k
= arg ’7 - g provided k # 0 (6.89)

12

2To calculate these coefficients the wronskian of Jaiksp and J_sik;, is needed; note that there is a
misprint in Gradshteyn and Ryzhik §8.474: the relevant quantity should be ;—22 sin v,
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Also, when calculating the Bessel products, there arise sines and cosines with argument
f(r)y+ f(r') = 2k/p (e’”/z + e”T'/z); when 7 — oo and we ultimately integrate over k
, :

these terms won’t contribute to the integral and so can be discarded. Changing to ¥, A
variables we finally obtain

2k ' 2rk ., 2k )
C—e_”z/zf de(kTT)[cos—(e’"/?’ pT/Z)coth——zsm ("7/2—6‘”/2)
p p p
(6.90)
We can now equate ¢ with the standard form (6.2) and, as before, obtain the expressions
for the effective spectral density and temperature of the radiation, (6.3). In order to use

these we need to calculate the dissipation and noise, x4 and v

We first evaluate 4 as given by (6.90); substituting it into (6.3) will then give us the
effective spectral density I.4(k,%). Define

g

2 (epr/2 _ epT’/2) — %epﬁ/2 sh pA
P

91
e (6.91)
To proceed, we need to specify a form for the spectral density. This has been calculated
in [2], and in 341 dimensions it is

k
I(k,r,7") = yrs (6.92)
where ¢ is the coupling strength of the detector to the field. Then from (6.90) we have

—C

b= 3 _”2/2/ dk ksinok
7r

(6.93)
o2
= —e "2 18(0)

472

(6.94)
where the last result follows from (A.11). Substituting this form for 4 into (6.3) gives the
following result:

3k
Ly (k,B) = e 50

2

"py/Z/ dk k cosok coth — il
4n? p

(6.95)
Evaluating the noise kernel v is a more complicated affair. From (6 90) we write

I

CZ

2
—pZ /2 14 po
e He 2 l: (1/ ) —CSChZZ‘:I

T: (6.96)
where again the last result has been calculated in appendix A. Upon substituting this

into (6.3) and replacing I,z with the appropriate result, we obtain
e d
Clk, %) = / dA cos kAd—P(l/a)

2 PA pA
167rk / dA cos kA [csch #Zcsch? (ep2/2 sh T)] (6.97)
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The first integral can be done by parts to get
6o d d
/ dA cos kAd—P(l/a) = / do —cos kAd P(1/0)
—00 a

= —PV/ %i I:——coskA]

o o dA
k
= é—lﬂ-—kco h2L (6.98)
p p

The second integral in (6.97) does not appear to be expressible in terms of known func-

tions. Suppose we call it B(k, p, %), and write
o 2 PA > 2 (ox/2 4. PA
B(k,p, %) = 2/ dA cos kA [csch I e?*csch <e" sh ~4—)] (6.99)
0

Then we have

2 2
C(k,p,%) = e lé cot‘,hL]C + L

— e Y B(k, p. % 6.100

We need to examine the second term in the last brackets. The function B tends to
zero for large k (by Riemann-Lebesgue), and attains a maximum at k = 0 (since the
cos term stops oscillating there). However, numerical work shows that this maximum
value increases roughly with e?* which means that on first glance the second term in the
brackets won’t necessarily vanish at late times (¥ — o0).

So we need to examine the value of B at k = 0 more closely, to see precisely how it
changes with X. To this end we can consider plotting a graph of B(0, p, ¥)-vs-e”* and
analysing its concavity; i.e. with z = e** we need §°B/dz>. Differentiating twice under
the integral sign gives an integrand which is everywhere negative, and so we conclude that
0?B/0z* < 0, which means that B as a function of z is everywhere concave down. But
B increases with z, and thus B/r = e B — 0 as ¥ — oo. In that case the second term
in the brackets gives no contribution in the large time limit.

Finally, from (6.2) we can write ¢ in a form which reveals the thermal nature of the

detected radiation:

o] 4 2y
¢ =/ dk I.g(k,X) [ (; cothmcos kA — ¢sin kA (6.101)
0 p

The temperature of the radiation is now found by equating the coth argument, 2rk/p,

with the coth argument in the noise term for static coherent oscillators, k/(2T'), giving:

7=2L (6.102)



Parker metric with alternative time

Inspection of (6.90) suggests that an alternative time variable can be chosen:

t = Zeoni2 (6.103)
P
The metric becomes
ds* = thdt2 Za dz')? (6.104)
with g2
at=1+ o (6.105)

Again following the previous formalism, we arrive at a description of the environment in

terms of oscillators, this time with time dependent mass and frequency:

¢ 4atk?
m="F = # (6.106)

Solutions for X in this case follow through from (3.20, 3.22, 3.23) and are the same as
before, and all the calculations carry through in much the same way. With now ¥ and A
defined as mean and differences of ¢ and ' we again arrive at thermal forms for the noise

and dissipation:

( = e PE/? /oo dk I(k,s,s') [cos kA coth i o sin kA (6.107)
0 p

and the detected temperature is the same as in (6.102).

6.3.1 Perturbing the Parker metric

We now want to perturb the Parker metric (5.1) by writing

a*(n) =14 exp [/On p(7) d'r] (6.108)

and then seeing whether we obtain a near-thermal spectrum characterised by the param-
eter '

h = (6.109)

‘leb_

If we expand p to first order in 7 [with py =

~~

0)], and also assume hp2n? < 1 (as well as
the usual hpon < 1) we arrive at:

h
4 ~ 2.2 pon
a®(n) ~ 1+ e+ 5 Pol eon (6.110)
Zag(n) et
=b6(ag)(n)
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As before we need to solve for X from
X"(n) + k*[1 + €27 + 6(ag)(n)] X = 0 (6.111)

Since we are only perturbing our original X, which we now call Xy, we change this last

equation slightly to make it resemble (6.85):
X"(n) + K*(1+ e”")X = —k*6(ag) Xo (6.112)

We can solve this last equation by the method of variation of parameters. First we

postulate a solution

P0 Lo

: 2k 2k
X(n) = m(n)Jzux (p—e”°"/2> + 72(n) J 2ix (—e”‘”’/z) (6.113)
P0 0

Variation of parameters then yields the following results [for ¢;, ¢; approximately the

same as in the Xj case, i.e. (6.86, 6.87)]:

k2 2rk 2k
1)~ T esenZE [ (_/> 8(ad)(r) Xo(r) dr +
Po Po Jo ~o Po
—imk? 2 2k
wln) = T ek [ (—eW”) §(af)(r) Xo(r) dr +c;  (6.114)
Po Po JO  r \ Do

From this one can in principle calculate X (7)X*(7’) and hence ((7,7'). We can immedi-
ately see from (6.110, 6.114) that the spectrum perturbation is again proportional to h.
However, rather than pursuing the details for this model, it is more instructive to consider
a similar perturbed model in an inflationary universe, which has more astrophysical and

practical importance.

6.4 Inflationary Universe

6.4.1 Eternal versus Slow-roll Inflation

In this section we consider particle creation of a massless, zero temperature conformally
coupled scalar field in a spatially flat FRW universe undergoing a near-exponential (in-
flationary) expansion. The example of de Sitter space which corresponds to the exact
exponential case has been treated in [2]. Here we first solve for a general scale factor
a(t) using a slightly different language from [2]—our approach is that developed in this
thesis. We then specialise to a spacetime (the Brandenberger-Kahn metric (51]) which
has initial de Sitter behaviour but with scale factor tending toward a constant at late
(cosmic) times. We can also define the parameter & which measures the departure from
an exact exponential expansion.
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The calculation has been done for arbitrary temperature in appendix F. Set 7' = 0 in

(F.15) to get the following equation [where z,y are defined in that appendix, eqn (F.6)]:

C =

—4 w[d coskAiI% (6.115)

ko [dA Tz |y

This equation is the main tool of this section: it allows us to compute the spectrum

corresponding to an arbitrary scale factor. For example, in the de Sitter case with a = e
we use s N
HA 2e” H
z = 2¢H% ch —- Y= eH sh =R (6.116)

which when substituted into (6.115) gives

k
= — 6.117
C = coth i ( )

So for this case we can infer the temperature seen to be

7= (6.118)
2

as was calculated using a slightly different approach in [2].

As an aside, we note that from the above analysis for a general scale factor, the noise

kernel is
/ dkcoskA/ [ d COS’“A] A (6.119)
Y
with dissipation
e2§'(A)
= 6.12
n=— (6.120)

An often-used alternative to our principal part prescription is the introduction of
a cutoff in the [;° expressions; unfortunately following this procedure doesn’t lead to
tractable integrals even for the relatively simple de Sitter case.

Note that in equation (6.115) for the temperature in the general case, we are essentially
dealing with products of ¢ and 7, and it’s therefore not surprising that for de Sitter
expansion, where a oc 1/7, that (6.115) can be done analytically. For other forms of a,

even very simple ones, (6.115) becomes very complicated.

6.4.2 Near exponential expansion

In this section we consider the case of a near de Sitter universe with a scale factor composed
of the usual de Sitter one together with a factor that decays exponentially. We show that

the spectrum seen is near-thermal tending toward thermal at late times.
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We start by considering the Hubble parameter to have a constant value (characterising

de Sitter space) plus an exponentially decaying term:
H(t) = Ho (1 4 ce™?Ho) (6.121)

and from this our aim is to calculate C using (6.115). The scale factor then follows:
a(t) = exp (Hot — %e—ﬁH"t) (6.122)

We can define a parameter h which measures the departure from exact exponential ex-
pansion to be .
_ H(Y)
_ %) o —BHot
h(t) = H(t)? — —afe P70 as Bt — oo (6.123)
and as we might expect it decays exponentially at late times.

To proceed we indicate the de Sitter quantities by a subscript zero as well as writing

S=HY ; A=HaA (6.124)
so that from (6.116),
= o 1 2 A
zo = 26 ch; b Yo= sh 7 (6.125)

We wish to perturb these by using the new scale factor. Suppose we write
r = xo(l + fl(i,ﬁ))
y = w(l+ (5 A4) (6.126)

We first have
z = a(t) + a(t') = et FeTI0" | (Hot!=gemPHo! (6.127)

In the late time limit we can approximate this by

TNTo— — 5 (6.128)
Then f; follows:
—a .= ch =84
fi = — e P 2 6.129
1 ﬂ ch é ( )
Next we write
, t dt
y=n®)-nt) = [ =
¢ a(t)

t
- /t exp (—H0t+ ge-ﬁH°f> (6.130)



and by making the same late time approximation as for z we get

y o ft g~ Hot (1 + 26‘[”{0‘)
o J¢;

Qo e~ (1H+A)E (14 B)A
= : s 6.131
y°+ﬁ(1+ﬁ)Hgb] 5 ( )

This leads to N _
aePr sh L—LHf =

B(1+8) ¢ ;
Note that at late times fi, f5 tend to zero. In that case to calculate C' we write (6.115)

in the form

f2= (6.132)

_—4 [ d |coskA 1—f2
o~ - dA 6.133
=Tk dA [ Zo (1 fl)l Yo ( )
and so write, to first order in fl, fa:
dA d cos kA 4 roo dA d coskA d ficoskA
~— — — | fa== —_—— 134
C= 7rk Yo db 2o 7 [ 7 TdA o (6.134)

’

_cothwk/Ho =AcC, the perturbation

Evaluating AC' is lengthy but straightforward so we merely write the answer in terms of

an integral:

AC Hia 0% /‘-‘0 JA { —2k  sh Qi;i{@ SiIikA 1 sh %{Z— coikA
2wk Ho(1+8)  sp?2cnd 148  ch?dghd
2k ch C=D8 gin kA (1 — B) sh =08 (o kA , 2ch U508 cos kA
Ho ch? % sh% - ch® 2 A sh & A cha%
(6.135)
)

The important point is that the factor e ensures that this perturbation to the thermal

spectrum dies off exponentially at late times.

6.4.3 Brandenberger-Kahn model

We are now in a position to derive the function C(k, %) for the Brandenberger-Kahn
model. In this case,
2&(1_6—0!/2)

a(t) =ea (6.136)

with Ho, o constants. As ¢ tends toward zero and infinity, a(t) tends toward ef’t and ¢*H/«

respectively. The Hubble expansion function is
a
H(t) = —= Hpe /2 (6.137)
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and the parameter 2(¢) which measures the departure from exact exponential expansion
18 .
H(t) _ « at/2 . —

= = —— = O(o*t? 6.138
hE Hw T Tam,e | am, T Olt) (6.138)

We assume that |ot| < 1. Equation (6.115) is much too difficult to evaluate analytically

here, but we can get some insight by calculating it as a first order correction in & to the
de Sitter case.
At this point, we also mention an alternative perturbation of de Sitter space, given by

the scale factor

a(t) = el HO (6.139)

which describes a solution of the vacuum Einstein equations with a time-dependent
cosmological constant A(t) = 3H?*(t). One may expand H(¢) in a power series about
t = 0. Defining & as in (6.138), this form of perturbation turns out to be identical to the
Brandenberger-Kahn model to first order in h. We have to first order, from (6.138),

H(t) = Ho + HZht (6.140)

We will therefore calculate the detector response for the Brandenberger-Kahn model only,
keeping in mind its correspondence with this last model.
Again define fi, f; as in (6.126). The corrections are then written as
hlea A% <z A
A) = - |22+ —+XAth=
A) 2[ T th2]

f2(A) = g l(i +1) (8 coth% - 2) - (22 n §)] (6.141)

After some computation we obtain

k
C(k, %) = (1 + AL};) coth Z— (6.142)

0

a form which shows its approximately thermal nature, with

~5zk 5 ~ k) 2 oo usin 2k
Iy = —*Ho Y+ 1—{th—]Z2 Ho
1 Sh% ! Ch;rl_lg SERE th Hy)mJo  sh?u du (6.143)

(As a function of k/Ho the unevaluated integral looks much like tan~!, tending to 7 /2 as

In the low frequency limit the departure from a thermal spectrum is, to O(k?):

S4+1-(E+2/3) (2—’“) ] ~ R (6.144)

0

hFlzh
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Note that we stipulated that |hE| ~ |at| < 1, so that hl'; remains small as time passes.
In the high frequency limit the departure is given by

hTy — —2RE e~ mk/Ho (-;I—k —~ 1) (6.145)

0

which again remains small, and is especially close to zero for high frequencies.

6.5 Conclusion

The influence functional approach to thermal radiance is useful in that it places the
origin of the radiance in the excitations produced in the vacuum by a detector, and allows
these excitations to be described in a statistical way via the noise and dissipation of the
environment.

All of the variables which characterise the models we considered, whether mirror tra-
jectories, spherical infalling modes or cosmological scale factors, have had one thing in
common: they all contained an exponential growth in scale. This is what gives rise to
the Planckian spectrum of thermal radiance, and by specifying the parameter h which
measures any departure from an exact exponential transformation, we have found pertur-
batively that the departure from a Planckian spectrum is just proportional to A.

We reiterate that the statistical approach can quite adequately cover more general
cases of scale transformation; but the calculations appear to be only straightforward for
exponential ones—see for example the discussion on page 86 concerning the de Sitter case

in equation (6.115).
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Appendix A

Calculation of noise and dissipation

for a static oscillator bath

We wish to derive the noise and dissipation corresponding to a bath of static oscillators
with unit mass at arbitrary temperature. The spectral density has been chosen to be

ohmic:

I(w,s,s) = 2£w c(s)e(s") (A.1)

T

To calculate X (s), note that each bath oscillator has lagrangian

L(t) = %[42 — wq’] (A.2)

and from (3.20, 3.22, 3.23) the sum of its Bogoliubov coefficients with t; = 0 is
X(s) = et (A.3)

where we have chosen £ = w in (3.23). Then from (3.32) the dissipation becomes the

distribution

p(s,8") = 0 c(s)c(s") /Ooowsinw(s —5') dw (A.4)

T

This integral tends to be seen as obscure, and we will first devote some explanation to
calculating it.

Principal part formalism

To calculate the above integral, we first consider the meaning of
i ikx dk
/0 e (A.5)
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We can calculate this using a real variable approach as follows. First, we define

[>)
[ e
0

*2dk = lim [ @rkgp
e—01 Jo
. il
= 7 lim -
€ m+z€

+z lim ——

\5 .’112+62

(A.6)

e lim
£

= Ll(.’L‘) = L2( )

Now we introduce a finite support test function T'(z) and integrate L, and L, with it in

turn, freely swapping limits and integrals where necessary. First L;:

/_o:o T(z)Ly(z)dz

= e [

g2
e

= lim [T(x) tan™" g] - lign/T'(:r) tan~! = dz

= —/ {7:/7?/228}“
= =« T(0)
- /_oo T(z) 7 §(z) de (A7)

A similar approach gives Ly:

/_ °:o T(2)L(x)da

We finally summarise:

. [ @)k
hgn/;oo $2+€2 dm
-1 n
lim[/ —l—/ ] da:
+€2

lim lim [ditto] (+) ® dz
(z)

€ p—0t 2
hm hm [/ + ] = d +lim L / ) d
A e = + lim im n332 = z

PV/ Ec dz +lim T'(0) hm/

n .T2 52

PV/ =) dz + lim T/(0) lim[~l (z* + 2)]"
u ; 9 nir 3

PV / ff :
| T@) P(/2) do (A.8)

/0 e dk = 768(z) + i P(1/x) (A.9)
Note that the principal part distribution has effectively been defined as
P(1/z) = lim —2 (A.10)

e—0t 2 + g?
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and just as the delta function can be visualised as the limit of a sequence of, say, gaussians,
so the principal part can be visualised as identical to 1/z for z # 0, while continuous at
z = 0 and equal to zero there.

Having said this, any impulse to treat P(1/z) just like 1/z can give wrong answers.
In particular, does d/dz P(1/z) equal —P(1/z?) as is claimed in [52]? We need only test
this by integrating each of these with a test function, say e *", for z = —oo — oo. For
d/dz P(1/z) the integral converges; for —P(1/z?) it doesn’t. So these two distributions

are certainly not the same.

p and v from (A.9)

Differentiating (A.9) w.r.t. z gives

o 1wz R ¢ _i
/0 we'* du = —iré'(a) + —P(1/2) (A.11)

The dissipation then follows straight away:

u(s,s') = i c(s)e(s")Im /oo we™=5) dy
™ 0
= 2y0¢(s)c(s')8'(s — s") (A.12)

This form of the dissipation is called local; it is physically reasonable and justifies the
choice of the spectral density, as well as simplifying subsequent calculations.

Calculating the noise is more difficult; from (3.32):

v(s,s") = /oocoth 1(w,s,s") cosw(s — s') dw

. 2'70 ' o /
== c(s)e(s )/0 w coth 5T cosw(s — s') dw (A.13)
This integral can be calculated by first expanding the coth term, with A = s — s’ for

brevity:

e w % & % w cos wA
/0 w coth 5T os WA dw :j) w cos wA de + 2/0 e dw (A.14)
I 8

Then
I = Re [ weiwd
1 efo we'™ dw
d
= gaP/4) (A.15)
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which is a distribution identical to —1/A? for A # 0, but is continuous with an upward-

pointing spike at A = 0. Also, I; becomes

1
I, = Ao 72T%csch? 7T A (A.16)

and so we arrive at the general form for the noise!:

v(s,s') = 2% o(s)e(s") %P(l/A) + é — ®2T2sch? xTA (A.20)

This expression is nonlocal: that is, this is an example of the presence of weak damping
without an associated Markov dynamics. Normally it’s assumed that weak damping
necessarily implies Markov dynamics [55]. Here we see that this needn’t be so.

When ¢(s) = 1 we can show this expression for the noise becomes the usual delta in
the limit of high 7'. First, we notice that as T — oo, d/dA P(1/A) + 1/A? becomes
localised at the origin, as does the csch® term. If we then integrate v(A) = v(s,s’) with
a test function we get

[ s@wayaa = 50 [ va)da

In reference [53] Boyer calculates I; = —1/A2, contrary to the usual approach of using generalised

functions, and concludes
o w
/ dw w coth o €08 WA = —7?T%csch? 7TA (A.17)
0

This is manifestly wrong, since we expect Iy to be a generalised function. Further, we can show it is

wrong as follows: first, introduce a test function, say e"Az, and integrate this with the noise by swapping
the order of integration:
i 2 e w = w b 2
/ dA e~b / dw w coth — coswA = / dwwcoth—/ dA e™ 2" coswA
. 0 2T 5 2T J_ oo
o W * 2,
= /0 dw w coth o Re /—oo dA e~ATFiwa
o0 T
= \/7_r/ dw w coth —e ™ (A.18)
0 2T
This is finite. In contrast, Boyer’s result (A.17) gives
[ee] Az (e o] w [oe] 5
/ dAe” / dw w coth oT coswA = —72T? dA e™2 csch? 7T'A (A.19)
— o0 0 — o

the integrand of which is an even function, everywhere positive, and divergent at A = 0 like 1/A2; so the
integral on the right hand side of this last equation must diverge, which we know is not true. Hence (A.17)
is wrong.

Note that [54] has essentially arrived at our result (A.20), although there the principal part notation
has not been taken advantage of, and instead the answer is expressed in terms of the limit in (A.10).
This is not really useful, missing as it does the utility of the principal part formalism.
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(o9}

= (022 [P(l/A) — +7Tcoth 7TA
= 4%T f(0)
_ / F(A) 49T §(A) dA
and thus for T' — oo,
v(A) = 47T 6(A) (A.21)

which is the well known form for white noise.
Evident here is a convergence subtlety that is not being addressed, since T" appears in
this expression for the noise. The usual approach taken in deriving the high temperature

form offers some help here and is as follows. From (A.13) we write (with ¢(s) = 1 for

brevity)
2
v(s,s") £l / w coth —T cos wA dw (A.22)
Now strictly speaking this integral is only defined for some frequency cutoff, so we write
v(s,s') = 2% /wmax w coth ——= cos wA dw (A.23)
’ T Jo 2T

When wmay < T the argument of the coth will always be small, so we can approximate

it for small argument and write

4"}’0 T

™

v(s,s") ~ /wmx cos wA dw (A.24)
0

Then as wmax — oo this tends toward 44, T6A. So this is the condition (at least a sufficient

one) for which we can use the delta function as the high temperature noise:

Winax < T (A.25)

Although we have calculated the noise explicitly in (A.20), in fact it turns out that this
form can be difficult to work with analytically. Actually, in appendix F we do make
use of this explicit expression. However in chapters 4 and 5 we work with the original

expression (A.13) as an integral over w.
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Appendix B

Calculating the relevant lagrangians

This appendix derives the relevant cosmological lagrangians we have used.
We always deal with a spatially flat FRW universe, containing a scalar field ® of mass

m, coupled to the curvature by £. The lagrangian density for this field is

A= __\/2—9 [¢®,, @, — (m? + ¢R) 7] (B.1)
We calculate the lagrangian first in conformal time ( = d/dn), then in cosmic time

("= d/dt).

Conformal time

The metric is

a5 = () |on? - S (027 (B2

T

For the FRW universe, R = 6a”/a>, and by rescaling the field with x = a® we obtain a

new lagrangian density

1 z 5 al ) o a/2 aII
L=-|x%— 2 _ 9% vy — Y ,
Q[X > Xoi XX =X ('ma a2+6£a>} (B.3)

We wish to place the field in a box of side L, and express y in terms of plane wave modes q.

Fourier expanding gives

XX =\ S e (B.4)

kz,ky k;=—00

where the normalisation will be justified later. We can split the field into two sets, one

with positive k,’s and the other with negative (discarding k, = 0 as we will take the
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continuum limit eventually) and write

2 S o o
x(x) = (g2 X et go(ne (B.5)
k>0 kz ky=—co
= Z:k>o
2 ' .
= ﬁZ(qk"i'Q—k)COSk'X-H(qk—q_k)smk-x

k>0

L k>0

As an aside, given the normalisation we have chosen in (B.4) it follows that we can second
quantise the modes by taking w = vk -k + m? = v/k? + m? and

e~ Wi ezwna'l‘

= = B.7
dk 2\/(; y G-k 2\/0—) ( )
Then (B.5) will become
1 eik~x—iw'qa
,X) = + h.c. B.8
x(n,x) VI3 kZ>o N (B.8)

which is the usual expression in terms of raising and lowering operators. This last expres-

sion is the starting point for appendix E.

Now, to calculate L(n) = [ L(z)d*z, we need expressions for [ x?dz etc. Write y in

terms of real modes, (B.6), and use

3

L L L
/ cosk-x cosl x d’z =/ sink-x sinl - -x dz = —Ok e
0

0 2
L
/ cosk-x sinf-xd’z =0 (B.9)
0
so that after some straightforward calculation we obtain
L 243 +2 -2 2
/xdw:qu +a.° =) ¢ (B.10)
0 k>0

which motivates the original choice of normalisation in (B.4). Similarly,
L L v L
/0 X’z =3 4", /0 2oxi e =3k /0 xXdz=3"qf  (B.11)

Now it becomes a simple matter to use these to calculate the lagrangian from the density
(B.3), and we merely state the result:
1 a a/2 "
L) =2_5 [q” ~2—q¢¢ - ¢’ (k2 +m?a® — — + 65“—)] (B.12)
a a a
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Inside the brackets we now add a surface term of 6£(¢%a’/a) to eliminate the a” term,
which now leads to the final, new lagrangian:
?

Loew(n) = Z % q* +2(6¢ — 1)%’qq' — ¢’ <k2 +m?a® + (66 — 1)2—2)] (B.13)

This becomes, for a massless conformally coupled field:

1 I
Lnew(n) = Z 'é' [q i k2q2] (B14)
and for a massless minimally coupled field:

. 1 , a' a/2
Lnew(n) =25 [q2 —2—q¢' ~ ¢’ (k2 - —)] (B.15)

which has the de Sitter space form:

Luew(n) = Z% {q” + %qq' —q <k2 - ig)] (B.16)

Cosmic time

Here the metric is

ds? = dt* — a*() Y (dz')? (B.17)

The calculation of course follows through in much the same way, except that the Ricci
scalar is now R = 6(a%/a® + @/a). The lagrangian density (B.1) becomes

aAl., 1 2 ) a? @ 5
We choose not to scale the ® into a ¥ as before, since doing so turns out to produce a

more complicated equation of motion (i.e. now we are just expanding @ itself in plane

waves). The lagrangian becomes
., L[k 5 a* a
L(t): E ?liq — ¢ {EE-{‘m + 6£ (E-l-g ] (B.lg)

Now we add a surface term 6£/a® d/dt (a®aq*) within the brackets to remove the a:

a3 2

B B a . ok 5 a’
L) = S5 4126200 - (54 m - 062 (8.20)
These lagrangians are used in the body of this thesis, although there the “new” subscript
has been omitted.

99



100



Appendix C

Calculation of ¢;;’s in chapter 4

de Sitter with high temperature

Here we evaluate the a;;’s leading to (4.72). We are using the following small z, { approx-

imations:
Im [X(2)X*(()] =0 - 2\ — 2
O =8 casg—sing/c +0(7) = 510+ 06
(=403
o T sleost/¢+sing) = 2(0
e (C.1)
Firstly,
. — 1 g e (0 T Im [ X(2)X*(()] 4ck?T oz “Im X(¢')
1 k? / dc/z, 46 (zi) Im X (z) — o(¢ “(gl) Tm X(z)
= * o (T Im [(X(A)XH(O] 1 (2" Im X(¢)
N 4CT/z,~ d6 <z,~> Im X(z) —C (g) Tm X (2)
x cTlz|° [//\ d¢ <727 (¢ 2 f: ({)-{-/'zd( I¢]72 (= (2 4 2%/ z
. 1 2 A 2°/() 3
= T O|z|*t! (C.2)

provided ¢ < 1/2. Finally, :
1 g z {2\ Im X(¢) 4ck®T w2\ Im X(¢)
a2 = 53 d = - v
2k2/z.- C/z, d (C) Im X(z) —¢ 5(¢ C)(C’> Im X (=)
= oer [Fae (2) (XY 2
- [ (3) (58) &
A z
o et | [k e e
= I'0(1) (C.3)
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de Sitter with finite temperature

We leave the frequency integration until last:

v = % is' /Ooowcoth%cosw(s —8') dw
3 o -
= 27Tc kc - /0 di> & coth - cos 5(( ~ (') (C.4)

The a;;’s are
ck oo . wk
a1 = zfc?/o dw wcothﬁ X

/: d¢ /: ¢’ |<-l—c—1/2IIrl' [X(2)X*({)] cos (¢ — (') 'CI|_C_1/2 Im [X(2)X*(¢")]

Im X (z) Im X(2)
=i
k ofoo . wk
a1 = (z,-z)°2—7cr—/0 dw wcothﬁx
z B —c— Im [X(Z)X*(C)] A / f|—c=1/ Im X(CI)
[ e [ a1 ORGSR ()
E}ru
Ggy = z%%/ooodd)cbcoth% X
i # 1 —c~ zIm X(C) A I f|—c—1/2 Im X(C/)
/ de | de g cond(¢ =€) 3 (C.5)

sy

=1

Using the expressions from (C.1, 4.65) the first of the inner integrals becomes

o= [ a0 [ [ cosia(c - ¢) =210
+ [ eosal [0 + 209
+ [ A=+ o) 3 [ /A A’ cos " |2 ()
+ [ A cosalC =) I+ 2c'f3) (C-6)

We now have a difficulty. In order to get a reasonably useful analytic result, it will be
an advantage to replace the cos&(¢ — ¢’) term in the fourth integral above by something
simpler. We will have competition between ¢ increasing in the frequency integral versus
z decreasing in time. Suppose then we use a frequency cutoff wp,.,. In that case we can

approximate cos&({ — (') for {,¢’ ~ 0 by choosing Wnq, such that cos@w(¢ ~ (')~ 1in
the fourth integral. This will be true provided

Wz < —=1/X (C.7)
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However now we don’t expect our result to necessarily agree with the high T" result found
in (4.71), since there we had taken &,,,, — oo, which was made possible by the use of the
delta function.

At this point we refer to the discussion of the high temperature limit in appendix A.
There it is shown that the high temperature (delta function) regime is that for which
Wmae € T and wmee — 00. This absence of a cutoff in the high temperature limit is
usually not stressed, but it forms the most relevant fact here. In general we must impose
a cutoff for all finite T values, otherwise the frequency integral is not well defined—unless
T — o0o. So we conclude that the regime for which our analysis is valid here is T o o .

With the last cosine set equal to 1 as before, these integrals are all O(1) and therefore

so 1s ay;. Next:

A A
he = [ d¢ |2 A(0) [/ d¢" cos (¢ = ) 172 Fa(C) 2
+ [ e cosang |17 ¢ |
2 A
I 03| [ cosat! ()2
+ [ cosa¢ = ¢) 10172 ¢ (C8)
Evaluating these integrals gives Iy, = O|z|7°*}/2 5o that a;, = O|z|'/2. Lastly,
A A
L = [ a0 s | [ csalc = €)1 ()
+ [ cosag (¢
z A
+ [T de ey [ [ e eosiod! |C1 1 1(() 2

n /)‘2 dC’ COSU:J(C . C,) |CI|—C—1/22/C!:|
= Ol[7%*! (C.9)

so that az; = O(z).
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Appendix D

Calculation of q¢;;’s in chapter 5

From (3.49) it’s apparent that the first thing we need to consider is an expression for the

noise. Comparing our bath in (5.6) with (3.24, 3.35) we find that our noise kernel is

v(r,7') = %al/z(T)al/z(T’)/ BIeoth —=Yeo5 w(t —7') dw (D.1)
T 0 2T;
where the initial temperature we use is
T; =+\/MpH (D.2)

(where Mp; is the Planck mass; this form for the temperature follows from one of the slow

roll conditions for inflation:

V(®)
Mg,
together with the potential’s being V(®) ~ T} at the start of inflation).

The noise kernel is formally infinite, and so we must find a way of regularising it. As

H? ~

(D.3)

noted in section 5.1, the bath is equivalent to a massless, conformally coupled scalar field
(call this field x) in an FRW background. We show in appendix E that the above noise
kernel is directly related to the two point function of this field. We can therefore use
known results for the regularised two point function to deduce a consistent (regularised)
expression for the noise kernel. For this we will make use of Vilenkin and Ford’s result [56]

for the two point function.
So, from (D.1, E.8) with a'/%(7) = 1/+/—Ht we have (with ¢ = Yo/ H)

8re
v(r, ') = T XX (D.4)
so that
8re
V(TaT) . ]_7__| 2<X2>rcn (D5)
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Now, choose a cutoff wy,, in the noise such that v(7,7) can be equated with Vilenkin

and Ford’s regularised (x?):

2 wmaxr . . 87"0

v(r,T) 2 W_I:'—I/O w coth 2‘% dw required to & T 2(x” ) ren (D.6)

But , -

wmaz w w ™ g
t dw ~ —2& : D.7
/o w coth o7 w 5 + 3 (D.7)

so that , a2

“’Lz” + —”S— ~ 872X ren (D.8)

Vilenkin and Ford deal with a scalar field ¢ which just equals 1/a times our bath field

which is responsible for the noise. We therefore have

T? H?a?
. . 3 2 B
(x*)ren = a® x Vilenkin and Ford’s (%) = =, + 802 (D.9)
So (D.8) gives (with {( = kr)
2m2T2 H?aq?
wl o~ 7r3 ~ 4 3a (D.10)

At late times the second term will dominate; we ask for the time at which this begins to
happen. All we need do here is to set the two terms equal to one another and solve for

the time. Using a value of [29]
AJPI 6
== 0 D.11
< (D.11)
we find that the terms are of equal size at around 8 Hubble times after inflation begins.
Before this time the temperature term dominates, while afterwards the scale factor has
grown large enough for the H?a? to dominate the cutoff frequency. In that case we divide

the time into two regimes, each with its own wy,,,:

(D.12)

] L~ (2T)2 0< Ht< 8
bl = H?242 1
L =3 8<HI

maz
3rr!

where in the late time regime we have replaced the result from (D.10), 1/7, by a sym-
metrised version: 1/v/77'. We now use this frequency cutoff in (D.1) to calculate the
noise in each regime, and these will be labelled vcg and vsg respectively.

It’s not clear that the noise kernel (D.1) describes a bath whose initial temperature
is falling exponentially to the de Sitter temperature. This is because the noise has been

expressed in conformal time. In appendix F we reexpress it in cosmic time, and show that
it does have the expected behaviour.
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Before 8 Hubble times. Here wp., ~ 2T;, so we replace the coth term in (D.1) by
2T; /w, integrating up to 21; to get

4ek?T; sin [Z(¢ = ¢")]
vy i=[q

In terms of cosmic time, this noise can be written in the following way. Working in terms

V(S(g') C’) =

(D.13)

of sum and difference coordinates of two cosmic times s, s’, we define

Hs+ Hs'

S 5 ;

D=Hs—Hs (D.14)

so that after some algebra.we can write

4T.‘e—S sh D

H 2
D
Sh7

sin

2
V<8(C, C’) = ;Hchi 623 (D15)

For some fixed §, if we consider the noise as a function of D, we find that it oscillates

more and more rapidly as D increases. So we model this noise by a top hat function of

height
veg(D =0) = §CH T?eS (D.16)
T

and half width determined by the sine’s argument equaling 7, which leads to

H7r65+ HreS\? i D17
4T: 4T, + ( ' )

Over the period S = 0 — 8, this half width increases from about 0.002 to 3 Hubble times.

Dhoif wiatn = 21n

After 8 Hubble times. In this regime wy,q,, ~ (3TT')‘1/2, so set the coth equal to one

in the noise and integrate to wy,y,. Defining

T4+ 7

Y= 2
2

A=r—17 (D.18)

we have

. - A A
81l —f——— CO0S —/———crov— — ]
V>8(7', 7_1) = 2c W 3(E2-A2 /4) n \/3(22-A2/4)

D.19
TA/52 — A?/4 | (/3(82 - A?/4) A (B-19)
Again, switch to cosmic time S, D variables via
—Hs —-Hs'

— s 2 D

A = — 7 = 2 c = —e¢sinh =

T—T I + i e sinh 5

s N9 — —e=5 D

= (t+1)/2= 7 cosh 3 (D.20)



A plot of v55(S, D)-vs-D looks much like a sinc function, decaying after a characteristic
time of about 3 independently of the value of S. So again we model the noise by a top
hat of half width 3 Hubble times, and height given by the noise when D = 0:

HSCSS
¢ D| <3
VUsg = { 3 | | (D21)

0 3<|D

Switching to cosmic time sum and difference variables S, D, allows the noise to be modelled
by a top hat, which would not be possible using conformal time sum and difference
variables. However the price to be paid for this simplifying of the noise is that the
integration becomes more complicated when written in S, D variables.

To calculate the a;;’s we use (3.49, 4.65), so that the general expressions are

22¢ oz z
m o= g [ A A0 ¢ ) A

en = E2E Pac a5y wie o) i)

i = o [ [ Q) w6, ) (D-22)

where f1, fo are given by

Im [X(2)X*(¢)] . Im X(¢)
Im X(z) ’ Im X(z)

We will calculate a4y showing the steps of the calculation; a;, and as, follow in exactly

HO=(=07° RO =(=07° (D.23)

the same way, and so only the results of these will be shown.

Since we will be integrating over cosmic sum and difference coordinates S, D, we start
by writing the region of integration in these variables. Note that although we’re using
S, D, we will continue to use , (" as shorthand for the corresponding expressions [see (5.51)
for the definition of z]:

C = kr = %k_e—Hs — _e:L‘—S—D/2 : C’ — _ez—S+D/2 (D24)
Then
Z?c z z
an = 2o [Cd¢ [T £ v(6,¢) A (D.25)
St gt
= o [ds [ s e £1(0) wic, ) A(C) (D.26)

Since the domain of integration is a square in the s, s’ plane, the new axes of S, D are at

a 45° angle to the s, s’ axes, breaking the integration into two regions:
zzc k2 Ht/zdS 28 iD dS 2Ht-28 iy ] ,
Y ] /0 s ®O T Ht/2 /(2Ht 25) ] S(6) (6, ¢) A1)
(D.27)
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Introducing the two different noises further increases the number of integrals, since we
must now consider two regimes for the times:

: -25 - ! /
| ds e [ dD 1(¢) ves(¢,¢) £1(C)

2c
2

2H?

+ /SHW dS e %5 /_2; dD f1(¢) vss(¢, (") f1(¢)
+ /Hm as e [ aD fi() mslc, ) A(C)| (DY)

t/2 _(2Ht—25)
Now, consider the first integral, involving v<g. Now for S = 0 — 7 approximately, the
half width of the v<s top hat is on average about 0.25, increasing to 3 when S = 8 [see
(D.17)]. Compare this with the dynamical time scale of the system, which we define to
be 1/frequency of system as determined by its equation of motion:
2+3c+c?
X"(¢) + (1 — __CZ__> X=0 (D.29)
so that the angular frequency is approximately
24+3c+c®  3/2+¢
¢ [

which gives the time scale as approximately |(|, for small c¢. In that case, since ( =

(D.30)

—k/He #: we see that the system changes significantly over one Hubble time. So write
the first integral as f§ = JJ + JF and note that in the first region (0 — 7) the noise
correlation time of about 0.25 is much less than the system time scale. Hence we take the
limits of the first integral to be constant at —0.25 — 0.25 (since this is the average half
width of the top hat for v<g). We are effectively writing v g as

{ 8cHT?S |D|<0.25
Veg =

D.31
0 0.25 < |D| (D-31)

The last two integrals in (D.28) can be rewritten as follows. Since both use vsg which
has a half width of 3, we can combine them almost into one; but as S increases from
Ht/2 to Ht, the D integration covers an ever shrinking domain until the top hat starts
to become obscured, which happens when 2Ht — 25 = 3, or § = Ht — 3/2. Taking this
into account, a;; now becomes

2¢c
Z;

an = 2 [Tds e [T ab A0 veslc, ) Ai(C)
+ ® 45 &2 / dD £1(¢) ves((,¢') f1(C')
+ [T as 65 [ ap A0 a6 0) A(C)
b [0 agens [0 dD £1(Q) vssG,¢) | (D3

Ht-3/2 —(2Ht-258
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Finally, the fourth integral in the above expression can be broken into two regions:
;“_3/2 = [&+4 [H=3/2 The reason we do this is because now in the second integral
of this pair, we can use a small argument approximation to the Bessel functions (see sec-
tion 5.3.1 for an explanation of the time scales involved). The expression for ay; which

we will use can then be written

2c
2

o = i[5 [T 4D £i(0) vesl () A(C)
+ [[ds e [ D f(0) veslt,€) A(C)
+ [[ds 7 [ dD £i(0) vosl(,C) A(C)
[ a5 e [ ap A0 vesle,€) AC)
+ [0 a5e [0 4D f( mal¢, ) AC)]  (D33)

Ht-3/2 —(2Ht-28)

The five integrals above can be characterised in the following way.

1. The first has a noise correlation time (0.25 Hubble times) much less than the system
dynamical time (1 Hubble time), which allows us to extract the f; functions out of
the D integration, setting D = 0 in them. Also, because (| is large in this region of
integration, we can replace the Bessels by their large argument forms which makes

the integrations tractable.

2. The fi’s can’t be extracted from the D integration for the second integral, since
here the noise correlation time (~ 3) is greater than the system dynamical time.
Also the Bessel arguments are approaching one, so that we can use neither the large
nor the small argument forms of the Bessels. Hence this integral remains a double

integral over the Bessels.

3. The third integral behaves just like the second, although of course for values of z

less than 8 it won’t arise.

4. For the fourth and fifth integrals we can invoke small argument forms of the Bessel
functions (|¢| < 1, and of course for all the integrals we can take |z| < 1).

We now calculate the first, fourth and fifth integrals, and assume that the second and
third have intermediate values. In fact, for all the ai;’s the three calculable integrals are

dominated by either the first or last one, so we will assume that integrals 2 and 3 can
safely be neglected.
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First integral in (ID.33) Write this as

J2 7 0.25
oV 2by/d5€”deDﬁ@M@K£3ﬁW)
o [ 45 P Ao AClomo) [ dDves(¢,C)  (D3Y)

~y

2H2

which can be done since we are using the fact that the system is not changing greatly

over the noise correlation time. Hence
e2c7:2cTi2 7 _ o

To treat the Bessel functions in large and small argument limits we need the following

expressions. For large arguments:
J.(y) 2 (cos
{Y,,(y)} ~ W—y{sin}(y—wu/2—7r/4) (D.36)
while for small arguments
v 2 v 2
y y —2'T(v) y
Ju(y) ~ 1— , Y, (y)r———=|[1 .
(v) =~ 5 ( pre 1) () - oy (D.37)

[We work only to leading order, but in fact the full expressions in (D.37) are needed to
calculate b; in (5.55) and also for (5.62)].

The following are the forms of fi, fo together with what is needed for subsequent
calculations:

A =l T e (andidl - anvaic)

=2 (P (LI + g e alC)
¢,2—0 c v viF|—v
2 Sl (el - e iel)

_cImX e
£O) =Kl E ; = [ (asduC] + asYalc))
e A CA TR AVCEY)
el (cos) (D.38)
with
— \/_ le z—0 \/'
a; =
2 (cos)Y|z| — (sin)J|z| 2 (cos)
4y = f J|z| =0 —ayvr|z|?
V2 (cos)Y|z| — (sin)J|2] 2yl
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Il —(sin) 20

e |2| (cos)Y |z| — (sin)J|z| — asle|
1 (cos) —y o
HT el (cos)Y T = Gin)Je] as|z|"/(sin)
(sin)m
= {eos)T(1)2° D.39
« (cos)I'(v)2~ ( )

For ¢ < 1,2 < 1 we have

f (—ez_s) o~ —al\/g/-ﬂ e=(7=5) cos "5 (D.40)

so that we can write (D.35) as
alt) ~ a%_élclze_‘x (2)2 /7 dS 1S cog? 25 (D.41)
T H/ Jo
The integrand is a nonnegative, rapidly oscillating function modulated by e(2¢=1)9 so that
we can estimate the integral as just half the area under this exponential, which for small
c is approximately (1 — 2c)~™'/2; so that we finally arrive at

2 - 2
1 . o 2¢ck e (Tz>
aj; ~ 1 =20 \H (D.42)

Fourth integral in (D.33) This is

@ _ &

Ht-3/2 3
af = o [ as e [ dD [(0) wss(¢ ) A (D.43)

where as usual we are using (D.24) as shorthand. We can use the small ¢, z expressions
from (D.38) to simplify this as

(4) ck @ ¥ (2¢—1)2 Ht=3/2 S 3 / —c v v |—v 1 v —v
off) = 22 () et [T s e [ ap (o<l —leicl) (i€ ~1e1¢1)
(D.44)

The integral over D is done first, yielding
3
| / dD = 2¢E-91-20) [36(-.—;—.9){:a+2c) — 2|2+ sh (3v) + 3|z|6+4ce—(r—S)(3+2c)] (D.45)
=3

The S integration is now easily done. The resulting expression contains terms involving

ef', and it remains only to convert this to z, z via

eflt = e /2| (D.46)
to ﬁhally give

ol 2 6+4c
ag‘i) ~ (_0‘1_) ez [1 _ 69/2|Z|3 n 3|z| (|z|—3—4ce—9/2—6c _ 1)

3r

vyl 3 44c
sh (3v
~ e (e 1) (D.47
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Clearly, for z < 1 the 1 in the brackets dominates, leading to

Ck (0%}
aﬁ) o (2"1/!

>2 e (D.48)

Fifth integral in (DD.33) The last integral to be done is

‘2c

=2 [ ase s [T D (@O meG O ) (D49)

2H? JHi-3/2 —(2Ht-25)
(4)

This is done in much the same way as aj,: on using small {, z expressions the integrand

is written as in (DD.44), and the D integration is then done to give
/3 dD = 2ele=9)(1-2) [(2Ht —25) (6(1'—5)(3-{-20) + |Z|6+4c6—(z—5)(3+20)>
-3
2
— 2P oh [W(2HE — 25)]] (D.50)
v

(4)

Just as for ajy, this can be easily integrated over S, and resulting terms involving e

can be replaced by z, z via (D.46). The final expression is

k 2 —6c
o = 57 () P 1o i a2 )
+ ; (1 — e %[ ch3v +c/v sh31/])
9/4 + 3¢
= ckd?O|z? (D.51)

Comparing (D.42, D.48, D.51) we see that a;; is dominated by the expressions of ag ag‘i)
(and presumably all), a( ) as Well) and will be a function of ¢ with Vanishing z dependence.
We expect the contributions of an ,agl) to be secondary to that of a11 , since their regions
of S-integration are smaller than that of au while the Bessels are still oscillating there.

In that case this function of ¢ is determined by adding agl), a§1 Write

-z 2 2cx
o 4 ol = o2 ck l 2(216_ - (%) N 37;;%!2] (D.52)
Remember that we are considering = to be in the range 7 — 14. Taking typical parameters
as ¢ = 10,c¢ = 0.2,T;/H = 10°, the first term in the brackets equals 107 while the second
is 0.2. In fact if ¢ is held at 0.2, the second term will only begin to dominate when z ~ 22,
which is far outside the bounds we are concerned with. Alternatively set z = 14, the most
extreme value, and calculate a bound on ¢ such that the first term dominates. We find

that this will occur when ¢ > 1075 (and ‘at the other extreme when z = 7 the condition
becomes ¢ > 10_3).
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Hence we take the dominant contribution to a;; to be aﬁ) and write
ay; ~ 10" e™%af ck (D.53)

where we have set the 1 — 2c term to be 0.6 since it depends only weakly on small ¢, while
leaving the overall factor of ¢ explicitly written. Note that the term containing «; has
been left unevaluated; from (5.53, D.39) we have

. \/? Y| o \/? | (D58
=] b —— e 5
: 2 —cos(e® —wc/2)Y|z| + sin(e® — 7¢/2)J|z] 2 (cos)

This term is very sensitive to e* = z; = k/H. This might be an effect which has been

introduced due to our choice of the system-environment being initially uncoupled. Or it

might be an artifact of the normalisation carried out in (3.43), since several quantities are

tending to zero in the expression for X in (5.49).

The remaining quantities, a2, azq, are handled in exactly the same way as we have
shown for a,;. Here we just quote the results, with numerical parameters evaluated in the

same way as was done with ay;.

a1z ~ 10%a? ck|z|

azs ~ 0.01a? ck|z|™! (D.55)
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Appendix E

Equivalence of two point function

and noise

Since the two point function (x(n,x)x(n’,x)) can be calculated by taking a trace with
a thermal density matrix, we choose to work in the number basis. In that case, we can

decompose the field x into plane wave modes as was done in appendix B, eqn (B.8):

cxk-x—xuv; a

1
x(n,x) = + h.c. E.1
( ) V/L_a & V 2w ( )
We can write
(x(m,x)x(n",x)) = tr x(n,x)x(n’,%)pun
1 eik-x—iwna 1 eik’~x—iw’na
= Sml= 3 (_._ + h.c.) = (— + h.c.)
(i L? k>0 V2w L? K'>0 2w
x (1= e™/T) S e/ |n) (n|m) (E.2)

We sum over n and note that the k, k' cross terms will ultimately vanish (see e.g. [17]),

allowing us to write (keeping only nonzero contributions from the a,a'):

1 ) e_mw/T Ly ! . '
(cm0x(', ) = g5 30 (1= ) =g [ miaallm) + ¢ mlalajm)|
m;k>0
1 1 . :
== —iw(n—-n') w(n—n")~w/T
= e +e E.3
I3 lg) (1 —-ew/T)2w [ ] (E.3)
The symmetrised two point function is then
— / ! 1 1 w 7
(X sym = (0, 2)x(0's %)) + 1 o 0" = 73 3 —coth 5o cosw(n — ') (E.4)
k>0 %
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We now take the continuum limit, bearing in mind that from (B.5),
[o2o]
k>0 k.>0 k:ruky=‘—00
Since an integral number of wavelengths must fit into L, we must have Ak, = Ak, =

Ak, = 2« /L, in which case

L

" $ A2 Ly “ Pk E
> = () Tak— () [, fo (£5)

k>0

If the field is massless then w = |k|, and so d*k = w?sin 0 dw df d$. Hence

L? e
— — / w? dw (E.6)
k>0 Am? Jo
which when substituted into (E.4) gives
1 e w A
(XX)sym = Er_i/() w coth 3T cosw(n — ') dw (E.7)

This is the main result of this appendix: it relates the noise produced by a massless scalar

field to its two point function. This is another point of contact between the influence

functional formalism and the more well known techniques of quantum field theory.
Finally, from (D.1) it follows that

, 2
v(n,0) = =12 a2 (n)a (') 472 (xx) oym (E8)

This expression is used as the starting point for the calculation in appendix D.
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Appendix F

Effect due to nonzero temperature

bath during inflation

This appendix calculates the function C' as used in section 6.4, and also shows that the
effects due to the bath temperature decrease exponentially as mentioned in appendix D
(page 106).

We are working in cosmic time. The lagrangian for a massless, conformally coupled

field is (B.20):

a’

Lol = L5 [P+ 20— (5 - 5)] (F.1)

Using (3.20, 3.22, 3.23) we can write the equation of motion of X as (with & = k)

) . RISV
X4+32X+ (S +Z 4% x=0 (F.2)
a a?  a? a

X(t)=1 ; X'(t;) = -1k —a(t;) (F.3)

The solution is simply

e—ikn
t) =

X(¢) e (F.4)

where 7 is the usual conformal time.
We wish to show how the radiation observed for this type of field depends on the
temperature of the bath. Referring to [2}, for a bath of oscillators in a thermal state the

influence kernel is given by

hw

2kpT

C = /0°° dw I(w,s, 5’) (coth Re [X(S)X*(sl)] +iIm [X(S)X*(S,)]) (F5)

We introduce for brevity:
z(X2, A)
y(5,4) = n(t)—9(t) (F.6)

1l
Q
—~
G
g
+
et
~~
S
~



in which case it follows that

P il o0 ] k o
((s,8") = W/O dk I(k,s,s") (coth 9T 08 ky — 1 sin ky) (F.7)
=/ T dk Ig(k,s,s") (C(k) cos kA — i sin kA) (F.8)
0

where C, I.g(k,X) are two functions to be determined. As explained in section 6.1, if C'
was replaced by coth k/(27"), ¢ would describe a thermal bath of static oscillators. Qur
plan is to show that C indeed has the form of a coth. Here I.g(k,¥) is the effective
spectral density. Equating the real and imaginary parts of the two forms of ¢ and Fourier
inverting, leads to (6.3) which will be used to calculate C.

The spectral density of the scalar field is found by calculating (3.33) for the case of a
point interaction between a system harmonic oscillator and the field; the short calculation
is done in [2] and gives
e’k
4r?

In this case we can evaluate the integral in (F.7): see appendix A for details on how this

I(k,s,s') = (F.9)

is done. The imaginary and real parts of ( are, respectively,

- sy
ro= a(.s)a(.s’)47r27r Y
1 e?

a(s)a(s) 4x? (d/dy P(/y) +1/y* — r*T2csch?r 'y (F.10)

Comparing this with (F.8) allows us to write

—e? oo sin kA
Is, = —== SRR
7 472 /_oo a(s)a(s") §(y)
g? foo cos kA
Ie = = e 2, 2m2 2
7 43 /—oo 44 a(s)a(s’) [d/dy PQ/y) +1/y" — m*T each WTy] (F.11)

The first expression is easily evaluated by changing variables from A to y, using

dA  2a(t)a(t)

& " )+ o) (F12)
A useful fact here is
A=0<=y=0; A=2co<=y==2c (F.13)
in which case it follows that independently of the scale factor a(t),
I e%k
eff = ypecs (F.14)
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The second expression in (F.11) now becomes

wk/ a(;)oikA @ [d/dy P/y)+1/y* — = Tzcsch27rTy] (F.15)

We can integrate this by parts to write

4T  coskA cos kA

= — —— —— [P(1/y) — 1/y 4+ «T cothnTy
& ko oa(t)+a(t')|, ok / [dA a(t) + a(t’)} [PQfy) =11y ]
(F.16)

Suppose we now specialise to de Sitter space:
ca(ty=¢€e"t 5 qgt) = —e Y H (F.17)

for which we need
QG—HE

a(t) + a(t') = 2e"F cosh HAJ2 ; y = i sinh HA/2 (F.18)

The usual Hawking temperature is now easily recovered by setting T' = 0, so that —1/y +
7T cothnT'y is set to zero in (F.16) to give

-2 @ dA d coskA
=t y dAa(t) + a(t)
©odA d coskA
7k Jo y dAa(t)+ a(t)

nk

= — F.19
coth T (F.19)

C =

and by comparing this with (F.8) we immediately arrive at the well known effective
temperature of H/(27).

If we keep T' nonzero in de Sitter space then our analysis proceeds as follows, referring
to (F.16). First, the principal part just gives the coth term as just calculated. The

argument of the integral is even in A and well behaved at the origin, so we write

C’—-coth—— k/

We now concentrate on the integral (= J) in this last equation, and show that it tends

to zero exponentially for large times. First we write all A’s explicitly:
sinh HA/ 2>}

°° cos kA -H _HE 21T _ s
2/ [dA coshHA/2] [2sinhHA/2 L ”Tc°th< "
(F.21)

Suppose we now assume late times (large %) and split the integral into two intervals. For

the first we assume ¥ is large enough to allow a small argument expansion of the coth

[ coskA

dA 2eH% cosh HA/Q] [=1/y + 7T cothnTy] (F.20)
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term (coth z ~ 1/z 4 x/3); for the second we assume A is too large to allow this, in which
case we use a large argument approximation of the coth, i.e. cothz ~ 1. The coth can
be expanded to first order as long as its argument is much less than one, and this is true

provided that

2 H

With these approximations the last integral becomes

1 4o —ksinkA  HcoskAsinh HA/2| 27*T?
= = dA — —2HE _:_ A
/ 2 /0 [cosh HAJ/2 2 cosh? HA/2 ] 3H sinh HA/2
N 1 feo —ksinkA  HcoskAsinh HA/2 —-H (F.23)
2 Ja, cosh HA /2 2cosh? HA/2 2sinh HA/2 '

Clearly the first integral goes to zero as T%e"2#%/H. For the second, if we approximate
each sinh and cosh term by an exponential then a straightforward if slightly lengthy
calculation shows that its modulus is always less than a term which goes to zero in

exactly the same way. So we can write (F.20) as

Tk T2e—2HE
C ~coth—+0 | —— F.24

H + < kH ( )
It’s evident that for late times, the effects due to a nonzero temperature environment
become washed out exponentially quickly. As might be expected, a slightly longer time
is needed as 7' increases and H decreases.
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