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SUMMARY

This thesis reports an experimental investigation of the growth and aggregation of calcium

oxalate mono-hydrate in metastable saline solutions using batch and continuous systems.

There is much interest in the crystallisation of calcium oxalate hydrates for one reason - they

are the principal inorganic constituent of most human kidney stones. Growth and

aggregation have been identified as the important size enlargement mechanisms responsible

for stone formation, and although both have been extensively studied the mechanism by

which aggregation occurs is still poorly understood.

Firstly, states of saturation in the calcium oxalate system are studied, as supersaturation is a

key variable in any precipitation reaction. A simple method of calculating supersaturation in

metastable saline solutions, in terms of free ion concentrations from total ion concentrations

is developed. This method is shown to be as accurate, but much easier to use than more

complicated models that exist in the literature.

Seeded batch crystallisation experiments were conducted to investigate the effect of

supersaturation and the agitation rate on the growth and aggregation of calcium oxalate

mono-hydrate. A standard metastable solution of calcium (1.0 mM) and oxalate (0.2 mM)

ions in a saline solution of ionic strength 0.158 M was used to investigate the effect of

different rates of agitation. The supersaturation of the metastable solutions was increased by

adding different quantities of oxalate. Metastable solutions with initial oxalate ion

concentrations of 0.2 mM, 0.3 mM, 0.4 mM and 0.5 mM were used.

The data from the batch experiments were analysed using the program Batch, (Hounslow,

1990). This program extracts the growth and aggregation rates from changes in crystal size

distributions with time. It is found the growth rate is size-independent. The growth rates

from experiments at different agitation rates using solutions with different calcium to oxalate

ratios are all described by a single equation with a second order dependence of the growth

rate on relative supersaturation. These findings are consistent with those reported in many

other studies available in the literature.

The aggregation rate is best described by a size-independent aggregation kernel. It is found

that the aggregation rate constant decreases as the agitation rate increases. Of more interest is

the finding that the aggregation rate constant in metastable solutions is dependent on the

oxalate ion concentration only, rather than the activity product, or supersaturation.
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A mechanism is developed for the aggregation of calcium oxalate crystals in saturated and

supersaturated solutions. It is proposed that aggregation in supersaturated solutions

proceeds as a two-stage process, the first being reversible and described by conventional

electrical double-layer theory, the second irreversible and controlled by crystal growth.

Further, it is proposed that in order for crystals to aggregate irreversibly solute must first

diffuse to the point of contact and then deposit on the touching surfaces in order to "cement"

the crystals together. It appears that diffusion to the cementing site is the rate determining

step.

A novel tubular crystalliser is used to investigate calcium oxalate growth and aggregation in

long, thin tubes, similar to the tubules of the kidney.

Both the solute and particle phase residence time distributions (RTDs) of the crystalliser

were determined. A diffusion-advection model is used to explain the experimentally

observed solute RTD. The particle RTD is best described by a model in which it is assumed

the particles maintain a constant radial position in the tubes as they pass through them.

Continuous crystallisation experiments reveal that in addition to growth and aggregation,

sticking and breakage also occur in the crystalliser. A moment form of the population

balance is used to determine the rate constants for each mechanism from the experimental

data. Sticking is found to be size-independent and inversely proportional to the shear rate in

the crystalliser. Breakage is modelled by assuming that when an aggregate breaks, crystals

of all sizes are equally likely to form. It is found that the breakage rate is directly

proportional to the shear rate in the crystalliser.

The aggregation rates in the crystalliser are orders of magnitude lower than those from the

batch experiments at the same relative supersaturation. It is found that the aggregation rate

increases as the shear rate increases, and does not strongly depend on the oxalate ion

concentration. These observations can be explained by the aggregation mechanism proposed

and indicates the importance that hydrodynamics and particle shape may have on

aggregation.

Mechanisms and the kinetics for the growth and aggregation of calcium oxalate mono-

hydrate over a wide range of shear rates and supersaturation in both a batch system and a

novel continuous tubular crystalliser have been determined in this study.

-lll-



TABLE OF CONTENTS

Summary

Table of Contents

Acknowledgements

Declaration

Chnpter I
INTRODUCTION.
I .1 Introduction .....

1.2 Size enlargement mechanisms ...........
I .3 Particle size distribution analysis .......

Phase space.

Particle size distributions.

Moments of a size distribution .....
1.4 Modellingparticulateprocesses

1.4.1 The population balance .....
1.4.2 The moment form of the population balance

1.4.3 Growth and aggregation in the population balance

1.5 Solving the population balance .....
1.5.1 Analytical solutions. . .

|.5.2 Numerical methods

1.5.3 The inverse problem.

Modelling calcium oxalate crystallisation....

1.6. 1 Introduction .....

r.7

L6.2 Empirical measures of growth and aggregation.

1.6.3 Population balance models for growth and aggregation. . . .

Layout of this thesis.

Chapter 2

PHYSICAL CT{EMISTRY OF CALCruM OXALATE IN AQUEOUS

SOLUTIONS

ii

iv

,X

xi

1.3.1

1.3.2

1.3.3

I

I

2

4

4

5

5

6

6

7

8

l0
l0
11

l2
l2
12

t2

l3

15

t]

1.6

2.1

2.2

2.3

Introduction .....

States of Saturation ....

Defining supersaturation . .

2.3.1 Physico-chemical considerations......

ll
t7

18

t9

19

19

23

24

24

2.3.2 Reversibility

2.3.3 The reaction of two ionic specres

2.3.4 Dissociation .....

2.3.5 Concluding remarks on defining supersaturation

Calculating supersaturation . .2.4

-lv-



2.5

2.6

2.7

Chnpter j
BATCH CRYSTALLISATION: MATERIALS AND METHODS

3.I Introduction . .. ..

3.2 Analysistechniques

3.2.1 Crystal size distributions

3.2.2 Solution and solids concentrations ...

3.2.3 Other experimental techniques ........

3.3 Experimental ....

3.3.1 Background.....

3.3.2 S olutions

3.3.3 Method.

Parameters investigated ......,

3.4.1 Supersaturation

3.4.2 Agitation rate ..

3.5 Calculating the growth and aggregation rates '.....
3.5. 1 The program Batch

2.4.1 A simple method of calculating free ion concentrations...

2.4.2 Saturated and supersaturated solutions

Parameter estimation

2.5.1 Literature values .

2.5.2 Experimental value of the solubility product

Discussion. ,

Conclusions

24

26

29

32

32

34

36

3.4

31

31

31

38

38

39

40

40

4l
.45

.46

.46

.41

.48

.48

.48Determining the rates

Running Batch

3.6 Data analysis ....

3.1 Conclusions

Ch.apter 4

BATCH CRYSTALLISATION: RESULTS AND ANALYSIS'

4.r Introduction .

4.2 The inverse problem .... .

4.3 Preliminary results..

4.4 The growth rate ....

Analysis of experimental data

Discussion

4.5 The aggregation rate......

Analysis of experimental data . ....

3.5.2

3.5.3

4.4.1

4.4.2

........ 50

........51

........54

56

4.5.1

4.5.2 Discussion....

.....56

..... 56

..... 59

.....66

.....66

.....70

.....78

.....78

.. ... 83

..... 894.6 Error analysis



4.6.1 Growth rate and relative supersaturation.

4.6.2 Aggregation rate constant and oxalate ion concentration.

Kidney stone formation. .

Conclusions...

90

90

92

94

Chnpter 5

TFIE AGGREGATION MECHANISM ......
5.1 Introduction.....

5.2 Aggregation mechanisms . ..

5.2.1 DLVO theory

An experimental investi gation

5.3. 1 Materials and methods ... .. ....

5.3.2 Results

Discussion

Aggregation in supersaturated solutions .

5.5.1 A cementing model

5.5.2 Results

5.5.3 Discussion

An improved cementing model

5.6.1 Derivation....
5.6.2 Results

5.3

5.4

5.5

5.6

4.7

4.8

5.7

.95

.95

.96

.96

.98

,98

,99

lt4
118

118

5.6.3 Discussion

Conclusions ......

..t21

..t24

..r25

..t25

..t29

..t29

.. 135

Chnpter 6

THE /N VITRO STUDY OF UROLITHIASIS ..

6. I Introduction .....

6.2 Invitro experimental systems

6.2.I Batchcrystallisation........

..t36

..t36

..136

..t31

Constant composition methods .

The M.S.M.P.R. crystalliser..

The Couette agglomerator .... ...

Reverse osmosis.

6.3 A new tubular crystalliser .

6.3.r The crystalliser...

6.3.2 The seed suspension delivery system..

6.3 .3 Apparatus set-up.

6.3.4 Modes of operation.

6.3 .5 Hydrodynamics in the crystalliser .. . . . .

Conclusions ......

6.2.2

6.2.3

6.2.4

6.2.5

r37

138

138

t39

140

.t40

.r43

.r49

. 151

.r52

.1536.4

-vl-



Chnpter 7

THE SOLUTE RESIDENCE TIME DISTRIBUTION IN THE TUBULAR

CRYSTALLISER ...

7.1 Introduction .

1.2 The residence time distribution ..

7 .2.I The E and F curves. .. ...

7 .2.2 Experimental determination...

7 .3 Experimental investigation.

...t54

...154

...t54

...r54

Method.

Calculating the RTD.

Results

1.4 Analysis
I .4.I The velocity field in the crystalliser......

1 .4.2 Poiseuille flow ...

7 .4.3 Taylor dispersion

A diffusion-advection model

Moment transforms

End effects......

Parameters in the model

8.2

8.2.3 Particlemass balance..........

8.3 Residence time distribution experiments

8.4

1 .3.1

1.3.2

7.3.3

7.4.4

1.4.5

7.4.6

1.4.1

155

156

156

r57

t57

159

159

Results from the diffusion-advection model. .....111

7.5.1 Testing the model. .......171

7.5.2 Moments of the experimental RTDs ...I74

7.5.3 Solute diffusivity andjacketcross-sectional area .........175

7.6 Discussion.. . .. . 182

7.1 Conclusions 183

7.5

Ch.apter I
THE PARTICLE RESIDENCE TIME DISTRIBUTION IN THE

TUBULAR CRYSTALLISER.

8.1 Introduction.....

Preliminary experiments

8.2.1 Testing the particle suspension delivery system .

8.2.2 Step-changetests

185

185

186

188

191

r9l

.. 186

..r88

8.3.1 Materials...

8.3.2 Method.....

8.3.3 Parametersinvestigated

8.3.4 Calculating the RTDs...

Experimental results

Analysis.

.191

.t93
...r93
...t93
...2008.5

vii



8.6

8.6

8.5.I Poiseuille flow .

8.5.2 Streamline model

8.5.3 Constant radial position model

Discussion

Conclusions ......

,.......200
........203
........206
........210
........2t1

Chnpter 9

CRYSTALLISATION IN A CONTINUOUS SYSTEM.

9.1 Introduction '....
9.2 Preliminary experiments .. . ' ' '

9.2.1 Method.

9.2.2 Results

9.2.3 Discussion

9.2.4 Seed PreParation

g .3 ExPerimental investigation '

9.3.1 Materials

9.3.2 Method.

9.3.3 Parameters investigated '.

Results " "219

g.4.1 Size distributions """"222
Analysis. '"'""''222
9.5.1 Introduction....' """""222
g.5.2 Sticking " "225

9.5.3 Breakage. " '225

9.5.4 Simultaneous sticking and breakage ' " ' ' "227

9.5.5 The effect of the particle residence time distribution '..""231
Saturated solutions '""""'233
9.6.1 Independent variables ""233

9.6.2 Experimental results " " '238

9.6.3 Discussion """"'240
Metastable solutions " '240

g .7 .l Identifying breakage ' ' " '243

g .1 .2 Simultaneous growth, aggregation, sticking and breakage. - . . .245

g.7.3 Results ''""'247
g.1.4 Discussion ""'""'247
Theeffectofinclination..... """"'253
Stoneformation '"""'257
Conclusions...... """259

2t9

9.4

9.5

9.6

9.7

9.8

9.9

9.10

- 
vlll 

-



Chnpter 10

CONCLUSIONS AND RECOMMENDATIONS

10.1 The crystallisation of calcium oxalate

lO.2 Work presented in this thesis'

lO.2.l SuPersaturation ...

10.2.2 Batch crystallisation. " '

10.2.3 The aggregation mechanism'

1O.2.4 The tubular crystalliser

10.2.5 Continuous crystallisation " "
10.3 Recommendations for future work '

10.3.1 Batch crystallisation ' " '

10.3.2 The aggregation mechanism'

10.3.3 In vitro experimental systems

10.4 A concluding comment.....

Appendices

.262

.262

.262

.262

.263

.264

.264

.265

,.266

..267

..261

..268

..268

..210

..278

..290

..294

..291

..299

,..303

. . .309

...319

1

2
a
J

4

5

6

7

8

9

Nomenclature ....

Literature cited .

Solubility product experimental data

Experimental analysis procedures

Seed suspension data..

Conversion of size distributions to CSDs with a þ ptogression "
Batch crystallisation experimental data'

Error analysis for growth and aggregation rates

Continuous crystallisation experimental data'

-lx-



ACKNOWLEDGEMENTS

First, and foremost I would like to thank my supervisor Dr Michael Hounslow. Whether

from an office just up or down a flight of stairs or from the other side of the planet he has

always encouraged me and offered great insight into my work. It has been a pleasure to

work with, and become friends with him and his family'

At The University of Adelaide I would like to thank Dr Dzuy Nguyen and Dr Brian O'Neill

for supervising me when Dr Hounslow left for Cambridge University. Finally, Mr Bruce

Ide was responsible for producing much of the experimental apparatus, his expertise and

willingness to help at any time is much appreciated'

At Flinders Medical Centre, I must thank Dr R.L. Ryall and Professor V'R. Marshall for

involving me in their project and allowing me to work in the Urology Laboratory at Flinders.

My thanks also to the members of the Urology Laboratory for their friendship and for

helping to keep me sane during the long hours in the lab. I would particularly like to thank

Dr Kumar Grover for his help producing the SEM micrographs in this thesis'

At Cambridge University I would like to thank Dr W.R. Paterson for his help with the

model for aggregation developed in Chapter 5. The members of the "Crystal Group": Denis

Smit, John Gooch, Ed'Wynn and Alan Collier, the inhabitants, past and present, of the

.,Foreign Office", particularly Hamish Drewry and Craig Jensen have made my time in

Cambridge when writing up very enjoyable.

Financial support for this work has come from two sources, an Australian Postgraduate

Research Award and a research grant from the Australian National Health and Medical

Research Council. This support is gratefully acknowledged'

Two very special people deserve more thanks than I can offer them' Firstly, my mother

who understood my pre-occupation with work at all times both good and bad. Many late

dinners, even later nights and other countless disruptions were caused by my work,

however my mother always supported and helped me. Finally, Sabina has always been

there for me, despite my pre-occupation with work after we were apart for so long. I would

like to thank her for proof reading this thesis, helping me in so many other ways, but most

of all for her love.

-x-





Chapter l:

INTRODUCTION

In this chapter an outline of the problem to be addressed is given; this consists of

outlining the methods of modelling particulate systems, then reviewing the work

that has been done on modelling the growth and aggregation of calcium oxalate.

1.1 INTRODUCTION

Although calcium oxalate crystals are responsible for the toxicity of various plants (Doaigey,

1991 and Perera et al., 1990) and may be found in the human thyroid gland (Hackett and

Khan, 1988) and breast (Gonzalez et aI., 1991), undoubtedly the principal reason for the

interest in the crystallisation of calcium oxalates is that they are the major inorganic

constituent of human kidney stones (Prien and Prien, 1968). Calcium oxalate exists in three

states of hydration: the mono-hydrate (whewellite), di-hydrate (wheddellite) and tri-hydrate.

The mono-hydrate, then the di-hydrate being most prevalent in stones (Blomen and Bijvoet,

1983).

Kidney stone disease (urolithiasis) is a significant health problem with approximately IOTo

of the male population likely to experience one stone episode in their lifetime (Sierakowski er

al., l9l8). Therefore, not unexpectedly the cost to the community in both lost time and

financial terms is enormous (Marshall and Ryall, 1981). For example, according to Shuster

and Schaeffer (1984), the projected cost of stone treatment for adult males in the United

States is $315 million per annum. Thus an understanding of the underlying mechanisms of

stone formation will provide valuable information in efforts to prevent the occurrence of this

disease.

Although there are many detailed aspects to the theories of stone formation, it is commonly

accepted that some form of nucleation lies at the origin and that two processes, crystal

growth and aggregation are essential for the increase in size of the original crystals

(Vermeulen and Lyon, 1968, Pak, 1978). Further, Robertson et al. (1969) propose that the

formation of crystal aggregates is the critical phase of stone formation.

I



Human autopsy studies by Haggitt and Pitcock (1971) strongly implicate the kidney tubules

as the initial site of stone formation, a finding which has been confirmed in animal models

by Jordan et at. (1918) and Rushton et al. (1981)' As urine passes through the tubules'

water is removed leaving a progressively more concentrated solution of wastes behind'

Among these wastes are both calcium and oxalate ions and it is possible to envisage a

situation where the solubility of a sparingly soluble salt such as calcium oxalate is exceeded,

in which case precipitation can occur'

Many complications such as the extremely complex chemical composition of urine' the

difference between the urine of stone formers and normal subjects and the potential role of

inhibitors and promoters of nucleation, growth and aggregation make research into the cause

of stone disease very difficult'

However, it is essential to have a clear understanding of the mechanisms of the size

enlargement processes, namely growth and aggregation' Thus, the main aim of this thesis is

to study and model the simultaneous growth and aggregation of calcium oxalate in inorganic

metastable solutions. particular attention is paid to aggregation, as although nucleation and

growth have been extensively studied, aggregation has been largely neglected (Finlayson'

1978). Before reviewing the literature on the growth and aggregation of calcium oxalate' the

general mathematical framework for modelling particulate processes is introduced'

I.2 SIZE ENLARGEMENT MECHANISMS

The size enlargement mechanisms which are the focus of this thesis are growth and

aggregation. Breakage is also considered briefly, but other mechanisms such as nucleation

are not studied.

Growth occurs when non-particulate material is deposited, usually on the surface' of a

particle. In solution crystallisation, such as that studied here, the non-particulate material is

usually an ion diffusing to, and reacting on, the surface of a crystal' Growth results in an

increase in particle size and the total volume of particulate material' However' growth has

no effect on the number of particles in a system. Growth is shown schematically in Figure

1.1 (a)

Aggregation is the process where particles collide, adhere to one another and form a new'

larger particle. Therefore aggregation not only acts to increase the size of particles' but also

to decrease the total number of particles present in a system' Importantly' aggregation

conserves the total mass of particulate material in a system, which is frequently taken to

a



(a) Growth

Õ t + +

+ +

Legend o Non-particulate
matter

Particle

Figure 1.1 Schematic depiction of (a) growth and (b) aggregation

(b) Aggregation

-3



mean the volume of particulate material is conserved. Aggregation is shown schematically in

Figure 1.1 (b),

1.3 PARTICLE SIZE DISTRIBUTION ANALYSIS

1.3.1 Phase space

A particle may be characterised by a number of independent properties such as its size,

shape, surface area or volume. These are its internal coordinates. The location of a particle

in space is defined by rts external coordinales. Together the internal and external coordinates

locate a particle in Phase Space, a concept introduced to the analysis of particulate systems

by Hulburt and Katz (1964).

This work by Hulburt and Katz implies that the exact theoretical characterisation of groups

of particles would require a multi-dimensional description. However, for a whole group of

particles the practical difficulties of measuring more than a few coordinates in phase space

outweighs theoretical considerations. Frequently only one coordinate of phase space is

measured, that being the size of the particles.

Randolph and Larson (1988) note that provided all particles have approximately the same

shape, it is generally sufficient to use only a single coordinate of phase space: particle size'

The usual way to characterise particle size is to use either volume, v, or length, L, (some

linear dimension of the particle). As will be shown later, both have merits, depending on the

size enlargement mechanisms that are present in a system. Particle length and volume are

simply related by

(1.1)

where k, is the volume shape factor. Finally, there are many different measures of particle

length, such as Stoke's diameter, sieve diameter, volume equivalent diameter and many

others. The measure of crystal size chosen usually depends on the method of measurement.

Such is the case in the current work in which nearly all particle sizing was performed using a

Coulter Counter, which gives the particle size as the diameter of a sphere of the same volume

as the particle. In this case the shape factor in eq 1.1 is n/6. For a more comprehensive

discussion of particle size measurement see Allen (1981).

,=kuI]
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1.3.2 Particle size distributions

There are many mathematical formulations available to present a particle size distribution

(PSD). Perhaps the simplest conceptually are the cumulative size distributions. For

example the cumulative number oversize distribution, COSN(L), gives the fraction of

particles larger than size L, and the cumulative number undersize distribution, CUSN(L),

gives the fraction of particles less than size L. As these distributions are normalised, they

tend to a value of one regardless of the number of particles pfesent.

Another means of describing PSDs is by the use of density functions. The number density

function, n(L), gives the differential number of particles , dN, in the size range Lto L+ dL

rlN =n(L)dL (1.2)

In eq 1.2, length is the internal coordinate, however a density function with volume as the

internal coordinate can be written as

dN =n(v)dv (1.3)

From the above equations it can be seen that the number density function is the local

derivative of the cumulative distribution.

Similar to the density function is the histogram, which merely plots the amount of a

measured quantity, either number or volume, that appears over each increment of the

measured characteristic, normally particle size. Particle size analysers such as the Coulter

Counter usually report PSDs in the form of a histogram, however these can be used to

calculate den sity and cumulative distributions.

1 .3.3 Moments of a size distribution

The moment of the number density function, n(x),with respect to its internal coordinate, x,

is defined as

( 1.4)

If particle length is the internal coordinate the first four moments provide useful overall

properties of the PSDs:

*, =T *' n(x)dx

0

5



. The total number of particles per unit volume of suspension = lrto

. The total length of particles per unit volume of suspension = ktmt

. The total surface area of particles per unit volume of suspension = kom2

. The total volume of particles per unit volume of suspension= krm3

The standard statistical properties of the PSD may also be calculated directly from the

moments.

The mean size, L - ml (l.s)
mg

( 1.6)

The coefficient of variation, CV = ( 1.7)

The advantage of representing a PSD in terms of its moments or statistical properties is that it

can substantially reduce the complexity of modelling particulate systems, as will be

illustrated in Chapter 10.

I.4 MODELLING PARTICULATE PROCESSES

The aim of modelling a particulate process is to describe how the size and number of

particles change with time. The Population Balanc¿ is the mathematical description of this

problem.

1.4.L The population balance

Although population balances were developed by Smoluchowski (1916), and Muller (1928)'

Hulburt and Katz (1964) are generally credited with the first thorough description of the

population balance. The population balance can be deduced by various methods: Hulburt

and Katz proceed by analogy (with for example the conservation of mass in fluid flow),

Randolph and Larson (19S8) use a Lagrangian view and Hounslow (1990) an Eulerian

approach. The outcome of any of these methods of analysis, in terms of the number density

function, rz, is:

The varian ce, 02 =*2 -(-\'ms l^o)

momz

*12

o
L
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( 1.8)

where u, is the velocity vector which gives the rate of change of position in phase space.

Here u ={tirr,ùr*r}, where, u¡r, and trext ate the internal and external velocity vectors'

For the external coordinates the components of urr, are the conventional velocities in 3-D

space, for the internal coordinates the components of ü¡r¡ âre the rate of change of position

along the internal coordinate axes. In many systems, such as the one studied here, the

change in particle size, or the growth rate, G, is the only important internal coordinate

velocity. The right hand side of eq 1.8 gives the birth and death rates of particles per unit

volume of phase space due to mechanisms such as nucleation, aggregation and breakage.

Eq 1.8 is referred to by Randolph and Larson (1988) as the micro-distributed form of the

population balance as it applies to a differential zone in phase space. Those authors then

develop a macro-distributed form of the population balance that is of more use in practical

applications. This form of the population balance assumes a well mixed control volume and

therefore discards urr,. The macro-distributed population balance is

!.v.(no) =B-D

k

!.v (nu,,,).+#=-TZn'n¡+ B- D
i=1

( 1.e)

where V, is the volume of the vessel, k, the number of streams entering and leaving the

vessel and Q¡ and n¡ are the flowrates and number density function in the streams entering

and leaving the vessel.

The macro-distributed population balance has been widely used to model particulate

processes in fields such as crystallisation (Hulburt and Katz, 1964 and Randolph and

Larson, 1988), granulation and pelletisation (Sastry, 1975 and Ouchiyama and Tanaka,

lgg¿), polymerisation (Stokmeyer, 1943) and aerosol coalescence (Schumann, 1940 and

Friedlander, l97l). It has also been used to model the growth and aggregation of calcium

oxalate by Hartel and Randolph (1936) and Hounslow et a/. (1988a).

1.4.2 The moment form of the population balance

In most situations where growth and aggregation are active a complete solution to the

population balance is not possible. In the absence of an analytical solution for n(L), the

moments of the PSD may be obtained from writing the population balance in terms of

moments. Randolph and Larson (1988) develop micro- and macro-moment forms of the

population balance, the more useful for this work being the latter which is:

-7-



This equation applies only for a system with size as the only internal coordinate and with a

size-independent growth rate. The birth and death terms on the right hand side of eq 1.10

are defined by

(1.11)

+.ry+= iGm¡-t +i e¡mj,i+Bi-Didt V dt 
i=r

4*c?L=B-D
ãt AL

l

B,=lI-!B(L)dLJJ
0

?
D,=lI-!D(L)dLJJ

0

( 1 .10)

(t.r2)

The moment forms of the population balance can be very powerful. Typically they reduce to

a set of ordinary differential equations, which are often analytically tractable. This is

illustrated in Chapter 10, when the growth and aggregation of calcium oxalate in a

continuous system is modelled.

1.4.3 Growth and aggregation in the population balance

Growth. There is much discussion in the literature regarding the nature of the growth rate.

For crystallisation from solution, McCabe (1929) suggested that the linear rate of crystal

growth, G=dLldt, is size-independent. The alternatives to this formulation are either a

size-dependent linear growth rate (e.g. Branson, 1960, Canning and Randolph, 196l and

Abegg et a\.,1968) or growth rate dispersion (e.g. White and Wright,1971, Larson et al.,

1982 and Human et a1.,1982).

For size-independent growth, a convenient form of the population balance is obtained with

length as the only internal coordinate. The appropriate form of eq 1.9 is

(1.13)

By contrast, if volume is used as the internal coordinate then the resulting form of the

population balance is more complex. The growth rate may be written as

G, = JþuU3 Gv2l3

Then eq 1.13 becomes

-8-
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!+x,u3 c
a("uzrt¡

ãv
= B- D ( 1. 1s)

Comparing eq 1.13 with eq 1.15 it is clear that for size-independent growth the population

balance is much simpler with length rather than volume as the internal coordinate.

Aggregation. A binary collision model for aggregation was included in the population

balance formulated by Hulburt and Katz (1964), extending the analysis of Smoluchowski

(1916) on particle coalescence. Aggregation results in the simultaneous birth and death of

particles at different sizes. The birth of a particle of volume, v can occur when particles of

volume y - e and e aggregate. The birth rate for this event is calculated by summing over

all the possible values of e:

B(v) = ! I pO - e, e)n(v - e)n(e) d e\ / 2J"
0

(1.16)

( r.17)

where þ(r, e) is the aggregation rate constant called the aggregation kernel, as explained

below, and the factor of l/2 is included as the integral counts each collision twice.

A death occurs at a particle volume y when a particle of that volume aggregates with another

particle of volume €, summing over all possible values of e gives the following death rate:

D(v) = ',tçr¡ Bþ,e)n(e)deJ
0

The above expressions for the birth and death rate may also be written with length as the

internal coordinate, they are according to Hounslow et aL (1988a)

nL

BØ)=+T
0

p

J

(r)-t3)tt3,t, P) - tz¡trt nQ,)dL
(1.18)

(,: - Ê)

( 1.1e)

0

Clearly the formulation for the birth term is much more complex with length as the internal

coordinate.

D(L) = n(7¡ p(r,)")n(L)il"

9-



The above expressions have been developed assuming that particles are free to collide with

any other particle in the system. This is known as a free-in-space system. Sastry and

Fuerstenau (1970) suggest that in a system that is not free-in-space, the birth and death terms

should be altered by dividing by the total number of particles, N¡. The systems studied in

this work are considered to be free-in-space.

The aggregation kernel, þ(r,e) measures the frequency with which particles of sizes v and

e collide and successfully form a stable aggregate. The aggregation kernel is often viewed

as being a combination of two factors: one relating the frequency with which particle

collisions occur, the other describing the effectiveness of collisions in forming an aggregate.

Many different functional forms of the aggregation kernel, both theoretical and empirical,

have been proposed for various aggregating systems. For aggregation in crystallising

systems, Hartel et aI. (1986) and Beckman and Farmer (1987) tabulate some of the relevant

theoretical and empirical kernels.

1 .5 SOLVING THE POPULATION BALANCE

Solving the population balance involves finding the PSD, ,(L), that satisfies the population

balance for the system, subject to the appropriate initial and boundary conditions. A related

problem is the inverse problem in which mechanisms are chosen to model experimental data.

In this section an overview of some of the useful analytical and numerical methods of

solving the population balance that are relevant to the current work is given. For a more

comprehensive review of methods of solving the population balance see, Ramkrishna

(1985), Pulvermacher and Ruckenstein (1914) and Seigneur et aI. (1986).

1 .5 .1 Analytical solutions

Analytical solutions to the population balance are notoriously difficult to obtain particularly

when growth and aggregation occur simultaneously. As pointed out by Hounslow (1990)

for systems that are analytically tractable integral transforms such as the Laplace transform

are most frequentlY used.

The moment form of the population balance may also be used to obtain analytical solutions,

for example for size-independent batch aggregation. Hulburt and Katz (1964), using

volume as the internal coordinate, and Hounslow (1990), using length as the internal

coordinate, show that the rate of change of the zeroth and third moments are given by:

t
- 10-



d*o 
= -Ldtz þo *l (1.20)

(l.21)dmt 
=o

dt

The last result simply states that the rate of change of the third moment must be zero if

aggregation is to conserve total particle volume'

If a size-independent growth term is included, then eq 1.20 remains unchanged as growth

does not affect the number of particles in a System, however from eq l'10' the rate of

change of the third moment becomes:

d*z
dt' - 

3Gm2
(r.22)

The results given by eqs 1.20 to 1.22 arc important and are used later in chapter 10'

1.5.2 Numerical methods

The majority of the solutions to the population balance reported in the literature are obtained

by numerical methods. Hounslow (1990) classifies these methods into three groups:

classical numerical methods (such as finite elements), cubic spline methods and discretized

population balances (DPBs). Of these a particularly useful method is the DPB, in which the

size domain is discretized into intervals and it is assumed that the particle size distribution

function is constant within each interval. The advantage of using a DpB is that it transforms

the population balance equation into a set of ordinary differential equations, which drastically

reduces the complexity of solving the population balance'

Many different DPBs have been developed and are reviewed by Hounslow (1990)' He

proposed that a DPB must imply a set of moments which are consistent with the continuous

population balance. stated formally, Hounslow's criterion is that:

The rates of change of moments implied by the DPB should be equal to the rates of change

imptied by the continuous population balance'

He showed that all the existing DpBs failed to satisfy this criterion and proceeded to develop

a DpB which satisfies the criterion. It is this feature that distinguishes the DPB of

Hounslow from others. In particular this DPB ensures the correct prediction of particle

number and volume for the aggregation terms in the DPB and the correct prediction of the

first three moments for the growth terms. This DPB has been applied in modelling

- 11-



crystallisation, by Hounslow et al. (1988a), Ilievski (1991) and Hostomsky and Jones

(1993), it is also used to model the batch experiments reported in the current work'

1 .5.3 The inverse Problem

The problem of choosing an appropriate aggregation kernel to model experimental data is

called the inverse problem in aggregation (Muralidhar and Ramkrishna, 1986)' This

problem and methods of solving it has been recently investigated by Smit et aI. (1993) and

(lgg4). These authors show that under specific operating conditions some kernels may be

rejected a priorias being unsuitable for modelling aggregation. one of the major aims of this

work is to determine the form of the aggregation kernel that best describes the aggregation of

calcium oxalate in batch and continuous systems'

1.6 MODELLING CALCIUM OXALATE CRYSTALLISATION

1 .6.1 Introduction

As a result of the important role that growth and particularly aggregation may play in the

formation of kidney stones, there are many studies of these phenomena in the literature'

However, most research focuses on the prevention of stone formation. Consequently, great

importance has been placed on the effect of many different inhibitors of both growth and

aggregation and very little importance has been placed on understanding the mechanism and

kinetics of growth and particularly aggregation. Studies of the growth and aggregation of

calcium oxalate can be divided into two groups:

. Those that measure growth and aggregation in terms of some empirical parameter'

. Those that use a population balance analysis to propose a model for growth and

aggregation.

1.6.2 Empirical measures of growth and aggregation

when particle size analysis, for example by coulter counter, of seeded systems was first

applied to kidney stone research no attempt was made to distinguish between growth and

aggregation. For example, Robertson and Peacock (1972) use the increase in the number of

crystals larger than a certain critical diameter as a measufe of growth and aggregation'

A similar technique is used by Roberts on et al. (1913) to determine the effect of chemical

inhibitors on growth and aggregation. A degree of inhibition is defined as
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, - R,o'' - R'"" xloovo (l '23)
I =-

Rron,

whereR,on,andRt",tàrêtheexperimentalresultsundercontrolandtestconditions

respectively. In this case the experimental results are the number of crystals greater than

some critical size

The shortcomings of the method outlined above have been stated by Ryall et al' (l98la) who

recognise that the effects of growth and aggregation should be measured independently even

though they occur simultaneously, They propose the use of two parameters' as defined in

eq | '23,one for growth and one for aggregation' For growth, the experimental result used

is the change in crystal volume and for aggregation the experimental result is the change in

crystal number. This approach is then used to show that the same value of the degree of

inhibition, eqr.23,can be obtained from different combinations of growth and aggregation

inhibition.

This method is extended by Ryal I et al. (1986) who produce a computer program to calculate

the ,.extents" of growth and aggregation over some time interval' Here growth and

aggregation are investigated using overall changes in crystal number and volume with time'

given that growth conserves crystal number and aggregation conserves crystal volume'

However, even though this method deals with simultaneous growth and aggregation' as its

authors point out, it only calculates the extents of growth and aggregation and cannot be

used to obtain rate equations for the mechanisms'

1.6.3 Population balance models for growth and aggregation

A population balance analysis has been extensively used to study the growth of calcium

oxalate, particularly in a mixed suspension, mixed product removal crystalliser (MSMPR)'

The main advantage of using an MsMpR to study crystallisation is that an analytical solution

tothepopulationbalanceexistsifonlygrowthanrlnucleationoccur,asshownbyRandolph

and Larson (1988). consequently the MSMPR has been extensively used to study the

nucleation and growth kinetics of calcium oxalate (Kavanagh, rg92)' However' if

aggregation occurs the analytical solution for nucleation and growth alone is not valid' and

the rates calculated will be wrong. In the context of this study, in which simultaneous

growth and aggregation are of interest, many of the studies in the literature' which ignore

aggregation are not relevant'
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The author is aware of only two studies that use a population balance analysis to model the

simultaneous growth and aggregation of calcium oxalate, and these give rise to contradictory

results.

Hartel and Randolph

Hartel and Randolph (1936) model growth and aggregation in a Couette-flow agglomerator

in series with an MSMPR. They propose that in addition to growth and aggregation' two

other mechanisms must be included, namely breakage and a source function' Breakage is

modelled by using a two-body equal-volume breakage function (Randolph and Larson'

198S) in which it is assumed that one large particle breaks into two smaller fragments' each

of half the original volume. A source function is used to account for a problem often

encountered with particle size analysers, being that during the course of an experiment

crystals can grow and aggregate into its field of view' A source function is defined' as the

rate of appearance of crystals in the first interval of the size range covered by the particle size

analyser.

A population balance is derived, with volume as the internal coordinate' and is solved

numerically using the method of Gelbard and Seinfield (1978)' A size-independent growth

rate is assumed and is calculated from the size distributions at the outlet of the MSMPR'

The inverse problem for aggregation is investigated and a best fit procedure is used to find

values of the aggregation, breakage and source function rate constants that minimize the

logarithmic sum of square errors difference between the experimental and predicted size

distributions. The results of Hartel and Randolph will be discussed in more detail in relation

to the findings of the current work, but in summary they find:

. A semi-empirical kernel for aggregation developed by Thompson (1968) best fits

the exPerimental data'

. The size-independent part ofthe aggregation kernel and the breakage rate constant

arebothhighlydependentonsupersaturationandshearrateintheagglomerator.

Hounslow

Hounslow (1990) summarises the work of Hounslow et al. (1988a) and (1988b) on the

seeded batch crystallisation of calcium oxalate' Hounslow assumes that growth is size-

independent and uses a source function to account for growth of particles into the field of

view of the particle size analyser. A computer program, Batch' is produced that solves the

population balance using the DPB outlined in section l'5'2' The inverse problem in

aggregation is investigated, using a sum of square efrors to minimize the difference between
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experimental and simulated size distributions. The findings of this work may be

summarised as follows:

. Aggregation may be modelled using a size-independent aggregation kemel.

. Both the growth rate and the aggregation rate constant are directly proportional to

supersaturation'

I.7 LAYOUT OF THIS THESIS

The objective of this thesis is to address the problem of the simultaneous growth and

aggregation of calcium oxalate mono-hydrate, particularly to investigate the mechanism for

each phenomenon and their dependence on supersaturation. To this end, in chapter 2, the

physical chemistry of calcium oxalate mono-hydrate in aqueous solutions is considered'

This is a necessary preliminary as the growth and aggregation kinetics cannot be treated in

isolation from their driving force.

In Chapter 3 the details of the experimental procedure used to investigate seeded batch

crystallisation is given. In Chapter 4 the growth and aggregation kinetics obtained from the

batch experiments are examined and discussed in relation to the results available in the

literature.

The topic of chapter 5 is an in-depth study of aggregation. A mechanism is proposed for

aggregation in saturated and supersaturated solutions. Further, a diffusion-reaction model is

developed to explain the observed behaviour of the aggregation rate in supersaturated

solutions.

A review of the systems for the in vitro study of kidney stone formation is presented in

chapter 6. Significantly, it is found that one of the faults common to all systems is

geometry. while the kidney has a vastly complicated geometry, at least part of it is, to a

good approximation, made up of cylindrical tubes. A tubular crystalliser to be used as an ín

vltro system is described.

chapters 7 and 8 report experimental studies and analysis of the solute and particulate

residence time distributions in the tubular crystalliser. The solute residence time distribution

is described by a diffusion-advection model. The particle residence time is described by a

model in which it is assumed that the particles maintain a constant radial position as they

pass through the tubes in the crystalliser'
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In Chapter 9 seeded continuous crystallisation is studied in the tubular crystalliser' In

addition to growth and aggregation, the crystals stick to the tubes in the crystalliser, and also

undergo breakage. The aggregation rates obtained are compared to the results from the batch

experiments

Finally, Chapter 10 gives an overview of the main results of this thesis and

recommendations for future work'

- 16-



Chapter 2:

PHYSICALCHEMISTRYoFCALCIUM

OXALATE IN AQUEOUS SOLUTIONS

In this chapter existing definitions of supersaturation are discussed' It is found

that several plrysico-chemicalfactors complicate the definition and calculation oJ'

supersaturation.

Asimplemethodforcalculatingsupersaturalionisdeveloped.Thismethod
producesresultsinexcellentaSreementwithamoresophisticatedmethod.for

both saturated and supersaturated solutions'

variousphysicalconstantsareusedinthemodel,themostimportantoftheseis

thesolubilityproduct.Thevalueofthesolubilityproductdetermined
experimentallywasfoundtobeingoodagreementwiththoseintheliterature.

2.T INTRODUCTION

Söhnel and Garsid e (1992) identify supersaturation as a key variable in any precipitation

reaction:thelevelofsupersaturationinevitablygovernstherateoftheprecipitationprocess'

For calcium oxalate many workers have found that the growth rate is dependent on

supersaturation. Hartel and Randolph (1986) and Hounslow et ø/' (1988a) find that for

calcium oxalate the aggregation rate may also be correlated with supersaturation'

Theobjectiveoftheworkinthischapteristostudydifferentdefinitionsandmethodsof

calculating supersaturation with respect to calcium oxalate in aqueous solutions'

2.2 STATES OF SATURATION

In solution, soluble calcium oxalate exists within well defined physico-chemical ranges aS

illustrated in Figure 2.1. ÍnFigure 2'1 supersaturation is measured by the activity product'

AP, which is the product of calcium and oxalate ion activities'

AP = aroz* ao*r-

-r7 -
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The activities are related to concentrations by an activity coefficient' 7*

ocor* = T*¡Ca2+1 oorr- = T*[Ox2-) (2.2a andb)

UNSTABLE REGION

- Primary nucleation occurs

Metastable
Limit

Activity
Product

METASTABLE REGION

- Crystal growth and aggregation occurs

Solubility
Product

UNDERSATURATED REGION

- Crystal dissolution occurs

Figure2.lRegionsofsaturationofcalciumoxalateinsolution.

A solution is said tobe saturatedwhensoluble and solid calcium oxalate are in equilibrium,

the value of the activity product at equilibrium is called the sorubility product. If the activity

product is less than the solubility product the solution is undersaturated' The addition of

solid calcium oxarate to an undersaturated sorution will result in dissolution. If the activity

product is greater than the solubility product the solution is supersaturated' The

supersaturated region is divided into two ranges. As the activity product increases a point is

reachedatwhichprimarynucleationoccurs,whichiscalledtheformationproduct,or

metastable limit. Between the solubility product and the metastable limit is the metastable

range. The addition of solid carcium oxalate to a metastable solution will result in crystal

growth and aggregatton

nucleation occurs.

Abovethemetastablelimitsolutionsareunstableasprimary

2.3 DEFINING SUPERSATURATION

Hounslow (1990) observes that despite an extensive literature on the crystallisation of

calcium oxalate there is no generally accepted definition of supersaturation' There are two

reasons for the existence of many different definitions of supersaturation' Firstly' the

apparatus and solutions used in crystallisation experiments differ considerably' as a result an
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appropriate definition of supersaturation for one system might not be suitable for another'

Secondly, and of greater importance, a definition of supersaturation must account for

various physico-chemical complexities in the calcium oxalate system'

2.3,1 Physico'chemical considerations

There are three physico-chemical problems to consider:

. The characterisation of the reversibility of the precipitation reaction.

.Thefactthattwoionicspeciesfeacttoformacrystal.

. The formation of ion comPlexes'

These problems can be avoided if supersaturation is not calculated. As mentioned in section

1.6.3, the mixed suspension, mixed product removal crystalliser (MSMPR) has been widely

used, for example by Miller et at. (1977),Li et aI' (1985) and Springman et al' (1986) in the

study of the growth and nucleation of calcium oxalate' In this case the growth rate may be

correlated with the nucleation rate without calculating the supersaturation, see for example

Miller et al. (1917) and Rodgers and Garside (1981)'

2.3.2 ReversibilitY

Reversibility is characterised by the solubility product, as explained in Section 2'2 At

equilibrium

Krp = aloz* af,rz- = y2r¡Co2*)"nlox2-f"q (2'3)

where Kro is the solubility product and' aloz*, a[rz*, lCoT*l"q and lOxz-)"n are the

calcium and oxalate ion activities and concentrations at equilibrium.

2.3.3 The reaction of two ionic species

under certain conditions a single variable can describe the reaction of two ionic species'

This is possible if the initial concentration of one ion is much higher than that of the other' or

if both ions have the same initial concentration'

In the first case supersaturation may be defined in terms of the ion which is not in excess'

For example Drach et aI. (1978) use

(2.4)s=C-C,
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whereCisthemassofcalciumoxalateequivalenttothesolutionoxalateconcentrationand

C,isthemassequivalenttotheoxalateconcentrationatequilibrium'SimilarlyHounslow¿t

al. (1988a) use

ac =ror2-l-ro*2-l* Q'5)

where lor2-1* is the oxalate concentration at equilibrium, which can be calculated from eq

2.3. Since calcium is in excess ,lCo2* ] is almost constant'

In the second case the concentration of both ions is the same throughout an experiment' In

this situation, Nancollas and Gardner (1914) define supersaturation in terms of

concentrations as

¡¡ = 7ca2+ 7 - lcoz* f = ¡ox2- ) - lo"2- l*

whereas activities are used by Meyer and Smith (1975a and b)

(2.6)

N = aroz+ - o*ror* = oorr- - o-o*r- (2'7)

In the current work neither of these methods can be applied' The metastable solutions used

in the experiments reported in chapters 3 and 10 neither reactant was in excess and the

calcium and oxalate concentrations were not equal'

Two other approaches are available' One is to define supersaturation as a measure of the

change in concentration required to reach equilibrium' Both Nancollas and Gardner (1914)

andMeyerandSmith(|91Saandb)definesupersaturationastheamountofcalciumoxalate

thatmustbedepositedfromsolutionbeforeequilibriumisreached.Intermsofactivities

Krp = (aror* - N)(aoxz- - N) (2.8)

from which it follows,

(aror* t aorz-) - (aror* + aox2- ¡2 -4{aroz*aorr- - Krp)
(2.e)

N 2

Alternatively a relative supersaturation may be defined as the ratio of an ion' or product of

ions, to its value at equilibrium. Delong and Briedis (1935) use the concentration of

calcium oxalate

-20 -



(2.10)

(2.rr)

.Wernessetat'(|985)usetheactivityproduct,definedineq2.lgiving

AP
A=-

K,,

Therearemanyothersimilardefinitions.Someareidentical,butwithdifferent
nomenclature. For example Gardner (1975) uses geometric mean concentrations

or2-) - lcoz* f "nlorz- 
f 
"q (2.r2)

lco2* f"qlo*2- lrq

whereasSinghetal.(1987)usetheactivityproductandKrrgiving

(2.t3)

substituting eqs 2.I and 2.3 into 2. 13, it can be re-arranged to give eq2'12'

Alternatively the same product of ions afe compared but different functional forms are used

to define the relative supersaturation. Hounslow (1990) defines

¡caz*) I
o

S*=AP-Ksp

which may be divided by K* to give a relative supersaturation

(2.14)

(2.1s)APÇ=--
Kro

1

Breõevii et øt. (1986) define

(2.16)

Common to all these definitions are the activity product and the fact that at equilibrium the

value of the activity product is Kro. However, as the activity product increases the values

calculated depend on the functional form of the definition of the relative supersaturation.

This point is illustrated in Figure 2.2 \n which the relative supersaturation defined by eqs
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Eq2.l1 werness et al (1985)

- Eq 2.13 Singh et al (1987)

Eq 2.15 Hounslow (1990)

Eq2.I6 Breõevii et al (1986)

þ

25

20

15

10

5

0
10 25

I
AP/K

sp

Figure 2.2 Companson of different definitions of relative supersaturation'
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2.1I,2.t3,2.15 arÅ2.16 are plotted against the ratio of the activity product to Kro' At low

values of the activity product all the definitions give approximately the same value of the

relative supersaturation, as the value of the activity product increases the difference between

the values of the relative supersaturation obtained from each definition increases'

From a thermodynamic point of view the functional form of the definition of supersaturation

is not important, at a given temperature and pressure Kro is constant, thus the value of the

activity product in a system at equilibrium is constant. From a kinetic point of view the

functional form is important, for the same value of the activity product, different values of

the supersaturation are obtained from different definitions. The apparent reaction order for a

process that varies with supersaturation must depend on how it is defined'

2.3.4 Dissociation

In solution, ions may exist in a free form, or as complexes in association with other ions'

only the free ions are available for precipitation, which implies free ion concentrations

should be used to calculate supersaturation'

In experimental studies of the crystallisation of calcium oxalate the use of an artificial urine is

common. In addition to calcium and oxalate these solutions contain other ions found in

human urine such as phosphate, biphosphate, sulphate, citrate, magnesium and ammonium'

As Rodgers and Garside (1981) observe, these ions form complexes in solution making

evaluation of the free ion concentrations and supersaturation extremely difficult'

The mass action equation for the formation of a complex between two ions A2+ and 82- is

(2.fl)

(2.18)

where Kro is the association constant' Eq2'17 may be written as

KABÍABI= Y?llz*[nz-l

where Ka¡ is the dissociation constant which is simply the reciprocal of the association

constant.

An equation such as eq 2.18 can be written for each complex that forms giving a system of

simultaneous equations. This is investigated by Finlayson (1977), who produces a

computer program, EQUIL, to determine the free ion concentrations' Subsequent updates of
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rhis code, EQUIL2,'Werness et al. (1985), and the latest version EQUILS9d (EQUIL89d

Users manual) have increased its capability, for example by expanding the number of

complexes available.

These programs use an iterative method to determine the free ion concentrations. It is

assumed that the total concentration of each species is known and initial guesses are made

for the free ion concentrations. The mass action equations for the formation of each complex

and mass conservation equations for each ion are solved to generate new estimates of the

free ion concentrations. This process is repeated until the values of the free ion

concentrations have converged'

2.3.5 Concluding remarks on defining supersaturation

The physico-chemical problems associated with defining supersaturation are dealt with in the

following waYs in the current work:

2.4

. Reversibility is characterised by a solubility product'

. Supersaturation is measured by the activity product'

. Free rather than total ion concentrations are used to calculate the activity product'

CALCULATING SUPERSATURATION

To calculate the supersaturation the first step is to determine the free ion concentrations from

the total concentrations. To do this the use of a program such as EQUIL is warranted for a

solution such as an artificial urine. Solving a system of mass action equations for complex

formation is a difficult task if more than a few complexes form' Hov"ever, in some cases the

iterative approach used by EQUIL may overcomplicate a problem to which there is a simpler

solution.

2.4.1 A simple method of calculating free ion concentrations

The solutions used in the current work contain only ca2*, ox2-, Na+, and cl- ions' From

these the formation of only two complexes, namely caox and Naox-, are likely to be

important. The mass action equations for their formation are

K ç os,lc a o xl = T?lc o2 
* llo r',- l (2.1e)

K ¡too; lNao x- I = T xlN a+ llo *2- l
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Note that in eq2.l9, the activity coefficient for a zero charged ion is one and the activity

coefficients for the singly charged ions cancel in eq2'20'

A mass conservation equation can be written for each ion involved in complex formation'

Tror* =¡Ca2+)+lcaoxl
(2.2r)

T o,r- = loxz- I + lCaoxl + lN aox- l (2.22)

T ro* =lNa+l+ÍNaox-l
(2.23)

where, for exampl a, T Coz* 
and lCaz+ ] are the total and free ion concentrations of calcium

respectivelY

Before solving these equations a simplification is possible' In the work reported in this

thesis the ionic strength of the solutions is provided almost entirely by the sodium and

chloride ions present. The total concentration of sodium is approximately 0'16 M' some 800

times that of the total oxalate concentration, 0'2 mM' As sodium only forms one complex'

withoxalate,itcanbeassumedthatthetotalandfreeionconcentrationsareequalforthis

species. This makes eql.23redundant and enables the use of the total sodium concentration

in eq2.2O

Expressionsforthefreeandcomplexionconcentrationsintermsofthetotalconcentrations,

the dissociation constants and activity coefficient can be obtained by solving eqs 2.19 to

2.22 analYticallY, which gives

tcoz*t=il-tr-
T

Na+
Kcoo,

T*K
NaOx-

NaOx- Na*T¡-Kcoor-y?(K _T Tror* -ToS-) +"1@

lTroz* -To*z-'l 
)

(2.24)

(2.2s)
lOxz-1= 2y"Kroo*- T ro*T** Kroo"-

T No*Kcoo* *T
TtK*oor-tcaoÀ=f, +
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where the parameter @ is given bY
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* K roor-T?T ,oz*(r, r".T xKcoo, + zKcaoxK Naox- 

+ T?K Noor-T rru)

+ Kr"or(T'r".y?+2T *o*TtKroor- * K'*"or)

The other roots of the equations give negative values for the complex ion concentrations and

values for the free ion concentrations that are greater than the total ion concentrations' Both

of these are physically impossible'

While the above expressions are quite complicated, they are simple enough to be used in a

standard spreadsheet. The computer application Microsoft Excel was used to produce a

spreadsheet to calculate the free and complex ion concentrations from the total

T (2.27\
+

concentrattons

2.4.2 Saturated and supersaturated solutions

In addition to knowing the free ion concentrations a measure of supersaturation is required'

One may be found by including the definition of relative supersaturation from eq2'11 in the

list of equations to be solved as

o KsP = AP = y?lca2*)lor2-l (2'28)

8q2.28 and eqs 2.19 to 2.22, provide a system of equations from which an expression for

the relative supersaturation can be obtained in terms of total concentrations. Alternatively,

the total concentrations can be written in terms of the relative supersaturation, dissociation

constants, solubility product and activity coefficient. For example solving eqs 2'19 to 2)2

and2.28,the expression for the total calcium concentration is

KroKçogto( T¡¡o*T¡ + K¡¡o2r-)
Tror*=#*
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The accuracy of this simplified method was assessed by comparing results from it with those

from EQUIL89d.

Firstly, consider saturated solutions. Although O = I for all these solutions they may have

different total calcium and oxalate concentrations. values of the total calcium and oxalate

concentrations in different saturated solutions were obtained from EQUILS9d' The

temperature used was 37"C and the solutions had an ionic strength of 0.1578 M supplied by

sodium and chloride ions. These conditions are the same as those in the batch experiments

reported in chapter 3. The values of the dissociation constants, solubility product and

activity coefficient used by EQUILS9d are given in Table 2.1

Table 2.1 Constants used by EQUILS9d'

Constant
Value

Activity coefficient, 7*
0.314

Solubility Product, K' 2.Z4xl}-e

Dissociation constant for CaOx, Kcoo* 3.64xIO-a

Dissociation constant for NaOx , KNoor- l.52xlo-2

using eq2.29 with o=1 and the values of the constants in Table 2.1 the total calcium

concentrations in saturated solutions, with different total oxalate concentrations can be

calculated.

Fjq2.29 is plotted along with the results from EQUILS9d in Figure 2'3' The agreement

between the two is excellent. The method, which only considers the formation of two

complexes accurately describes solutions at equilibrium. EQUILSSd considers the formation

of many other complexes, such as Ca}xl-, CaHOx+ and HOx-, however this only

complicates the calculations without changing the results'

Now consider solutions that are supersaturated. Eq 2.29 can be re-arranged to give

oo2 +bo+c=o (2.30)

where a = -KNoor- (Y t Krì2

O - Ksp Kcoo*(K*oot TlçTror* lTorz-)+ Kços*(T¡¡o* T¡+ K¡¡os*))

(2.3ta)
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and c = - KNoor- (Kcoo*T+)2 Tro'* Tor'- (2'3lc)

The relative supersaturation can be calculated from the appropriate root of eq2'30' Further

simplification is possible by considering the magnitude of the coefficients in eq 2'30' Using

the values of the constants in Table 2.1 and the total calcium and oxalate concentrations in a

standard metastable solution described in Section 3'3'2' 1 mM and 0'2 mM respectively

gives

a=-3.i5x10-20, b=4.43x10-17, c=-l'9'1x10-16

The constants b and c are three to four orders of magnitude greater than a' which suggests

eq2.30 maY be written as

K*oot-Kroo*T" (2.32)

*rr(**oor-T2*çTror. -tTs*z- ) + (I,vr* Tt+ K,¡o,; ))

Data from the batch experiments reported in chapter 3 were used to compare the value of o

from EQUILS9d with those calculated from eqs 2'30 and 2'32' As an experiment proceeds

crystals grow and aggregate in a solution of decreasing supersaturation' From rlata which

are collected at regular time intervals the total calcium and oxalate concentrations can be

calculated (see Section 3'5'2)'

The values of the relative supersaturation calculated from eqs 2'30 and2'32 are plotted along

with the value from EQUIL89d, for the batch experiment22ll2a' in Figure 2'4' The

agreement is excellent over the entire range of supersaturation' For the range of

supersaturation used in the work in this thesis the relative supersaturation rnay be calculated

from eq2.32.

As the relative supersaturation is defined in terms of free ion concentrations' both the free

and complex ion concentrations must also be accurately predicted' This is verified in

Figures2.5(a)and(b),whichareplotsofthefreeandcomplexionconcentrations

calculated from eqs 2.24 to 2.21 and those from EQUILS9d for the batch experiment

22ll2a.

2.5 PARAMETER ESTIMATION

Havingdevelopedamethodforcalculatingsupersaturationthereisanotherissuetoconsider:

thatofparameterestimation.Sofarthevaluesofthedissociationconstants,solubility

product and activity coefficient from EQUILSSd have been used' It is worth considering

-29 -
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how these constants are obtained and comparing the values from EQUILS9d with others

available in the literature.

2.5.1 Literature values

Finlayson (lgii) outlines how the activity coefficient can be calculated from the Davies

modification of the Debye-Hückel solution to the Poisson-Boltzmann equation. This method

has been widely used in the literature, for example by Nancollas and Gardner (1914), Meyer

and Smith (1975a), Breõevii et al. (1986) and is also the method used by EQUILS9d'

The association constants for the formation of CaOx and NaOx- are available in the

literature. From these the dissociation constants can be calculated' For example from

Finlayson (lgil) the values are 3.65x10-a and J.46xl0-2, respectively, whereas from

TomaZiõ and Nancollas (1979) the values are 5.35x10-a and 7.58x10-a' These are

different from those used by EQUILS9d as given in Table 2'1, particularly for caox'

However, as the value of the dissociation constant for caox is small compared to that for

NaOx-, the concentration of caox is always much less than that of Naox-, as shown in

Figure 2.5 (b). Thus the variation in the dissociation constant for CaOx is not significant

and the values for the dissociation constants from EQUILSSd can be used'

Blomen et al. (1983) tabulate values of the solubility product. There is considerable

variation in the values they report, from a minimum of 2.2xl}-9 (Koutsoukos et al'' 1980)'

to a maximum of 3.63x10-9 (Meyer and Smith,1975a). These values vary by a factor of

1.65. Nancollas and Gardnet (1974) t'eport other literature values that range from

4.46xll-s to 6.7x10-e, however they point out these values may not allow for complex ion

formation

It appears that the most uncertainty exists in the value of the solubility product' which is

perhaps the most important parameter as it defines equilibrium in a system' In view of this

experiments were conducted to determine a value of the solubility product and compare it

with values from the literature, particularly the one used by EQUILS9d'

2.5.2 Experimental value of the solubility product

Batch experiments using a standard metastable solution were performed as described in

section 3.3.3. No data were collected until 24 hours after the start of the experiment' when

the system was at equilibrium'

At equilibrium, o=1, re-arrangin g eq2,29 the expression for the solubility product is
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T?Kroo*K Noo"-T coz*T o*'- (2.33)Krp =
K *oor-(T çor* + T orz-) 

* K roo*(T ro* Tt * K roo*-)ví

Experimental values of the total calcium and oxalate concentrations at equilibrium can be

calculated by a mass balance as the initial concentrations are known and the volume of

particulate matter deposited can be determined from the crystal size distributions measured

using the Multisizer.

Values of the total calcium and oxalate concentrations at equilibrium and the solubility

product from the experiments, as well as the mean and standard deviation of each parameter

are given in Table 2.2. Theexperimental data and calculations used to determine the results

in Table 2.2 are presented in Appendix 3'

The mean experimental value of the solubility product was compared with that used by

EQUILggd. A two sided r-test, with the null hypothesis that both values are the same,

against the alternative that they are different was used. At the 5Vo level, the null hypothesis

was accepted. Based on this result the value of the solubility product from EQUIL89d,

2.24x10-e is used in this work.

Table 2.2 Experimental values of the solubility product

Experiment T roz* 
(M) To,z- (M) Kro

8.2Txlo-a 332x10-5 1.60x10-e
2516

28/6

2916

3016

tv7

8.38x10-a 5.33x 10-5

8.33x 10-a 4.85x10-s

2.3}xl}-e

2.lIxl}-e

2.05x10-e

2.15x10-e

1.85x10-e

r/7

8.32x10-a 4.7Zxl}-s

8.34x10-a 4S4xl}-s

8.27xtT-a 4.2ïxl}-s

8.3lx10-a 4.64xl}-smean
2.01x10-e

2.3IxIO-6standard deviation 2.3lxl}-6
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2.6 DISCUSSION

It is worth noting at this point that the difficulty of calculating relative supersaturation and the

free and complex ion concentrations has been significantly reduced' By assuming that the

formation of only two complexes, CaOx and NaOx-, is significant' the relative

supersaturation, in terms of free ion concentrations, can be accurately calculated from a

single linear equation, eq2.32, in terms of the total concentrations' This is much simpler

and faster than using EQUIL89d.

Calculation of the free and complex ion concentrations is somewhat more difficult as the

expressions for them are quite complicated. However, the equations are simple enough that

a spreadsheet package, such as Microsoft Excel, can be used to calculate the concentrations'

This makes the analysis of experimental data very easy as the flexibility of a spreadsheet is

utilised. calculating the free ion concentrations for a new set of data is as simple as entering

the new values of the total concentrations into the spreadsheet.

Compare the method just described to using EQUILS9d, in which a FORTRAN program

performs the iterative calculation of the free and complex ion concentrations. For each set of

data an input file must be created and output from the program is written to another file' The

required data, for example the relative supersaturation, must then be extracted from the file

containing the output. This is obviously more time consuming and much less flexible than

using a spreadsheet.

However, the problem of complex formation should not be oversimplified' For a standard

metastable solution as reported in chapter 3, Hounslow (1990) only considered the

formation of one complex, caox. He found that during an experiment the fractions of each

ion present as a complex varied from 0.03 to 0.01 and 0.16 to 0' 14 respectively for calcium

and oxalate. As these fractions are approximately constant and relatively low, he assumed

total concentrations may be used to calculate supersaturation'

These results can be compared with those from the method adopted in this work which

considers the formation of two complexes. The concentrations of caox and Naox for the

batch experimen t22rr2aare given in Figure 2.5 (b). The concentration of Naox is always

at least twice that of caox. This shows that the formation of Naox cannot be disregarded'

itisactuallymoreimportantthantheformationofCaox.

When both complexes form, the fraction of each ion present as a complex during an

experiment varies from 0.06 to 0.02, and 0'47 to 0.45, respectivelY, for calcium and
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oxalate. V/hile the variation in the fraction dissociated is not significant for either ion, the

fraction of oxalate that is present as a complex is significant.

These results differ from those quoted by Hounslow (1990), as he did not consider the

formation of Naox-. consequently the fraction of oxalate bound up in complexes is

underestimated in his work. Also, as the free ion concentration is only approximately half

the total concentration it is wrong to calculate supersaturation using total concentrations.

Therefore the supersaturation used by Hounslow is unreliable, as the method used to

determine the free ion concentrations is not accurate'

Further, the correlations for the growth rate and aggregation rate constant with

supersaturation must be questioned. The form of the correlation will be correct, but the

constants in it will not be, because both the growth rate and the aggregation rate constant are

directly proportional to supersaturation. The fraction of calcium and oxalate present as free

ions is approximately constant, therefore by ignoring the formation of NaOx the amount by

which the supersaturation is underestimated is approximately constant' For example,

according to Hounslow, for growth

G = kcs* Q'34)

where s* - lca2+llor2-l- Ksp =lca2+llox2-l (2'35)

Now, the actual free calcium and oxalate ion concentrations are a fraction of the values in eq

2.35 therefore

s* = klca2*llo*2-) (2.36)

where k <1. 8q2.34 then becomes

G = kckÍcoz* 1¡ox2-l = kä s* (2.31)

As explained above, when the free rather than total ion concentrations are used, the form of

the correlation is unchanged, but the value of the constant of proportionality will be

different. The same analysis can be performed for the aggregation rate constant.
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2.7 CONCLUSIONS

In this chapter definitions and methods of calculating supersaturation for calcium oxalate in

aqueous solutions have been investigated. Three physico-chemical factors were identified

that complicate the definition and calculation of supersaturation, viz'

' The reversability of the precipitation reaction

. Two ionic species reacting to form a crystal

. The formation of ion comPlexes

In this work supersaturation is expressed in terms of the activity product, AP, calculated in

terms of free ion concentrations. At times it will be convenient to determine a relative

supersaturation, in which case the activity product is compared with its value at equilibrium,

K,,

A simple method has been developed to calculate relative supersaturation in terms of free ion

concentrations from total ion concentrations. It has been demonstrated that the relative

supersaturation as well as the free and complex ion concentrations are all accurately predicted

by this method.
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Chapter 3:

BATCH CRYSTALLISATION: MATERIALS AND

METHODS

This chapter describes an experimental investigation of the batch crystallisation

of calcium oxalate. A detailed description of the materials, methods and

analytical techniques used in the experiments is given' The experimental method

used is based on the seeded technique of Ryall et al. ( 1981b).

of particular interest is the dependence of the growth and aggregation rates on

supersaturation and the agitation rate' The range of supersaturation is increased

by varying the calcium and oxalate concentrations in the metastable solution' the

agitation rate altered by changing the rate at which the flasks are shaken.

Batch, an interactive computer program written by Hounslow ( 1990), which is

used to calculate growth and aggregation rates from the experimental crystal siZe

di strib utions is de s c rib e d.

3.1 INTRODUCTION

Batch crystallisation has been widely used to study calcium oxalate crystal growth and

aggregation. Two factors make batch crystallisation appealing; firstly there are well-

established experimental protocols' Secondly, and of greater importance' numerical

methods have been developed to determine growth and aggregation rates from experimental

data. This is highly desirable given the complexity of the analysis of an experimental systern

in which there is simultaneous growth and aggregation. Further, Smit ¿¡ aI' (1994) describe

the ambiguity in extracting aggregation rates from continuous systems.

In this chapter experiments to determine the dependence of growth and aggregation rates on

supersaturation and agitation rate in a batch system are reported'

3.2 ANALYSIS TECHNIQUES

In many systems in which crystallisation is studied the most important data are the crystal

size distributions (CSDs). In this study, the CSDs are used to calculate the growth and
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aggregation kinetics and solution concentrations. This Section describes the equipment and

methods used to measure and verify the accuracy of the cSDs' and outlines the other

experimental techniques used'

3.2.t CrYstal Size Distributions

AllCSDswereobtainedusingaCoulterMultisizerll.Incommonwithallzonesenslng

devices the Multisizer records particle numbers classified by equivalent volume diameter

(Multisizer II Users Manual, 1987)'

A size fange of 2 to 32 ¡tmwas wide enough to cover all the crystals considered in this

work. This size range was easily spanned with a single 70 pm orifice' In addition to

selecting the correct orifice it is necessary to use a suitable electrolyte together with a

procedure for representative sampling to obtain reliable data' The sampling procedure used

is shown to be representative in Section 3'2'2' The metastable solutions used in the

experiments were effectively 0.15 M saline which were suitable for use as an electrolyte with

the Multisizer. Further, the concentration of crystals was such that no dilution was

necessary. Thus there was no need to Store Samples taken during an experiment - they were

analyseddirectlyascollected.Adetaileddescriptionoftheoperationandconfigurationof

theMultisizerusedinthisworkisgiveninAppendix4.

3.2.2 Solution and Solids Concentrations

SolutionandsolidsconcentrationswerecalculatedfromtheCsDsobtainedfromthe

Multisizer. The mass of solid present in a sample can be estimated from the third moment of

the CSD using

ll
w = P'Emz

It is important to determine whether this method is an accurate way to measure crystal mass'

For example, in calculating mass from eq 3'1 no account is taken of possible voids in the

crystals, such as may be present in aggregates'

Prior to the start of the batch crystallisation experimental program' experiments were

performedtodemonstratethatdatafromtheMultisizercouldbeusedtodeterminecrystal

mass. A 4 ml sample of a calcium oxalate seed suspension was added to 200 ml of a 0'15 M

saline solution, saturated with respect to calcium oxalate' and samples analysed by the

Multisizer. The solution was then filtered (0.22 pm), the filter paper thoroughly washed

(3. 1)

-38-



with filtered, distilled water and dried at37"C. The drying temperature was well below that

necessary to cause any phase change or decomposition of the crystals' The dried filter paper

with the crystals was then weighed and compared with the weight of the filter paper alone to

determine the mass of crystals present'

Batch experiments as described in section 3.3.3 were also performed and allowed to run to

equilibrium. cSDs and solid samples were collected after 24 hours' No samples were taken

prior to these.

The results from these experiments are presented in Table 3.1. The values of the solids

content reported are the mean plus-or-minus one standard error in the mean' A two sided r-

test was used to test the null hypothesis that the solids contents determined from the

Multisizer data are the same as those from weighing the crystals, against the alternative that

theyaredifferent.Atthe5volevelthenullhypothesiswasacceptedforbothsetsofdata.

Table 3.1 Assessment of the accuracy of Multisizer measurements of crystal mass'

ExperimentTYPe Solids content determined

from samples analYsed bY

Multisizer (grams/litre)

Solids content determined bY

drying and weighing crystals

(grams/litre)

Seeds added to saline

Batch experiment

The results in Table 3.1 show that the Multisizer can be used to determine accurately the

crystal mass in the batch experiments. Further, they demonstrate that the sampling

procedure used in the experiments is representative' If the samples taken were not

representative then it is most likely that larger crystals would not be collected' If this were

the case then the sorids content determined from the Multisizer data would be lower than that

obtained from drying and weighing the crystals. However, the solids content determined by

both methods are not statistically different indicating that the sampling procedure is

representative.

3.2.3 Other experimental techniques

Scanning electron microscoPy

In various experiments samples of the crystals produced were taken and examined by

scanning electron microscope (SEM). The technique for preparing and viewing these

samples is described in Appendix 4'
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Atomic absorption spectroscopy

Calcium ion concentrations in the metastable solutions used were verified using atomic

absorption spectroscopy (AA). The technique for preparing the samples for analysis by AA

is reported in APPendix 4'

3.3 EXPERIMENTAL

3.3.1 Background

Robertson and Peacock

The seeded, batch crystallisation of calcium oxalate in inorganic solutions using the courter

Counter to monitor the CSD, was first performed by Robertson and Peacock (1972)' Their

metastable solution initially contained calcium (1 mM), oxalate (0'2 mM), sodium chloride

(0.15M)andwasbufferedtopH6withsodiumcacodylate(10mM)'

In an experiment l0 ml of a calcium oxalate seed suspension (containing 1 gram/litre calcium

oxalate crystals) was added to 500 ml of the metastable solution. The coulter counter was

usedtomeasurevariationsintheCsDwithtime'Nomentionismadeofhowthesolutions

wereagitated,orhowsampleswefecollectedforCoulterCounteranalysis.

Fiyall et al'

A similar approach was used by Ryall et aI' (l98lb)' They investigated' among other things'

the choice of buffer. Two metastable solutions were used' one buffered with sodium

cacodylate, the other with 2,N-morpholinoethane-sulphonic acid (MES)' They found

significantlybetterreproducibilityoftheCSDsintheabsenceofsodiumcacodylate.These

authors recommend the use of MES as a buffer'

The composition of the metastable solution used by Ryall et al' was 1 mM calcium chloride'

0.2mMsodiumoxalateand0.l5MsodiumchloridebufferedtopH6withMEs(10mM)'

The seeds used were calcium oxalate mono-hydrate ground with a pestle in a mortar then

suspendedindistilledwater,thefinalsolidsconcentrationbeinglgram/litre'Theseed

suspension was kept at room temperature and stirred with a magnetic stirrer'

In an experiment 7 ml of seed suspension was added to 350 ml of metastable solution'

Aliquots of 40 ml were withdrawn for analysis by the coulter counter at appropriate times'

Soda_glass flasks were used as Ryall et ar. repor'r.that the crystals stick to borosilicate glass'

The experiments were performed using a shaking water bath at 3i"c,oscillating at 90 cycles

per minute.
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This protocol has been used by Ryall et at' (1981c) to investigate the effect of urine and

various other inhibitors respectively on crystal growth and aggregation' Hounslow ¿t a/'

(1988a) use the same protocol to obtain data to model growth and aggregation kinetics' It is

also the protocol to be used in the experiments reported in this chapter' but with some

modifications, that will be described in Section 3'3'3'

3.3.2 Solutions

Chemicals

All chemicals used were analytical grade' calcium and sodium chloride were obtained from

Ajax Chemicals, Sydney, Australia. Calcium and sodium oxalate were obtained from BDH

Laboratory supplies, Poole, England. MES was obtained from Sigma chemical company'

Saint Louis, USA.

Distilled water

Distilred water used in the preparation of all solutions was from a "Hi-pure" model water

purification system fitted with a 0.2 pm pore size filter' supplied by Permutit Australia'

SydneY, Australia'

Stock Solutions

stocksolutionsofdistilledwater,calciumchloride'sodiumoxalateandsodiumchloride

were kept at37"C. When the solutions were prepared they were filtered (O'22 Wm) using

GS MilliPore filters.

The Standard Metastable Solution

F.oreachbatchexperimentonelitreofmetastablesolutionwasrequired.Toavoidtheriskof

primarynucleation,thesolutionwaspreparednomorethanonehourbeforeuse.The

method used to prepare the solution is as follows'

MES(2.059)wasdissolvedinS00mlofdistilledwater'Tothisl05mlofl.5Msodium

chloridesolutionwasadded.Thenl0.5mlof0.lMcalciumchloridesolutionfollowedby

10.5 ml of 0.02 M sodium oxalate solution were added' To avoid nucleation' these

solutions were added dropwise using volumetric pipettes. The pH was adjusted to 6 by

dropwise addition of a 5 M sodium hydroxide solution' The solution was made up to one

litre by the addition of distilled water' The solution was magnetically stirred throughout'

After filtration (o.22 pm) the solution was kept at 37'C until required' This solution is

referred to as the stock metastable solution and has the composition given in Table 3'2 in

Section 3.3.3
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Seed Suspension

Calcium oxalate mono-hydrate (1 gram) was added to a mortar and wet ground with a pestle

in a 0.15 M saline solution. The wet ground crystals were added to a 0'15 M saline

solution, the final volume of the seed suspension was one litre' The seed suspension was

stored at room temperature and was stirred by a magnetic stirrer' This is similar to the seed

suspension used by Ryall et at. (I98lb), the difference being that the seeds were kept in

0.15 M saline rather than distilled water'

TheCSDsandactualsolidsconcentrationoftheseedsuspensionweredeterminedusingthe

Multisizer. Prior to commencing many of the batch experiments 4 ml of the seed suspension

was added to 200 ml of a 0.15 M saline solution, saturated with respect to calcium oxalate.

Samples were taken and analysed by the Multisizer, typical csDs' by number and volume'

oftheseedsuspensionusedinthebatchexperimentsaredisplayedinFigures3.l(a)and

(b).

The cSDs shown in Figures 3.1 (a) and (b) are histograms of the number and volume of

crystals in each size interval or channel respectively, rather than density functions as defined

in section 1.3.2. The number and volume of crystars in each channel is protted against the

average size of the channel. The Multisizer divides the entire size range into channels with a

geometric discretisation in which the ratio of the upper and lower sizes in each channel is

21150. More details on this and the operation of the Multisizer are given in Section 3'6 and

Appendix 4. All the cSDs presented in this thesis will be of the same form as those in

Figures 3.1 (a) and (b)'

The actual solids concentration in the seed suspension was found to be 0'8210'01

grams/litre'ThesolidsconcentrationwascalculatedfromthethirdmomentoftheCSD

using eq 3.1. The uncertainty indicated is plus-or-minus one standard error in the mean'

The data and method used to calcurate the sorids concentration are given in Appendix 5.

Although the seeds were made by wet grinding one gram of calcium oxalate and adding it to

one ritre of 0.15 M sarine the actuarsolids concentration is r¿ss than 1 gram/litre. There are

tworeasonsforthis:firstly,anyverycoarsecalciumoxalatethatremainedafterwetgrinding

was not added to the saline and secondly, some of the calcium oxalate will dissolve as the

saline was not saturated with respect to calcium oxalate'

Samples of the seed suspension were also examined under sEM' Figure 3'2 is a sEM

micrograph of the crystals in the seed suspension used in the batch experiments' it can be

seenthattheseedsareclearlynotindividualcrystalsbutratherlooseaggregatesofcrystals
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Figure 3.2 SEM micrograph of calcium oxalate crystals in the seed suspension used in the

batch crystallis ation experiments
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approximat ely l-2pm in size. This is consistent with the findings of other workers such as

Nancollas and Gardne r (1914) who observed the calcium oxalate mono-hydrate seed crystals

used in their study of crystal growth appeared as aggregates when viewed under SEM'

3.3.3 Method

In each experiment four replicates were conducted. The vessels used were I litre EMIL or

Exelo permagold soda-glass volumetric flasks. Soda-glass flasks were used to avoid crystal

sticking as described by Ryall et at. (l98lb), Prior to each experiment the flasks were

cleaned by rinsing at least three times with each of tap, de-ionised and distilled water. After

each experiment the flasks were washed and stored, filled with dilute hydrochloric acid.

To each flask, 190 ml of stock metastable solution and 10 ml of a 0.15 M saline solution

were added. The flasks were then placed in a reciprocating shaking water bath (Paton

Industries Model Rw1g12) at3J'C. Before starting the experiment the temperature of the

solution in each flask was measured to ensure it was 37"C. The absence of particulate matter

was confirmed by analysis of a sample with the Multisizer.

crystallisation was initiated by the addition, using a volumetric pipette, of 4 ml of seed

suspension to each flask. At time intervals of 5 or 10 minutes, aliquots of approximately 10

ml were taken from each flask and analysed by the particle size analyser. After analysis each

aliquot was returned to the flask from which it was taken. Samples were obtained by

pouring the contents of the flask into a sample vial. As shown in Section 3'3'2 this method

gave representative sampling without the problems of isokinetic sampling that may be

introduced by withdrawing a sample with a pipette' Samples were collected for between 60

and 90 minutes depending on the experimental conditions' The primary experimental data

consists of a series of timed cSDs recorded as the seed crystals grew and aggregated in a

solution of decreasing supersaturation'

The composition of the metastable solution used in the batch experiments is different from

that of the stock solution. Firstly, the stock metastable solution, 190 ml, is added to each

flask, along with l0 ml of a 0.15 M saline solution, the resulting solution is referred to as

the pre-crystallisation solution. Secondly, at the start of an experiment 4 ml of the seed

suspension is added to each flask, giving the metastable solution referred to as the

crystallisation solution The composition of each of these solutions is given in Table 3'2'
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Table 3.2 Metastable solution compositions'

Stock metastable

solution

Pre-crystallisation

solution

Crystallisation

solution
Component

ca?* 1.05x10-3 M 1.0x10-3 M 9.81x10-4 M

Ox2- 2.1 1x104 M 2.0x104 M t.96x10-4 M

Na+ 1.584x10-1 M 1.58x10-l M 1.578x10-l M

cl- 1.6x10-1 M 1.596x10-r M 1.594x10-l M

MES 1.05x10-2 M 9.98x10-3 M 9.78x10-3 M

3.4 PARAMETBRS INVESTIGATED

There are a number of studies of the growth and aggregation of calcium oxalate in a batch

system reported in the literature' Many have focused on chemical inhibitors of growth and

aggregation rather than the kinetics of these processes' In this work the growth and

aggregation kinetics are of more interest. In this respect the work of Hounslow et al'

(1988a) is most relevant. They find, using experiments similar to those in this work that

both the growth rate and the aggregation rate constant are directly proportional to

supersaturation. However, their observations are restricted to a limited range of

supersaturation.onlyoneinitialsolutioncompositionwasused'Alsotheydidnotexplore

the effect of different agitation rates on the growth and aggregation rates'

The aim of this work is to obtain growth and aggregation rates over a wider range of

supersaturation than that considered by Hounslow et aI' (1988a)' Also the effect of the

agitationrate,whichhasbeenlargelyignored,willbeinvestigated.

3.4.1 SuPersaturation

Initiallyexperimentswereconductedusingthestandardstockmetastablesolutiondescribed

inSection3.3.2.Thecrystallisationsolutionpreparedfromthisstockmetastablesolution

has the same composition as that used by Hounslow et al. (1988a)- The standard stock

metastable solution was then modified by the addition of variable quantities of sodium

oxalate.Thisallowedboththeinitialsupersaturationandthecalciumtooxalateratiotobe

varied.Solutionswereusedinwhichtheoxalateconcentrationswerel.5,2and2.5times

that of a standard stock metastable solution'
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A further modification of the standard stock metastable solution was also considered'

solutions with the same initial supersaturation as a standard stock metastable solution' but

different calcium to oxalate ratios were used. The oxalate concentration was increased by

factors of 1.5 and 2. The calcium and oxalate concentrations in each of the metastable

solutions used are given in Table 3.3. The concentrations are those in the crystallisation

solution (containing 190 ml stock metastable solution, 10 ml0'15 M saline and 4 ml of seed

suspension) rather than the stock solutions'

In all these experiments an agitation rate of 90 oscillations per minute (oPM) was used'

Table 3.3 Calcium and oxalate concentratlons in metastable crystallisation solutions with

different initial supersaturations'

Solution

Description

Standard
metastable

1.5xStd Oxalate,
srd calcium

2xStd Oxalate,
Std Calcium

2.5xStd Oxalate,
Std Calcium

1.5xStd Oxalate,
Std Calcium/1.5

2xStd Oxalate,
Std Calcium/2

Calcium to

Oxalate Ratio

3.33

2.5

2.22

r.25

Oxalate

concentration

(M)

1.96x 10-a

2.94xIO-a

3.92x10-a

4.90x10-a

2.94xl}-a

3.92xlo-a

Calcium

concentration

(M)

9.81x10-a

9.81x10-a

9.81x10-a

9.8 1x10-a

6.54x10-a

4.91x10-a

InitialRelative

Supersaturation
APo--
K,,

5
4.31

6.39

8.42

10.41

4.45

4.49

2

3 .4.2 Agitation rate

The effect of agitation rate was investigated by simply altering the speed at which the flasks

wereshakeninthewaterbath.Theagitationratewasincreasedinincrementsofl0oPM

froms0toll0oPM.Inalltheseexperimentsastandardmetastablesolutionwasused.

TheslowestagitationrateusedwasS0oPM,asatslowerratesitwasobservedthatduring

an experiment the crystals were settling' The fastest agitation rate used was 110 OPM' as at

faster rates there was a change in the fluid motion in the flasks' Between 80 and 110 OPM

thefluidwasmovedbackwardsandforwardsintheflask;thefluidmotionwaslateral'At
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rates faster than 110 OPM the fluid was swirled around the flask' To keep the fluid motion

the same in all the experiments agitation rates above 110 OPM were not used'

3.5CALCULATINGTHEGRowTHANDAGGREGATIONRATES

The difficult problem of calculating the rates for simultaneous growth and aggregation has

been studied for the batch system. Hounslow (1990) describes a computer program' Batch'

written for the analysis of batch calcium oxarate crystallisation experiments. In this section

details of the program, the method by which it carculates the rates and its use in this work are

described.

3.5.1 The Program Batch

BatchisaprogramwritteninFORTRANforuseontheAppleMacintoshbrandofpersonal

computer. It is capable of performing three main tasks; the extraction of kinetic coefficients

from experimental data, fitting models to the coefficients and simulating changes in a crystal

size distribution during an experiment. Its principle use in the current work was for

extracting kinetic coefficients from experimental data'

3.5.2 Determining the rates

Method

Batchuses a differential technique to calculate the rates' From experimental data the rates of

change of crystal number and volume are obtained, then the moment form of the population

balance is used to calculate the growth rate and aggregation rate constant' Eqs l'20 and l'22

can be re-arranged to give

ffl¡
Lr=-

3mz

(3.2)

(3.3)

A problem often encountered with particle size analysers, such as the Multisizer' is that

during the course of an experiment a number of crystals grow into its field of view' This

has been observed for calcium oxalate by Ryall et at' (1986) and Hartel and Randolph

(1986). Hartel and Randolph suggest that growth into the field of view be accounted for by

a source function, Bu, which is the rate of appearance of crystals in the first interval of the

size range covered by the particle size analyser'
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The differential method must be modified to allow for this extra mechanism' In Batch

another time derivative is introduced, the rate of change of the crystal number in the first size

interval, ¡r, . n, Hounslow (1990) points out the source function has a bigger influence on

the number of crystals than any other measured parameter' Four new parameters are

defined: the rate of change of the first moment and the rate of change of the number of

crystals in the first size interval, for aggregation and growth occurring alone' For

aggregation onlY,

(3.4)

(3.s)

(3.6)

ù1.,,
@r

For growth onlY,

@2

þo

Nl

G

m3

t,

@3
(3.1)

G

Eqs 3.2 to 3.',/ may be written as three equations in terms of the three unknown rate

constants.

rho=BsQs+8,
(3.8)

thz = G@z+ BrLl (3.e)

Ñt = G@z + Bo4-, + B' (3 ' 10)

The values of ñ¡, th3, ù, Qo, @r, Q2 and @3 can all be calculated from the

experimental CSDs. The above equations can then be solved to obtain the rate constants'

Calculatingtheparametersandkineticcoefficients

The rates of change of the first and third moments and the number of crystals in the first size

interval are calculated from the experimental cSDs supplied ro Batch' These time derivatives

are calculated using a three point difference scheme adapted from the Turbo Pascal toolbox'

t,
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The parameters in eqs 3.4 to 3.7 are calculated using the discretized population balance of

Hounslow et al. (1988a). Those authors develop equations for the rate of change of crystal

number in each size interval for aggregation alone, and growth alone' The parameter @1 is

calculated from the equation for aggregation alone for the first size interval only, the

parameter @o by summing the change in crystal number for each size interval' Similarly

@2isobtainedfromtheequationforgrowthalonebyconsideringonlythefirstsizeinterval,

the parame ter @3by summing the product of the change in crystal numbers and the average

size cubed for each size interval

Eqs 3.8 to 3.10, a set of linear equations, are solved for the kinetic coefficients uslng a

routine developed from carnah an et ar. (1969) which calculates the solution to an augmented

matrix.

TheotherusefuldatareportedbyBatcharethetotalcalciumandoxalateconcentrations.

These are calculated by a mass balance. If w6 is the initial concentration of seeds' in mass

per unit volume, at time, f, the number of moles of calcium oxalate deposited' per unit

volume, An,is given bY

An=
(3. 1 1)

where Mr isthe molecular weight of calcium oxalate, 146'1 gmol-l' and w' is the solids

concentration, in mass per unit volume, at time, f' which can be calculated from eq 3' 1' The

concentrations at time f, are

Tror* - To 
or* - An and To"- =TZr'- - An (3'l2a and b)

3.5.3 Running Ba'tch

Input

To run Batch,the user must supply: experimental data, the experimental set-up and finally

which mechanisms of nucleation, growth, aggregation and source function are active'

Using this inform afion Batclr returns the moments of the experimental CSDs' the total

calciumandoxalateconcentrations,supersaturation'andtherateconstantsforeachactive

mechanism at each time interval'

The experimental data are entered as CSDs in a tabular form' one row per time interval' with

thetimeatwhicheachsamplewastakeninthefirstcolumn.Thisisconvenientasdatafrom
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a spreadsheet package, such as Microsoft Excel, can be copied directly into Batch in the

correct format. An example of this format is given in Figure 3'3 (a)'

The set-up used in the experiments must also be entered before Batch can be run and the

experimental cSDs analysed. The following data are required: the initial seed concentration,

the initial total calcium and oxalate ion concentrations and the ionic strength of the

crystallisation solution. The set-up of the coulter counter must be entered as well' giving

the number of size intervals, the lower limit of the first size interval and the volume of the

samples analysed to obtain the experimental CSDs'

In addition to choosing which mechanisms are active, it is possible to select different

functional forms of the aggregation kernel. This allows the inverse problem' that of the

selection of an appropriat e aggtegatLon kernel to model the experimental data' to be

investigated.

Output

The output from Batch is conveniently displayed in separate windows' one for the rate

constants of the active mechanisms, another for the moments of the cSDs and total calcium

and oxalate concentrations in the crystallisation solution. Both are in tabular form' one row

per time interval, as shown in Figures 3.3 (b) and (c)' This is very convenient as the output

canbecopieddirectlyintoaspreadsheetforfurtheranalysis.

3.6 DATA ANALYSN

Perhaps the only restricting feature of the program Batch is that it uses a geometric

discretisation for the particle size domain with a

limits of consecutive size intervals are related by

þ p.ogt"tsion. This means that the lower

L¡*t 3r:_-1¿
Li

(3.13)

This is restricting as many particle size analysers, such as the Multisizer used in this work'

do not use a geometric discretisation for the size domain with a 3"'11 ptog'"ssion' The

Multisizer divides the size domain into 256, !28, 64 0r 32 intervals or channels' when 256

channels are used the geometric progression is such that the size doubles every 50 channels'

(Multisizer II users Manual, 1987). That is the ratio of the upper limits in adjacent channels

-51-

IS



ffi>erimental CSDs for batch experiment' 16/7

o Lt794
5 9135
1-0 7993
20 7432
30 678r
40 62L8
50 59L2
60 5592
70 5237
80 4874
90 4653

Ls673
1"1-6 5 5
10079
9r79
83 55
7833
'7 444
70'78
6572
63 91-

6L22

L8270
13698
12L83
LTL99
t-02 5 0

9607
9291,
887 6
8482
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L45'7L
L3644
t290L
1-L990
1-L575
1-LL91
10885
1-0652
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LO3L2

L2010
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L2942
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L2033
t2089
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97 65
r0027
l_0401-
1-0604
1_063 9
l_0582
L0'739

1_03 5
22I7
2895
3 658
4LO7
4489
481-0
51-04
525L
5448
5525

l_81_

352
462
645
168
861_

966
1081-
1-1,44

L225
L26'7

50
68
88
96
L07
l_3 1-

L34
t52
1_s8

163
I7I

L5
L7
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23
24
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25
34
29
34

1
)
4
z
2
.)

3

3

2
4
6

2
2
4
6
5
6
6
1
7
4
I

0
0
0
0
0
0
0
0
0
n

0

(a) An example of the experimental data window fromBatch

GrowEh rates, aggregation rate constants
the batch e>çerimenL L6/1

and source fi:nctions for

ffi>erimental
t

. 0000
5 .000
1-0.00
20.00
30.00
40.00
50.00
60.00
70.00
80.00
90.00

Results for
s*

L.3304E-08
1-. 04578-08
8.77L98-O9
7.02t2E'-09
6.292L8-09
5 .5141-E-09
4.7L378-09
4.08808-09
3.81-89E-09
3 .5058E-09
3 .1038E-09

Sm
1 .3304E-08
1,. 0457E-08
8.17L9F-09
1.02L2E'-09
6.292]-E'-09
5.51-4LE-09
4.'7r3'78-O9
4.0880E-09
3 .8L89E-09
3.5058E-09
3.1-038E-09

Cca

Bo or Bu
s.31-9
2.264
l-.096
.442'7
-2303
.2038
.L'197

9.942LF.-02
3.7436F,-02
4.7846E-02
8.8760E-02

G
7.66868-02
4.992LE'-02
3.1-030E-02
1,.32878-02
I .2161E-03
8.6120E-03
7.7L73E.-03
4. 83478-03
3 . 1956E-03
3 .9248E-03
4. 86708-03

ßo
7 .90968-04
4 .6968E.-04
2.1,4678-04
9.l-535E-05
7.8295E-05
5.21-638-05
4.35728-05
4.44458'-05
3.5008E-05
2.5730E-05
2 .56308-05

(b) Output window from Batchshowing values of the growth rate' aggregation rate constant

and soufce function calculated for the data from the experimental window'

TotalcalciumandoxalateconcentrationsandmomentsoftheCSDs
for batch exPerimenL L6/7

Experimental Results for
t

.000
5.00
1-0. 0
20.0
30.0
40.0
50. 0
60. 0
70 .0
80. 0
90.0

(c) Output window from Batchshowing total calcium and oxalate concentrations and

momentscalculatedforthedatafromtheexperimentalwindow'

Figure3.3(a)Inputand(b)and(c)outputwindowsfromtheprogramBatch.

Cox
L.7 43E-04
1.486E-04
L.3288-04
l-.l-608-04
1-.087E-04
1-.01-08-04
9.2848-05
8 .637E-05
8.356E-05
8 .027E-05
7.601-E-05

9.593E-04
9.336E-04
9 .1-78E-04
9 .01-0E-04
I .937E-04
8.860E-04
I .7788-04
8.7L3E-04
8.6858-04
8.6528-04
8.61-0E-04

m0
1_63 .0
1"43.6
L37.2
L34.9
r29.4
L26.4
r25.2
L23.2
L20.4
L18.9
Lll .7

ml-
665 .6
639.5
638.0
649.7
639 .4
63'7 .6
64L.'7
64L.3
635. L
633.5
632.8

î2,
3107.
33L1 .

3471,.
3674.
37L7 .

3786.
387 4.
3933.
3942.
3969 .

3998.

m3

1. 6700E+04
1-. 99548+04
2.L9558+04
2 .40918+04
2.5011e+04
2.6000E+04
2 .7035e+04
2.78558+04
2.82LtE+04
2.8628E+04
2 .91-68E+04
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L¡*t n l/50

Li

When less than 256 channels are used the upper limit of any channel, Lv canbe calculated

from

(3. 1s)

where L256 isthe upper limit of the last channel' i is the log step ratio defined in eq 3'13

and U is given bY

U

(3.14)

(3. 17)

LzsoLX

u =zse(i-r) (3 16)

where "I is the total number of channels' i'e' 256' 128' 64' or 32'

Fromeqs3.l5and3.l6itfollowsthattheratiooftheupperlinritinadjacentchannelsis

given by

L¡*t 
^256r50J

Li

For each possible value of ,I, the ratio of the upper limits in adjacent channels are calculated

by eq 3.17 as

L¡*t 
^r/50

Li

L ¡*t ntl25

-=L',
Li

L¡*t 
^2125

Li

L¡*t 
^4125

Li

Therefore it is not possible to get an exact 3"'11 p'og'"ssion in size from the Multisizer'

However the CSDs must be in a 3^lí progression in size if they are to be used as input for

the program Batch. Further, the csDs must be number rather than volume distributions'

The cSDs obtained from the Multisizer were converted so they have u 3^[l ptogression in

size. over the size domain used in this work, 2 fo 32 pm, the channels in which the size

J =256

J =128

J =64

J =32
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cofresponding to an exact value of uIl progression were identified' The data from all the

channels between those containing the exact sizes were summed' In the channels that

contained an exact value, linear interpolation was used to distribute the counts in these

channels between adjacent channels in the 3^ll p'og'"ssion'

The Multisizer reports CSDs by number and volume' the volume distribution being

calculated from the number distribution as the average size for each channel is known' The

CSDs from the Multisizer have a much finer discretization than a 3^11 p'og'"ssion' The

conversion of a number CSD from the Multisizer format to u {1 progression conserves the

total number crystals. However, a discretization error is incurred in properties, such as

crystal volume, calculated from the converted CSDs, as crystals from a large number of

small intervals, each with an average size, re allocated to one larger interval with one

average slze.

Two different approaches are available: the first is to convert the Multisizer number

distribution into a CSD with u'"{l progression and from it calculate the corresponding

volume distribution with a t[1 progr"ssion. The second to convert the Multisizer volume

distribution into a csD with u 3^fi progression and from it carculate the corresponding

number distribution. In the first case the discretization error is in the volume distribution

with a '^11 progr"ssion, in the second the error is in the number distribution with a Tã

progression.

ItwasfoundthatifthenumberCSDswereconvertedtheimpliedvolumeineachchannel

was overestimated and the total volume was in error by approximately 97o' compared to the

volume distribution from the Murtisizer. If the volume csDs were converted the implied

numberineachchannelwasunderestimatedandthetotalnumberofcrystalswasinenorby

approxima tely 4vo,compared to the number distribution from the Multisizer'

As the total crystal volume is used to calculate solution concentrations, and supersaturation'

it is important that the error in the crystal volume be as small as possible' For this reason the

volume distributions from the Murtisizer were converted to cSDs with a 3^ll progr"ssion.

AnexampleoftheconversionoftheCSDsfromtheformatreportedbytheMultisizertoa
3"11 ptogt"ssion is given in Appendix 6'

3.7 CONCLUSIONS

Theexperimentalmaterials,methodsandanalysistechniquesusedtostudythebatch

crystallisation of calcium oxalate have been described' The reasons for conducting batch
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experiments are that well established experimental protocols exist, as does a computer

program that calculates the growth and aggregation rates from experimental data'

The effect of supersaturation and agitation rate on the growth and aggregation rates was

investigated. The supersaturation was varied by changing the calcium and oxalate

concentrations in the metastable solution' The agitation rate was varied by changing the

shaking rate in the water bath'

The computer program Batch, which allows growth and aggregation rates to be determined

from experimental data, has been descr tbed. Batcl¿ was used to analyse the data from the

experiments reported in this chapter. The dependence of the growth and aggregation rates

on supersaturation and agitation rate is investigated in the next chapter'
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- 25um r#

(i) Standard metastable solution (Ca:Ox = 5:1)'

. 25um rl-5

(ii) Metastable solution with 2.5 times the standard oxalate concentration (Ca:ox =2''I),

Figure a.3 (a) SEM micrographs of calcium oxalate crystals from different batch

experiments at / = 0 minutes'
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(i) Standard metastable solution (Ca:Ox - 5:1)'

. 25um r¡+r tl ,

(ii) Metastable solution with 2.5 times the standard oxalate concentration (Ca:Ox = 2:I)

Figure 4.3 (b) SEM micrographs of calcium oxalate crystals from different batch

expeliments at / = 5 minutes
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(i) Standard metastable solution (Ca:Ox - 5:1)

. 25 llm ¡I+t

(ii) Metastable solution with 2.5 times the standard oxalate concentration (Ca:Ox - 2:l)

Figure 4.3 (c) SEM micrographs of calcium oxalate crystals from different batch

experiments at f = 10 minutes.
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(i) Standard metastable solution (Ca:Ox - 5:1)

(ii) Metastable solution with 2.5 times the standard oxalate concentration (Ca:Ox =2:l)

Figure 4.3 (d) SEM micrographs of calcium oxalate crystals from different batch

experiments at f = 60 minutes'
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the higher oxalate concentration. From the SEM micrographs displayed in Figures 4.3 (b) to

(d) it can be seen that at each time interval the crystals in the samples taken from the solution

with the higher oxalate concentration are much larger and more aggregated than those from

the standard solution.

4.4 THE GROWTH RATE

Mullin (1993) points out there are many mechanisms proposed for crystal growth and many

reviews of the historical development of these theories. Nielsen and Toft (1984) observe

that the growth rate may be controlled by transport of ions through the solution by

convection and diffusion, by various processes on the crystal surface or a combination of the

two. Nielsen (1984) states that for sparingly soluble salts, such as calcium oxalate, the

growth rate is normally surface controlled in which case the following rate expressions

G--kt(s-1)

G=kz(s-l)t

(4.2)

(4.3)

(4.5)

G = k"sz6(s - t¡2l3(tns)1/6 exp(-K"/(hs)) @'4)

are appropriate for the following rate determining mechanisms respectively: ion transport or

adsorption, surface spiral growth and surface polynucleation. In the above expressions, S is

a relative supersaturation, which for calcium oxalate is given by

rl2

s-

A detailed discussion of the mathematical analysis used to obtain the rate expressions for the

various growth mechanisms is given for example by, Söhnel and Garside (1992).

4.4.1 Analysis of experimental data

In this section the data from the experiments described in Chapter 3 are studied with the aim

of determining which of the growth rate mechanisms outlined above is appropriate for the

batch crystallisation of calcium oxalate.

The details of the conditions for each of the batch experiments are given in Table 4'3. The

CSDs measured by the Multisizer were converted to CSDs with a 3^ll ptogr"ssion as

described in Section 3.6 and were analysed using the program Batch as described in Section

AP

K,,
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Table 4.3 Initial experimental conditions for the batch experiments.

Run Agitation

Rate

(oPM)

Solution

Description

Calcium ion

concentration

(M)

Oxalate ion

concentration

(M)

APÇ--
K,,

Ca:Ox

ratio

tv7
t3/7

r4u

r611

t7 t]
2011

23/1a

23/]b

18/1 1

T9ITI

3/8a

3/8b

4/8a

418b

rot12

tUt2
r2l12

13t12

22ll2a

22/rzb

23112

24n2

25/7

26t1

29t7

30t7

24llla
24trlb
25ltl
3U7

22llla
22lrrb
22lllc
23/LIa

23nrb

9.81x10-a

9.81x10-a

9.8lx10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.8lx10-a

9.81x10-a

6.54xIO-a

4.9lxl}-a
9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x10-a

9.81x 10-a

9.81x10-a

9.81x10-a

9.81x10-a

1.96x 10-a

1.96x10-a

l 96x10-a

I .96x 10-a

1.96x10-a

1.96x10-a

1.96x10-a

1.96x10-a

1.96x10-a

1 .96x 10-a

2.94x10-a

2.94x10-a

294xl}-a
2.94xIO-a

392xIO-a

3.92xlo-a

3.92xlo-a

3.92x10-a

4.90x10-a

4.90x10-a

4.90x10-a

4.90x10-a

2.94xl}-a
3.92xl}-a
1.96x10-a

1 .96x 10-a

1.96x10-a

1.96x10-a

1.96x10-a

1.96x10-a

1.96x10-a

1.96x10-a

1.96x10-a

1.96x10-a

1 .96x 10-a

4.3r

4.31

4.31

4.31

4.31

4.3r

4.3r

4.3r

4.31

4.3r

6.39

6.39

6.39

6.39

8.42

8.42

8.42

8.42

10.41

10.41

10.41

10.41

4.45

4.49

4.31

4.31

4.31

4.3r

4.31

4.31

4.31

4.3r

4.3r

4.31

4.3r

90

90

90

90

90

90

90

90

90

90

90

90

90

90

90

90

90

90

90

90

90

90

90

90

80

80

80

80

80

100

100

100

110

110

110

5

5

5

5

5

5

5

5

5

5

3.33

J.JJ

3.33

3.33

2.5

2.5

2.5

2.5

2

2

2

2

2.22

1.25

5

5

5

5

5

5

5

5

5

5

5

Std Ox

Std Ox

Std Ox

Std Ox

Std Ox

Std Ox

Std Ox

Std Ox

Srd ox

Std Ox

1.5xStd Ox

L5xStd Ox

1.5xStd Ox

1.5xStd Ox

2xStd Ox

2xStd Ox

2xStd Ox

2xStd Ox

2.5xStd Ox

2.5xStd Ox

2.5xStd Ox

2.5xStd Ox

1.SxOx, Call.5

2xOx, CaJZ

Std Ox

Std Ox

Std Ox

Std Ox

Std Ox

Std Ox

Std Ox

Std Ox

Std Ox

Std Ox

Std Ox
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3.5. The values of the growth rate and the relative supersaturation for each experiment are

given in Appendix 7. The activity product was calculated, in terms of free ion

concentrations, using the method described in Section 2'4,the relative supersaturation was

calculated from eq 4.5 and the value of Kro used was 2.24xl}-9 .

Figure 4.4 shows the square root of the growth rates from all the batch experiments plotted

against the relative supersaturation. All the data from experiments using solutions with

different initial supersaturations, solutions with different calcium to oxalate ratios and

agitation rates collapse onto a straight line. The line fitted to the data is

^lG =0.271(5 -r) (4,6)

where the growth rate is measured in units of pm/min, the error in the constant of

proportionality is 2.lxIO-3 and the regression coefficient is 0'968'

There are over 350 growth rates plotted in Figure 4.4 rrom some 35 different experiments

with a wide range of experimental conditions, yet a parabolic rate law' appropriate for

surface spiral growth, accurately describes all the data' The results also support the

equilibrium calculation, in that they show the growth rate tends to zero when 'S = 1'

There is some scatter in the values of the growth rates, particularly at high supersaturation'

An error analysis is presented in Section 4'6,but the errors calculated are not large enough

to account for this scatter. However, there is another point to consider, Hounslow (1990)

also found some scatter in the growth rates and aggregation rate constants determined from

the program Batch. He observed that:

,,v(rlues of the growth and aggregation rate are deduced from estimates of rates

of change, ú process which must induce eruor"'

The error introduced will be greatest at high growth and aggregation rates which would

account, to some extent, for the scatter in the data, particularly the data at a relative

supersaturation of approximately 3'2'

Errors in the relative supersaturation are presented later when the errors in the kinetic rate

constants are discussed in Sectio n 4.6. The values of the concentrations used to calculate the

activity product are inferred from the total crystal volume and initial seed mass' Any error in

calculating the activity product and hence relative supersaturation will be systematic and lead
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to a translation of the data points along the abscissa. In Section3.2.2 it was shown that the

Multisizer can accurately measure crystal volume, consequently any random errors in the

value of the relative supersaturation will be small.

From the results presented the growth rate can be accurately calculated by eq 4.6 over a wide

range of supersaturation from the relative supersaturation, regardless of the calcium to

oxalate ratio in the metastable solution, or the agitation rate. Using the method described in

Section 2.4the activity product, in terms of free ion concentrations, can be determined from

total concentrations. The fact that all the growth rates are described by eq 4.6 will be very

useful in Chapter 9 in which the growth and aggregation of calcium oxalate in a tubular

crystalliser is investigated. Rather than having to use experimental data to determine the

growth rate, it can be calculated from eq 4.6 provided the solution composition is known.

4.4.2 Discussion

While the growth rates are well described by eq 4.6 for all the experimental conditions

investigated it is important to compare the results from the current work with those available

in the literature.

The dependence of the growth rate on the agitation rate

The experimental results indicate that the growth rate does not depend on the agitation rate.

This is consistent with the findings of Breõevié et al. (1986) who observe no difference

between growth rates in magnetically stirred and unstirred batch experiments. Meyer and

Smith (1975a) also find that the growth rate is not influenced by the hydrodynamics of the

experimental system.

Nielsen and Toft (1984), state that for crystals larger than 5 pm the following criterion may

be used: if the growth rate depends on the stirring rate, growth is transport controlled,

whereas if the growth rate is insensitive to stirring rate, then growth is surface controlled.

The results presented in Section 4.4.1 are consistent with this statement as the growth rate is

not dependent on the shaking rate and is best described by a surface controlled mechanism.

A similar observation is made by Nancollas and Gardner (1914) who find the growth rate in

a batch system does not depend on the mode of stirring and conclude that this rules out bulk

diffusion of ions to the crystal surface as the rate controlling step and suggests a surface

controlled mechanism.

The dependence of the growth rate on supersaturation

The growth rates determined from many studies of the growth of calcium oxalate cannot be

compared with those of this work for two main reasons. Firstly, in many cases the
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supersaturation at which the growth rates were obtained is not reported. This is common in

studies using an MSMPR, in which the growth rate is correlated with the nucleation rate as

both are dependent on the supersaturation in the crystalliser. Rather than calculating the

supersaturation, the composition of the feed solutions is given. For example results are

presented in this manner by Randolph and Drach (1981), Rodgers and Garside (1981) and

Miller et al. (1g77). Often it is the effect of an inhibiror on the growth rate that is of primary

interest in which case the growth rates are plotted against the inhibitor concentration, for

example, Springman et al. (1986) and Robertson and scurr (1986).

Secondly, in some studies the true growth rate is not calculated but rather some empirical

parameter in terms of the change in crystal volume, or ion concentrations is defined to

represent the growth rate. These parameters do not take into account the effect that other

factors such as aggregation have on crystal enlargement. Examples of workers who have

used this approach are Robertson and Peacock (1912), Ryall et al' (198lb) (crystal volume),

Ligabue et aI. (1979) and Fellström et al. (1982) (ion concentration).

There are also many studies in which a parabolic dependence of the growth rate on some

measure of supersaturation has been found to follow a second order rate law such as eq 4.6.

Nancollas and Gardner

Nancollas and Gardner (1g14) study the precipitation reaction by measuring properties of the

fluid rather than the particulate phase. They follow the rate of growth using solution

conductivity measurements to determine the decrease in ion concentrations. They find the

relationship between the depletion of the ion concentration and supersaturation, if the initial

calcium and oxalate concentrations are equal, is

+ = k(rcaz*l-rco'*ro)' (4.1)

where the subscript, 0, refers to equilibrium conditions. If the initial calcium and oxalate

concentrations are different then,

-d* = ¡' *'' (4.8)
dt

where the supersaturation, N, is the number of moles of calcium oxalate that must be

deposited to reach equilibrium and is calculated from

K,p = (co2*l- N)(lox2-l - N)

-71-
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The depletion of the ion concentration and the growth rate are related by

(4.10)

where A¡ is the total crystal surface area per unit volume. Clearly for solutions with equal

calcium and oxalate concentrati ons, lCa2+)* "l ,q,p, thus eq 4'7 is of the same form as eq

4.6. Also the number of moles of calcium oxalate that must be precipitated to reach

equilibrium will be related to the relative supersaturation, thus eq 4.8 is also consistent with

eq 4.6.

To calculate the growth rate from measurements of the change in ion concentration the total

crystal surface area must be known. It is difficult to determine the total crystal surface area

and also it increases as the crystals grow. As experimental measurements of the total crystal

surface area are not reported by Nancollas and Gardner, actual growth rates cannot be

calculated from their data and compared with those of the current work.

In contrast with the findings of this work, in which the calcium to oxalate ratio had no affect

on the growth rate, Nancollas and Gardner observe the rate constant in eq 4.8 is appreciably

higher in experiments using a solution in which calcium is in excess. This difference can be

accounted for by considering the effect of aggregation, which is ignored in the analysis of

Nancollas and Gardner. In Section 4.5 it is shown that the aggregation rate is dependent on

the oxalate ion concentration. For metastable solutions with a fixed activity product, the

higher the calcium concentration, the lower the oxalate concentration will be. Consequently,

in a solution in which calcium is in excess, the oxalate concentration will be lower and the

aggregation rate will also be lower. A lower aggregation rate, will lead to greater total

crystal surface area and from eq 4.10 the observed rate of depletion of the calcium ion

concentration will be higher.

Meyer and Smith

Meyer and Smith (1975a) determine crystal growth rates from measurements of the change

in the calcium concentration in solution. Their results are consistent with those of Nancollas

and Gardner (1974) and may be described by eqs 4.7 and 4.8. Therefore the results of

Meyer and Smith are consistent with eq4.6 and the findings of this work.

There are also many other studies in which the kinetics for the growth of calcium oxalate are

found to be of the form of eq 4.6, these include: Gardner (1975) for stirred batch

experiments with equal calcium and oxalate ion concentrations, Singh et al. (1987) using
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conditions of constant composition over a range of supersaturation, Nielsen and Toft (1984)

for batch crystallisation and Sheehan and Nancollas (1980) using a constant composition

method.

Kavanagh (IggZ) notes that for restricted ranges of conditions, eq 4.6 may be simplified to

the form of eq 4.7, involving calcium concentrations (Ito and Coe, 1917) or oxalate

concentrations (Libague et aI., 1979) to describe the growth of calcium oxalate. Further,

Kavanagh shows that more complex expressions such as those used by Blomen et al'

(19g3), who describe growth in terms of the uptake of a radioactive tracer from solution,

which is fitted by an orthogonal hyperbola, are also consistent with eq 4'6'

There are also a number of studies in which the growth rate correlation is not the same as eq

4.6, however it can be shown the results are still consistent with eq 4.6'

Nielsen

Nielsen (1960) shows the relationship between the growth rate and the activity product is

given by

G * AP2 - 4, (4.1 1)

Which implies the growth rate is fourth order rather than second order. Data are reported in

which the growth raÍe, dlf dt , where I is the length of a cube of the same volume as one of

the growing crystals, is proportional to the 3.3rd power of the concentration of the complex

ion, caox. From the association equation for the complex formation , eq2.I7 , the activity

product and the relative supersaturation can be calculated'

Figure 4.5 shows the data of Nielsen plotted against the relative supersaturation, it can be

seen that the data are well described by an equation of the form of eq4.6. While these data

show the same dependence of the growth rate on the relative supersaturation as the data from

the current work, the range of the relative supersaturation and growth rate are different'

However, it is difficult to assess the accuracy of the relative supersaturation calculated from

Nielsen,s data, as neither the value for the solubility product, or the temperature at which the

experiments were conducted is given. Also there are no details of other ions that might have

been present in the solutions, for example sodium. As discussed in Section 2'6, the

formation of the complex NaOx-, has a significant effect on the free oxalate ion

concentration, consequently, the values of the relative supersaturation calculated from

Nielsen's data must remain uncertain.
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Hounslow

Hounslow (1990), summarises the results presented in two earlier papers on the growth and

aggregation of calcium oxalate by Hounslow et al. (1988a) and (1988b)' Data from

experiments using the seeded batch technique of Ryall et al' (1981b) are analysed by the

program Batch. If supersaturation is defined by

,S*=AP-Ksp (4.r2)

the growth rate is found to be directly proportional to supersaturation,

G = kc(ar - rc,r) (4.13)

The batch experiments described in Chapter 3 are based on the protocol of Ryall et øl'

(193lb) and the growth rates were determined using the program Batch' Despite the

similarities in the experimental protocol and method of data analysis, the findings of

Hounslow seem to differ with those of this work, however it can be shown that this is not

the case.

As already discussed in Section 2.6 Hounslow used total rather than free ion concentrations

to calculate the activity product, as a consequence the values of the activity product will be

incorrect. But it is also shown in Section 2.6 that this will only change the value of the

constant in eq 4.13, not the relationship between the growth rate and supersaturation'

The dependence of the growth rate on supersaturation will be different if there is an error in

the growth rate. In the current work and that of Hounslow the growth rates were determined

using Batch, however the csDs were measured with different coulter counters' The

experiments in this work and those reported by Hounslow were conducted in the same

laboratory, in the Department of surgery at Flinders Medical centre. The csDs used by

Hounslow were measured with a coulter TAII, whereas the cSDs in the current work were

measured with a Coulter Multisizer. A batch experiment was conducted in which the same

samples were analysed by both counters and it was found that the crystal volume measured

by the TAII was always greater than that measured by the Multisizer' 'when the cSDs from

the two counters were analysed by Batch different growth and aggregation rates were

obtained for the same experiment.

The CSDs reported by Hounslow were corrected to allow for the error introduced by the

TAII counter and analysed by Batch, and the correct value of the activity product was

calculated using the method in section 2.4. Figure 4.6 shows the growth rates calculated
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from the corrected data, it can be seen that they are well described by eq4'6' and the values

of the growth rates are similar to those obtained in this work'

Finally, there are some studies which find the grovith kinetics of calcium oxalate are not

second order but rather fourth order in supersaturation. Two such studies are those of

Sr.rtii et aI. (I9g4) and Markovii and Füredi-Milhofer (1988). Both these authors model

growth using the following equation

du -zt3 _ r xU3 (r- _ C \s (4.14)*l a_"tt = K Nltt (C _ q)r
dt

where N, is the total number of crystals, C and C, are the calcium concentrations in the

solution and at equilibrium and ø is the degree of reaction defined as ø = V,lV^*, where

V, is the volume of material deposited at time, f and V^o* is the maximum possible

precipitate volume.

sr.rtii etat.(r9g4) find rhe value of g in eq 4.14 is 3.610.3, Markoviiand Füredi-

Milhofer (1988) find g =3.9!0.1. The experimental protocol used by both authors is to

nucleate crystals, then observe them grow and aggregate. The experiments are divided into

sections in which each mechanism is dominant. The results quoted above are for the period

in which growth dominates and it is claimed that the total number of crystals is constant.

However, the data of Sntii et at. (1984) reveal that over the time in which the growth rate

is calculated the total number of crystals halves. From the data of Markoviiand Füredi-

Milhofer (19gg), when the growth rate is calculated the total number of crystals decreases by

approximately one third. The significant decrease in the number of crystals is characteristic

of aggregation, which is ignored in the calculation of the growth rates, which must make the

values of g reported questionable.

A concluding remark on growth rates

All the data studied from other investigations of the growth of calcium oxalate are consistent

with the results of the current work, which may be summarised as:

Regardless of the solution composition and agitation rate the growth rate, in pm/min, may be

related to the relative supersaturation by:

6 = (o.oz67t o.oo12)(s - 1)2
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4.5 THE AGGREGATION RATE

In contrast to crystal growth, there are few theories and investigations into the dependence of

the aggregation rate on supersaturation. In a batch system Hounslow (1990) finds the

aggregation rate constant is directly proportional to supersaturation defined in eq 4'I2'

giving

þo=koss(ar-r,o)
(4.1s)

In a continuous Couette agglomerator Hartel and Randolph (1986b) find that the aggregation

constant is highly dependent on the oxalate concentration' They use the oxalate

concentration to measure supersaturation as the calcium concentration was not known'

4.5.L Analysis of experimental data

In this section the data from the batch experiments are studied with the aim of determining

the dependence of the aggregation rate constant on supersaturation and agitation rate'

The aggregation rate constants and activity product were calculated from the same

experimental data using the same method of analysis as the growth rates presented in the

previous section. The aggregation rate constants calculated from Batch are given in

Appendix 7. The conditions in each of the experiments are given in Table 4'3'

The dependence of the aggregation rate constant on supersaturation

As the experiments reported in Chapter 3 are similar to those of Hounslow (1990)' the

supersaturation is measured by using the activity product' Figure 4'7 shows the aggregation

rate constant plotted against the activity product for the batch experiments conducted using a

standard metastable solution. The data from these experiments are well described by the

following equation:

þo =3.74x lo2sAP3'ss (4'16)

with the errors in the constant of proportionality and the exponent being 7 '03xl}2a and

0.10, and the regression coefficient for the fit is 0'979'

Next the data from the other experiments in which the initial supersaturation was increased

by the addition of variable amounts of oxalate to the metastable solution are considered'

However, rather than plotting the aggregation rate constants from every experiment' the data

obtained from experiments with the same initial supersaturation were averaged' A total of 10
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experiments were conducted using the standard metastable solution and 4 experiments with

each of the other initial oxalate concentrations'

The aggregation rate constant is plotted against the activity product for the experiments

conducted using solutions with different initial oxalate concentrations in Figure 4.8. The

errors shown are plus-or-minus one standard error in the mean' It can be seen that over the

complete fange of supersaturation studied the aggregation rate constant does not correlate

with the activity product. There is substantial scatter in the data, that cannot be attributed to

either averaging the data from each experiment, or the effors calculated in Section 4'6' For a

given value of the activity product the higher the oxalate concentration the greater the value

of the aggregation rate constant'

The dependence of the aggregation rate constant on oxalate ion concentration

All the metastable solutions used in the experiments had the same initial calcium

concentration,thesupersaturationwasincreasedbyincreasingtheoxalateconcentration.As

no other parameters were altered this suggests that the aggregation rate may be dependent on

the oxalate concentration rather than the activity product or supersaturation'

Thefreeoxalateionconcentrationcanbecalculatedfromthetotalcalciumandoxalate

concentrations using the method described in section 2.4' InFigure 4'9 the aggregation rate

constant is plotted against the oxalate concentration' as in Figure 4'8 the data from each

series of experiments were averaged and the mean' plus-or-minus one standard error is

plotted.

The aggregation rate constants correlate well with the oxalate ion concentration with the

exceptionofthedataatthehighestoxalateconcentrations'AsmentionedinSection4.4.2

thereareefTorsassociatedwiththemethodusedbyBatchtodeterminetheaggregationrate

constant. Even though this error will be greatest at high aggregation rates' it is probably not

enough to account for the deviation observed' However' the correlation between the

aggregation rate constant and the oxalate concentration is much better than that with the

activity product. Therefore to investigate the dependence of the aggregation rate on the

agitationratetheoxalateconcentrationwillbeusedastheindependentvariable'eventhough

the experiments with different agitation rates used a standard metastable solution'

Thedependenceoftheaggregationrateconstantontheagitationrate

As with the experiments used to investigate the effect of supersaturation' a number of runs

were conducted at each agitation rate. The data from each series of experiments were
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averaged and it is the mean plus-or-minus one standard error that is used to display the

results

In Figure 4.10 the aggregation rate constants from the experiments using different agitation

rates are plotted against the oxalate concentration. It can be seen that at each agitation rate the

dependence of the aggregation rate on the oxalate concentration is of the same form, but the

aggregation rate constant is also dependent on the agitation rate. For a given oxalate

concentration the aggregation rate constant increases as the agitation rate decreases, over the

entire range of oxalate concentrations the aggregation rate constant at the lowest agitation rate

is some three times that at the fastest agitation rate'

The dependence of the aggregation rate constant on the agitation rate is further investigated in

Figures 4.11 (a) and (b) in which the aggregation rate constants, from the same time interval

but different experiments are plotted against the reciprocal of the agitation rate. The reason

for plotting data from the same time interval together is that as an experiment proceeds the

oxalate concentration decreases as a result of crystal growth. As a standard metastable

solution was used in all the experiments, then data obtained at a given time corresponds

approximately to a given oxalate concentration, and growth rate. Therefore the data from

each time interval corresponds to data at a constant growth rate.

The aggregation rate constants plotted in Figure 4.11 (a) come from the samples analysed in

the first 20 minutes of the experiment. It can be seen that at each time interval the

aggregation rate constant va¡ies linearly with N-l'

In Figure 4.1 1 (b) the aggregation rate constants corresponding to the data collected from 30

to 60 minutes are plotted against the reciprocal of the agitation rate. It can be seen that the

aggregation rate constant no longer varies linearly with N-l ' As the experiment proceeds

and the growth rate decreases, the variation in the aggregation rate with the agitation rate is

less well defined.

4.5.2 Discussion

In order to understand the factors that might affect the aggregation rate it is important to have

some concept of how aggregation occurs in solution. For a stable aggregate to form from

individual crystals, the crystals have to come into contact, or collide, and then remain

together. The aggregation kernel must take these two events into account: it must describe

the frequency and also the effectiveness of collisions. In solution, the frequency of
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collisions will be determined by the hydrodynamics, and it is to be expected that the growth

rate, and therefore supersaturation, will play a role in the effectiveness of collisions'

It has been observed that the aggregation rate decreases as the agitation rate increases and

correlates with the oxalate concentfation rather than with supersaturation' The first

experimental observation can be explained by the brief outline of the aggregation mechanism

given above, however the second cannot' The aggregation mechanism must be considered

in greater detail to find an explanation for the experimentally observed behaviour of the

aggregation rate. This will be the focus of the Chapter 5, in this section the aggregation rate

constants are compared with results from other studies in the literature'

The mathematical complexity associated with solving the population balance for

simultaneous growth and aggregation has meant that there are very few studies in which true

growth and aggregation rates are reported. often the effect of an inhibitor on aggregation

has been studied, and an empirical parameter involving the change in the total number of

crystals is used as a measure of the aggregation rate, for example Robertson et aL (1973)'

and Ryall et al. (l98lc) .

Thereare,totheknowledgeoftheauthor,onlytwostudiesthatreportaggregationrates

rather than an empirical parameter: those of Hartel and Randolph (1986) and Hounslow

(1eeo).

Hartel and Randolph

HartelandRandolphuseaCouetteagglomeratortostudytheaggregationofcalciumoxalate

crystalsgeneratedinanMsMPR.AsmentionedinSection4.2theyfindthatthekernelof

Thompson(1968)bestfitstheirdata,whichcontradictsthefindingsofthisworkandof

Hounslow (1990) in which a size-independent kernel is most appropriate' It is also at odds

with smit et at. (1993) who find that the Thompson kernel is an instantly gelling kernel in a

continuousSystem.Smit¿ral.reflectonhowagellingkernelmightbeusedtodescribea

non-gellingsystem.HartelandRandolphincludeintheirmodelabreakagefunction.Smit

etal'pointoutthatthisapproachisopentosomecriticismasthebreakageratecalculated

may be artificially large in order to stop the occurrence of mathematical gelation when

modelling the experimental cSDs. consequently the values of the aggregation rate constants

calculated by Hartel and Randolph must be questionable' for this reason the values are not

comparedwiththosefromthiswork.However,acomparisonofthequalitativebehaviour

of the aggregation rate constant can be made'
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Hartel and Randolph find that the aggregation rate constant is highly dependent on the

oxalate concentration and the dependence is non-linear, which is consistent with the findings

of this work. Also Hartel and Randolph find that at the same oxalate concentration the

aggregation rate constant depends on the rate of rotation of the Couette agglomerator. This

observation is consistent with the finding of the current work that the aggregation rate is

dependent on the agitation rate. Both the rate of rotation in the Couette agglomerator and the

agitation rate must inevitably be related to the shear rate in the fluid.

Hounslow

Hounslow (1gg0) finds that the aggregation rate constant is directly proportional to the

supersaturation, as given by eq 4.12. The range of supersaturation for which eq 4.12 is

valid is lower than that considered in this work. However, the composition of the standard

metastable solution described in Section 3.3.2 is the same as that used by Hounslow' The

results from the experiments using a standard metastable solution can be compared to those

of Hounslow, provided the data are modified, as described in Section 4'4'2'

In Figure 4.12 the aggregation rate constants obtained from the modified data of Hounslow

are compared with those from this work for the experiments using a standard metastable

solution and different agitation rates. The values of the aggregation rate constant from the

data of Hounslow are higher than those from this work. There is no reason to believe the

modification of the data is responsible for the difference in the values of the aggregation rate

constant, as the same procedure produced growth rates in good agreement with those from

this work. An agitation rate of 90 OPM was used in the experiments reported by Hounslow,

an agitation rate less than 80 OPM would be required for the aggregation rate constants to be

consistent with the results from this work.

It is possible that the state of aggregation of the seed crystals used in the experiments may be

responsible for the observed difference in the aggregation rate constants. The mechanisms

active in the aggregation of colloidal particles in ionic solutions can be described in a semi-

quantitative way by the theory of Derjaugin, Landau, Verwey and Overbeek (DLVO), as

presented, for example by Hiemenz (1986). This theory predicts that increasing the ionic

strength of a solution is favourable for the formation of aggregates. There is a substantial

difference between the ionic strength of the seed suspensions from this work and those of

Hounslow. The seed crystals used in this work were suspended in 0.15 M saline and as

shown in Figure 3.2 were aggregates of crystals approximately l-2 pm in size. The seed

crystals used in the work of Hounslow were suspended in distilled water. It is likely that the

number of very small crystals less than2 pm in size in these seeds is much higher than in the

seeds used in this work.
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If a very large number of small crystals are present in the seed suspension added to the

metastable solution in a batch experiment then as these crystals grow a large number of them

will appear in the field of view of the particle size analyser' Consequently the value of the

source function used in Batchto model the appearance of crystals in the field of view will be

large. As the growth and aggregation rates are calculated from equations involving the

source function, the magnitude of the source function must affect the values of the growth

and aggregation rates. The source function will have a much more significant effect on the

number of crystals, and hence the aggregation rate, than on the crystal volume and hence the

growth rate. crystals of a very small size contribute very little to the total volume, but

significantly to the total number of crystals. The source function used in Batch is only an

approximate correction for growth into the field of view of the particle size analyser and thus

if the value of the soufce function is high results from Batch will be less reliable'

The source functions from this work and that of Hounslow were compared and it was found

the values of the source function from the data of Hounslow were at least double those of the

source function from this work. As the other experimental conditions are the same, a higher

value of the source function will give a higher aggregation rate.

A concluding remark on the aggregation rates

It has been shown that the behaviour of the aggregation rate for the experimental conditions

investigated is much more complex than the growth rate. The dependence of the aggregation

rate on the oxalate ion concentration and agitation rate must inevitably be related to the

aggregation mechanism. A mechanism for the aggregation of calcium oxalate in saturated

and supersaturated solutions to explain the experimental observations is developed in

Chapter 5.

4.6 ERROR ANALYSIS

As described in section 3.3.3 CSDs were obtained from the four replicates of an experiment

at regular time intervals. At each time interval the CSDs from the replicates were averaged'

and the growth rate and aggregation rate constant were determined from the average csD'

In Appendix 8 an analysis of the efrors associated with the growth rate and aggregation rate

constant is presented. The propagation of error equation, together with some useful results

from mathematical statistics, allow the error in a parameter, which is a function of different

variables, to be estimated. Full details of the mathematical analysis and a sample calculation

of the erïors are given in Appendix 8'
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4.6.1 Growth rate and relative supersaturation

The growth rates determined using Batch,from the experiments conducted to determine the

effect of supersaturation on the growth and aggregation rates were used to investigate the

magnitude of the efrors in the growth rate and relative supersaturation'

Figure 4.13 is a semi-log plot of the growth rate against the relative supersaturation for

experiments using metastable solutions with different initial supersaturations. The growth

rate is plotted on a logarithmic scale so the magnitude of the error can be assessed as the

growth rate decreases. The erÏors shown are plus-or-minus one standard error' as calculated

in Appendix 8 from eq 48.16 for growth and A8'34 for relative supersaturation'

It can be seen that the magnitude of the error in the growth rate is quite small over the entire

range of supersaturation used in the experimental investigation' The absolute value of the

error is almost constant during an experiment, and therefore the percentage efTor is greater at

lower growth rates. This can be explained by considering the form of the expression for the

standard error in the growth rate, from eq A8' 16

I
(4.t7)

aGn G

The following observations were made from the experimental data: firstly' the ratio of the

standard deviation in the second moment to the second moment was approximately constant

throughout an experiment. This implies the first term on the right hand side of eq 4'17 is

approximately constant. Secondly , @ \ncteased by a factor of approximately 1'5 in each of

the experiments, wher eas @ increased by factors of 1'5 to 4 depending on the initial

supersaturation of the metastable solution. As an experiment proceeds' the increase in m3 is

greater than that in *2, and the growth rate decreases, thus from the second term on the

right hand side of eq 4.17 the standard deviation as a percentage of the growth rate will

increase.

It can also be seen that the error in the activity product is approximately constant, and

relatively small, over the range of supersaturation studied in the experiments'

4.6.2 Aggregation rate constant and oxalate ion concentration

The error analysis already described was also used to determine the error associated with the

aggregation rate constant and the oxalate ion concentration' The expressions for the error in
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the aggregation rate constant and oxalate ion concentrations are derived and a sample

calculation of the errors is given in Appendix 8'

Figure 4.14 shows the aggregation rate constant plotted against the oxalate ion concentration

for the same experiments used to illustrate the error in the growth rate and the activity

product. It can be seen that for each experiment the errors in the aggregation rate constant

are very small. The errors are typically less than 2Vo of the value of the aggregation rate

constant. The errors are smaller than those for the growth rate as the expression for the error

in the aggregation rate constant, given by eq 
^8.22, 

is only dependent on the total number of

crystals, and the aggregation rate. Both these parameters decrease during an experiment, in

contrast to the crystal volume which increases'

As with the relative supersaturation, the error in the oxalate ion concentration is

approximately constant and relatively small over the entire range of conditions considered'

The errors shown are for the total oxalate ion concentration rather than the free ion

concentration. However, as shown in Section 2.4,over the concentration range used in the

experiments the fraction of oxalate present as the free ion is approximately constant, thus the

percentage error in the total and free oxalate ion concentrations will be the same.

4.7 KIDNEY STONE FORMATION

It is generally accepted that human urine is ordinarily supersaturated with respect to calcium

oxalate (Andrews et aL,1955 and Miller et a|.,1958). As Robertson and Nordin (1976)

observe the two main factors affecting the saturation of urine with calcium oxalate are the

urinary concentrations of calcium and oxalate. The underlying processes involved in stone

formation are also well understood as crystal nucleation, and enlargement by growth and

aggregation (Finlayson, 1978 and Ryall, 1989). Both hypercalciuria, increased urinary

calcium concentration, and hyperoxaluria, increased urinary oxalate concentration, have been

recognised as risk factors for stone disease (Robertson et al',1976)'

The findings of this chapter raises an important question in the pathogenesis of kidney

stones as well as the assessment of risk factors for stone formation. If the primary crystal

enlargement mechanism is growth, then the traditional characterisation of risk by assessing

the supersaturation of urine is appropriate. However, if the primary enlargement mechanism

is aggregation, supersaturation is not the appropriate measure. Rather, judgement should be

based on the urinary oxalate concentration'
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4.8 CONCLUSIONS

Data from the experimental investigation of growth and aggregation of calcium oxalate in a

batch system has been analysed using the program Batch to determine the dependence of

both phenomena on the agitation rate and supersaturation:

. The experimental data are well described by McCabe's ÀL law for growth and a

size-independent aggregation kernel.

. Regardless of the solution composition and the agitation rate the growth rate, in

pm/min, in metastable solutions is described by an equation that is second order in

relative supers aturation, v iz.

c = (o.0767to.ool2)(s - l)t

These results imply the growth rate is controlled by surface spiral growth. The

findings of many other studies on the growth of calcium oxalate are consistent

with the results presented in this chapter.

. The observed behaviour of the aggregation rate is more complex: it is found to

depend on the agitation rate and also the oxalate ion concentration, rather than

some measure of supersaturation. The aggregation mechanism is investigated in

more detail, with the aim of explaining the observed experimental behaviour in

Chapter 5.
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Chapter 5:

THE AGGREGATION MECHANISM

In this chnpter an aggregation mechanism is developed to explain the dependence

observed in Chapter 4 of aggregation rates on both solute concentration and

agitation rate.

Seeded batch crystallisation experiments in supersaturated and saturated

solutions with various rates and types of agitation reveal that aggregation

proceeds irreversibly in supersaturated solutions, but reversibly in saturated

solutions. In both cases aggregation depends on the agitation rate'

It is proposed that aggregation in supersaturated solutions proceeds as a two

stage process, the first is reversible, the second irreversible and controlled by

crystal growth. Further, a model is developed to explain the dependence of the

aggregation rate on the oxalate ion concentration rather than on supersaturation'

It is proposed that in orderfor particles to aggregate irueversibly solute mustfirst

dffise to the point of contact and then deposit on the touching surfaces in order

to " cement" the particles together. It appears that dffision to the cementing site

is the rate determining steP.

5.1 INTRODUCTION

The mechanism by which aggregation occurs is now considered, in particular how the

dependence of the aggregation rate on the oxalate concentration and agitation rate may be

explained.

It has been possible for many years to describe in a semi-quantitative way the mechanisms

active in the aggregation of colloidal particles in ionic solutions. These mechanisms are

summarised by the theory of Derjaugin, Landau, Verwey and Overbeek (DLVO) who

initially brought the diverse elements of the theory together.

However, DLVO theory takes no account of the effects of supersaturation during the

aggregation process, so while aggregation in saturated or undersaturated solutions may be

accounted for in this way, the more immediately relevant issue of how crystals aggregate

while they are growing, is not addressed'
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5.2 AGGREGATION MECHANISMS

Finlayson (1978) has proposed that DLVO theory may be used to describe the factors

affecting the aggregation of calcium oxalate crystals. Finlayson et al. (1984) and Nancollas

(1990) also suggest that the stability of aggregates of crystalluria in urine can be described

by DLVo theory. Both authors claim that in urine repulsive electrostatic forces are reduced

because of elevated ionic strength and the effect on the surface zeta potential of urinary

constituents. The reduction of these repulsive forces is favourable for aggregation.

5.2.1 DLVO theorY

DLVO theory treats the stability of aggregates in terms of the energy changes which occur

when particles approach one another. The theory involves estimations of the energy of

attraction by London and Van der Waals forces and repulsion from overlapping electrical

double layers.

van der waals forces. These weak attractive forces between un-charged molecules

originate from electrical interactions of which there are three types:

1. Dipole-dipole interactions: molecules with permanent dipoles mutually orientate

in such a way that an average attraction results'

2. Dipole induced dipole interactions: a molecule with a permanent dipole may

induce dipoles in other molecules resulting in attraction.

3. Attractive forces may also be induced in non-polar molecules' These are known

as dispersion of London forces and are caused by the fluctuations in the charge

distribution of a molecule inducing polarisation in another' Nearly all Van der

Waals forces are London dispersion forces except in the case of highly polar

molecules.

The electrical double layer. Most substances acquire a surface electric charge when

they are immersed in a polar solvent, which arises from effects such as ionisation' ion

adsorption and dissolution. The surface charge influences the distribution of ions in the

sorvent near the surface. Ions of the opposite charge to that at the surface are attracted which

leads to an electrical double layer consisting of two regions, the surface region of absorbed

ions and a diffuse region where ions of the opposite charge are distributed according to the

influence of electrical forces and thermal motion. when two particles come together to form
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an aggregate their double layers must overlap, which produces a repulsive force as the two

diffuseregionsofthedoublelayeroflikechargecometogether.

Mathematical expressions for the changes in potential energy that occur when two particles

near each other as a resurt of van der waals and electrostatic forces can be derived. As

shown by Shaw (1930) for Van der Waals forces

,, --A'vA- nh
(s.1)

where A is the Hamaker constant, r the radius of the particles and h the separation between

the particles. For double layer interactions

vn=2neYfiexP(-rh) 62)

where e is the di-electric constant, Ys is the surface potential and the quantity, ç which is

related to the size of the double layer, is given by

)"
(5.3),(-

where Na is the Avogadro number, e the charge of an electron, k the Boltzmann constant' I

the temperature and l the ionic strength of the solution' The quantity 1/ r has units of length

and is termed the DebYe length'

DLVO theory explains the effect of ionic strength as follows: an increase in the ionic strength

leads to a decrease in the size of the electrical double layer, as seen from eqs 5'2 and 5'3' so

the repulsive force associated with the double layer acts over a smaller distance' while the

attractive Van der Waals forces are unchanged. Thus the potential barrier to particle

interaction decreases.

It should be noted that hydrodynamic shear forces may be able to bring together particles

with sufficient energy to overcome the repulsive energy barrier and lead to aggregation' or

break up aggregates held together by Van der Waals forces'

DLVOtheorypredictsthatcalciumoxalatecrystalswillaggregaterapidlyinurine-like

systems as a consequence of the effect of elevated ionic strength on the electrical double

layer of each crystal. In agreement with this prediction are the experimental results of Sarig

et aI. (1989) and Hess et at. (1989), who both observe aggregation in urinelike solutions in

the absence of supersaturation. However, in contrast, Hounslow (1990) reports that in a
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batch system aggregation does not occur in saturated solutions, only supersaturated

solutions.

DLVO theory takes no account of the effects of supersaturation on the aggregation process'

so the influence of growth is not accounted for. The results from Chapter 4 show that in

supersaturated solutions the aggregation rate is dependent on the oxalate ion concentration'

Hounslow (1990) finds that the aggregation of calcium oxalate is dependent on

supersaturation and shows DLVO theory cannot account for the dependence based on the

following argument. In the experiments reported by him, and those in Chapter 4, the ionic

strength is held virtually constant by the substantial concentration of Na+ and Cl- ions, yet

the aggregation rate decreases by as much as two orders of magnitude. It is clear that DLVO

theory cannot account for the observed dependence of the aggregation rate on the oxalate ion

concentration in supersaturated solutions'

5.3 AN EXPERIMENTAL INVBSTIGATION

An experimental investigation was undertaken to explore the apparent contradiction between

the two sets of results presented in the previous Section. Conventional DLVO theory - and

some experimental observations (Hess et aL, 1989 and Sarig er al-, 1989) - indicate that

aggregation should proceed rapidly in saturated solutions. Whereas, Hounslow (1990) has

observed that no aggregation takes place in saturated solutions but that it does occur in

supersaturated solutions, at a rate proportional to the supersaturation. The findings of

Chapter 4 and those of Hartel and Randolph (1986), suggest that aggregation is dependent

on the oxalate ion concentration and also the rate of agitation, or shear rate'

5 .3. 1 Materials and methods

Two stock solutions were prepared: a standard metastable (supersaturated) solution

according to the protocol described in Section 3.3.2 and a saline solution saturated with

respect to calcium oxalate. The saturated solution was prepared from a 0'15 M sodium

chloride solution by the addition of ca 5 grams/litre of calcium oxalate mono-hydrate

crystals. The crystal-saline slurry was allowed to equilibrate for a minimum of 24 hours, at

the temperature of intended use. Immediately before each experiment, the crystals were

removed by filtration (0.22 Pm).

Each of the experiments reported entails the addition of 4 ml of a 1 gram/litre seed

suspension, prepared as described in section3.3.2, to 200 ml of either the saturated or

supersaturated solution. At various times during each experiment the CSD, the total number
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and the total volume of crystals per unit volume of suspension were determined by a PDI

Elzone 280Pc. Experiments were either conducted at room temperature (17 '5!2'5oC) or in

a Grant Instruments SS40-D shaking water bath at 37+0'5'C' The experiments described

above were performed in the Department of chemical Engineering at the university of

cambridge, which is why some of the equipment used, notably the particle size analyser' is

different from that described in Chapter 3'

5.3.2 Results

Four types of experiment were conducted using either the supersaturated or saturated

solutions described above, with agitation either by the propeller-stirrer supplied with the

Elzone 280PC or by the Grant water bath. The presentation of results is divided' according

to the method of agitation'

Preliminary studies - stirred vessel

The standard result. As described in Section 5.3, the results of chapter 4 and those of

Hounslow (1990) and Hartel and Randolph (1986) suggest that in the presence of

supersaturation, calcium oxalate seed crystals will grow and aggregate' Further' in the

absence of supersaturation the seed crystals may agpl:egate or dis-aggregate' depending on

the rate of agitation.

Figures 5.1 and 5.2 present the results of a pair of parallel experiments conducted in

saturated or supersaturated solutions. From Figures 5.1 (a) and (b) it may be seen that in the

supersaturated solution the total volume, Vr, of crystals rises, clearly identifying the

presence of growth, and the total number, N7, of crystals falls, identifying aggregation'

Conversely, in the saturated solution, the volume of crystalline matter remains constant and

the numbers slowlY rise.

Figure 5.2 shows the cSDs for the same experiments' In Figure 5'2 (a)' in the

supersaturated solution the effects of growth and aggregation are clearly visible: the mean

size increases and the CSD broadens. In Figure 5.2 (b), in the saturated solution the CSD

remains static, with some dis-aggregation possibly identified by the gradual narrowing of the

peak.

Figures 5.1 and 5.2 show that under circumstances where aggregation does not occur in

saturated solution, it does occur in the presence of supersaturation.

saturated solutions - effect of agitation. The results from section 4.5.1 suggest

that in supersaturated solutions aggregation is dependent on the agitation rate' The agitation
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Figure 5.7 shows the CSDs from an experiment in which the agitation rate for the first24

hours was 110 OPMI. The agitation rate was then decreased to 90 oPM, inducing

aggregation, indicated by the decrease in number and the shift of the CSD towards larger

sizes. The agitation rate was then increased to 110 OPM, causing dis-aggregation' indicated

by the shift of the CSD back towards the CSD obtained after 24 hours'

Figure 5.7 confirms the observation from the preliminary experiments' that crystals may

aggregateor dis-aggregate in saturated solutions, depending on the agitation rate'

supersaturated solutions effect of agitation. In Section 4'5'1 results are

presented that suggest the aggregation rate is dependent on the agitation rate in

supersaturated solutions. A series of experiments was conducted using different agitation

rates to investigate further the effect of agitation. seeds were added to a supersaturated

solution, samples were taken just after the seeds were added and then again after 24 hours

when the solution was saturated'

Figure 5.8 shows the effect of the agitation rate on the total crystal number and volume after

24 hours. It can be seen from Figure 5.8 (a), that as the agitation rate increases, the total

number of crystals increases, indicating a decrease in aggregation' Figure 5'8 (b) shows

that the agitation rate has no effect on the total crystal volume. This is consistent with the

results from Chapter 4: the agitation rate affects aggregation and has no effect on growth'

The total number and volume of crystals at the start of the experiment are also shown in

Figure 5.8. It can be seen that in each experiment the total number and volume of seeds

added was approximately constant. Therefore it is not the initial condition of the seeds that

is responsible for the results observed but the effect of agitation on aggregation'

The CSDs after 24hours are presented in Figure 5.9. The effect of the agitation rate on the

cSDs can clearly be seen, as the agitation rate decreases the mean size increases and the

CSD broadens.

Finally, Figures 5.10 (a) to (c) show SEM micrographs of samples taken at the beginning

and after 24 hours for experiments with agitation rates of 7 5, 90 and 1 10 oPM' The seeds

added are clearly aggregates and similar in number and size at the beginning of each

experiment. After 24 hours the effect of the rate of agitation on aggregation can be seen by

the difference in the number and size of the crystals'

I This experiment was conducted using the water bath described in Section 3.3'3, thus the shaking rate is in

OPM rather than Hz.
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Supersaturated solutions reversibility. A two-stage experiment ustng a

supersaturated solution was conducted over 80 minutes with the agitation rate being

increased from 3 Hz to 3.5H2 at 60 minutes'

Figures 5.1 1 (a) and (b) show that at the 3 Hz ag\tation rate the crystals grow and aggregate

as expected. In Figure 5.11 (a) during this phase the total numbers decrease and from

Figure 5.1 1 (b) the volume increases. In Figure 5'12 (a) the cSDs show the characteristic

effects of growth and aggregation, the mean size increases and the distribution broadens'

However, when the agitation rate is increased to 3.5 Hz, no dis-aggregation is observed' \n

Figure 5.11 (a), the total number of crystals remains constant and in Figure 5'12 (b)' the

CSDsareapproximatelystatic.Thisbehaviourisinmarkedcontrasttotheresultsshownin

Figures 5.5 and 5.6.

These observations show that in the presence of supersaturation, aggregation is irreversible.

5.4 DISCUSSION

Theresultspresentedintheprevioussectionmaybesummarisedasfollows:

. In supersaturated solutions, crystals grow and aggregate'

. In saturated solutions crystals do not grow' however they may aggregate or dis-

ag5rega:te'

. ln saturated solution crystals can aggregate and dis-aggregate reversibly'

' In supersaturated solutions aggregation is ineversible'

.Aggregationratesinbothsaturatedandsupersaturatedsolutionsdependonthe

agitation rate.

A two-stage mechanism is proposed to account for these observations: in the first'

reversible, stage, crystals collide and form weak aggregates held together by the forces

described by DLvo theory. In the second, irreversible, stage, the loose aggregates are

cementedtogetherbythedepositionofnewmaterial.Thesecondstagecanonlyoccurin

supersaturated solutions, while the first can occur in any solution' This mechanism is

shown schematically in Figure 5'13'
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The combination of DLVO theory and the cementing of weak aggregates by growth has been

used before to describe aggregation. Low (1975) has proposed' and found experimental

evidence, for a similar mechanism to explain the aggregation of AI(OH)3 in caustic aluminate

solutions. Hartel et al. (1986) also suggest that the aggregation of calcium oxalate involves

the formation of weak aggregates which can either be cemented by growth to form stable

aggregates, or disrupted by hydrodynamic conditions'

By means of the proposed mechanism it is possible to explain the apparently contradictory

observations of Sarig et al. (1989), Hess et at' (1989) and Hounslow (1990) - for saturated

solutions - and the dependence of aggregation on supersaturation reported by Hounslow'

ClearlySarigetal.a¡dHess¿'al',whofindthataggregationoccursreversibly,were

observing the first stage of the mechanism, while the second stage was not active'

conversely, results reported by Hounslow were at operating conditions' such as a high

agitationrate,thatmovedthe"equilibrium"positionofthefirststagefartotheleft'causing

no aggregation to be observed at zero supersaturation' only in the presence of

supersaturation was it possible for short-lived loose aggregates to be cemented together to

form stable aggregates

The dependence of both stages of the aggregation mechanism on the agitation rate is also

readily explained. In saturated solutions only weak aggregates form and shear forces caused

byagitationwillhaveaStrongeffectontheefficiencyofcollisionsbetweencrystalsand

therefore the rate of aggregation. In supersaturated sorutions aggregation is controlled by

growth,howevertheefficiencywithwhichparticlesarecementedtogetherwillstilldepend

Etc

on the agitation rate.
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5.5 AGGREGATION IN SUPERSATURATED SOLUTIONS

one observation that remains unexplained by the mechanism proposed is that the aggregation

rate depends on the oxalate ion concentration' If the second part of the aggregation

mechanism is controlled by growth, then the aggregation rate should correlate with the

growth fate, or the activity product. However, from Figure 4'll this is clearly not the case'

In this section a model is developed for the aggregation of crystals in supersaturated

solutions.Aswithaggregationinsaturatedsolutions'thefirststepisthecollisionof

crystals, but in supersaturated solutions crystal growth cements the crystals together' It is

this cementing process that is explained now'

5 .5 .1 A cementing model

suppose that when two crystals come into contact with each other a pore is formed' and

regardless of how complicated the actual shape of the pore might be' it can be approximated

as a right cylinder of length, Lo, with the cementing taking place at a right disc with area'

Ao,attheendofthepore.ThisisshownschematicallyinFigure5.|4,

LP
cementing site

Figure 5'14' Pore formed when two crystals come in contact

The cementing at the end of the pore will occur as a result of crystal growth according to the

reaction

AoqtBoqèABrolid
(5.4)

Suppose the rate law for the cementing reaction is first order in both reactants' then

z

0

z

Lp

7+ dz
Ap

\

r --kab
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where a aîd b atetheconcentrations of A andB'

By analogy with crystal growth in which ions must diffuse from the bulk to the crystal

surface before precipitation occurs, the ions must diffuse along the pore before cementing

occurs.Apseudo-steadystateanalysisisperformedconsideringthediffusionoftheions

along the pore and the cementing reaction at the end of the pore' In making the pseudo-

steady state assumption, factors such as growth of the cementing site towards the pore

mouth are neglected.

ThegeneralmaterialbalanceformasstransferofthereactantAbydiffusion'without

reaction, given for example by Westerterp et øl' (1984) is

o^d1o =0 (5.6)
n 

d"z.

Where the boundary conditions are that the concentration of A at the entrance to the pore is

equaltothebulkconcentratioll,49r i.e. a--agat z=0 andtheconcentrationofAattheend

oftheporeisa¡.,i'e.a=aLatz=Lo.Thesolutiontoeq5.6subjecttotheseconditionsis

ao-aL
Lp

(s,7)

Now,thecementingrate,r,istherateperunitsurfacearea.Itfollowsthat

DA#= constant -- -DA

The flux of A maY be calculated as

Jt=-DtAp#=-roorT (5'8)

At the end of the pore the transfer of the reactants A and B by diffusion is balanced by the

cementing reaction; a mass balance for this process yields

DtAp^f =DnAp+=Apr (s'e)

Assuming the diffusivities of A and B are approximately equal, substituting the expression

for the cementing rate, eq 5'5 and simptifying implies

ao- aL- bo-a¿=ffa¡b;
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, k Lp as (5.1 1)
E = __D_

is dimensionless. ln reaction engineering terminology, 0 is a modulus relating the rate of the

cementing reaction to the rate of transfer by diffusion'

If the reactant B is in excess, then the concentration of reactant A is limiting, and the ratio of

the reactants in the bulk is given by

ç>_r
(s.t2)

Further, dimensionless reactant concentrations may be defined by dividing by the bulk

concentrattons:

0<x<1 (s.13)

bL 0ly<1 (s.14)
v

bo

bo

agç

aL
ag

x

Dividingeq5.l0byaoandwritingtheresultingexpressionintermsofthedimensionless

variables gives,

(1-') =((r-Y)=ÇQxY (s'ls)

The following dimensionless cementing rate at the end of the pofe may also be defined:

¡------J-=(t-x) o<î<1 (5'16)

D AP asl LP

Equating eqs 5.15 and 5.16 gives

Î=(1- x)=((r-y)= ÇQ'Y (5'17)

Eliminating the dimensionless concentrations,.r and y from eq 5'17 and simplifying gives

thefollowingequationinvolvingthedimensionlesscementingrate

Qî2 -(t*0 +çQ)î+ÇE=s (s. 18)

As Î < 1 the appropriate solution for the dimensionless cementing rate from eq 5'18 is'
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r+2Q +2( Q+Q2 -2(Q '*(Q'

A dimensionless cementing rate may also be written in terms of ô as

r+Q+ÇQ- (s. 1e)
r 2Q

Figure5.l5isaplotofthedimensionlesscementingratecalculatedfromeq5.l9forvarious

values of the reactant ratio, Ç. It can be seen that for large values of the modulus' Q' the

value of the dimensionless cementing rate is approximately constant. This corresponds to

the cementing rate being limited by diffusion' For small enough values of the modulus' the

cementingrateisproportionaltothemodulusandtheprocessisreactionlimited'

The dependence of the cementing rate on solution composition is now explored' The group

ô =o I k Lp haçthe units of concentration. The reactant of interest is the oxalate ion' which

is equivalent to reactant A in the model, as in the experimental work the oxalate ion was the

limiting reactant. The expression for the dimensionless oxalate ion concentration is

(s.20)a¡ 
-agQt=Q=@lkLÃ- ô

The dimensionless activity product, a product of the concentrations of the two reactants ls

Qz=(Q2 --

r

(s.2t)

(s.22)
r =fQ=

r er(olt rr)

5.5.2 Results

Figure 5.16 shows the dependence of the dimensionless cementing rate' î* on the

dimensionless concentration, @1 and the dimensionless activity product, Q, fot various

values of the reactant ratio, (. From Figure 5.16 (a) it can be seen that for values of the

concentration greater than approximately 1'0, the cementing rate is independent of the

reactant ratio and further the cementing rate is equal to the concentration' From Figure 5' 16

(b) it can be seen for values of the activity product less than approximately 0'1' the

cementingrateisindependentofthereactantratioandfurtherthecementingrateisequalto

the activitY Product.

The limits observed in Figures 5.16 (a) and (b) can be verified from eq 5.18, which in terms

of the dimensionless variables defined in eqs 5'20 to 5'22' is
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^*2 ¡*lt, */r,,r\\rÁ--fì (5'23)
î^ - r-(1+ 0r(1+ ())+ Qz=o

If the cementing reaction rate is low, the rate constant' k is small' then from eq 5'20 the

value of the concenrration, dr is small. In which case @1(1 + () <<1 and from eqs 5'2r and

5.22, î*2 << @, thenusing eq5'23 implies î* = Qz'

when the rate of reaction is fast, î*2 >> î* and eq5.23 may be written in the form

î*2 -î*(r*6) Qt+ÇQ? =o
(s.24)

The solutions to eq 5'24 are: î* = Qt and Î* = ( ù '

Thesecondrootcanbeignoredbecause ¡*< l butas (>l,if @l =1then î* = ( )1' Thus

the limits observed in Figures 5'16 (a) and (b) have been verified'

5.5.3 Discussion

The model proposed for aggregation in supersaturated solutions involves two steps' the

diffusion of the reactant ions along a pore and a cementing reaction which takes place at the

end of the pore. Either of these steps may be limiting' if the cementing reaction is very fast'

the reactants will be rapidly precipitated at the end of the pore and the diffusion of reactants

along the pore will be limiting. conversely, if the cementing reaction is slow' this will be

the limiting steP in the Process'

Figures 5.16 (a) and (b) show that for solutions of different composition if cementing is

diffusion limited then the cementing rate depends only on the limiting reactant concentration'

@1, and not on the ratio of the reactants, (. If the process is reaction limited the cementtng

rate depends on the activity product of the reactants'

In chapter 4 the aggregation rate constant in supersaturated solutions of different

compositions is seen to depend only on the oxalate ion concentration' which was the limiting

reactant. Tentatively, this suggests that the aggregation of calcium oxalate in supersaturated

solutions is controiled by the rate of diffusion of oxalate ions to the cementing sites when

crystals collide.

The agreement between the basic model for aggregation and the experimental results afe

qualitative, in order to investigate whether a more quantitative agreement can be obtained the

basic model must be modified. The model must incorporate the actual growth kinetics
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determined in Chapter 4 v z' the precipitation reaction is second order in relative

supersaturation and is reversible'

5.6 AN IMPROVED CEMENTING MODEL

The model proposed in the previous section to explain aggregation in the presence of growth

isre-workedwiththeexperimentalkineticsforcrystalgrowthdeterminedinSection4'4.|.

5.6.1 Derivation

Fromeq4.6thegrowthratemaybedescribedbythefollowingequation

(s.2s)
Çæ.

ForthesekineticsthecementingreactionrateattheendoftheporelS

t/- 12

,=kl ltfu -rl 6z6)
'-'"[1 t'o )

where a7 and b7 arcthe oxalate and calcium ion concentrations at the end of the pore'

using the same definitions for the dimensionless concentrations and cementing rate' given

byeqs5.|3,5,|4and5.16,theexpressionequivalenttoeq5.lTusingthenewequationfor

the cementing reaction rate rs

I

a¡b¡1x J , (s.27)
K,,

The variables of interest are the activity product and the oxalate ion concentfatlon'

accordingly the following useful dimensionless groups are formed: a dimensionless activity

product,

AP
* _aObO

a dimensionless oxalate ion concentratlon'

r=ffft-x)=fftt-r)=o[

K,,
(s.28)

a=
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and a dimensionless calcium ion concentratton'

(s.30)

8q5.27 maY be re-arranged to give

î* = a*(1 - r) = b* (r- v) = t'.(^F u. -t' -\' (5'31)

whereî*andk*arethedimensionlesscementingreactionrateandadimensionlessrate

constant. The expressions for these parameters are

b

(s.32)

kand
(s.33)

Eliminating the dimensionless concentrations, x andy from eq 5'31 gives the following

equation involving the dimensionless cementing rate

k*2 î*4 _2k.2(a. +a.)î.3

*[-r * n.'(-, + a*2 + 4a* b* + b.2)fî.2

*lz(o. + a.)+ t'.'(z(- o.b.)(a. + r.))]r.

-zl+ o. b.)+ t-2 (t - a. ø.(z- a.a.))=o (s'34)

Eq 5.34 is a quartic and is much more difficult to solve than the same expression from the

simple model, eq 5.18. Rather than solving eq 5.34, which produces truly horrific

equations for the cementing rate, a different approach is taken' It can be seen that eq 5'34 is

a quadratic in ¿* and the appropriate root is

î* +k* l-b* î* -î*2 +z^[n.î- (s.3s)
a

k* b* -î*

Duringanexperimentthedecreaseinthebulkconcentrationofthecalciumandoxalateions,

asaresultofgrowth,isthesameforbothspecies'Iftheinitialbulkcalciumandoxalateion

concentrations are b¡ and a¡, it follows that
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ol -o* --bi -b.

using the expression for b* from eq 5.36 in eq 5.35 the appropriate solution is

(s.36)

(s.37)

(s.3e)

* ^)k .a =r + +

It is convenient to use eq 5.37 as it relates the dimensionless oxalate concentration to two

unknowns, the dimensionless cementing rate and the dimensionless rate constant' k*' For

the experiments conducted the initial calcium and oxalate concentrations are known'

The procedure adopted to investigate the dependence of the cementing rate on the activity

product and oxalate ion concentration is as follows. To consider the different regimes' from

reaction rate to diffusion limited, a range of values of the rate constant were chosen' By

varying the value of the cementing rate, eq 5.31 can be used to calculate the oxalate

concentration, because the initial oxalate and calcium concentrations are known' Then the

calcium concentration and activity product can be determined from eqs 5'36 and 5'28'

In the model for aggregation the formation of complex ions has been ignored, in particular

for diffusion total concentrations were used. In Chapter 2 it was shown that the formation

of complex ions reduces the free calcium and oxalate ion concentrations in the solutions used

in the experiments reported in chapter 3. Consider the diffusion of an ion, c' along a pofe'

together with the formation of a complex ion, d' If the rate of complex formation is' r"¿

and the reverse rate is r¿-r, thert at equilibrium the rates are equal' which implies

rd-, = -rc-d.From eq 5.6, and including the complex formation reaction

d2c
D-;-z = rc-d

az

d2dD;t = -f c-d
az.

(5.38a and b)and

Combining eqs 5.38a and b it follows that

d(c + d) 
=constant

dz

Eq 5.39 implies that from the point of view of mass transfer by diffusion the total and free

ion concentrations are the same, and thus total ion concentrations can be used to calculate the

cementing rate.

Now if totar concentrations are used rather than activities the value of the solubility product

will be different. In Section 2.6 it was found that over the range of concentrations used in
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the experiments reported in Chapter 4, the fractions of calcium and oxalate present as free

ions are aPProximatelY constant'

As the fractions of calcium and oxalate ions present as free ions are approximately constant

the free ion concentrations may be written in terms of the total ion concentrations aS

lcoz*l= f coTror* fo*2-l= f orTo"r- (5'40a and b)

where f ço aîd f s* arethe fractions of calcium and oxalate present as the free ion and have

values of 0.9g and 0.53 respectively. The activity product is defined by eq 2.1, replacing

the free ion concentrations with eqs 5.40a and b, the activity product in terms of total

concentrations is

(s.41)
KIp=Tror*Torr- =

The values of Kro and y"arc2.24xIO-9 and 0'315 respectively, which implies the value of

Ki, is 4.38x10-e M2'

Finally, the model has been developed to describe aggregation in supersaturated solutions' in

thepresenceofgrowth.Insaturatedsolutionsinwhichthereisnogrowth'themodelisnot

valid as cementing cannot take place. As such the values of the dependent variables should

be measured relative to their values in a saturated solution' For the activity product this

presents no problem as the modified solubility product defined in eq 5'41 can be used' The

value of the oxalate concentration at equilibrium, af,n, can be determined from eq 5'37' as at

equilibrium the cementing rate' î* = O , which implies

+ +1 (s.42)

The values of the oxalate concentration at equilibrium for the experimental data were

calculated using the method developed in Section 2'4'l' The system of equations (2'19 to

2.22 and2.28) thàtrepresent the mass action equations for complex ion formation' the mass

conservation equations and the expression for the solubility product were solved numerically

together with eq 5.36, written in terms of total concentration ' The values of ain were then

calculated from eq 5.29.

a"q
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5.6.2 Results

In Figures 5.17 (a) to (c) the experimental values of the aggregation rate constant, ps, are

plotted against AP*, a* and o*-aîø. In Figures 5.18 and 5.19 the dimensionless

cementing rate is plotted against AP* , a* and a* - af,n for values of the rate constant' k*

equal to 0.01 and 100. The values of the rate constant were chosen to give reaction rate

limited and diffusion limited regimes. The range of each of the independent variables in

these Figures is the same as the experimental range' The four curves plotted in each Figure

have values of ai and bi corresponding to those in the four metastable solutions reported in

Section 3.4.I.

From Figure 5.19 (b) when the value of the rate constant is large, the cementing rate ts a

linear function of the dimensionless oxalate ion concentration. This observation can be

explained by considering eq 5.37. fi the rate constant is large, then the cementing reaction

will be fast and the value of Î* will be large as well and î. f k* = 1, consequently from eq

5.37 ,

* ^C< .a =r + +4
2

(5.43)

(s.44)

2,)

Similarly if the rate constant is small, in which case the cementing rate is slow, and the value

of î* will be small. If Î* + 0 in eq 5.36 it can be shown that

î* = 4k* (o. a. -t)z

The product of the reactant concentrations is equivalent to the dimensionless activity product,

so eq 5.44 predicts second order dependence of the cementing rate on both the

dimensionless activity product and dimensionless oxalate concentration. These predictions

are confirmed in Figures 5.18 (a) and (b)'

5.6.3 Discussion

In Figures 5.18 and 5.19 the relationship between the independent variable and the

cementing rate is determined by whether the cementing reaction rate or reactant transfer by

diffusion is limiting. While there is no expectation that the cementing rate, Î* and the

aggregation rate constant, p6 will be identical, instead the patterns of behaviour of these

parameters are investigated to determine whether they are similar.
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ô tro

o

0

^

o

À

Ào

A
9O

8oo o

o Std Ox, Ca:Ox = 5

o 1.SxStd Ox, Ca:Ox = 3'33

o 2xStd Ox, Ca:Ox = 2'5

¿ 2.5xStd Ox, Ca:Ox = 2
^o

A

cal

^Ð
bAy

^0U

D
o

o
A

otr

A
o

o

o

o

o

^

0

A

@o

o

o

- 130-



*
<L

2.5 tO-2

2.0 rO-2

t.5 rc-2

1.0 10-2

5.0 10-3

0.0 100
0.0

0.0

0.0

0.3

0.2

I 0 2.0 3.0
AP*
(a)

4.0 5.0

0.8

6.0

1.0

3.0 to-2

2.5 to-2

z.o to-z

is 1.5 t0-2

1.0 10-2

5.0 10-3

0.0 100

2.0 rO-2

r.6 rc-2

0.6
a
(b)

o.4

t.2 1.50.9

0.6

*
t.2 to-z

8.0 10-3

4.0 10-3

0.0 100

<t\

O _Aee

(c)

Figure 5.18 Model predictions for reaction rate limited aggregation. The dependence of the

cementing rate on (a) the dimensionless activity product, (b) the dimensionless oxalate ion

concentration and (c) a* - ainwith k* = 0.01 and for reactant ratios the same as those for

the metastable solutions used in the batch experiments.

Std Ox, Ca:Ox = 5

1.5xStd Ox, Ca:Ox = 3.33

- 2xStd Ox, Ca:Ox = 2.5

2.5xStd Ox, Ca:Ox = 2

.r".

:

- 131-



<L

1.0

0.8

0.6

0.4

0.2

0.0

1.0

0.8

0.6

0.4

0.2

0

1.0

0.8

0.6

0.4

*
<\

0.0

0.0

1.0 2.0 3.0
AP*
(a)

a
(b)

4.0 5.0

r.2

0.8

6.0

1.5

1.0

*
<L

0.3

o.2

0.6

0.4

0.9

0.6

0.2

0.0
0.0

O _AeQ

(c)

Figure 5.19 Model predictions for diffusion limited aggregation. The dependence of the

cementing rate on (a) the dimensionless activity product, (b) the dimensionless oxalate ion

concentration and (c) a* - aln w\th k* = 100 and for reactant ratios the same as those for the

metastable solutions used in the batch experiments.

't/

7,/

'a

/

Std Ox, Ca:Ox = 5

1.5xStd Ox, Ca:Ox = 3.33

2xStd Ox, Ca:Ox = 2.5

2.5xStd Ox, Ca:Ox = 2 /
¿ .'/ / ,'

./z,.

,/.

-132-



5.19 (a), with k* = 100 have the same appearance as the experimental data in Figure 5.17

(a). Different values of the cementing rate, or aggregation rate are obtained at the same value

of the activity product, for different calcium to oxalate ratios.

For the same value of the rate constant there is correspondence between the plots of the

oxalate concentration and a* - a[n, from the model and the experimental data' As shown in

Figures 5.19 (b) and 5.17 (b) for the oxalate concentration and Figures 5.19 (c) and 5'17 (c)

for a* - aîq. The experimental aggregation rates show more scatter when plotted against

o* - aîø than against the oxalate concentration, the opposite is true for the results from the

model.

The cementing model would better describe the experimental data if the value of the

dimensionless oxalate concentration at equilibrium, a)n were smaller than that expected.

Consider an analogy with capillary condensation, for calcium and oxalate ions dissolved in

solution the chemical potential, p, is given by

p = G2 + RTlnaroz+ ao*z- (5'45)

where Cj is the Gibbs free energy in the standard state. on a flat surface the chemical

potential is given by the Gibbs free energy in the standard state, GrO. At equilibrium, the

Gibbs free energy of the ions in solution and the surface are equal and the value of the

activity product is Kro. A flat surface may be thought of as a cylindrical pore of infinite

radius, thus

AG = C! - C2 = RTln K,r(, = *) (5.46)

In a cylindrical pore, if one mole of calcium oxalate precipitates, the surface area is reduced

by, a = 2 n r L But the volume occupied by the precipitated material is

nr2 L--Upu 6'41)

where pu is the molar density. Hence, using eq5.47 in the above expression for the

change in surface area, imPlies

a =2lpu r

The overall change in Gibbs free energy is
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(s.4e)

Eq5.46can be applied to the left hand side of eq5.49, but with a finite radius, as well as to

the right hand side, which gives

K,n?) 
= "*o( 

-r, !\ (s.so)
K,r(, = *) ' (pø RT r )

Eq 5.50 implies that for small values of r, the apparent solubility product in the pore is very

much lower than the actual solubilty product. From Söhnel and Garside (1992), for calcium

oxalate the value of the surface energy is 120x lo-3 Jlmz and the molar density is 15.75

kmol/m3, so at 37'C the value of the constant in eq 5.50 is 5.91x10-e m. Since r is

probably in the order of 10-e m, then from eq 5.50 Krp 0) = O.OZI Kr, . This implies the

deposition of material at the cementing site is energetically highly favourable. Combining eq

5.41 for the solubiliry product with the definition of af,n, implies at equilibrium

aln = 
^ffÇ 

lrro,* (s.sl)

Thus as the apparent solubility product in the pore is lower than that in solution, the value of

ain wlll also be lower than that calculated.

If the dimensionless oxalate concentration at equilibrium is very small, then the results for

the different calcium to oxalate ratios in Figure 5.19 (b) for a diffusion limited process, will

collapse onto one curve which compares reasonably well with the experimental data in

Figure 5.18 (c).

5.7 CONCLUSIONS

In this chapter the mechanism for the aggregation of calcium oxalate crystals in both

saturated and supersaturated solutions has been investigated.

A two-stage mechanism is proposed to account for experimental observations of the

dependence of aggregation on the agitation rate and supersaturation:

. In the first stage, which is reversible, crystals collide and form weak aggregates

held together by the forces described by DLVO theory'

. In the second irreversible stage, the loose aggregates are cemented together by the

deposition of new material.

AG=c? -c2 #
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The second stage can only occur in supersaturated solutions, while the first can occur in any

solution. By rneans of this mechanism the experimental observations reported in Chapter 4,

as well as those of other investigations in the literature can all be explained.

A model is proposed to explain the cementing in the second stage of the aggregation

mechanism. It is assumed that in order for cementing to take place, ions must diffuse to a

cementing site and then precipitate. In the model it is proposed that the diffusion resistance

is that of a long thin pore. It is found that this model at least qualitatively predicts the

experimentally observed dependence of the aggregation rate on the activity product and

oxalate concentration and that the transport process is limited by diffusion.
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Chapter 6:

THE IN VITRO STUDY OF UROLITHIASIS

In this chapter a review of the in vitro experimental systems that have been used

to study the crystallisation of calcium oxalate is presented. It is found that

virtually all the experimental systems ignore the geometry of the tubules in the

kidney and the effect that this might have on important factors in stone formation

such as crystal retention and aggregation'

A novel tubular crystalliser is described that will be used to investigate calcium

oxalate crystallisation in long, thin tubes, similar to the tubules of the kidney.

6.T INTRODUCTION

Without doubt the major reason for the interest in the crystallisation of calcium oxalate is that

the major inorganic constituent of most human kidney stones are crystals of calcium oxalate

(Prien and Prien, 1968)'

Because of the difficulty involved in observing crystal growth in vivo (in the kidney itself)

an in vitro experimental system is highly desirable. In this way the mechanisms thought to

be responsible for stone formation and stone disease (urolithiasis) can be studied in great

detail.

one of the most difficult tasks in the investigation of stone formation is the development of

an in vitro experimental system that has all the attributes of an organ as complex as the

kidney. The objective of this chapter is to review the existing in vitro experimental systems,

and describe the tubular crystalliser to be used in the current work'

6.2 IN VITRO EXPERIMENTAL SYSTEMS

various in vitro experimental systems have been used to study the processes thought to be

important in stone formation, namely crystal nucleation, growth and aggregation; some

differ in technical detail and others at a more fundamental level. By using alternative

techniques each phenomena can be investigated. However, the comparison of results may

be difficult. Different experimental systems have specific features that make them suitable

for investigating one or more of the factors affecting stone formation' Nonetheless inherent
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in each, and perhaps every experimental system, are several critical conditions which prevent

an analogy with the kidney being as close as might be desirable.

6.2.1 Batch crYstallisation

Seeded batch crystallisation has been one of the most widely used techniques for studying

factors affecting the growth and aggregation of calcium oxalate' It has been used to study

growth: Nancollas and Gardner (1914), and Meyer and Smith (1975a), growth and

aggregarion: Hounslow et aL (19S8a) and (1988b) and will ¿r al. (1983), inhibition of

growrh and aggregation: Robertson et al. (1973), Ryall et al' (l98lc) and Kok ¿/ al' (1990)

and factors affecting precipitation: Skrtii et al. (1984), Breõevii et al' (1939) and

Babii - Ivanõii et aL (19g5). This is only a short list of the many different investigations

that have used seeded batch crystallisation'

As batch experiments have been widely used to study such a range of phenomena' there are'

not surprisingly, many different methods of monitoring the crystallisation process. The

purpose of this discussion is to point out the advantages and disadvantages of the diffetent in

vitro expenmental systems rather than giving a detailed description of each. An excellent

review of batch crystallisation methodology is given by Kavanagh (1992)'

T,he principal virtues of batch crystallisation are the well established experimental protocols

that exist and the ease with which experiments can be conducted. Also as described in

Chapter 3 a computer program has been developed that can calculate lhe true growth and

aggregation rates from batch experimental data'

However, the main problem with batch experiments is that an agitated vessel on a bench is a

poor representation of the kidney. According to Sheehan and Nancollas (1980) the

supersaturation with respect to calcium oxalate in vivo is relatively constant, whereas in a

batch experiment the supersaturation decreases as a consequence of crystal growth. Also the

flow of urine through the kidney is a continuous rather than a batch process'

6.2.2 Constant composition methods

The problem of supersaturation decreasing during a batch experiment has been addressed by

Sheehan and Nancollas (1980), who use the constant composition method of Tomson and

Nancollas (197g). Constant calcium and oxalate ion concentrations are maintained by the

simultaneous addition of solutions containing these ions, controlled by measurements of the

calcium ion concentration by a calcium ion specific electrode. This method is well suited for
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measuring the growth rate, particularly at low supersaturations, but does not account for

aggregation and is still a batch, rather than a continuous process.

6.2.3 The M.S.M.P.R. crystalliser

The concept of the urinary tract as a biological analogue of a sequence of continuous

crystallisers was first proposed by Finlayson (1972), based on the observation that any

vessel continuously receiving a stream of supersaturated fluid and continuously ejecting a

stream of fluid and suspended crystals is a crystalliser. The renal pelvis continuously

receives urine and suspended crystals from the ducts of Bellini. Therefore the ducts of

Bellini and the renal pelvis may be viewed as a sequence of two MSMPRs'

The main advantage of using an MSMPR to study crystallisation is that an analytical solution

to the population balance exists if only nucleation and growth occur, as shown by Randolph

and Larson (1938). Consequently the MSMPR has been extensively used to study

nucleation and growth kinetics and to examine the effects of various urinary constituents and

other compounds on these processes. For example see Miller et al. (1977), Rodgers and

Garside (1981), Drach et aI. (1981),Li et al. (1985) and Kohri et al. (1988) and (1989).

However, there are problems associated with the operation of an MSMPR. Rodgers and

Garside (19g1) note that the supersaturation at steady state is often very low and difficult to

measure. Also, more importantly, if aggregation occurs the analytical solution for nucleation

and growth alone is not valid, and the rates calculated will be wrong. Garside et al. (1982),

Robertson and Scurr (1936) and Kohri et al. (1988) all observe the effects of aggregation in

either the CSDs or SEM micrographs of the product crystals from an MSMPR'

The MSMpR is perhaps a more realistic representation of the kidney, it operates at constant

supersaturation at steady state, and is a continuous device. However, it cannot easily be

used to study the most important mechanism in stone formation, crystal aggregation. Also it

does not have the tubular geometry of the kidney, thus the fluid velocity profile and

residence time distributions of the fluid and crystals in an MSMPR will be different from

those in the kidneY.

6.2.4 The Couette agglomerator

The addition of a Couette agglomerator in series with an MSMPR - the agglomerator being

fed with fresh seed generated continuously in the MSMPR, has been used to study the

aggregation of calcium oxalate by Springman et al. (1986) and Hartel et aI' (1986)'
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The problem of simultaneous growth and aggregation is not solved by this modification'

The solutions fed to the agglomerator are still supersaturated, so to determine the effect of

aggregation the growth rate in the agglomerator must be known' Springman et al' and

Hartel et al. both assume the growth rate in the agglomerator is the same as that in the

MSMpR. While this might be acceptable when the output of the MSMPR is fed directly to

the agglomerator, Hartel et aI. add more oxalate to the solution before it enters the

agglomerator, which must increase the supersaturation and therefore the growth rate.

A further problem with the agglomerator, acknowledged by both authors, is that the shear

rates in the device are much higher than might be expected in the tubules of the kidney.

Finally, as with the MSMpR alone, the fluid velocity profile and residence time distribution

in the Couette agglomerator will be different from those in the kidney.

6.2.5 Reverse osmosis

Azoury et aI. (1986) and (1987) use reverse osmosis (RO), or hyperfiltration, to generate

and maintain supersaturation. The RO unit, may be visualised as a shell and tube exchanger,

in which a large number of porous hollow fibres are the tubes. A metastable solution is fed

to the shell, water is driven through the walls of the porous tubes by high pressure then

flows along the tubes. This process produces a concentrated flow that leaves the shell side.

The operation of this device is shown schematically in Figure 6.1.

Feed (metastable)

Shell

Permeate
(iow supersaturation)

Hollow porous tubes

Concentrate
(high supersaturation)

Figure 6.l. Reverse osmosis unit (After Azoury et al' (1986))
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Azoury et aI. (19g6) operate a Ro unit with a pressure difference of 8 bar across the hollow

tubesandfeedflowratesof 0.5 litre/minand 1.5 litre/min. Theseconditionsgivemean

residence times of 3 and 1 minute respectively. Under these conditions the concentrate

supersaturation is sufficient to bring about nucleation, and the mean residence time long

enough for subsequent growth and aggregation of the nucleated crystals to occur.

The RO unit is an attractiv e in vitro experimental system as it possesses many of the features

of the kidney. It may be operated at constant supersaturation, is a continuous device, and

like none of the other experimental systems discussed has a tubular geometry. However,

some aspects of the operation of this device by Azoury et al. (1986) are not representative of

the conditions in the kidney. An extremely high pressure difference between the shell and

the porous tubes was used, together with fluid flowrates high enough to give plug flow.

Finlayson and Reid (1g7g) state that the flow in the tubules of the kidney will be laminar and

that approximately 1440 ml of urine is produced per day. Schulz (1987) in a study of the

influence of the fluid flow field on the formation or urinary stones using scale models of the

renal pelvis also finds that the fluid flow is in the laminar regime.

6.3 A NEW TUBULAR CRYSTALLISER

Despite the attractive features of the in vitro experimental system described in the previous

section, it has not been used to further investigate the growth and aggregation of crystals in a

tubular geometry similar to that of the kidney. One of the aims of this work is to consider

the effect that the geometry of the tubules in the kidney has on factors influencing stone

formation, such as aggregation and crystal retention. For this reason a crystalliser similar to

the one used by Azoury et al- (1986) was developed'

6.3.1 The crystalliser

The tubular crystalliser is shown in Figure 6.2. It consists of 262 Amicon H1P10-20

hollow porous fibre tubes each of internal diameter 410 pm, and length 45.5 cm contained

as a bundle in a perspex tube of internal diameter 2.0 cm. The porous fibre tubes are

constructed from a polysulfone material and are used for hemodialysis, desalination of salt

water by reverse osmosis and the concentration of proteins by ultrafiltration (Baum et al.,

1976). The fibres are robust, resistant to acid, alkali and detergents, simple to clean and

may be used repeatedly for long periods (Amicon, 198ó). A SEM micrograph of the porous

structure of the tubes is shown in Figure 6.3.
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Figure 6.2 Aschematic diagram of the tubular crystalliser'
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Figure 6.3 A SEM micrograph of the Amicon H1P10-20 hollow porous fibre tubes in the

tubular crystalliser'

-r42-



The tubular crystalliser has two compartments:

. The hollow porous fibre tubes, which will be referred to as the lumen.

. The region surrounding the lumen in the perspex tube which will be referred to as

the jacket.

The fibres are held in place at both ends of the perspex tube by epoxy resin for a length of

1.5 cm. At each end of the perspex tube are four holes, 0.5 cm in diameter, through which

fluid can enter and leave the jacket.

Manifolds are fitted to both ends of the crystalliser to allow fluid to be fed to the hollow

sections of the lumen and the jacket. The manifolds are shown in Figures 6.4 (a) and (b).

The crystalliser fits into the manifolds as shown in Figure 6.5. The crystalliser is held in

place and sealed, so fluid will not leak from it, by two O-rings in both the inlet and outlet

manifolds. However, the crystalliser does not fit flush with the manifolds, there is a dead

volume at both ends, as indicated in Figure 6.5 by the regions A and B.

Devices similar to the tubular crystalliser, known as hollow fibre cartridges (Amicon,1986),

have been used extensively as artificial kidneys and for various processes such as

ultrafiltration. The fluid flow distribution in hollow fibre cartridges has been investigated by

Park and Chang (1936) and they suggest that the geometry and size of the dead volume in

each manifold will affect the fluid flow distribution in the lumen. Under certain conditions it

is possible for fluid to preferentially flow through the lumen in the centre of the cartridge and

leave stagnant regions near the edge. Based on numerical simulations of the fluid flow in the

cartridge, Park and Chang (1986) recommend that for uniform flow distribution, the

manifolds should be shaped such that the dead volumes at the inlet and outlet are cylindrical

and conical respectively. Accordingly implants were made to fit into the manifolds to reduce

the size of the dead volumes and alter their geometry. The implants, and their positioning in

the manifolds are shown in Figures 6.6 (a) and (b).

6.3.2 The seed suspension delivery system

In the continuous crystallisation experiments reported in Chapter 9, a calcium oxalate seed

suspension was mixed with the fluid fed to the lumen just before it enters the crystalliser.

Thus another important part of the apparatus is the seed suspension delivery system, which

is shown in Figure 6.7.
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Figure 6.4 (a) The manifold at the inlet of the tubular crystalliser.
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Figure 6.5 A schematic diagram showing how the crystalliser fits into the manifolds at the

inlet and outlet and the dead volumes at both ends'
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Figure 6.6 A schematic diagram of the implants and their positioning in (a) the inlet

manifold and (b) the outlet manifold.
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diagram of the seed suspension delivery system.
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The seed suspension was stored in a perspex tank with a capacity of 400 ml' in which the

seeds were suspended by the propeller-stirrer supplied with the Multisizer II' The seed

suspension was fed to the crystalliser , via 5 cm of steel tubing of internal diameter 1 mm'

and20cm of polyethylene tubing of internal diameter 1 mm' A peristaltic pump' Pharmacia

Fine chemicals, model p-l (pharmacia Fine chemicals, upsala, sweden) was used to

supply the seed suspension to the crystalliser at flowrates between 0.12 ml/min and 0'55

ml/min. The seed suspension mixes with the fluid fed to the lumen in a three way T-valve'

then enters the crystalliser.

Experiments were conducted to investigate the performance of the seed suspension delivery

system, of particular interest was any variation in the number of crystals and volume of

particulate material fed to the crystalliser. The results of the experiments are presented in

chapter 8, but briefly they showed the delivery system was capable of supplying a seed

suspension of constant composition'

6.3 .3 ApParatus set'uP

The crystalliser is of course the most important part of the apparatus' but it cannot be

operated without other equipment to supply fluid to it' Fluid was supplied to the lumen and

jacket by centrifugal pumps, viaheadtanks and rotameters, thus ensurinS constant flowrates

in both sections of the apparatus during operation. The set-up of the experimental apparatus

is shown schematically in Figure 6'8'

The pumps used were both Iwaki MD-10 magnetic drive centrifugal pumps (All Pumps

Supplies, Adelaide, Australia).

The lumen flowrate was metered by a KDG Flowmeters Series 1100 rotameter, with a DD

ISO tube and DS float, (Bell Automation, Adelaide, Australia) capable of measuring between

1 and 9 ml/min of water at20"C. The jacket flowrate was metered by a KDG Flowmeters

Series 1100 rotameter, with a EC ISO tube and ES float, (Bell Automation' Adelaide'

Australia) capable of measuring between 2 anð40 ml/min of water atZO"C'

The head tanks were manufactured from perspex and have a capacity of approximately 200

ml. All tubing used to feed solutions to the crystalliser was made of polyethylene' with

internal diameters of either 1'0, 0'5 or 0'25 cm'
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Figure 6.8 Schematic diagram of the experimental apparatus set-up.
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6.3.4 Modes of oPeration

Fluid can enter and leave the lumen and jacket via the inlets and outlets in the manifolds fitted

to the ends of the crystalliser. The crystalliser can be operated with any of the inlets and

outlets open or closed and consequently a number of different operating configurations are

available. In this work only one configuration was used, which was with both the lumen

and jacket inlets open, the lumen outlet open and the jacket outlet closed' As the jacket outlet

was closed, the fluid fed to the jacket passes through the walls of the porous tubes to mix

with the fluid in the lumen and leaves the crystalliser via the lumen outlet' This

configuration is shown schematically in Figure 6'9'

Fluid fed to
the lumen

Fluid fed to
the jacket

Fluid injected into the
lumen from the jacket

Fluid injected into the

lumen from the jacket

Jacket

Jacket outlet - CLOSED

Fluid outlet - from
the lumen ONLY

Figure 6.9 Schematic diagram of fluid flow in the tubular crystalliser.

The mode of operation just described has two important characteristics of the flow of urine

in the kidney. Firstly, the fluid flow in the lumen is two-dimensional, as a result of the fluid

that passes through the porous walls of the tubes from the jacket to the lumen, there will be

flow in both the axial and a radial directions. 'water is continually removed from urine as it

passes through the tubules in the kidney, a process that will also give rise to radial and axial
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fluid flow. Secondly, the fluid passing from the jacket to the lumen provides a method of

maintaining supersaturation in the lumen. In the crystallisation experiments reported in

Chapter 9, seed crystals were fed to the lumen, in a metastable solution' as the crystals pass

through the crystalliser, growth occurs which will lead to a decrease in supersaturation'

However, if the fluid passing from the jacket to the lumen is supersaturated' then the

supersaturation in the lumen will be almost constant, similar to the conditions in the kidney

(Sheehan and Nancollas, 1980)'

Although the crystalliser can be operated at constant supersaturation' the method of

generating supersaturation differs from that found in the kidney' In the crystalliser

Supersaturationismaintainedinthelumenbytheadditionofsupersaturatedfluid,thus

increasing the total flowrate, whereas in the kidney urine supersaturation in generated by the

removalofwaterthroughthewallsofthetubules,whichdecreasestheoverallflowrate'

From an operational point of view, it is much easier to maintain supersaturation in the

crystalliserbytheadditionratherthantheremovaloffluidfromthelumen.

6.3.5 Hydrodynamics in the crystalliser

Asdiscussedintheprevioussection,thefluidflowinthelumenistwo-dimensional'having

both axial and radial components. In the crystallisation experiments the crystals pass

through the lumen, so it is important to understand the flow field in the lumen'

The operation of the crystalliser is characterised by the amount of fluid that is injected from

thejacketthroughthewallsoftheporoustubesintothelumen.Thefluidinjectionis

characterised by a parameter known as the dilution factor, a ' defined as the ratio of the total

flowrate of fluid leaving the lumen, to the fluid flowrate fed to the lumen' or

Qr+ Qt

Qr
a

(6.1)

whereQ¿andQ¡arethefluidflowratessuppliedtothelumenandjacket.

The lumen flowrates used in all the experiments were between 2 andlo mvmin and the jacket

flowrate was chosen according to the value of the dilution factor required' The values of the

dilution factor used did not exceed six in any of the experiments conducted' For a lumen

flowrate of 10 ml/min and a value of the dilution factor of six, that is a flowrate of fluid fed

to the jacket of 50 ml/min, the maximum average fluid velocity in the lumen can be

calculated, as the maximum flowrate will be 60mymin' Hence the Reynolds number can be

determined, and the flow regime in the lumen identified'
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The maximum average velocity in a single porous tube is

_Qr
262 At

(6.2)
u

where A, is the cross-sectional area of the single porous tube' and the factor of 262 \s

included as it is assumed the fluid fed to the rumen is uniformly distributed between all262

poroustubesinthecrystalliser.TheReynoldsnumberiscalculatedfrom

Þu4 (6.3)*"=_4_

As the tube diameter is 410 pm and using values for the density and viscosity of water at

20"C,a value for the Reynolds number of 11'9 is obtained for a flowrate of 60 ml/min'

Thus the fluid flow in the lumen is in the laminar regime for all the experiments described in

this work.

To determine the solute and particre residence time distributions in the crystalliser the

velocity field in the lumen, both in the radial and axial directions' must be known'

Expressions for the axial and radial velocities are derived in chapter 7'

6.4 CONCLUSIONS

Areviewofinvitroexperimentalsystemsusedtostudycalciumoxalatecrystallisationand

the factors influencing stone formation and disease (urolithiasis) has been given' Although

each of the experimental systems have advantages and disadvantages for studying stone

formation,nonetakeintoaccountthetubulargeometryinthekidneyandtheeffectitmight

have on factors that influence stone formation such as aggregation and retention time'

A tubular crystalliser has been described that will be used to study the growth and

aggregation of calcium oxalate, in a tubular geometry, with continuous fluid flow at almost

constantsupersaturation,underwelldefinedhydrodynamicconditions.

-153-



Chapter 7:

THE SOLUTE RESIDENCE TIME DISTRIBUTION

IN THE TUBULAR CRYSTALLISER

In this chapter the residence time distribution of the dissolved solute in the

tubular crystalliser is investigated' The experimental fluid residence time

distribulions were determined using a step-change tracer response technique'

A dffision-advection model is proposed to explain the observed experimental

residence time distributions. This analysis produces a system of coupled partial

dffirential equations, which are transþrmed into ordinary dffirential equations

using the method of moments. The mean and standard deviation of the

residence time distribution are used to compare the experimental results with

those from the dffision-advection model'

It is found. that the mean and. standard deviation of the residence time distribution

depend on the solute dffisivity and jacket area' Acceptable values of both these

parameters give a mean residence time and standard deviation in agreement with

the exP erimental v alue s'

7 .I INTRODUCTION

The residence time is defined as the time it takes for a molecule' or particle' to pass through

the apparatus being considered, which might for example be a reactof, or a length of tube'

The residence time distribution (RTD) is often used to characterise deviations from ideality,

and is largely dependent on the apparatus. Since the initial work of Danckwerts (1953a' b

and 1958) and Zwietering (1959) much work has been done on this topic in the field of

reaction engineerin g; e.g.see Levenspiel (1972), Westerterp et aI' (1984) and Shinnar

(1e87).

7.2 THE RESIDENCE TIME DISTRIBUTION

7.2.1 The E and tr' curves

The RTD is usually represented in one of two different ways, the first is as a frequency

function, often used in statistics and called the E curve when describing RTDs' The value of
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the E curve at time, / represents the differential fraction of material that entered the vessel at

f=0andleavesthevesselbetweentandt+dt'TheEcurveisusuallynormalised'andin

a continuous form is given bY

E(
J
0

(7.1)
dt) 1

Alternatively the RTD may be represented by a cumulative function called the F curve' The

F curve at time / represents the fraction of the material that has a residence time less than /'

The E and F curves are related bY

(7.2)

7.2.2 Experimental determination

The RTD may be obtained from response type experiments, in which some pfoperty of the

material entering the vessel is changed, and the response to this change is measured at the

outlet. For solute RTDs usually the concentration of some inert tracer is changed' There are

twomaintypesofresponseexperimentsinwhichdifferentinputchangesareused.Thefirst

is a pulse response test in which a sharp pulse of the tracer is injected into the inlet material

in the shortest possible time. The second is a step-change response test' in which the

concentration of the tracer in the inlet material is changed from one value, usually zeto to

another

Both of these input changes can be represented mathematically' and the RTD determined

from a mass balance ovef the vessel. Smith (1970) shows that for a pulse fesponse the E

curve is given bY

E(t) = çç¡¡
(7.3)

where c(r) is the solute concentration at the outlet at time, / and the expression for the F

dtt)

t

= Ju'
0

t)F(

curve ls

t

r) = J 
cç)dt

0

F(

For a step-change of magnitude, Cs Smith also shows the F curve ts
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c(t) (7.s)F(t)=ã

The results given by eqs 7.3 and7.5 will be used to determine the RTDs in this work' For a

more complete review of RTD theory, see for example Levenspiel (1912)'

7.3 EXPERIMENTAL INVESTIGATION

7 .3.t Method

The solute RTD was determined by a step-change tracer response technique' The crystalliser

was operated as described in section 6.3.4; that is with the jacket outlet closed and with fluid

fed to both the lumen and jacket. Initially, distilled water was fed to the jacket and no fluid

fed to the lumen. At time t = o, a saline solution was introduced to the lumen, and the

response of the saline concentration in the fluid leaving the crystalliser was recorded until a

steady state was achieved. The saline concentration in the fluid was inferred from its

conductivity, which was measured by a purpose built flow-through conductivity cell'

cylindrical in shape, with a volume of approximately 0.07 ml and equipped with a platinum

electrode. The conductivity cell was connected to a Townson and Mercer conductivity meter

Model No. 2101, and chart recorder'

The solute RTD was determined for different values of the dilution factor, ø, defined in

Section 6.3.5 as

^._Qr+Qt (6.1)
U_

er

where Q7 and Qt Nethe fluid flowrates fed to the lumen and jacket. values of the dilution

factor from 1 to 5 were studied. The same lumen flowrate was not used in all the

experiments, rather for each value of the dilution factor a particular lumen flowrate was

chosen. The flowrates used in the RTD experiments are displayed in Table 7' 1'

In the experiments the concentration of the saline solution fed to the lumen was such that the

outlet concentration at steady state had a maximum value of 0.15 M. For example, in an

experiment in which the value of the dilution factor was 3, the saline fed to the lumen is

diluted by distilled water from the jacket by a factor of 3, consequently a 0'45 M saline

solution was fed to the lumen'
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Table 7.1. Flowrates used in the solute RTD experiments

Dilution factot, d Lumen flowrute, Q7

(mVmin)

Jacket Flowrate, Q7

(ml/min)

1

2

3

4

5

16

8

4

4

2

0

8

8

T2

8

7 .3.2 Calculating the RTD

As step-change tests were conducted the RTD is most conveniently presented as an F curve

and may be calculated directly from eq 7.5. A step-change in the saline concentration was

used in the experiments, however the response was detected by measuring the solution

conductivity. The solution conductivity is a function of the saline concentration' thus the

RTD carculated from eql.Susing varues of either the concentration or conductivity will be

the same.

7.3.3 Results

The experimental RTDs are shown in Figure 7.1' As different lumen flowrates were used

for each value of the dilution factor, a plot of the F curve with time as the independent

variableismis-leading,asanyeffectthedilutionfactorhasontheRTDwillbemaskedby

the effect of the different lumen flowrates. Rather than using time as the independent

variable the following dimensionless time is defined:

0- (1.6)

where ø9 is the centre-line fluid velocity in the lumen at the inlet of the crystalliser and L is

the length of the crystalliser, 45'5 cm'

TheRTDplottedforeachvalueofthedilutionfactoristheaverageoffourexperiments,the

errors shown are plus-or-minus one standard error' It can be seen that the RTDs are highly

dependent on the value of the dilution factor, because the injection of fluid from the jacket

tuo

L
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will increase the flowrate in the lumen and consequently decrease the time it takes for the

fluid to pass through the crystalliser. Qualitatively it appears that the shape of the RTD is

also dependent on the value of the dilution factor, with the RTDs for low values of the

dilution factor being more like an RTD for plug flow than those at higher values of the

dilution factor

7.4 ANALYSIS

7 .4.1 The velocity field in the crystalliser

BeforeproceedingwithananalysisoftheRTDstheexpressionsfortheaxialandradial

velocities in the lumen of the crystalliser are developed. Without expressions for these

velocities theoretical RTDs cannot be determined'

If no fluid is fed to the jacket of the crystalliser, there will be no fluid injection into the lumen

and the value of the dilution factor will be one, in which case the flow in the lumen is

equivalent to poiseuille flow. If the dilution factor is greater than one, the velocity field in

the lumen is more complicated as there is fluid flow in the axial and radial directions. The

effect of fluid injection at the walr on the two-dimensional steady-state laminar flow of fluid

inaporoustubehasbeenanalysedbyYuanandFinkelstein(1956).Theyfindthatfor

constant fluid injection along the length of the porous tube, the axial and radial velocities are

given by

,t=,o['.ffi)['-(;)') Qr)

and v=-2vo(;)['-å(ål) (7 8)

whereøgandv¡arethemaximumaxialandradialvelocities,r,istheradialposition,which

variesfrom0atthecentreofthetubetoRatthewall,andxistheaxialposition.The

velocities may be written in terms of the dilution factor by considering the expressions for

the fluid flowrate in the lumen and jacket' which are

Qr=LuonR2
(7.e)

and Qt = voTnRL
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Substituting eqs 1.9 and7.10 into the expression for the dilution factor, eq 6'1, and re-

affanglng glves,

(7.tr)
4L

which implies the axial and radial velocities may be written in terms of the dilution factor as

Y0

ug

R
(

u= l,lo

a

('*to-',;)['-(;)') (7.12)

(1.t3)
and v -un( a-l)r

2L

It can be seen from eq I .12 thatthe axial velocity increases linearly along the length of the

tube, also as rf R< l, the radial velocity increases almost linearly with the radial distance

from the centfe of the tube, except near the wall of the tube. Note that the negative sign

associated with the radial velocity is a result of the convention that the radial position is

measured from the centre of the tube to the wall. As fluid is injected from the wall and

travels towards the centre of the tube, by convention, it is moving in a negative direction'

The laminar flow of fluid in a porous tube and shell module similar to the tubular crystalliser

has been measured using magnetic resonance imaging by Pangrle et al. (1992)' They find

that the axial velocity has a parabolic radial profile and the magnitude of the axial velocity is

dependent on the axial position, as predicted by 
"q 

7 '12 from the results of Yuan and

Finkelstein (1956). The velocity field determined by Yuan and Finkelstein (1956) has also

been used by Abbas and Tyagi (1987) in rheir analysis of a hollow fibre artificial kidney

performing simultaneous dialysis and ultrafiltration'

7.4.2 Poiseuille flow

The well known RTD for Poiseuille flow is derived, for example, by Smith (1970)' In

terms of the dimensionless time, 0, the F curve is

e <6lz

e >6lz
(7.r4)FG) =

where 0 is the mean residence time, which in this case is the time taken for fluid travelling

at the flow average velocity to pass through the crystalliser.
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InFigure T.2theexperimentalRTD for a=l isplottedtogetherwitheqT'14' It'isclear

that eq 7.14 does not describe the experimental RTD' Although the break-through time' the

time when the first solute leaves the crystalliser, is approximately correct, the experimental

RTDdoesnothavethecharacteristicparabolicprofileoftheRTDforPoiseuilleflow.The

RTDiselongatedandthefluidistakinglongertopassthroughthecrystalliserthanmightbe

expected for Poiseuille flow'

7 .4.3 TaYlor disPersion

Taylor (1953) studied the dispersion of a soluble tracer flowing through a tube at low

velocity. By considering convection across a plane moving at the flow average velocity'

Taylor showed that, in the limiting case, the solute is dispersed relative to this plane as

though it were being diffused by a process which obeys the same law as molecular

diffusion, but with an axial diffusion coefficient' [ ' where

(7.1s)

The equation governing the axial dispersion ts

a2c ac

î
a.l

R'ulo

t92D

k a7=-

where xt= x-tr",'

For a step change in the solute concentration of magnitude, Cs' at a point ¡ = 0 from time

t = o, eql .|6can be solved analytically and as shown by Taylor, the solution is

(7.16)

(7.r7)c(t)

jrt <0

-rr)0
co

where

However, the preceding analysis is for flow in impervious rather than porous tubes and

assumes that the axial velocity is constant' For fluid flow in the lumen' the axial velocity is

'¡ I -.2erf(z) --Gle-' dz

0
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a linear function of the axial position, as shown in eq7 .12' As the axial diffusion coefficient

is dependent on the axial velocity, it will also be a function of the axial position' under

these circumstances, it can be shown that eq 7'16 becomes

i, #.[[,r + +) (, *ro -uî))# #c = # (7,s)

¡ '¡2

where ;â'=ie[r *@-Di.)

Eq 7.18 does not have an analytical solution for a step change in the solute concentration'

and must be solved numerically. However, if the value of the dilution factor is one eq7 '17

can be used. In Figure 7.3 theexperimental RTD for u = 1 is plotted together with eq 7' 17'

at an axial position, x = 45.5 which corresponds to the outlet of the crystalliser' It can be

seen that eql .17 does not fit the experimental data, the fluid is taking much longer to pass

through the crystailiser than predicted. As the fit is so poor it is unlikely that this model will

bemoreaccurateforothervaluesofthedilutionfactor'SinceeqT.lsmustbesolved

numerically, and Taylor dispersion does not describe the experimental RTD for a = I an

alternative model is ProPosed'

7.4.4 A diffusion'advection model

In the preceding analysis the possibility that the solute may diffuse from the lumen' where

the concentration is high, to the jacket, where the concentration is low' was not taken into

account. The lumen and jacket can be considered as two compartments separated by a

porous membrane, as shown in Figure 7'4'

,R,

Qt

dx

Qt + dQt Qr + dQr

Figure 7.4 Compartment model for the tubular crystalliser

,1

Qr

I

NA LumenJacket

dQt
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The solute concentration in both compartments is determined by the flux in the axial and

radial directions. Assuming perfect radial mixing in both compartments, mass balances over

the lumen and the jacket give:

à(Qrcr)
ãx

Ø=QLN,(ø-1)

-2ttr No = ¿,, 
ã 9t
dt

+2ttrN7 tlo-- lrNl
ãt

(t.te)

a Q¡ Ct (1.20)
ãx

where e, is the flowrate, C, the solute concentration, A, the cross-sectional atea, N o is the

solute flux through the tube wall and the subscripts L and J refer to the lumen and jacket.

Finally, N7 is the number of tubes, this term is included in the mass balance for the jacket as

the mass balance over the lumen is for a single tube, and the flux from all the tubes enters the

jacket.

Both the lumen and jacket flowrates are functions of axial position. By considering a mass

balance over the crystalliser and using the definition of the dilution factor given by eq 6.1, it

can be shown that the flowrates in the jacket and the lumen are

l-x
L

(7.2r)

(7.22)+IQr î)-1)d,(

where ei is the flowrate fed to each tube in the crystalliser, that is the flowrate in a single

tube at the inlet of the crystalliser. The expression for the flowrate in the jacket includes N¡

as the mass balance over the lumen is for a single tube'

Substitutin g7.21 and7.22 into 7.19 a¡d7.20 and simplifying gives

(7.23)

@Pc.-(1 +(a-\)ot* 2nrN¡=o,* (7.24)

An expression for the flux through the porous wall may be derived by considering the

transfer by convection and diffusion between the jacket and the lumen as shown

schematically in Figure 7.5.
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Figure 7.5 Solute transfer by convection and diffusion between the jacket and lumen

Bird et aL (1960) show that the flux of component A in a binary system of A and B is

N¡ = xn(Nt+ N¡) - CDY x¡ Q '25)

where A is the solute, B the solvent, x the mole fraction and C the concentration of

component A. In cylindrical coordinates and only considering the radial direction, eq1 '25

may be written as

N^r=Cvr-D(^ dr
(1.26)

Applying the appropriate form of the continuity equation it can be shown that at steady state

both N¿ r and y r must be constant if there is no axial advection or diffusion in the porous

wall, see for example Bird et aI. (1960). The solution to eq7.26, subject to the boundary

conditions, C -- Ct at r ={ and C = Cl u¡ ¡ = R, is

vr CJ vrlD /1' -t-
vrlD

(7.27)N¡r =
Riu' - Ro"

Toevaluate N¡r an expression for vr is required. Assuming fluid from the jacket is

injected uniformly over the entire length of the porous tubes a mass balance over the lumen

implies

Qrl*=r- QL = Znv r L

Using eq7.22to evaluate the lumen flowrate àt x = L it follows that
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vr
(a -t)QL

2nL
(1.28)

(7.3r)

(1.32)

Eqs 7 .27 and, 7 .28 can be substituted into eqs 7 .23 and I .24, which are two coupled partial

differential equations that describe changes in the solute concentration in the lumen and

jacket with axial position and time. However, these equations do not have an analytical

solution, and must be solved numerically. To obtain the RTDs the axial concentration

profiles in the lumen and jacket must be calculated over a very long period of time.

7 .4.5 Moment transforms

When modelling processes involving variables that are distributed, for example particulate

processes in which the size distribution is of interest, the use of short-cut techniques to

reduce the computational intensity has been investigated by Hounslow and Wynn (1993).

These authors show that the use of moment transforms give accurate results with much less

computational effort than techniques such as discretized population balances. A similar

approach is adopted here where the moments of the RTDs are calculated rather than solving

eqs 7 .24 andT .25 repeatedly to obtain the RTD. If the following moments are defined:

(7.2e)

(7.30)

Applying eqs 7 .29 and 7.30 to eqs 7 .23 and 7 .24, and considering a pulse-input of tracer,

the following equations in terms of moments are obtained

d^j,, _ At j* t +(ct\+ ar)N, m ¡ - (D3N7m

dtmi,r =i,' ,,ç*,,¡
0

mi,L= !i crç*,t¡at

0

,L

dx (a -I)QlNy l-x
L

d*j,r 
=

ú)2m t-Arj m -t,L - a3 - ra,1)m

dt
,L

and

OL

where, a1 =(a -DOLIL, (ù2= #ffi and a3 =ffiffi
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Eqs 7.31 and 7 .32 are a coupled pair of ordinary, rather than partial, differential equations

and therefore it is much easier to solve these equations numerically. Rather than obtaining

the RTD, the solution of these equations gives the moments of the RTD' Statistical

parameters of the RTD, such as the mean, and standard deviation can easily be calculated

from the moments, as shown in Section 1'3'3'

To investigate whether the diffusion-advection model can be used to describe the

experimental RTDs, the mean and standard deviation obtained from the model must be

compared with those from the experimental RTDs. However, firstly some differences

between the proposed model and the experiments should be considered'

For mathematical convenience a pulse input rather than a step-change at the lumen inlet was

used to derive the differential equations given by eqs 7 '31 and l '32' However' the

experimental RTDs were determined using a step-change response technique' In Section

7.5.2 itis shown how the experimental RTDs may be converted so that the moments and

statistics calculated from them can be compared with those from the model'

7 .4.6 End effects

The statistics calculated from the solution to eqs 7.31 and 1.32 are for the region in which

fluid is injected from the jacket to the lumen. As described in Chapter 6 there are also

sections at both ends of the crystalliser in which there is no fluid injection' Thus, the

crystalliser can be divided into three sections in series and the RTD of each section must be

considered. In the field of reaction engineering, the RTD of a cascade of reactors may be

calculated by the use of convolution integrals, however as Westertetp et aL (1984) point out,

this method is only applicable to flow regions that are statistically independent. If open

boundaries exist between the regions, then this procedure cannot be adopted' As there are

open boundaries between the regions in the lumen, the method of convolution integrals

cannot be used to obtain the RTD of the crystalliser. As an alternative, the regions at both

ends of the lumen were characterised by a dead time defined as

td -- Llu Q '33)

where ø is the average fluid velocity, which can be calculated from eq 7 '12, and L is the

axial length of the region. The three regions in the crystalliser are shown schematically in

Figure 7.6.
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Figure 7.6 Thethree regions in the crystalliser

The E curve at the outlet of the crystalliser is given by

E(t) = n(t - t¿1- Ur) (7.34)

For a pulse input, from eq 7 '3 ' E(t) = c(t) and the moments may be written as

(7.3s)

where E(r) is the E curve for the section with fluid injection. As the pulse is added to the

fluid in the lumen, the moments calculated are for the lumen, therefore from eq 7'35, using

the notation of eq 7.30'

ffio= ffio,L
(7.36a)

ffir = ffit,L + (t¿1+ t¿z)^o,r (7.36b)

and ffi2 = ffi2,L + 2(t¿1+ t¿2)mv,¡ + (t¿, + tor)' *o', (1.36c)

* j =Tti n(t - t¿t - tor)at=l(, * ,or*,or)i E(t)dt

60
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As the RTDs are normalised, the value of rng is one and it can be seen from eq 1.5 that the

mean residence time for the crystalliser will be the mean residence time for the section with

fluid injection plus the two dead times. Also it can be shown using eq 1.6, that the standard

deviation of the RTD for the crystalliser is the same as the standard deviation of the RTD for

the section with fluid injection. Both these results are expected, a time delay will not affect

the shape of the RTD, only the time taken for the fluid to pass through the crystalliser.

7.4.7 Parameters in the model

The values of the parameters in the model, namely the internal and external radii of the

lumen, the jacket cross-sectional area, and the solute diffusivity must be determined. The

internal and external radii of the lumen were evaluated from measurements taken from SEM

micrographs of the lumen. The internal radius and wall thickness of the lumen were found

to be approximately 205 pm and 235 pm respectively, which implies the external radius is

440 ¡tm.

Values of the solution diffusivity of saline solutions are widely reported, for example Mullin

(1993), and over the concentration range used in the experiments,0.75 to 0.15 M, the

solution diffusivity is 1.48x10-e m2ls. However, Karel and Robertson (1989) find that in a

hollow-fibre reactor, the effective diffusivity in the fibre membrane, Dy is related to the

solution diffusivity by

DM - õuD (7.37)

where ô¡a is approximately 0.3. Thus the diffusivity in the walls of the lumen is lower than

the solution diffusivity, and it is possible that the value of õy will depend on the pore

structure

A lower limit for the cross-sectional area of the jacket can be calculated as the number and

the dimensions of the lumen are known as well as the diameter of the perspex tube in which

they are contained. The cross-sectional area of the lumen can be calculated and subtracted

from the cross-sectional area of the perspex tube to give an estimate of the jacket cross-

sectional area. The external radius of one of the porous tubes is 440 ¡tm, and as described in

Chapter 6 there are 262 of them in a perspex tube 2.0 cm in diameter. Based on these

dimensions, the minimum jacket cross-sectional area is 1.55 cm2. However, it is possible

that the solute concentration within the porous walls of the tubes will approach that in the

jacket, thus decreasing the apparent wall thickness and increasing the apparent jacket cross-

sectional area. Therefore the upper limit for the jacket cross-sectional area is that of the
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perspex tube, 3.14 cm2 l"s, the cross-sectional area of the262 porous tubes with internal

radius 205 pm, giving a value of 2J9 cmz '

The exact values of the solute diffusivity in the porous walls of the tubes' and the jacket

cross_sectional area are not known, however bounds on their varues have been established.

T.SRESULTSFROMTHEDIFFUSION.ADVECTIONMODEL

A computer pfogram was written in FORTRAN to solve eqs 7'30 and 7 '31 fot values of 'l

from0to2.Thepfogramusedthenumericalroutine,DIVPAG,fromthelMsLnumerical

library (IMSL Users Manual, 1987), which solves an initial value problem for a system of

ordinary differential equations using Gear's method' The moments over the crystalliser'

allowing for the sections at each end without fluid injection, were calculated using eq7.36d'

The mean and standard deviation were calculated from the moments using eqs 1'5 and l '6'

The values of the mean and standard deviation calculated from the solution to eqs 7'30 and

7.31 must depend on the values of the solute diffusivity and the jacket cross-sectional area'

The dependence of the statistics of the RTD on these parameters is investigated in section

7 .5.3

7.5.1 Testing the model

The accuracy of the computer program was tested by considering a set of conditions for

which there is an analytical solution for the RTD in the crystalliser. If the diffusivity of the

solute is very low, then the diffusive flux is negligible and the solute concentration in the

jacket will be very low. For a step-change of solute concentration of magnitude' c6' at the

lumen inlet, a mass balance from the inlet to an axial position x, gives

CouLALl*=o= C'rArlr=, (7'38)

The average axial velocity in the lumen may be calculated from eq 7 '22by dividing by the

lumen cross-sectional area as

ûr=uL[tn1o-tÉ) (7.3e)

where Zi is the average axial velocity at the inlet of the lumen, i'e' x --O

7.39 into eq 7.38 it follows that

-l7l-
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C(x) = (1.40)

Eq 7 .40 implies that the solute passes through the tube as a step-change of decreasing

magnitude, as a result of the fluid injection from the jacket. At an axial position, x, the

concentration will be zerc until a time, r*, at which time the concentration increases to the

value given by eq J.40, andthen remains constant. The concentration may be written as a

function of axial position and time as a Heaviside step function,

co

C(x,t) =
co u(t -;) (7.4r)

(1.42)

(1.43)

(1.44)

(7.4s)

+ (
x
L

1a

The time taken for the concentration step-change to reach an axial positioll, r , using eq 7.39

for the axial velocitY is:

L
ln

dt
dt

Using Laplace transforms, it can be shown that

. 
tr¿t

'=Jn.
0

(t*t"-t);)

The preceding analysis is for a step-change in concentration, thus C(x,/) represents the F

curve, however the diffusion-advection model was formulated for a pulse-input' From eq

7 .2, E = dF ldt and therefore the moments of the RTD are given by

dC(x,t
^,=ltj Edt=lrjJJJ

00

^¡ --(-r)l dsJ

s)¿Q)

where E(s) is the Laplace transform of E(t) with respect to r. Further,

E1s¡ = L nr,> = L o'yr't' 
= sõ(s) + c(x,o)

and from Abramowitz and Stegun (1960)'

co -fse

(+ 1
sx

L

õ1s¡=
a
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Substitutin g eq7 .46 into 7.45 the moments can be calculated from eq7 .42 and the mean

residence time and standard deviation determined. At the outlet of the crystalliser, x = L,

and C(L,0) = 0, thus

(1.41a)mg

m1

m2

- Cot

d,

co

a

.2
Cot*

(1.41b)

(1 .41c)

(7.48)

and
d,

From which it follows that

t

o2 =ffi2 -12 =t*'- t*'= O

-mr
mg

*
_I

L
(ø-1)

lna

and (1.4e)
mg

The preceding analysis is only valid when the dilution factor is not equal to one. In Table

j .Zthevalues of the mean and standard deviation calculated from the moments generated by

the computer program used to solve the equations from the model are shown as well as the

values calculated from eqs 7.48 and 7 .49. The value of the diffusivity given is the one used

in the computer program, and the value of øl is calculated from the lumen flowrates given in

Table 7.1. The cross-sectional area used to calculat e the u'¿ from the lumen flowrate is

0.347 cm2, based on262 tubes each with an intemal radius of 205 pm.

Table 7 .2 Comparison of the mean residence time and standard deviations'

Computer Program Eqs 7.48 and7.49

d, n'r lcmts¡ o (cm2ls) i (s) o (s) i (s) o (s)

0

0

0

0

)

3

4

5

0.38

0.19

0.19

0.095

1x10-7

1x10-7

1x10-7

1xl 0-7

82.5

T3T.2

111.9

t96.4

0.58

0.66

0.2

o.t I

82.r

130.1

109.4

190.6
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It can be seen that the computer program correctly predicts the mean residence time and the

standard deviation over the range of experimental conditions. For ø=1, the program

calculates the mean residence time exactly (correct to 2 significant figures). The standard

deviation for Poiseuille flow is undefined and cannot be computed'

7 .5.2 Moments of the experimental RTDs

To determine the mean residence time and the standard deviation of the experimental RTDs

the moments must be calculated. The experimental RTDs were determined using a step-

change and are in the form of F curves, whereas the moments and statistics determined by

the computer program used to solve the equations for the diffusion-advection model are for a

pulse-input which gives the RTD in the form of an E curve' However, as the E and F

curves are related, the moments of the E curve can be calculated from the experimentally

determined F curves. From eq7.2, E=d.Fldt, substituting into the definition of the

moment for the lumen, eq 7.30, and integrating by parts for a finite time over which

experimental data was collected, /lnu* rather than an infinite time, gives

mj =T,t dF(t) = ,i p0)1,=

0

fr*

fmax

- li tj-t p(t)¿t (7.s0)

0

Eq 7.50 must be evaluated numerically as the experimental data are values of the F curve at

discrete time intervals. Simpson's method was used to evaluate the integral in eq 7'50, as

noted by Kreyszig (1993), this method is sufficiently accurate for most practical purposes'

The step size used for the integration was the time interval at which data were recorded in the

experiments, which was typically either 15 or 20 seconds. The step size is small compared

to the total time for which data was collected, over 1000 seconds for all the experiments'

The numerical method used to evaluate the moments, given by eq 7.50, was tested using the

RTD for Poiseuille flow, with a mean residence time of 400 seconds' values of the F curve

for Poiseuille flow were calculated using eq7.l4, with a step size of 15 seconds and a

maximum time, f,,r* of 1500 seconds. The mean residence time determined using eq 7'50

with the integral evaluated using Simpson's method was 368 seconds, a relative error of

approximateLy \Vo. An error of this magnitude is acceptable given the uncertainty associated

with the experimental RTDs.

Table 7.3 shows the values of the mean residence time and standard deviation of the

experimental RTDs for each value of the dilution factor. The RTDs from all the experiments
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conducted at each value of the dilution factor were analysed, the results reported are the

mean plus-or-minus one standard error'

Table 7.3. Mean residence times and standard deviations of the experimental RTDs'

Dilution factot, a, Mean residence

time, I (s)

Standard

deviation, o (s)

1

2

J

4

5

379+4

37r!9

414+t2

319+12

51J+31

285+5

286X5

32e+10

253tlo

333+7

T.S.3Solutediffusivityandjacketcross.sectionalarea

The values of the statistics of the RTDs obtained from the diffusion-advection model

proposed are now compared with the experimental values given in Table 7'3' The procedure

adopted is to investigate the effect that the jacket cross-sectional area and the solute

diffusivity have on the statistics calculated using the model. If the diffusion-advection model

describes the processes governing the fluid RTD, plausible values of the jacket cross-

sectional area and solute diffusivity will give statistics in agreement with the experimental

values.

To generate data from the model at each value of the dilution factor, the jacket cross-sectional

area was varied, and for each cross-sectional aÍea a range of solute diffusivities were

considered. Jacket cross-sectional areas from 1"75 cm2 to 3'0 
"m2 

w"re used' and the

diffusivity was varied from lx10-7 ""?l'to 
lx10-5 

"m2lt'

Figures 7 .1 (a) and (b) show the sensitivity of the mean residence time and standard

deviation of the RTD to the jacket cross-sectional area and solute diffusivity' for a value of

the dilution factor of three. The dependence of both the mean residence time and the

standard deviation on the jacket cross-sectional area and solute diffusivity can be explained

by considering the effect these parameters have on the convective and diffusive fluxes'

From Figure 7 '7 (a)it can be seen that if the jacket cross-sectional area is constant, the mean

residence time increases as the solute diffusivity increases' This increase is a consequence
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of the increase in the diffusive flux from the lumen to the jacket as the solute diffusivity

increases. The solute concentration in the lumen will decrease as the solute diffusivity

increases and it will take solute that diffuses into the jacket longer to pass through the

crystalliser than solute that remains in the lumen'

It can also be seen in Figure 7 .7 (a) that if the solute diffusivity is constant the mean

residence time increases as the jacket cross-sectional area increases' The dependence of the

mean residence time on the jacket cross-sectional area can be explained by considering the

effect on the fluid velocity in the jacket. For example, consider solute that diffuses from the

lumen to the jacket, once in the jacket it travels at the local fluid velocity until it is injected

back into the lumen. As the jacket cross-sectional area increases the fluid velocity in the

jacket decreases and the residence time must increase'

From Figure 1.1 (b) it can be seen that if the jacket cross-sectional area is constant' the

standard deviation of the RTD is nearly zero for low values of the solute diffusivity, rapidly

increases as the diffusivity increases, then decreases as the diffusivity becomes large' This

behaviour can be explained by recailing that the standard deviation is a measure of the spread

of a distribution. At very low diffusivities, the solute does not diffuse into the jacket' and

travels as a sharp pulse through the lumen, does not spread axially' and thus the RTD has a

very small standard deviation. As the diffusivity increases, the diffusive flux increases and

solute enters the jacket where the axial velocity of the fluid is lower than in the lumen' As

the solute is returned to the lumen with the fluid injected from the jacket, the pulse is spread

out in the axial direction and the standard deviation of the RTD will increase' As the

diffusivity becomes large the solute concentration in the jacket will approach the lumen

concentration. Thus as the solute passes through the lumen it does not spread out as much

in the axial direction, and the standard deviation of the RTD decreases'

It can also be seen in Figure 7.1 (b) that if the solute diffusivity is constant as the jacket

cross-sectional area increases the standard deviation of the RTD increases' which can be

explained by the effect the jacket cross-sectional area has on the fluid velocity in the jacket'

Increasing the jacket cross-sectional area will decrease the fluid velocity in the jacket' thus

solute that diffuses into the jacket will travel more slowly than solute in the lumen'

consequently the solute is spread out in the axial direction and the standard deviation of the

RTD increases.

FromplotssuchasthoseinFiguresT.T(a)and(b)themeanresidencetimeandthestandard

deviation of the RTD obtained from the moder can be compared with the experimentar values

for different values of the solute diffusivity and jacket cross-sectional area. For a given
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value of the jacket cross-sectional area, the values of the solute diffusivity that give a mean

residence time and standard deviation equal to the values from the experimental RTDs can be

determined.

In Figure 7.8 (a), a jacket cross-sectional area of 3.0 cm2 is used and the value of the

dilution factor is three. From Table 7.3 the mean residence time and standard deviation of

the experimental RTDs are 474 and320 seconds respectively. It can be seen that there is one

value of the solute diffusivity that gives the correct mean residence time and two values of

the solute diffusivity that give the correct standard deviation. However, dffirent values of

the solute diffusivity give the correct mean residence time and the correct standard deviation.

What is required is the value of the jacket cross-sectional area at which the same value of the

solute diffusivity gives the correct value of both the mean residence time and the standard

deviation. A jacket cross-sectional area of 2.17 cm2 satisfies this criterion as shown in

Figure 7.8 (b).

For a value of the dilution factor of three, if the jacket cross-sectional area is 2.11 cm2 and

the solute diffusivity is 3.55x10-6 
"^21r, 

then the diffusion-advection model predicts an

RTD with the same mean residence time and standard deviation as the experimental RTD.

In Figures 1 .9 (a) and (b) two curves involving the jacket cross-sectional area and the solute

diffusivity are plotted for values of the dilution factor of two and four. Firstly, for each

value of the jacket cross-sectional area used in the diffusion-advection model the value of the

solute diffusivity that gives a mean residence time which is the same as the experimental

value is plotted. Secondly, for each value of the jacket cross-sectional area used in the

model the values of the solute diffusivity that predicts a standard deviation of the RTD which

is the same as the experimental value is plotted. It can be seen from Figures 1 .7 (a) and (b)

that there are two values of the solute diffusivity that give the same standard deviation as the

experimental RTD, hence the two curves plotted in Figures 1 .9 (a) and (b)'

In Figures 7 .g (a) and (b) it can be seen that for each value of the dilution factor there is only

one valueof the solute diffusivity and jacket cross-sectional area which give values of both

the mean residence time and standard deviation of the RTD that are consistent with the

experimental values.

Figures 7.10 (a) and (b) are plots of the solute diffusivity and jacket cross-sectional area that

give a mean residence time and standard deviation in agreernent with the experimental values

for each value of the dilution factor. The values of the jacket cross-sectional area and solute

diffusivity were determined from plots such as those shown in Figures 7.9 (a) and (b)' It
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can be seen that both the jacket cross-sectional area and particularly the solute diffusivity are

not constant but depend on the value of the dilution factor. However, the value of the jacket

cross-sectional area is approximately constant, whereas the solute diffusivity increases as the

dilution factor decreases.

7.6 DISCUSSION

The dependence of the calculated solute diffusivity and jacket cross-sectional area obtained

from the diffusion-advection model on the value of the dilution factor highlights some of the

limitations of the model. Both the jacket cross-sectional area and the solute diffusivity

should be effectively constant, yet the values of these parameters are found to depend on the

value of the dilution factor. It is possible to identify some shortcomings of the model that

are responsible for the results that do not have physical meaning.

It can be seen frorn Figures 7.5 (a) and (b) that for values of the solute diffusivity greater

than approximately 4.0x10-6 cmzls, the mean residence time and the standard deviation of

the RTD are insensitive to the value of the diffusivity. At these values of the diffusivity the

mass transfer resistance across the lumen is very small and the lumen and jacket

concentrations will be approximately equal. In this region, a large increase in the solute

diffusivity produces a small change in the mean residence time and standard deviation. For

low values of the dilution factor which require a high value of the solute diffusivity to be

used if the model is to correctly predict the mean residence time and standard deviation of the

RTD, if a lower value is used the error in the mean residence time and standard deviation of

the RTD will be small. Consequently, the variation in the solute diffusivity may not be as

large as that shown in Figure 7.10 (b).

Another assumption in the model proposed is that the lumen and jacket are both perfectly

mixed and thus there is no radial concentration profile. If there is a radial concentration

profile then the value of the solute concentration, particularly in the jacket will be different to

that used in the present model. This is most likely to be the reason for the observed variation

in the values of the jacket cross-sectional area and solute diffusivity which is physically

implausible. By ignoring the radial concentration the problem has been over-simplified,

however, radial variations in concentration significantly increases the complexity of the

diffusion-advection model.

The effect of solute diffusivity and the jacket area must be related, and to fully explain

whether the observed dependence of the jacket cross-sectional area and the solute diffusivity

on the dilution factor is a consequence of the assumptions of the present model a full
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mathematical analysis would be required. However, the values of the jacket cross-sectional

area and solute diffusivity used in the diffusion-advection model to give statistics of the

RTDs that are consistent with the experimental results can still be compared with the

expected range of values given in Section 1 '4'5'

The value of the solute diffusivity ranges from 2.35x10-6 cm2ls to 7'0x10-6 
"m2lt 

for

values of the dilution factor of five and one. using eq7 '37 and the value of the solution

diffusivity for the saline solutions used in the experiments, 1'48x10-5 cm2l", the values of

6y fanfe from 0. 16 to 0.47. The mean diffusivity for all values of the dilution factor is

4.lx10-6 cm2ls,which implies the value of 6y is 0.28, which is in good agreement with

the value of 0.3 quoted by Karel and Robertson (1989)'

The variation in the jacket cross-sectional area is small, the mean for all the values of the

dilution factor is 2.1 1 cm2, which is well within the range of plausible values based on the

dimensions of the porous tubes and the perspex tube they are contained in given in Section

7 .4.5.

The diffusion-advection model proposed can be used to describe the solute RTD as provided

appropriate values of the solute diffusivity and the jacket cross-sectional area are used, it

correctly predicts the mean residence time and standard deviation'

To validate fully the model the complete RTD, rather than the statistics, should be calculated

and more importantly the effect of radial variations in concentration should be considered'

However, the computational effort required to solve the partial differential equations that

arise from the model is too demanding. The mechanisms governing the solute transport

through the crystalliser have been identified, and it is more important to consider the RTD of

the crystals. It is the time that the crystals take to pass through the crystalliser that will

determine how long they have to grow and aggregate, which is of much more interest in this

work.

7 .7 CONCLUSIONS

In this chapter the RTD of the dissolved solute in the crystalliser has been investigated' The

theory used to describe RTDs and experimental methods of determining the RTD have been

discussed. step-change tracer response experiments were conducted to determine the effect

of the dilution factor on the solute RTD'

It was found that the solute RTDs may be described by a diffusion-advection model' in

which the crystalliser can be considered as two compartments separated by a porous
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membrane. Solute is transported from the lumen to the jacket by diffusion, and from the

jacket to the lumen by the fluid injected from the jacket. Also it is assumed that there is no

radial variation in solute concentration in both the lumen and jacket. The model correctly

predicts the mean residence time and standard deviation of the experimental RTDs, however

the complete RTDs'were not obtained.

The mechanisms governing the fluid transport in the crystalliser have been identified, which

is sufficient, as the crystal RTD is much more important than the solute RTD for studying

crystal growth and aggregation.

- 184-



Chapter 8:

THE PARTICLE RESIDENCE TIME

DISTRIBUTION IN THE TUBULAR

CRYSTALLISBR

In this chapter the particle residence time distribution in the tubular crystalliser is

investigated. Experimental particle residence time distributions were determined

using both step-change and pulse-input tracer response techniques. A mass

balance over the crystalliser using results from the step-change tests revealed

particle mass was not conserved, which may be explained by the particles

sticking to the walls of the lumen.

An extensive experimental program investigated the effect of particle size, lumen

flowrate and the dilution factor on the particle residence time distribution. A

second crystalliser with lumen of dffirent diameter and length was also used.

It was found that the residence time distributions are well described by a model

in which it is assumed that the particles maintain a constúnt radial position in the

I umen, rathe r than follow in g the fluid str eamline s.

8.1. INTRODUCTION

A background to the theory and methods of representing RTDs was given in Chapter 7 in

which the solute RTD was studied. In this chapter similar experimental techniques and

analyses are used to investigate the particle RTD in the tubular crystalliser. The particle RTD

is more important than the fluid RTD, and as shown by Brucati et aI. (1992), even in a

device such as a stirred tank the particle and fluid residence times can be different. In his

review, Tavare (1986) tabulates what little work there is on the effects of mixing and RTDs

in the field of crystallisation. Studies on the effect of various non-ideal RTDs on continuous

crystallisers, for example Becker and Larson (1969) and Abegg and Balakrishnan (1971)

consider the fluid phase rather than the particulate phase. Smit ¿r al. (1994) consider the

effect of the state of mixing, including various RTDs, on aggregation and gelation in batch

and continuous modes of operation. They show that the particle RTD can affect crystal
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aggregation, which highlights the importance of the particle residence time for the

crystalliser.

8.2 PRELIMINARY EXPERIMENTS

8.2.t Testing the particle suspension delivery system

The particle suspension delivery system is described in Section 6.3.2. Before conducting

the experiments to determine the particle RTDs it was important to test the performance of

the particle suspension delivery system. Of particular interest was the ability to supply a

particle suspension with a constant number of particles and volume of particulate material.

A suspension of calibration standard latex rather than a calcium oxalate seed suspension was

used to test the performance of the delivery system. The reason for using latex particles is

that unlike calcium oxalate seeds they will not aggregate or dis-aggregate. Thus, if the

number and volume of particles in the suspension that is fed to the crystalliser is not constant

it is because of problems with the delivery system.

To test the delivery system, samples of the particle suspension, after it had mixed with the

lumen feed solution, were collected every 3 minutes for a period of 30 minutes. The total

number and volume of the particles in each sample was determined using the Multisizer.

Figures 8.1 (a) shows the variation in the total number, N7 and volume, VT of particles in

the samples. Clearly both the total number and volume of particles are constant over a time

period much longer than that required to conduct an experiment to determine the particle

RTD.

A second test was conducted to determine whether the delivery system could produce a step-

change. Of particular interest was the time taken for the particle number and volume to reach

a constant value, if this time was too long then rather than a step-change a "ramp" input is

obtained which will affect the RTD. In the test the lumen feed solution was supplied to the

T-valve, and at time, t = 0, the flow of the particle suspension was started and samples of

the fluid leaving the T-valve collected at 30 second intervals.

Figure S.1 (b) shows the variation in the total number and volume of particles with time. It

can be seen that both the total number and volume are approximately constant after 30

seconds. Thus, there is no time lag between starting the flow of the particle suspension and

a constant number and volume of particles being supplied to the fluid entering the lumen.
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8.2.2 Step-change tests

Prior to conducting each step-change test, samples of the fluid fed to the lumen were

collected and analysed by the Multisizer. The total number and volume of particles per unit

volume represent the particle concentration by number and volume in the fluid fed to the

crystalliser.

For the step-change tracer response tests the crystalliser was operated as described in Section

6.3.4, that is with the jacket outlet closed and with fluid fed to both the lumen and jacket.

Initially, a filtered (O.22 ¡tm),0.15 M saline solution was fed to the lumen and the jacket, at

time, / = 0, the flow of the latex particle suspension was started, and all the fluid leaving the

crystalliser was collected in separate samples. The total number and volume of particles per

unit volume in each sample was determined with the Multisizer. As the volume of fluid

collected in each sample was relatively small, approximately 4 ml, when the samples were

analysed rather than taking a single 500 pl count at least four separate 100 ¡tl counts were

taken. The advantage of this method was that if the orifice became blocked during a count, it

could be cleared and another count taken. If a 500 pl count was taken and the orifice

blocked towards the end of the count there would not be enough fluid in the sample for

another count to be taken. Consequently, the number of particles in that sample would not

be known, and the RTD could not be determined.

8.2.3 Particle mass balance

The expressions for the E and F curves given in Section 7 .2.2 are derived on the basis of a

mass balance. For a step-change, from eq 7.5 the expression for the F curve is

F(t) = C(t)lCo. For the particulate phase the concentration, Cs may be written in terms of

the total number, N¡,g or volume, V7,s of particles per unit volume in the fluid fed to the

crystalliser, thus

(8.1)

With the crystalliser operating at steady state the number and volume of particles in the fluid

at the outlet were compared with those in the fluid at the inlet. However, the number and

volume of particles measured by the Multisizer must be corrected, to account for the effect of

the fluid injected from the jacket to the lumen. Firstly, the dilution factor defined in Section

6.3.5 must be modified to take into account the flowrate of the particle suspension. The

modified dilution factor, a' is defined as

F(t\ =Nr(r) =Vr(t)\ / Nr,o vr,o
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ü'= (8.2)

where Q5 is the seed suspension flowrate. A mass balance over the crystalliser gives

Nr(r) = a' Nr,uQ) and VrU) = u'Vr,r(t) (8'3a and b)

where Nr,uu) and v7,y(t) are the total number and volume of particles in the samples

analysed by the Multisizer at time, r'

Figures 8.2 (a) and (b) show the total number and volume of particles fed to the crystalliser

and the response at the outlet to the step change for a value of the dilution factor of one'

After approximately 300 seconds the total number and volume of particles in the fluid at the

outlet is constant, indicating a steady state has been reached' However' the steady state

values of the total number and volume of particles at the outlet are lower than the values at

the inlet.

The apparent loss of particle mass in the crystalliser can be explained if the particles are

sticking to the walls of the lumen. Most of the particles pass through the crystalliser'

however a small, but significant fraction stick to the walls of the lumen' The dilution factor

affects the fraction of particles that stick to the walls of the lumen, as shown by the data in

Table 8.1 in which the total number of particles in the fluid at the inlet and outlet of the

crystalliser are compared for values of the dilution factor of one and two'

Table 8.1. The effect of the dilution factor on particle sticking'

Dilution factor, a Nr,o

(per 100P1)

2057tsr

2t23t50

4409-92

4409+92

Nr(t-*)
(per 100P1)

1690t53

1925+15

4026+94

3934!62

lvr(r,,'u*)/ltrr,o

(vo)

82X3

86+2

91+3

89+2

1

1

2

2

The sticking process will be investigated in chapter 9, here the particle RTD is of interest'

Before proceeding to investigate the RTDs there is one further point to consider' By

equating the expressions for the F curve' eq 8.1, in terms of particle number and volume' it

is assumed that both give the same F curve. As the latex particles are effectively mono-
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disperse this should be a reasonable assumption.

Figure 8.3 shows the F curve calculated using both the particle number and volume for the

data used in Figure 8.2. The F curves are in good agreement, suggesting that for the latex

particles used in the RTD experiments either number or volume can be used to calculate the

RTDs. It is convenient to calculate the RTD from the number data, as it is easier to obtain

from the Multisizer than the volume data.

8.3 RESIDENCE TIME DISTRIBUTION EXPERIMENTS

The factors affecting the particle RTDs were investigated using pulse-input tests. The main

reason for using pulse-input tests was that it is much easier to inject a pulse of particles into

the fluid entering the crystalliser than it is to continuously supply a suspension of particles,

of constant composition, to the crystalliser'

8.3.1 Materials

In all the experiments the solution fed to both the lumen and jacket was filtered (0.22 pm)

0.15 M saline. The particles used were calibration standard polystyrene divinyl benzene

(pDVB) latex, (Coulter Electronics Ltd., England). Three different size particles were used

with number modes of 5.9 pm, 8.8 ¡rm and 13.7 pm.

In addition to the crystalliser described in Chapter 6, a second tubular crystalliser, similar in

design to that shown in Figure 6.2, was used in some of the RTD experiments. This

crystalliser consists of 50 Amicon H1MPO1-43 hollow porous fibre tubes of internal

diameter 1100 pm, and length 20 cm contained as a bundle in a perspex tube 2.0 cm in

diameter. The porous tubes are held in place at each end of the perspex tube by epoxy resin

for a length of 2.0 cm.

8.3.2 Method

The crystalliser was operated as described in Section6.3.2, that is with the jacket outlet

closed, and fluid fed to both the lumen and jacket. A 0.15 M saline solution was fed to both

the lumen and the jacket, and at time, t =0, a 50 pl pulse of the particle suspension was

added to the fluid entering the lumen. After the addition of the pulse all the fluid leaving the

crystalliser was collected in separate samples. In all the experiments the volume of each

sample collected was approximately 4 ml. The total number of particles per unit volume in

each sample was determined using the Multisizer. As in the step-change tests when the

samples were analysed, several 100 pl counts were taken rather than a single 500 pl count.
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8.3.3 Parameters investigated

The effect of the following parameters on the particle RTD was investigated:

. Dilutionracfur: thisparameter was varied from 1 to 5 for both the crystallisers.

.Lumenflowrate:twolumenflowrateswereusedateachvalueofthedilution

factor.

. Particle size: latexwith sizes of 5.9 pm, 8.8 pm and 13'7 pm were used'

. crystalliser geometr?.. a second crystalliser with lumen of different diameter, pore

structure, and length was used'

8.3.4 Calculating the RTDs

Theparticlesinasamplecollectedfromtime,ttot+Atarethefractionthathavearesidence

time between f and t + At and hence represent the E curve' The F curve can be calculated

from the E curve using the discrete form of eql '2' which is

k

>N,
F(to)=f

where /¿ is the time at the end of the kfh sample, and N¡ is the total number of particles in

all the samples collected. As mentioned in the previous section when the samples were

analysed several 100p1 counts were taken. In Figures 8'4 (a) and (b) the RTDs calculated

from the separate counts taken are shown for values of the dilution factor of one and five' It

can be seen that the RTDs calculated from the separate counts are virtually identical' thus

averaging the counts reduces the error associated with calculating the RTD' The RTDs

presented in the next section are calculated from the average of the counts taken from each

sample.

8.4 EXPERIMENTAL RESULTS

As different lumen flowrates were used to investigate the effect of the parameters listed in

section 8.3.3, a dimensionless time, the same as that used for the solute RTDs is used as the

independent variable in the results presented' i'e'

tuo

(8.4)

L
e

-r93-
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where zs is the centre-line fluid velocity based on the fluid flowrate at the inlet of the lumen,

and L is the length of the crystalliser.

For each value of the parameters being investigated, a number of experiments were

conducted, the RTDs plotted are the average of all the experiments. The uncertainty

associated with averaging the data from the experiments is expressed as a standard error, the

errors shown in all the plots of the RTDs are plus-or-minus one standard error.

Firstly, the results from the pulse-input tests are compared with those from the step-change

tests. In Figure 8.5 the RTDs determined from step-change and pulse-input experiments are

presented for values of the dilution factor of one and two. The agreement between the RTDs

is good for both values of the dilution factor. The uncertainty for the step-change

experiments is larger than those for a pulse-input as fewer step-change experiments were

conducted.

Dilution factor

Figure 8.6 shows the effect of the dilution factor on the RTD. It can be seen that as the

dilution factor increases, the time taken for the particles to pass through the crystalliser

decreases as a result of the increase in the fluid flowrate in the lumen.

Particle size

The effect of the particle size on the RTDs is shown in Figures 8.7 (a) and (b). It can be

seen that for the three different sizes used, the RTD is independent of the particle diameter

for all the values of the dilution factor. The latex particles are almost neutrally buoyant,

having a specific gravity relative to water of 1.05, which implies that the single particle

settling velocity for the largest particle used, 14 pm, is 5.34x10-6 m/s. The settling velocity

may be compared to the fluid velocity in the lumen, at the lowest flowrate used, 2 ml/min,

the average axial velocity is 9.6x104 m/s, which is two orders of magnitude greater than the

settling velocity. Considering the difference between the particle settling velocity and fluid

velocity there is no reason for the RTD to be size dependent.

Lumen flowrate

Figures S.8 (a) and (b) show the effect of the lumen flowrate on the RTD for different values

of the dilution factor. It can be seen that when plotted against the dimensionless time, that if

the dilution factor is constant, the RTD does not depend on the lumen flowrate, except

perhaps for values of the dilution factor of one and two. For both these values of the

dilution factor it can be seen that the time taken for the particles to pass through the

crystalliser increases as the lumen flowrate increases. As a dimensionless time is used the

RTD should not depend on the lumen flowrate. Further, if the RTD were to depend on the
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lumen flowrate, increasing the lumen flowrate should decrease the residence time' which is

not supported by the experimental results'

The experimental observations may be explained by considering the effect the lumen

flowrate has on particles sticking to the walls of the lumen' As the lumen flowrate decreases

it is possible that more particles stick to the walls of the lumen' particularly those nearer to

the walls where the fluid velocity is lower. In this situation, most particles that pass through

the crystalliser would be nearer to the centre of the lumen, where the fluid velocities are

higher.Consequentlytheparticlesthatpassthroughthecrystalliserappeartohaveashorter

residence time.

Crystalliser geometry

Figures 8.9 (a) and (b) show the effect of the crystalliser geometry on the RTDs' In both

Figures the abbreviation, "Std.", refers to the standard crystalliser used in all the other

experimentsand..Short,,,refersthecrystalliserdescribedinSectionS.3.l.TheRTDsfor

the two crystallisers are in good agreement, except for when the dilution factor is five' A

possible explanation for the difference when a -- 5 is that for the "shorter" crystalliser as a

result of the high flowrates few data points were coilected around the break-through time.

over half the particles counted appeared in the first two samples after break-through' Any

error in these samples wi[ significantly affect the RTD calculated from the experimental data'

TheresultspresentedinFigures3.6toS'g,clearlyshowthattheparticleRTDsarere-

producibleandrelativelyinsensitivetotheeffectsofparticlesize,lumenflowrateand

crystallisergeometry,butdependentonthevalueofthedilutionfactor.

8.5 ANALYSIS

To determine a theoretical expression for the particle RTD the velocity profile of the particles

must be known. As the latex particles are almost neutrally buoyant it is reasonable to

assume that they travel at the local fluid verocity. If there is no fluid injection through the

walls of the lumen, the dilution factor is one and the velocity field is described by the usual

results for poiseuille flow. For other values of the dilution factor, the fluid flow is two-

dimensional having both axiar and radial components, in which case the velocities in both

directions are given by eqs 7 '12 andl '13'

8.5.1 Poiseuille flow

The RTD for Poiseuille flow is given by eq 7.14. Figure 8'10 shows the RTD calculated

from eq 7.14 andthe RTDs from the experiments in which the value of the dilution factor
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was one. It can be seen that the experimental RTDs are well described by the RTD for

Poiseuilleflow.Boththebreak-throughtime,i.e.thetimeatwhichthefirstparticlesleave

the crystalliser and the shape of the RTD are correct'

8.5 .2 Streamline model

In this moder it is assumed that the particres folrow the fluid streamlines and travel at the

local fluid velocity in both the axial and directions' Consequently' as the particles pass

through the lumen they are swept towards the middle of the lumen by the fluid which is

injectedfromthejacket.AccordingtoYuanandFinkelstein(1956)forconstantfluid

injectionthroughtheporouswallofatubethestreamfunctionforsteadylaminarflowinthe

tube is

*=t(^+4v6+)[' +) (8 6)

where n -- ?l R)'and ve is the radial velocity through the porous wall' At x = 0 and r7 = 1'

the stream function is

ú/-t- reñ (8.7)

Dividing eq 8.6 by eq 8.7, substituting eq 7'11 for the ratio of the radial and axial velocities

and simplifying, a dimensionless stream function' Y is defined as:

/ -.\.
*=[' +@-ut)þn-n') (8 8)

whereL;isthelengthintheaxialdirectionoverwhichfluidisinjected'Thefractionof

material between p and v + av is equivalent to the fraction of material between r and

r + dr, thus the stream function gives the F curve as a function of radial position, therefore

F = þ= 
[t. 

(" - t)i) (''t- n') (8 e)

However,theFcurveisrequiredasafunctionoftimeratherthanradialposition.EqS.9

maybetransformedtoafunctionintimebyconsideringthevelocityalongastreamline.Eq

7.12, givesthe axial velocity along a streamline, and the time taken to travel an axial

4

distance, dx, is
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dxdt---
u

dx

ug

From the appropriate solution to eq 8.9, Tl may be written in terms of the F curve,

substituting this expression into eq 8.10 yields

dx (8.1l)dt=
F

ug

[,.t"-',,)(r-n)

then dY

(8. l0)

dx (8.12 a and b)

x

Li[t*t"-tl
I

r+(a-t)i

If the following parameter is defined,

Y=L
F

a-l
FL¡

Substituting into eq 8.1 1 yields

(8.13)

Integrating eq 8.13 the time, /, taken for a particle to travel the axial distance from x = 0 to

x = Li(which is equivalentto the parameter Y varying from I =l I F to Y = a / F) is

.LidY
(a-t)us 4y2 -v

2a- F +2 a2 -aF
2-F+2 t-F

L
l=

ug t-F

As the flow average velocity is half the centre-line velocity, the mean residence time ts

2L,7_ .
L_

ug

(8.14)

(8.1s)

(8.16)

From eq 8.14 the F curve can be calculated as a function of time. If the dilution factor is

one, eq 8.14 should give the RTD for Poiseuille flow. lf a = 1, the right hand side of eq

8.14 is of the form, 0/0, in which case L'Hôspitals rule can be used to evaluate the fraction.

Applying L'Hôspital's rule it can be shown that

Substituting eq 8.16 into eq 8.15 and re-arranging gives the following result as required.
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1F=I- 
40'

(8.17)

Thecrystallisercanbedividedintothreeseparateregions:oneateachendinwhichthereis

no fluid injection through the walls of the lumen, and a region in which there is fluid

injection. The RTD for the region at the entrance of the crystalliser is given by 
"q 

7 '14 for

Poiseuille flow, and the RTD for the section in the middle by eq 8'17' The RTD in the final

region of the crystalliser can be determined by the same approach used for the region with

fluidinjection.Attheendoftheregioninwhichfluidisinjected,theintegratedformofeq

8.11 with x = L¡ is

L2 (8. r 8)

uo|o' - aF

wherel,isthelengthoftheregionattheendofthecrystalliser.AswitheqS.lT,using

L,Hôspital's rule, it can be shown that eq 8'18 gives the correct RTD for Poiseuille flow if

the value of the dilution factor is one'

TheRTDforthecrystallisercannowbedeterminedforthestreamlinemodel.Aschematic

diagram of the crystalliser is shown in Figure 8'11'

Crystalliser: length, L= 455cm

t2 --

No fluid
injection

eL= 1.5 cm

Fluid injection
(l-ZE)L=425cm

No fluid
injection

eL= 1.5 cm

Figure 8.11. Schematic diagram of the crystalliser'

The regions in the crystalliser in which there is no fluid injection are characterised by a

parameter, e where e--1.5145.5=0.O3297' The reason for defining the length of each

region in terms of the total length of the crystalliser is that the dimensionless time used as the

independentvariableisdefinedintermsoftotallengthofthecrystalliser.Intermsofthe

parameter, e the lengths of each region in the crystalliser are:
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f - f -- e L and L, = (l-}e)r (8' 19a and b)
I'l - L2

Substituting these lengths into the appropriate expressions for the RTD in each region' eqs

8.17, 8.14 and 8.18, and writing in terms of dimensionless time'

2a-F+2 1-
d,- -af e (8.20)

+ ln +Q- 2-F+2 t-F f,a2 - ar

Figures.l2showstheRTDforthestreamlinemodelaswellastheexperimentalRTDsfor

values of the dilution factor of two and five' It can be seen that the streamline model does

not describe the experimental data at all well. The break-through time is correctly predicted,

but a significant fraction of particles take much longer to pass through the crystalliser than

predictedbythemodel.ItseemstikelythatthestreamlinemodelcannotdescribetheRTDs

assomeparticlessticktothewallsofthelumenandtherefore,donotfollowthefluid

streamlines

8.5.3 Constant radial position model

In this model it is assumed that the particles maintain a constant radial position in the lumen

as they pass through the crystalliser. That is the fluid being injected through the walls of the

lumendoesnotcausetheparticlestomoveintheradialdirection.

The fraction of material at the inlet of the crystalliser between a radial position r and r + dr \s

u 2nrdr (8.21)
dF=

O

where Q is the fluid flowrate. Using the usual expression for the fluid flowrate, evaluating

the axial velocity from eq l.l2 andintegrating, the F curve in terms of 4 is

F =Zn- n2 (8'22)

Thetimetakenforaparticletotraversethelengthoverwhichfluidisinjectedisobtained

from the integrated form of eq g.1 1, using eq7 .r2for the axial velocity and the appropriate

root of eq8'22 for 4 as

Li lna-=-n- ro.[t-r(ø-l)

If the dilution factor is one, eq 8.23 should give the RTD for Poiseuille flow' using

(8.23)
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L,Hôspitals rule it can be shown that for a=l eq 8'23 is equivalent to eq 7'14 for

Poiseuille flow

Attheendsofthecrystalliser,wherethereisnofluidinjection,theRTDisgivenbyeq7.|4

for poiseuille flow. However, after fluid injection the axial velocity in the lumen is ø times

the axial velocity at the inlet. Using the appropriate lengths for each region, given by eqs

g.l9a and b, the dimensionless time taken for a particle to travel through the crystalliser in

terms of the F curve is

( tr n^\ lnu,rl I ß.24),=[,+(r-rùffi.;) #
The following dimensionless group may be defined:

0 (8.2s)
a

E +(t-28) lna e

-+-
(ø-1) a

FromeqS'24itfollowsthatfortheconstantradialpositionmodel:

(8.26)

Eq8.26gives a unique relationship between the parameter, 4i and the F curve' for all values

of the dilution factor. Figure 8'13 (a) shows the experimental F curves from the

experiments conducted with different values of the dilution factor, and different lumen

flowrates, plotted against the parameter, @ together with eq 8'26' All the experimental data

collapse onto one curve, and are well described by eq8'26' Figure 8'13 (b) shows the F

curves for the experiments conducted using 9 pm latex particles and those from the short

crystalliser plotted against the parameter, @ together with eq8'26' The data are described by

a single curve in good agreement with eq 8'26. There is some scatter' particularly for the

experiments in which the value of the dilution factor was one' but the experimental data are

generally well described by the model'

It seems unlikery that the particres actually maintain a constant radial position as they pass

through the crystalliser and do not acquire some radial velocity as a result of the fluid

injected through the walls of the lumen. However, the RTD predicted by the constant radial

position model is the one that best fits the experimental data' In this case it is better to use a

model,thatwhilephysicallyimplausible,accuratelyrepresentstheexperimentaldata'rather

than one that is physically plausible but inaccurate. Arso the fact that the particles stick to the
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walls of the lumen may explain why the constant radial position model can be used to

describe the experimental RTDs.

8.6 DISCUSSION

The findings of the experimental investigation into the particle RTD in the crystalliser are

important for two reasons: firstly, the RTD will be used in the analysis of the crystallisation

experiments to be reported in Chapter 9 and secondly, they have implications for

understanding the mechanism by which kidney stone formation occurs.

In most in vitro experimental systems used to study the factors affecting stone formation, the

tubular geometry of the kidney has largely been ignored, despite both human autopsy,

(Haggitt and Pitcock,IgTl) and animal models, (Jordan et aL.,1978 and Khan et al.,1919)

indicating that the kidney tubules are the initial site of stone formation.

The results of the particle RTD experiments show that a tubular geometry has a significant

effect on the residence time of the crystals. The implications of this cannot be overlooked:

the ultimate size that a crystal attains must depend on the length of time that it remains in the

tubules of the kidney. The author is aware of only one other study that addresses the

influence of the residence time on the formation of kidney stones.

Finlayson and Reid (1978) consider two mechanisms for stone formation that of free and

fixed particles. The free particle mechanism assumes that crystals do not become attached to

the tubules of the kidney whereas the fixed particle mechanism allows for sticking.

Finlayson and Reid state that there is insufficient time for free crystals to grow to a size large

enough to obstruct flow in the tubules. This conclusion is based on the assumption that

crystals travel under plug flow conditions, that is all crystals travel at the flow average

velocity, and therefore all spend the same length of time in a tubule. From the results of the

RTD experiments the assumption that all crystals travel at the flow average velocity is clearly

not true. A small fraction of crystals take very much longer than the mean residence time to

pass through the crystalliser, which must call into question the conclusion of Finlayson and

Reid that a free particle mechanism cannot be responsible for stone disease in the renal

tubules.

Further evidence that the flow in the kidney is laminar is provided by Schulz and Schneider

(1981). Based on hydrodynamic studies, they find the Reynolds number in the tubules of

the kidney is less than 500. A study using scale models of the renal pelvis by Schulz

(1987), finds that the flow is mainly laminar, but that vortices and dead-zones can also
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appear, depending on the fluid flowrate. Thêse two studies both provide evidence that

suggest the findings of Finlayson and Reid (1978), based on plug flow in the kidney, are

unreliable. They also suggest that the hydrodynamics in the kidney must be considered

when studying the factors affecting stone formation, which is in agreement with the findings

presented in the current work.

8.6 CONCLUSIONS

Step-change and pulse-input tracer response tests have been used to investigate the particle

RTD in the tubular crystalliser. A mass balance over the crystalliser, using the data from the

step-change tests, suggested that some of the particles were sticking to the walls of the

lumen. An extensive investigation of the factors affecting the particle RTDs revealed the

following:

1. The same RTD is obtained from step-change and pulse-input tests.

2. If adimensionless time scale is used, the RTD is independent of:

. Particle size

. Crystalliser geometry

. Lumen flowrate

3. The RTD is dependent on the value of the dilution factor, because the flow field

in the crystalliser is dependent on the dilution factor.

A model that assumes the particles follow the fluid streamlines does not describe the

experimental RTDs. However, all the experimental RTDs are well described by a model in

which it is assumed that the particles maintain a constant radial position. Although

physically implausible, this model provides a mathematical expression that accurately

predicts the RTDs.

The effect of the particle RTD in kidney stone formation has largely been ignored in the past.

Finlayson and Reid (1978) have assumed that all crystals have the same residence time in the

kidney, as they travel at the flow average velocity. The findings of the current work show

that a small but significant number of particles have a residence time very much longer than

the average. Thus, the particle RTD may be an important factor in stone formation, as the

ultimate size that a crystal attains depends on the time it remains in the tubules of the kidney.
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Chapter 9:

CRYSTALLISATION IN A CONTINUOUS

SYSTEM

This chapter describes an experimental investigation and the modelling of the

seeded crystallisation of calcium oxalate in the tubular crystalliser. It is found

that in addition to growth and aggregation, two other phenomena, sticking and

brealcage occur.

Using a population balance, it is shown that sticking is size-independent and

irreversible and that breakage can be modelled by assuming that crystals of aII

sizes are equally likely to form. Both phenomena are found to depend on the

fluid shear rate in the crystalliser.

A similar analysis is used to model simultaneous, qggregation, growth, sticking

and breaknge in metastable solutions. It is found that the aggregation rate is

dependent on both the shear rate and the supersaturation. The aggregation rate

in supersaturated solutions is orders of magnitude lower than in the batch

experiments reported in Chapter 4.

9.I INTRODUCTION

As described in Chapter 6, the MSMPR crystalliser has been widely used to study the

crystallisation of calcium oxalate in a continuous system. However, normally only

nucleation and growth are considered in this device and aggregation is ignored. The

findings of the batch crystallisation study reported in Chapter 4 reveal important and

interesting aspects of the aggregation of calcium oxalate crystals in supersaturated solutions

which should not be ignored. The purpose of this chapter is to study the aggregation of

calcium oxalate crystals in a continuous system, and in particular to investigate the

dependence on supersaturation and shear rate in laminar flow using the tubular crystalliser.
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g.2 PRELIMINARY EXPERIMENTS

Prior to commencing the experimental program, preliminary experiments rwere conducted to

determine whether carcium oxarate seed crystals stick to the wa[s of the lumen. As outlined

in Section 8.2.3 the latex used in the RTD experiments stuck to the walls of the lumen'

9 .2.I Method

A calcium oxalate seed suspension was fed to the crystalliser using the particle suspenslon

deliverySystemdescribedinSection6.3.2.Thefluidfedtoboththelumenandjacketofthe

crystalliser was a filtered (0.22 ¡tm),0.15 M saline solution' saturated with respect to

calcium oxalate. The seed suspension was pfepared by the method in section 3'3'2'

At the beginning of each experiment samples of the seed suspension fed to the lumen of the

crystalliser were collected and analysed by the Multisizer' The crystalliser was then operated

as described in Sectio n 6.3. ,that is with the jacket outlet closed and with fluid fed to both

the lumen and jacket. Initially, the saturated saline solution was fed to both the lumen and

the jacket, at time t = 0,the flow of the seed suspension was started' when the crystalliser

was at steady state, after approximately five mean residence times' samples of the fluid

leavingthecrystalliserwerecollectedandanalysedbytheMultisizer'

A lumen flowrate of g ml/min was used and varues of the dilution factor from 1 to 4 were

considered. In each run the maximum value of the dilution factor was considered first, then

by decreasing the jacket flowrate, while keeping the lumen flowrate constant' lower values

of the dilution factor were obtained. For a[ varues of the dilution factor, samples of the fluid

leavingthecrystalliserwerenotcollecteduntilthecrystalliserwasoperatingatsteadystate.

9.2.2 Results

A mass balance over the crystalliser, using the number and volume of crystals in the fluid at

the inlet and outlet of the crystalliser, was performed' As described in Section 8'2'3' the

number and volume of crystars in the fluid leaving the crystailiser must be corrected to allow

forthefluidinjectedfromthejackettothelumen.Amassbalancegives

Vy -- ü'V7,Y 
(9'1)

where ø' is the modified dilution factor, defined in eq 8'2' and V7,v is the total crystal

volume in the samples analysed by the Multisizer'
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Any change in the total number or volume of crystals can be quantified by calculating the

ratio of the total number or volume of crystals in the fluid at the outlet to that at the inlet.

These ratios, denoted /¡y and f y, are:

f u = (9.2a and b)

Figure 9.1 (a) shows the variation in /¡7 and f y for one of the preliminary experiments.

For all values of the dilution factor the calcium oxalate crystals are sticking to the walls of the

lumen æ Ív is always less than one. Also for all values of the dilution factor "f¡,, it greater

than fy and at higher values of the dilution factor, there are more crystals leaving the

crystalliser than were fed to it, as /¡¡ is greater than one. As the saline solution used in the

experiments was saturated with respect to calcium oxalate, the only mechanism that can

explain the observed increase in crystal number is breakage.

Further evidence of breakage is obtained from the CSDs, by number, at the inlet and outlet

in Figure 9.1 (b). It can clearly be seen that the CSDs at the outlet are shifted towards

smaller sizes as a result of breakage.

9.2.3 Discussion

The tendency of calcium oxalate crystals to stick to surfaces during crystallisation

experiments has been documented for other experimental systems. For example,Ryall et al.

(198lb) observed that calcium oxalate crystals stuck to boro-silicate glass flasks in batch

experiments and Randolph and Drach (1981) found fouling on the walls of an MSMPR

crystalliser to be a major problem. Finally, Hartel et al. (1986) observe a loss of crystal

mass in a Couette agglomerator due to fouling of the agglomerator walls at high

supersaturations.

Hartel et al. (1986) also observe the breakage of aggregates of calcium oxalate crystals in

their system. Those authors propose an aggregation mechanism for calcium oxalate similar

to that developed in Chapter 5 and suggest that under certain operating conditions the

aggregates are weakly bonded together and are subject to disruption, particularly at high

shear rates and low supersaturation.

From the SEM micrograph of the seeds used in the current work shown in Figure 3.2,they

are clearly aggregates composed of primary crystals approximately I pm in size. In a saline

solution with an ionic strength of 0.15 M, the crystals will be loosely held together by

DLVO type forces as explained in Section 5.2. In the crystalliser it is possible shear forces

and f v
VT

Vr,irr",
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in the fluid will exceed the DLVO forces and consequently breakage will occur. Breakage is

highly undesirable as it is another mechanism which must be included in a model of the

crystallisation exPeriments.

9.2.4 Seed preParation

An alternative method of preparing the seeds was devised with the aim of stopping or at least

decreasing breakage. The seeds were prepared by wet grinding calcium oxalate

monohydrate (1 gram) in 10 ml of a 0.15 M saline solution. The wet ground crystals were

then added to a stock metastable solution as described in Section3.3.2, except the final

volume of the seed suspension was 950 ml. Calcium ions are in excess in the metastable

solution, to consume these ions, 42 mlof a 0.05 M sodium oxalate solution was added. The

sodium oxalate was added in two aliquots, the first 6 and the second 12 hours after the

crystals were added to the metastable solution. Throughout the process the seed suspension

was stored at room temperature and stirred by a magnetic stirrer.

The seed suspension contains calcium oxalate crystals that have undergone three stages of

growth and aggregation. The final solution is effectively a 0.15 M saline solution, saturated

with respect to calcium oxalate, as equal quantities of calcium and oxalate were added during

preparation. The stages of growth and aggregation will produce aggregates in which the

primary crystals are cemented rather than weakly bound together and thus should be more

stable under the influence of fluid shear in the crystalliser.

An experiment the same as that reported in Section 9.2.1 was conducted with these new pre-

grown seeds. Figure 9.2 (a) shows the variation in the parameters f ¡¡ and fv' The pre-

grown seeds stick to the walls of the lumen as fV is less than one for all values of the

dilution factor. Comparison with Figure 9.1 (a) reveals that a similar fraction of both the

standard and pre-grown seeds stick to the walls of the lumen.

It can also be seen that for all values of the dilution factor .f,v it greater than f y indicating

that breakage is still occurring, or that it is size-dependent. However, the amount of

breakage has been significantly reduced, for example at the highest value of the dilution

factor, ,flv h* been reduced from 1.39 to 1.08. The CSDs, by number, for various values

of the dilution factor, shown in Figure g.2 (b) also indicate breakage has decreased'

Although the CSDs are shifted towards smaller sizes the effect is not as pronounced as it is

in Figure 9.1 (b).
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9.3 EXPERIMENTAL INVESTIGATION

9 .3. 1 Materials

The batch crystallisation experiments reported in Chapter 3 were conducted at 37"C. To

compare the results from the batch experiments with those using the crystalliser it must be

operated isothermally at37"C. The crystalliser was modified to the form of a simple double

pipe heat exchanger. These devices are essentially two concentric pipes with one fluid

flowing through the centre pipe while the other fluid moves cocurrently in the annular space.

Here the centre pipe is the tubular crystalliser.

The crystalliser was enclosed in a perspex tube, 4.5 cm in diameter and 41 cm in length,

which was sealed at each end by O-rings fitted to the top and bottom manifolds. Hot water

was pumped through the perspex tube via inlets at the top and bottom using an Iwaki MD-

10 magnetic drive centrifugal pump (All Pumps Supplies, Adelaide, Australia).

During operation the solutions were fed to the lumen and jacket of the crystalliser via tubing,

head tanks and rotameters, which were not insulated. As the fluid flowrates used were quite

low considerable cooling may take place during this process. Tests were conducted to

determine an appropriate temperature at which to store the solutions. It was found that if the

initial temperature of the solutions being fed to the crystalliser and the water used to heat the

crystalliser were 45'C, then over the entire range of operating conditions, the temperature of

the solutions leaving the crystalliser was 37"C. The solutions were stored at45'C in a water

bath (Paton Industries, Model RW 1812).

9.3.2 Method

The experiments may be divided into three stages. The first two were the same as those for

the preliminary experiments described in Section 9.2.1, namely to analyse samples of the

solution fed to the crystalliser and conduct a run with saturated saline at different values of

the dilution factor. After completing the run with saturated saline, the crystalliser was rinsed

with a 0.15 M saturated saline to remove the crystals stuck to the walls of the lumen. A

peristaltic pump was used to supply saturated saline to the crystalliser at flowrates of up to

80 mVmin.

Finally, a metastable solution was fed to both the lumen and jacket, with the values of the

dilution factor considered being the same as those for the saturated saline. At the end of the

run using the metastable solution the crystalliser was again rinsed with saturated saline.
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9.3.3 Parameters investigated

The two parameters of most interest were the supersaturation of the metastable solution and

the shear rate in the crystalliser. Also the effect of the angle of inclination of the crystalliser

was considered.

Supersaturation. Solutions of different supersaturation were prepared by changing the

calcium to oxalate ratio in the metastable solution. As the same metastable solution was fed

to both the lumen and jacket, the crystalliser operates at very nearly constant supersaturation'

This was verified by measuring the calcium ion concentration in samples of the fluid at the

inlet and outlet of the crystalliser with an Atomic Absorption spectrophotometer, using the

method described in APPendix 4'

The totar calcium and oxalate ion concentrations and the relative supersaturation, calculated

fromfreeionconcentrationsusingthemethoddescribedinChapter2,forthedifferent

metastable solutions used are given in Table 9.1. The range of supersaturation covered is

lower than that in the batch experiments for two reasons' Firstly, solutions with a high

relative supersaturation were found to nucleate during an experiment, possibly because of

secondary nucleation caused by a build up of background particles with time' secondly' as

the crystalliser operated at constant supersaturation and samples were only collected when

the system was at steady state, the time required to prepare metastable solutions of different

supersaturationsandthenperformtheexperimentswasprohibitive.Consequently,several

metastable solutions with different supersaturations were used in only one experiment'

experimen t l8l7 ,and only two values of the dilution factor were considered'

Shearrate.Theshearratewasvariedbyusingdifferentlumenflowrates'Foreachlumen

flowrate the same jacket flowrates were used, giving different values of the dilution factor in

each experiment. The lumen flowrate was varied from 4 to 10 ml/min' and jacket flowrates

of 0 to 20 ml/min were used. complete details of the combinations of flowrates and the

conesponding dilution factors for all the experiments are given in Table 9'2'

Angleofinclination.Experimentswereconductedinwhichthecrystalliserwasinclined

at a small angle to the vertical, mainly to investigate the effect on sticking' The crystalliser

was inclined at angles of 2.5" and 5" the flowrates and solutions used in these experiments

were the same as those for the experiment 18/7'

9.4 RESULTS

The results from the experiments outlined in the previous section are given in Appendix 9
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Table 9.1 Details of the metastable solutions used to investigate the effect of supersaturation

on aggregation.

Experiment Calcium ion

concentration,

Troz* (M)

Oxalate ion

concentration,

To,z- (M)

Relative

supersaturatron
AP

K,,

Values of

dilution factor,

d,

t8t7 5.27x10-a 2.Ixro-a

5.27xto-a 1.o5xlo-a

5.ZTxro-a 3.16x10-a

2.lxlo-3 1.05x 1o-a

5.27xlo-a 4.2xlo-a

1.05x 10-3 2.lxl}-a

2.62

1.48

3.74

4.79

4.82

4.87

2 and3.5

2 and 3.5

2 and3.5

2 and3.5

2 and3.5

All

20t7 5.2Txlo-a Z.lxlo-a 2.62 All

2Ul 5.27xro-a 2.lxro-a 2.62 All

22t7 5.27xlo-a 2.lxIo-a 2.62 All
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Table 9.2 Details of fluid flowrates and dilution factors used to investigate the effect of

shear rate on aggregation.

Experiment Lumen flowrate,

Q;(mVmn)

Jacket flowrate,

Q¡ $nllnttn)

Seed flowrate,

Q5 (mVmin)

Dilution factor,

ü,

20t7

)

3

4

5

6

4

4

4

4

4

4

0

4

8

12

l6

20

0.19

0.19

0.19

0.19

0.19

0.19

6

6

6

6

6

6

2U7 0

4

8

t2

t6

20

0.19

0.19

0.19

0.19

0.19

0.19

I

|.61

2.33

3

3.67

4.33

18t7 8

8

8

8

8

8

0

4

8

l2

T6

20

0.25

0.25

0.25

0.25

0.25

o.25

I

1.5

2

2.5

3

3.5

2217 10

10

10

10

10

10

0

4

8

T2

16

20

o.25

0.25

0.25

0.25

o.25

0.25

1

1.4

1.8

2.2

2.6

3
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The analysis described in section g.5 uses the moment form of the population balance'

consequently,themomentsofthecsDsratherthanthecSDsforthedifferentoperating

conditions in each experiment are reported in Appendix 9'

g .4.1 Size distributions

Figures 9.3 (a) and (b) show product csDs by number and volume for the experiment 18/7'

for one value of the dilution factor, ü =2, and different metastable solutions. In Figure 9.3

(a) as the supersaturation increases the CSDs clearly broaden' which is characteristic of

aggregation. Figure 9.3 (b) shows translation of the cSDs towards larger sizes' which is

characteristic of growth. In addition these Figures suggest both growth and aggregation are

dependent on suPersaturation'

The effect of the shear rate on both mechanisms is revealed in Figures 9.4 (a) and (b) which

show the variation in the parameters, /,¡y and f y ror different metastable solutions in

experimen t 1817. For all operating conditions aggregation oc urs in metastable solutions as

the values of "f¡s 
are lower than those for saturated saline ( o = 1)' The spread in the values

of .f¡g increases as the total flowrate increases, suggesting the mechanisms that affect crystal

number,namelyaggregationandbreakage,aredependentontheshearrateinthe

crystalliser. Figure 9.4 (b) indicates that growth occurs for all operating conditions as for

metastable solutions the values of f v are greater than those for saturated saline' However'

there seems to be less dependence of the growth rate on shear rate as the spread in the data is

approximately the same for all flowrates. Finally, for all solutions and all values of the

dilutionfactor/yislessthanone,indicatingstickingoccursatalloperatingconditions'To

assess whether breakage occurs in metastable solutions the parameters /¡u' and f v ' cannot

be used, a more rigorous analysis, such as a population balance model' is required'

9.5 ANALYSIS

9 .5 .1 Introduction

AsnotedinChapter4themostdifficulttaskinthemodellingofaprocesswithsimultaneous

growth and aggregation is the identification of mathematical formulation for each' The

presenceoftwoadditionalmechanisms,stickingandbreakage'furthercomplicatesthis

problem as a mathematical formulation for each of these must also be developed'

Theproblemhereissimplifiedbytheresultsofthebatchcrystallisationexperimentsreported

in chapter 4. In those experiments it was found that the growth of calcium oxalate was well

_t)) 
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described by a size-independent formulation and further the dependence of the growth rate

on relative supersaturation is given by eq 4'6'

Theresultsoftherunsusingsaturatedsaline,areusedtoidentifymathematicalformulations

for sticking and breakage, as it is assumed that growth and aggregation do not occur under

the conditions in these experiments. Then as a conelation has been produced to calculate the

growth rate in metastable solutions, the results from the experiments using metastable

solutions are used to determine the aggregation rates.

The analysis is further simplified by firstly considering a batch process' then later

incorporating the particle RTD to obtain an analysis appropriate for a continuous device

operating at steadY state'

9.5.2 Sticking

Although a number of other workers have observed sticking when studying the

crystallisation of calcium oxalate, none have tried to model it' The approach adopted here is

topostulatethatstickingmaybeeithersize-independentorsize-dependent.Thesimplerof

theseisasize-independentformulation,inwhichacrystalstickingtothewallsofthelumen

is a random event. Assuming that sticking is an irreversible, first-order process with a rate

constant, k5, then for sticking alone, from eq 1.9, the batch form of the population balance

1S

dn
: = -KSILdt

(e.3)

The moment form of the population balance is obtained by applying eq l'4 to eq 9'3

9.5.3 Breakage

Breakagehasbeenwidelystudiedintheliterature,particularlyintheareaofmodelling

comminution processes. Randolph and Larson (1988) note that the population balance

approachhasbeenproductiveinmodellingcrystallisationandcomminutionprocessesaS

well as areas where these overlap such as modelling a CSD in a crystalliser with significant

crystal breakage.

Breakage, in a similar fashion to aggregation, results in simultaneous birth and death events

at different crystal sizes. From eq 1.9 the batch form of the population balance for breakage

alone, with volume as the internal coordinate' is:
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(e.4)

where B¡(r) and D¡(v) are the birth and death rates. There are various different

mathematical formulations for breakage, the one most commonly used assumes that when a

crystal breaks two crystals of equal-volume are formed, and further that the breakage rate

has a power law dependence on size. This formulation has been used to model breakage in

soy bean precipitation by Grabenbauer and Glatz (1981), flocculation formation by Chen er

at. (1990),and significantly calcium oxalate crystallisation by Hartel and Randolph (1986).

In view of the structure of the seed crystals used in the experiments in the current work a

different approach is adopted. From SEM micrographs of the seeds it is clear that they are

aggregates composed of primary particles approximately 1 pm in size. It seems unlikely that

when an aggregate breaks only crystals of the same volume will form, instead it is proposed

that the aggregate can break at a random point and thus crystaß of any size may form'

The birth and death rates for this formulation can easily be derived. A birth event at volume

v occurs when:

l. A crystal of volume e breaks into crystals of volume v and e - v.

2. A crystal of volume e breaks into crystals of volume e - u and v.

The probability of a crystal of volume e breaking to form a crystal of volume v is given by

the breakage probability density function, p(e,v). Assuming an equal probability for both

events mentioned above, i.e. the breakage probability density function is symmetrical, and

summing over all possible values of e, the expression for the birth rate is:

'When breakage at all sizes is equally likely, then the breakage probability density function is

independent of v. As the breakage probability density function is normalised then,

#=uu,')-D¡(')

BB ,r, = 
Ï 

p(e,v)DB@)de *j n@,, - v)DB@)d, =rl pþ,v)DB@)de (e'5)

E

I n@)au -- t

0

(e.6)

from which it follows that p(e)=lle. Further, assuming the breakage of crystals is

proportional to their population, the death rate is given by
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Dn@) = knn(e)

Substitutin g eq9.7 into eq 9'5 the birth rate is'

Br(u) =rl*0,

(e.7)

(e.8)

(e.e)

(e.l0)

v

Applying eq 1.4 to eqs 9.1 and9.8, the moment forms of the birth and death rates can be

determined.

g.5.4 Simultaneous sticking and breakage

As demonstrated in section 7.5, moment transforms give accurate results with much less

computationar effort than techniques which determine all the values of a distributed variable.

The moment transforms of eqs 9.3 and 9.4 ateused to determine whether the formulations

proposed for sticking and breakage can be used to model the experimental results'

However, the moments, as defined by eq 1.4, cannot be calculated from the experimental

data. The csDs obtained from the Multisizer have a size threshold of 2 pm' crystals smaller

than this size are not counted. consequently, the moments calculated from the experimental

csDs are only partial moments. The partial moment of a csD, ñr, with volume as the

internal coordinate, is defined as:

vn¡ =\,jn(
vg

vd)

where vs is the size of the smallest particle counted by the Multisizer cubed' which is

8 p-'.

Considering breakage first, applying eq 9'9 to eq 9'8 gives

Bn,j =þ'rl
vçv

knn(e) ¿r¿,
e

Reversing the order of integration and noting that v6 3v 3 e eq 9'10 may be integrated and

simplified to give

- 2kn
j+1Be,j (*, -uto*t ñ.)

Similarly applying eq 9.9 to eq 9'7 gives
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DB
(e.r2)

Applying eq 9.9 to eq 9.3 for sticking, combining with eqs 9'11 and 9'12' and simplifying'

the moment form of the population balance for simultaneous sticking and breakage in a batch

system ts:

+=[-o'*(H) o')^'-?,7''"un-' (e13)

Theanalyticalsolution.Eqg.l3formsasystemofdifferentialequationsfordifferent

valuesofj.Forj=-ltherighthandsideofeqg'l3isoftheform'0i0'inwhichcase
L'Hôspital's rule can be used to show

dñ¡ 
= -(k, + tr(t + zrnvs))ñ-1 (9 '14)

dt

The solution to eq 9.14 is

ñ-r ='ín!1exp(-(k, + ku +2kplnvs)r) (9' 15)

where the superscript, þ,represents the feed. Substituting eq 9'15 into 9'13 and solving'

the expression for ñ; is

-ô i+l
* i = #ã"xP(-(t5 

+ k' + zkstnvs)t)

,,=ieikrnçe¡ae=knñi
vg

kB r-j 1+
exp

(t + 
"r)

t (e.16)
+

A best fit procedure courd be used to determine the values of the sticking and breakage rate

constants that give partial moments in agreement with those from the experimental CSDs at

the outlet of the crystalliser. However, Acton (1970) states that a series of exponential

functions can be extremely ill conditioned, as there may be many combinations of the

parameters that fit the experimental data quite well. Rather than using the analytical solution'

an approximate method for determining the values of the rate parameters can be developed'

An approximate method' Dividing eq 9'13 by ñ¡ and re-arranging implies:
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ry-*s."[H-ft,t +t ín-t
ínj

(e.17)

(e.18)

which may be integrated to give

lnñ¡ - tnm!
=-ks*kn

+ m-l
ñj

where the ratio -1 
"assumed 

constant and is given of 
T 

=;
mj

t

ffl t

mj

Thetimechosenisthemeanresidencetime,f,whichmaybecalculatedas

?,-^t=J
t6

(e.1e)t)dtE(t

where, f¡ is the break-through time, the time at which the first crystals leave the crystalliser'

The E curve can be calculated from eq 8.24 fot the F curve of the particle RTD using eq7 '2'

The break-through time is determined from eq 8'24by setting F = 0 '

This analysis suggests a plot of the left hand side of eq 9'18' denoted' Y' against the

parameter on the right hand side, denoted X, involving the partial moments' should be a

straightlineofslope,kgandintercept_k5.Figures9.5(a)and(b)showthedatafrom

experimen tszyfl and,22n for various values of the dilution factor, plotted in the manner of

eq g.18. The experimental moments were calculated for values of j from -213 to 2 in steps

of 1/3. It can be seen that all the data are well described by straight lines as predicted by the

preceding analYsis.

The partial moments of the experimental csDs were calculated using the following formula

- I4'", (e'20)
*.-,,

where 4 is ttre arithmetic avefage of the upper and lower sizes of channel I and N¡ is the

number of crystals in channel i'

Accuracy of the approximate method. The accuracy of the values of the sticking and

breakage rate constants determined from the approximate analysis can be investigated by
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usingthesevaluestocalculatethepartialmomentsfromtheanalyticalsolution'eq9'16'

These values can then be compared with the partial moments of the experimental cSDs'

Figuresg'6(a)and(b)showthepartialmomentscalculatedfromeqg'16,plottedagainstthe

experimentalpartialmomentsfortheexperimentsl8/7and2|l]'Itcanbeseenthatapart

fromwhen¡=_2l3theexperimentalandanalyticalmomentsarevirtuallyidentical.Thus,

only a small error is introduced by using the approximate analysis to evaluate the sticking

and breakage rate constants'

g.S.5Theeffectoftheparticleresidencetimedistribution

Smit ¿l at. o99Ð show that for aggregation alone the state of mixing' ranging from

completely segregated to maximum mixedness, has little effect on aggregation' However'

those authors also show that departures from ideal RTDs affect aggregation' In the

preceding analysis plug flow has been assumed, with all the crystals travelling through the

crystalliser at the flow average velocity, the effect of the particle RTD is now considered'

By analogy with reaction engineering, for a device operating at steady state with an arbitrary

RTD, the moments of the product CSD are given by

contmj

Here E(r) is validfor r2 t6, afid *!o"'is given by eq 9.16, which is derived from the

batch form of the population balance. From eq8.24,the expression for E(r) is

-l*0,""'E(t)dt

0

=itøexp (-a r) + n exP (-b )) dt

t5

(e.2t)

(e.22)

(e.23)

E(t)=#=#('+(r- rùX,|I
Also from eq8.24,with F = 0 the break-through time is

,,=*(,+(1- 2')#i-;)

substituting eqs g.16, g.22 andg.23 \ntog.2l andre-arranging gives

(e.24)
(Ð- contmj
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where A,B, a andb areconstants that can be determined from eq 9'16' Making the

following substitutions, rl = at and x2--bt'eq9'24 may be written as

ñ'jo"'=2t3 2a
J

atb

exp -x1 dx1+ uU' I
btn

exp -x2 d*z (e.2s)

(e.26)

Further, it can be shown that

r(

where Ei(a) is the exponential integral' It follows that

nj"",(t)=zú(to2 l(at6)+ Bbz \at)) (e'21)

Figure 9.7 shows the partial moments calculated from eq 9'27 plotted against the

experimental partial moments for experiments 18/7 and2ll7 ' It can be seen that the values

of the partial moments calculated when the RTD is taken into account are in good agreement

with the experimental partial moments. The results presented in Figure 9.6 suggest the

partiar moments calculated from the anarytical solution are consistent with the experimental

moments. Both these findings imply that the plug flow simplification is satisfactory'

g.6 SATURATED SOLUTIONS

Therunsfromtheexperimentswithsaturatedsalinesolutionarenowexaminedusingthe

analysis developed in the previous section to investigate the dependence of sticking and

breakage on the operating conditions in the crystalliser'

9 .6 .1 IndePendent variables

The sticking and breakage rate constants may be related to the jacket or lumen flowrates or

some combination of these. However, it seems likely that both mechanisms will depend on

the shear induced by fluid flow in the lumen'

Sticking.Assumingthestickingrateisinverselyproportionaltotheshearrateandhence

fluid flowrate then from eq 9'3,

)=la *Pr,=*(:-') ry
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dn dt (e.28)

n Ys

As the axial fluid velocity varies with axial position because of fluid injection from the jacket

to the lumen, an average shear rate must be calculated' An average shear rate' 75 ' is

defined such that

dx Tsdx

-oa-

(e.2e)ys

L

J
0

u

L

I
0

u

To determine an expression for the average shear rate the correct formulation of the shear

rate is required. A crystal stuck to the walls of the lumen will experience forces due to the

following: wall shear stress, axial and radial drag' The force due to the wall shear stress is

given by

du(x,r (e.30)
dr

where the axial velocity, u(x,r) is obtained ftom eq7 '12'

Bird et at. (196o)provide the following equation for the drag force on a sphere of diameter'

d, in afluid of viscosity, ¡r, flowing at velocity' ø '

Fo=3lcltdu (9'31)

To evaluate the radial drag force, the radial velocity given by eq 7' 13 is used with r = R'

For the axial drag force, eql.I2 is used to determine the axial velocity at the centre of the

crystal,oneradiusfromtheedgeofthelumen,thatisatr=R_0.5d.

Figure 9.8 shows the variation in the three forces acting on a particle 6 pm in diameter for a

lumen flowrate of 8ml/min and a dilution factor of 4. Itcan be seen that the forces due to

axial drag and the wall shear stress are much greater than the force due to radial drag'

consequently it is to be expected that sticking will be dominated by axial shear' The

expression for the axial shear is given by

Ts=
du(x,r (e.32)

dr r=R

using eql.I2 for the axial velocity, it can be shown the right hand side of eq 9'29 ts

F*=Í*A=-þ
fr12_a=

R4
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dx

2dx 4L
uo(x) R

from which it follows that

ys _ 2uolna (e.33)

Breakage. As with sticking, breakage will depend on axial shear in the fluid. However,

for breakage the radial as well as the axial variation in the shear rate must be considered in

the definition of an appropriate average shear rate. Assuming a constant radial position, r, at

that radial position, the following avefage shear rate may be defined such that

yB (r, x)dx

uO

2
a+ ( I

x
L

and the left hand side is

l#=Iry

L

J
0

aR ( )

d
L

(')J
0

TB
x

(a -t)us

2rL

['-(

(e.34)

(e.3s)

u(r,x) u(r,x)

Using eq7 .12 for the axial velocity the left hand side of eq 9.34 is

%(
dx 2Llnu

uO

2

L

J
0

r)

,o(t *{o

'Ë)['-(;)')
a

r
)')+1 (

R

The shear rate is

r B(r, x) = ry= * (t - @ - t)t)#

and therefore the right hand side of eq 9.34 is

L

J
0

x
L

1)
2r
F dx=

R2
r
)'ø(r* @-\î)
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from which it follows that

(e.36)

Similarly in the radial direction, an average shear rate may be defined such that

(e.31)

substituting for the flowrate and area, in terms of the fluid velocity and lumen radius' as well

as the above expression for T r(r), integrating and simplifying yields

_ t6us(u -l) (9.38)
' B - l5Rlnø

9.6.2 ExPerimental results

In Figure 9.9 the sticking rate constant, k5, is plotted against the average shear rate

calculated from eq 9.33 for all the experiments conducted; also shown are curves fitted

assuming k5 is inversely proportional to the shear rate (as proposed in Section 9'6'1)' It

can be seen that the data from each of the experiments are well described by the fitted curves'

In Table 9.3, the details of the curves fitted to the experimental data are presented'

Table 9.3. Details of the curves fitted to the experimental data in Figure 9.9'

R

eV n = [r;V)"t,,0)dA
0

Experiment

2017

2u7

t8l7

2217

Lumen flowrate,

0¿ (mVmin)

Constant of

proportionalitY

0.141

o.234

0.322

0.345

Error in constant

of proportionalitY

0.005

0.019

0.007

o.o23

Regression

coefficient, R

o.979

0.903

0.983

0.897

4

6

8

10

A plot of the constant of proportionality against the lumen flowrate reveals that they are

directly proportional to each other. The preceding observations may be written as

ks
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Figure 9.9 The dependence of the experimental sticking rate constants in saturated solutions

on the shear rate in the tubular crystalliser. Also displayed are curves fitted to the data
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where K is a constant. Substituting the expression for the lumen flowrate, in terms of the

axial fluid velocity and lumen cross-sectional area, and eq 9.33 for the shear rate and

simplifying gives

KnR3 lnu (e.40)ks 4 a-l

Eq 9.40 implies that for all the experiments k5 should be proportional to the group

lna l@- 1), which is confirmed in Figure 9.10. No particular physical significance can be

assigned to the dependence of k5 on the dilution factor, however it is more convenient to

calculate the sticking rate using only one parameter, the dilution factor, rather than having to

use a different equation for each experiment. The result of physical significance is that the

sticking rate decreases as the shear rate in the crystalliser increases'

The dependence of the breakage rate constant, ks, orr the shear rate calculated from eq 9.38

is displayed in Figure 9.1 l. It can be seen that the data are reasonably well described by a

curve which assumes k¡ is directly proportional to the shear rate. The uncertainty in the

constant of proportionality of the curve fitted to the data is 3.03x10-6 and the regression

coefficient is 0.77.

9.6.3 Discussion

The results presented in Figure 9.6 show that the sticking and breakage rate constants

determined from the experimental data can be used to calculate partial moments that are in

excellent agreement the experimental partial moments. The results presented in the previous

section provide physically meaningful evidence that the formulations for sticking and

breakage proposed in Section 9.5 can be used to model these phenomena in the tubular

crystalliser. As the shear rate in the crystalliser increases, the forces acting to remove

crystals stuck to the walls of the lumen and those acting to break crystal aggregates that are

loosely bound together both increase. Consequently, as the shear rate increases the sticking

rate will decrease and the breakage rate will increase. These trends are consistent with those

observed experimentallY.

9.7 METASTABLE SOLUTIONS

As with the runs using saturated saline, those with metastable solutions are modelled using

the moment form of the population balance. In Section 9.4 evidence that growth,

aggregation and sticking occur in metastable solutions was presented, the question that

remains unanswered, is whether breakage also occurs'
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9.7 .l Identifying breakage

The moment form of the population balance for simultaneous growth and sticking in a batch

system is now developed. Sticking, is described by the formulation proposed in Section

g.5.2. For growth alone, eql.22cannot be used directly as growth into the field of view of

the Multisizer must be included. V/ith volume as the internal coordinate, eq I '9 is

àn

-+àt àv

dt

(e.4r)

(e.42)

(e.43)

where the definition of G, is

=31] 
dL 

=31213 G
dt

Gu

Substitutingeqg.42 into eq 9.41 and applying eq 9.9

dñj 
=-

dt

Integrating by parts and simplifying yields

+ = 3 G(vto+2 t3 nþs) + j ín¡ -t ¡ z)

+ = -ksño +3Gv!3 n(vs)

j'i aP"r'on)
vg

where 
"(v6) 

is the value of the number density function with volume as the internal

coordinate, at the size threshold. Now, consider the moment form of the population balance

for j = 0 which gives the rate of change of the total number of particles. For sticking and

growth, the moment form of eq 9.3 and eq 9.43 give

(e.44)

If the value of ñs in the feed is denoted, ñ[ , the solution to eq 9.44 is

,ñoG) = (^8 k5 + 3 Gv2J3 ,(us ) ("*p(t, ¡) - t)) ¡,;t exp(-t, l) (s .4s)

In Figure 9.12, experimental values of íns are compared with those calculated from eq 9.45

for the experiments2OlT and 18/7 using a metastable solution with a relative supersaturation,

o = 2.62. The values of the sticking rate constant were determined from the run with
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saturated saline, values of n(ve) were obtained from the experimental CSDs, the growth rate

was calculated using eq4.6 and the time used was the mean residence time.

Almost all the values of ñs calculated from eq 9.45, which does not include aggregation,

are less than the experimental values. Aggregation causes the total number of crystals to

decrease, so these results show that breakage must occur in metastable as well as saturated

solutions. It is possible the breakage rate will depend on supersaturation, as in the presence

of growth, crystals will be cemented rather then loosely bound together. However, the

experimental data from the runs with saturated saline only give the dependence of the

breakage rate constant on the shear rate. Therefore in the following analysis, it is assumed

the breakage rates in saturated solutions are the same as those in saturated solutions for the

same shear rate.

9.7 .2 Simultaneous gro\ilth, aggregation, sticking and breakage

Assuming a size-independent aggregation kernel, the moment forms of the population

balance for the total number and volume of crystals are given by eqs l.2O and 1.21.

Considering volume, j =I, eq l.2I together with the appropriate equations for the other

mechanisms gives

+ =0 - fts ñrt - kn ú n-, + z c(vft3 ,(vs) + ,ñ2þ)

þ*36
m1

-:-\
mzp 

I

-l
*r)

(e.46)

(e.41)

which can be integrated and re-arranged to give

,- _ rn (^g l^r) ,, .2rt=T-KBvo +5t3
v0'

where for exampl., ? =
fll t

and the superscript @ denotes the feed.
m1 ñr

Eq 9.47 is used to determine values of the sticking rate constant, k5 for metastable

solutions, in which growth occurs. It was found that the values of k5 in saturated and

metastable solutions were approximately equal for most operating conditions in the

crystalliser. This observation is illustrated in Figure 9.13 in which values of k5 from the

runs with a metastable solution, o =2.62, are plotted against the values of ks from the runs

with a saturated solution for experiments2OlT and2Il7.
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For crystal number, j = O , eq 1120 together with the appropriate equations for the other

mechanisms gives

(e.48)

Integrating and simplifying

, = rltun-' ((r, - kn + þ, 
^8) I 

n)- tan-' ((¿' - kn + þo nr) I t)lf 't (e.4e)

where, zl = -(k, - t u)' -6BsGn(vs)r'J' *4þoknñ-tvo

8q9.49 was solved numerically to find the value of the aggregation rate constant, subject to

the values of the rate constants for the other mechanisms and using the experimental partial

moments for the operating conditions in the crystalliser.

9.7 .3 Results

Figure 9.14 shows the aggregation rate constant plotted against the shear rate in the

crystalliser. The appropriate shear rate is that used for breakage given by eq 9.39, as both

radial and axial variations in the shear rate will affect aggregation. It can be seen that the

aggregation rate constant is dependent on the shear rate, but does not otherwise appear to

depend on the lumen flowrate; the data from experiments with different lumen flow rates are

described by a single curve.

Figure 9.15 shows the dependence of the aggregation rate constant on the oxalate ion

concentration for values of the dilution factor of 2 and 3.5 from the experiment 18/7. Also

plotted are the data from the batch experiments reported in Chapter 4. The values of the

aggregation rate constants from the continuous experiments are at least two orders of

magnitude lower than those from the batch experiments at the same oxalate ion

concentration. Also the aggregation rate constants for the continuous experiments do not

appear to correlate with the oxalate ion concentration.

9.7 .4 Discussion

Two clear results emerge from the experiments using metastable solutions: firstly, the

aggregation rate constant increases as the shear rate increases, and secondly the aggregation

rate constant does not seem to depend on the oxalate ion concentration. Both of these results

differ from those obtained from the batch experiments reported in Chapter 4.

+ = -)ørnfi +(nu - kr)íro -Zknvoft-t +3Gvlt3 n(vs)

-247 -



(t)

g 10-14
o

câ-

10-13

10-ls

0 20 6040 80 100

Tu G- )

Figure 9.14 The dependence of the experimental aggregation rate constants in a metastable

solution, 6 = 2.62, on the shear rate in the crystalliser.

EO

o

o A
A

^tr

o

o

o
tr

o

o o

a 
- oa o

^

o Expt20l7

a Expt2IlT

o Expt l8/7

t Expt22l7

-248 -



I

Orfì

ro-2

10-4

10-6

10-8

o.o 1oo 5.0 1o-5 1.0 10-4 1.5 10-4

tox2-l (tvt)

2.o rc-4 2.5 ro-4

Figure 9.15 The dependence of the aggregation rate constants in metastable solutions on the

oxalate ion concentration in the crystalliser for experiment 1817. Also plotted are the

aggregation rate constants from the batch experiments reported in Chapter 4.

o Ca:Ox =3.33 a Ca:Ox=2 x Cf = 3.5

O^

øtr

U,=2

^o
Ao A

qF

^og
A

+

X+* ë
x X

+
X

+

Batch data

O Ca:Ox=5 o Ca:Ox=2.5

249 -



The dependence of the aggregation rate on shear rate

The aggregation rate constants reported in the previous section were obtained assuming a

size-independent aggregation kernel. As shown in Table 4.1, akernel has been derived for

aggregation in laminar flow, however, the shear kernel is size-dependent. The analysis

presented in Section 9.i.2 cannot be re-worked for the shear kernel as the population

balance is not amenable to the moment transformation, however an alternative approach is

available. The aggregation rates obtained from the preceding analysis can be compared with

the aggregation rate for the shear kernel by defining an apparent size-independent

aggregation rate constant, þ0,¡ such that:

ùol,o"o, þo,n*3

þo,n =lz¿t
6

(e.50)

(e.s2)

1

2

That is the rate of change of crystal number by aggregation for the shear kernel at any instant

is given by an aggregation rate constant which is size-independent. This approximation may

be used for the experimental data as from the CSDs in Figure 9.3 it can be seen the increase

in crystal size in the crystalliser is reasonably small'

It is possible to define an average diameter, the shear diameter, by

þo'¡= Kd3 (9'51)

This mean diameter is chosen so that the apparent size-independent aggregation rate constant

can be determined from Smoluchowski's result, in which the appropriate shear rate is, 7¡,

which implies:

Combining eqs 9.50 and 9.51 and re-arranging gives

d- J (e.s3)

The program Bqtchwas used to simulate data from which 7 was calculated. The CSD of

the feed for experiment lBlT,in which m¡ is 135.6 pl -1, was used in the simulations' For

this CSD, ñolro"orlK was found to be -89.8x10s s-l. Using these values in eq 9'53

implies the value of the shear diameter is 9.92 ¡tm. This value can be compared with the

mean size, L3,s, of the crystals from the experimental CSD which is 5'27 pm' These
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results suggest that if the shear kernel is used to model aggregation in laminar flow in the

crystalliser, the mean size of the crystals must be almost double the observed value.

At his point it is worth considering the assumptions made in deriving the expression for the

shear kernel. In the context of the results of the current work the most important

assumptions are that the crystals are spheres and that micro-lubrication and inter-particle

force effects can be neglected (van de Ven and Mason, 1977). From SEM micrographs of

the aggregates it is clear that they are not spherical. If the crystals are not spherical then the

collision diameter, that diameter which measures whether two crystals will collide or not,

may be underestimated.

Preliminary investigations into different methods of sizing calcium oxalate aggregates

provide some insight into this problem. A sample of a seed suspension, prepared using the

protocol in Section 9.2.3, was sized in three different ways. Firstly, using an Elzone 280

pC (which operates on the same principle as the Multisizer and reports volume equivalent

diameters) and secondly using a Galai CS-1. The Galai is able to size particles by two

different methods, either by a laser scattering technique or by video monitoring, in which

video images are analysed by computer and crystals sized from the video images. The

diameter determined from the video image is the Feret's diameter. The mean size, 13,g, for

the same sample of calcium oxalate seeds obtained from each method were as follows:

. Elzone 280 PC 4.47 ¡tm

. Galai CIS-I (laser): 6.29 ¡tm

. Galai CIS-I (video): 9.93 Pm

Assuming each of these mean sizes is the shear diameter, an apparent size-independent

aggregation rate constant can be calculated from eq 9.52'

Figure 9.16 shows the experimental aggregation rate constants together with the aggregation

rates constants calculated from eq9.S}using the Z3,q mean sizes determined by the Elzone

280 PC and Galai CIS-I. It can be seen that the experimental aggregation rate constants lie

between the aggregation rate constants calculated using the volume equivalent mean size

obtained from the Elzone 280 PC and the mean Feret's diameter obtained from the Galai

CIS-1. This finding hightights the importance that crystal shape may have on aggregation.

The shape of the crystals will influence the size of the collision diameter as well as the fluid

hydrodynamics in the region surrounding the crystal, both of which will in turn affect the

aggregation rate.
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The dependence of aggregation on supersaturation

The results from the continuous experiments are at odds with those of the batch experiments'

The aggregation rates in the tubular crystalliser are at least two orders of magnitude lower

than those in the batch experiments and do not appear to correlate with the oxalate

concentration. However, these observations can be explained by comparing the conditions

in the crystalliser with those in the batch experiments'

while it is difficult to calculate the fluid shear rates in the batch experiments, they are likely

to be much higher than those in the tubular crystalliser. The difference in the magnitude of

the fluid shear rates can be used to explain the behaviour of the aggregation rate constant'

Fluid shear affects aggregation in two ways; firstly, as the shear rate increases the number of

collisions between crystals increases which promotes aggregation. Secondly, as the shear

rate increases, the forces acting to disrupt aggregates prior to cementing' increase' which

might decrease the aggregation rate'

At low shear rates the effect on the aggregation rate of the increase in the frequency of

collisions will be greater than that of the increase in the forces acting to disrupt aggregates'

Particularly in supersaturated solutions where crystal growth acts to "cement" crystals

together. As the shear rate in the tubular crystalliser is lower than in the batch system' the

collision frequency and hence the aggregation rate will also be lower' Also as the shear rate

in the crystalliser increases the collision frequency and aggregation rate will also increase'

which is consistent with the experimental results shown in Figure 9'14'

The analysis presented in chapter 5 suggests the aggregation rate depends on the oxalate ion

concentration as a consequence of the mechanism for aggregation. Once two crystals

collide, if a stable aggregate is to form, they must be in contact long enough for ions to

diffuse to and react at the point of contact' Further, the results in Chapter 5 suggest

diffusiontothepointofcontactislimitinginthisprocess.

By contrast in the crystalliser collisions are nearly always successful in forming an

aggregate. The shear forces are not strong enough to disrupt the aggregates during the

cementing Process.

9.8 THE EFFECT OF INCLINATION

The effect of the angle of inclination of the crystalliser can be seen from Figure 9'17 (a)

which shows the variation of the parameter f y for experiments 18/7, 2917 and 2617 in

which the crystalliser was inclined by 0", 2.5" and5' respectively' It can be seen that as the
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angle of inclination increases the fraction of crystalline material sticking to the lumen

increases for all operating conditions. This observation is confirmed by the csDs' by

volume, for the same experiments with ø = 1, shown in Figure 9.17 (b). It can be seen that

as the angle of inclination increases a higher fraction of the larger crystals is retained in the

crystalliser. Also it can be seen in Figure 9.17 (b) that as the angle of inclination increases

the fraction of larger crystals lost increases, suggesting that sticking may be size-dependent

under these conditions.

The increase in the loss of crystal mass can be explained by considering the effects of

settling. v/ith the crystalliser inclined from the vertical the lateral component of the settling

velocity will carry crystals towards the walls of the lumen' The importance of the angle of

inclination can be investigated by considering the analysis of gravitational settling in a

horizontal pipe with laminar flow of P\ch (1972). This author derives an expression for the

fraction of material lost by considering the appropriate form of the particle continuity

equation. For a horizontal tube of length, L, and radius, R, with fluid flowing at an average

velocity, 7, containing particles with a Stoke's settling velocity, vil the fraction of material

lost, 4, is:

, --Zlzs(r- s't')'t' - sr/¡ (r- szn¡ttz + sin-l(tt")l (e's4)

where

Here two modifications must be made to the expression for the parameter, S. Firstly, the

crystalliser is inclined to the vertical, not horizontal, and secondly the average fluid velocity

in the lumen is dependent on the axial position due to fluid injection from the jacket' \ù/ith

the appropriate component of the settling velocity and using eq7 '12 for the fluid velocity'

the expression for S is:

3v*sin0 dx 3v, Lsin 0 (e.ss)
L

s=J
0

8Rr(l +(a-t)xl 8Ru (ø - 1)L)

Figure 9.18 shows the experimental values of the parameter /v together with those

predicted by eq g.54 (f v is equivalent to 1 - 4). In calculating the value of f v from eq

9.54, the 23,6 mean size was used to calculate the Stoke's settling velocity' It can be seen

that the data from the experiments fall between the two theoretical curves' An explanation

for this might be that only the inclination of the crystalliser as a whole can be measured'
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Close examination reveals that each of the fibres follows a slightly "kinked" path and so will

have sections that are not quite aligned with the axis of the jacket. It is not possible to

estimate the angle of inclination of all parts of the fibres and so the amount of material lost is

underestimated bY eq9.54.

The size dependence of sticking can also be investigated. Rather than using the ratio of the

total volume of crystals in the fluid at the outlet to that at the inlet, the volume of crystals in

each sizeinterval of the CSD, f v,¡, is considered. The parameter, S is proportional to the

mean crystal size squared, as the crystals in each size interval have a different Stoke's

settling velocity. In Figure 9.19 (a) the parametet f y,¡ is plotted against S for the CSD for

ø = 1 from the experim ent2617 in which the crystalliser inclination was 5'. The effects of

breakage can be seen at small values of s, and therefore small crystal sizes, as the value of

.fv,¡ is greater than 1. At larger values of S there is reasonable agreement between the

values of rv,¡calculated from eq 9.54 and the experimental values. However in general eq

9.54 does not describe the size dependence of the sticking. This is confirmed in Figure 9'19

(b) in which the data for a = 3 from the same experiment are considered' Again the effects

of breakage can be seen at small crystal sizes, and at larger sizes eq 9'54 does not describe

the size dePendence of sticking'

As the sticking mechanism is size-dependent, but cannot be described by eq 9'54' no further

attempt is made to determine the sticking, breakage and aggregation rates using the analysis

in section g.7.2. However, the cSDs for the runs with metastable solution exhibit the same

behaviour as the runs with saturated solution displayed in Figure 9.17 (b), suggesting that

even small deviations from the vertical have a significant effect on the retention of large

crystals in the crystalliser'

g.g STONE FORMATION

The findings of the experiments using the tubular crystalliser have important implications for

stone formation. Above all they underline the importance of the geometry of the kidney and

the effect it has on fluid hydrodynamics'

The results of Figures 9.14 and 9.15 show that under conditions of constant

supersaturation, as might be found in the kidney (Sheehan and Nancollas, 1980), the shear

rate may be as, or more important as a risk factor than supersaturation. Further the results of

Figure 9.15 suggest that aggregation rates determined using in vitro models such as batch

systems are likely to be much higher than those found in the kidney. A tubular crystalliser
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such as that used in the current work may provide more relevant information about

aggregation in hydrodynamic conditions similar to those in the kidney'

Finally, the results of Section 9.8 suggest that in the kidney tubules calculii must spend

nearly all their time in contact with the tube walls and not free in the stream of flowing

liquid.Thus,whilepossiblyforthewrongfeasons,theconclusionsofFinlaysonandReid

(1978),whichwerecalledintoquestioninchapterSarecorrect,itmaybeafixedrather

than a free particle mechanism that leads to stone formation'

The importance of crystals becoming attached to the walls of the lumen is illustrated in

Figure 9.20, which is an SEM micrograph of a crystal aggregate rinsed from the crystalliser

after a run using metastable solution as described in sectiong'3'2' The crystal shown is

highly aggregated and much larger than the crystals fed to the crystalliser' in fact it is

approximatelyonequarterofthediameterofthelumen.Itispossibletoenvisageasituation

whereifthecrystalliserwasnrnforalongperiodoftime,suchacrystalcouldblockthe

lumen; an in vitro stone formation event'

9. 1O CONCLUSIONS

In this chapter the aggregation of calcium oxalate in a continuous system' the tubular

crystalliser described in Chapter 6 has been studied'

In addition to growth and aggregation, sticking and breakage also occur in the crystalliser in

both saturated and supersaturated solutions' The results of experiments conducted using

solutions saturated with respect to calcium oxalate suggest:

. Sticking is irreversible, size-independent, and the sticking rate is inversely

proportional to the fluid shea¡ rate in the crystalliser'

.whenbreakageoccurscrystalsofanysizemaybeformed,andthebreakagerateis

directlyproportionaltotheshearrateinthecrystalliser.

using these formulations for sticking and breakage and eq4'6 to describe the growth rate'

the dependence of the aggregation rate on supersaturation and shear rate in the crystalliser

were investigated. It was found that:

.Theaggregationratesinthecrystalliserweremuchlowerthanthoseinthebatch

experimentsatthesamerelativesupersaturation'
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Figure 9.20 SEM micrograph of a calcium oxalate aggregate rinsed from the tubes of the

crystalliser after a run using a metastable solution.
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. The aggregation rate increases as the shear rate in the crystalliser increases and is

relatively insensitive to the oxalate ion concentration.

These two observations, which are in contrast to the behaviour of the aggregation rate in a

batch system, can be explained by the difference in the shear rate between the two systems.

Finally, it is shown that even small inclinations of the crystalliser from the vertical increases

the fraction of crystalline material that sticks to the lumen in the crystalliser.

The findings of this chapter suggest that the tubular crystalliser may be a useful in vitro

experimental system for studying factors that affect calcium oxalate aggregation under

hydrodynamic conditions similar to those found in the kidney.
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Chapter l0:

CONCLUSIONS AND RECOMMENDATIONS

In this chapter an overview of the findings of this thesis are given, as well as

some recommendatíons for future work'

I0.ITHECRYSTALLISATIONoFCALCIUMOXALATE

This thesis has focused on the simultaneous growth and aggregation of calcium oxalate

mono-hydrate in metastable saline solutions. The mechanism and kinetics of growth and

particularly aggregation have been investigated in batch and continuous systems' The main

reason for interest in the crystallisation of carcium oxalate is that it is the principal inorganic

constituent of human kidney stones' More importance is placed on aggregation as despite

being the only mechanism that can cause crystals to increase in size rapidty enough to block

the tubules of the kidney it is probably the least well understood'

IO.2 WORK PRESENTED IN THIS THESIS

The work in this thesis may be divided into four parts: (i) an investigation of states of

supersaturation of calcium oxalate in aqueous solutions (Chapter 2), (ii) batch crystallisation

experiments and analysis (chapters 3 and 4), (iii) an investigation of the aggregation

mechanism for calcium oxalate (chapter 5) and (iv) the development and characterisation of

a novel in vitroexperimental system, and the continuous crystallisation of calcium oxalate in

this system (ChaPters 6 to 9)'

lO.2.l SuPersaturation

supersaturation is a key variable in any precipitation reaction and despite an extensive

literature on the crystallisation of calcium oxalate there is no generally accepted definition of

supersaturation. Three physico-chemicar factors complicate the definition and calculation of

supersaturation, namely, the reversibility of the precipitation process' two ionic species

reacting to form a crystal and the formation of ion complexes'

In Chapter 2, a simple method is developed for calculating relative supersaturation in terms

of free ion concentrations from total ion concentrations' This method solves the mass action
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equations for complex ion formation together with mass conservation equations for each ion

in solution. It is demonstrated that this simple method, is as accurate, but much easier to use

than other more complicated models that exist in the literature, such as EQUIL89d.

l0 .2.2 Batch crYstallisation

Two factors make batch crystallisation appealing; firstly there are well established

experimental protocols and secondly a numerical method has been developed to determine

growth and aggregation rates from experimental data'

A seeded technique, based on the protocol of Ryall et aI. (1981b), was used to investigate

the effect of agitation and supersaturation on growth and aggregation. A wide range of

supersaturation was considered by increasing the oxalate ion concentration while keeping the

calcium ion concentration constant. The full details of the metastable solutions used are

given in Table 3.3.

The program Batch, which uses the discretised population balance of Hounslow (1990)' to

extract the growth and aggregation rates from changes in crystal size distributions with time

was used to analyse the experimental data. It was found that:

. The growth rate is well described by McCabe's ÂT ' law, in which growth is size-

indePendent'

. The data from some 35 experiments, over 350 different growth rates, conducted at

different agitation rates and using metastable solutions with different calcium to

oxalate ion ratios are all described by the following equation:

c = (0.0767 to.oo12) (s - 1)'

where the growth rate is measured in pm/min and the relative supersaturation, S is

given by S = APf K,p .

. Aggregation is well described by a size-independent aggregation kernel.

. The aggregation rate constant is dependent on the agitation rate; the aggregation rate

decreases as the agitation rate increases.

. The aggregation rate is found to correlate with the oxalate ion concentration rather

than suPersaturation.
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The most interesting of these points concern the description of aggregation. Firstly, the

decrease in'the rate of aggregation as supersaturation decreases is much greater than

conventional electrical double-layer (DLVO) theory would predict, and secondly the

dependence on the oxalate ion concentration is surprising.

I0.2.3 The aggregation mechanism

In Chapter 5, the experimental results of an investigation conducted with saturated and

supersaturated solutions and different types and rates of agitation are used to develop a

mechanism for calcium oxalate aggregation'

A two-stage mechanism is proposed to account for the experimental observations: in the

first, reversible stage, crystals collide and form weak aggregates held together by the forces

described by DLVO theory. In the second, irreversible stage, the loose aggregates are

cemented together by the deposition of new material. The second stage can only occur in

supersaturated solutions, while the first may occur in any solution.

Further, a model is developed for aggregation in supersaturated solutions. It is proposed

that in order for crystals to aggregate irreversibly, solute must first diffuse to the point where

the crystals are in contact, and then deposit on the touching surfaces in order to "cement" the

crystals together. A basic analysis of the diffusion-cementing process suggests that the

experimentally observed dependence of the aggregation rate constant on the oxalate ion

concentration and activity product reported in Chapter 4, are predicted by the model. This

analysis suggests that diffusion of the solute ions to the cementing site is the rate determining

step.

10.2.4 The tubular crYstalliser

In Chapter 6 a review of in vitro experimental systems for studying kidney stone formation

is presented. It is observed that none of the commonly used experimental systems take into

account the tubular geometry of the kidney and the effect it might have on aggregation.

A novel tubular crystalliser is described as is its use in a study of the growth and aggregation

of calcium oxalate in laminar flow in long, thin tubes, similar to the tubules in the kidney'

The solute residence time distribution.

Chapter 7 reports an investigation into the solute residence time distribution (RTD) in the

crystalliser. A diffusion-advection model is proposed to explain the solute RTD which is not

described by the RTD for Poiseuille flow. A moment transform analysis is used to evaluate
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the mean and standard deviation of the RTD. It was found that provided appropriate values

of the solute diffusivity and crystalliser cross-sectional area are used the results from the

model are in agreement with those from the experiments'

The particle residence time distribution

The effect of the dilution factor (defined in Section 6.3.5), the lumen flowrate, particle size

and crystalliser geometry on the particle RTD was investigated using pulse-input response

tests reported in Chapter 8. It was found that the RTD is independent of the particle size'

lumen flowrate and the geometry of the crystalliser, but depends on the dilution factor. The

RTDs are well described by a model in which it is assumed that the particles maintain a

constant radial position in the tubes as they pass through the crystalliser'

Step-change tests conducted imply that mass of particles that leave the crystalliser is l¿ss than

that fed to it. This apparent loss of mass can be explained if the particles are sticking to the

walls of the lumen. It also explains how the RTD may be described by a model which is

physically imPlausible.

10.2.5 Continuous crystallisation

In Chapter 9 the growth and aggregation of calcium oxalate in a continuous system, the

tubular crystalliser, is investigated. Calcium oxalate seeds were fed to the crystalliser

together with either a saline solution, saturated with respect to calcium oxalate, or a

metastable solution. The shear rate in the crystalliser was varied by using different lumen

and jacket flowrates. Solutions with different calcium to oxalate ion ratios were used to

study the effect of supersaturation

are given in Tables 9.1 and9.2.

Full details of the conditions in each of the experiments

preliminary experiments revealed that the calcium oxalate crystals were sticking to the walls

of the lumen in the crystalliser, and that breakage was also occurring. The experiments

using saturated saline were used to investigate sticking and breakage' A moment form of the

population balance was used to determine the sticking and breakage rates' It was found that:

. Sticking is well described by a size-independent formulation, and is a first order,

irreversible Process.

. The sticking rate constant is inversely proportional to the fluid shear rate in the

crystalliser.
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. Breakage is modelled by assuming that when breakage occurs crystals of any size

maY be formed.

. The breakage rate constant is directly proportional to the shear rate in the

crystalliser.

The simultaneous growth, aggregation, sticking and breakage of calcium oxalate in the

crystalliser was also analysed using a moment form of the population balance' The growth

rate law determined in Chapter 4 was used to describe growth and the formulations

mentioned above were used for sticking and breakage. Assuming a size-independent

aggregation kernel it was found that:

.Theaggregationratesinthecrystalliserwereatleasttwoordersofmagnitude

lowerthanthoseinthebatchsystematthesamesupersaturation.

. The aggregation rate increased as the shear rate in the crystalliser increased'

. The aggregation rate did not depend strongly on the oxalate ion concentration'

These observations, which contrast with the results from the batch experiments reported in

Chapter 4, canbe explained by the aggregation mechanism proposed in Chapter 5' These

findings highlight the effect of hydrodynamic conditions on aggregation' An analysis of the

results using an aggregation kerner of the form of the shear kernel suggests that crystal shape

may also have a significant effect on aggregation'

Finally, it is shown that even small inclinations of the crystalliser from the verticar increases

thefractionofcrystalsthatsticktothewallsofthelumeninthecrystalliser.Thisis

significant for stone formation as it implies that in the kidney most crystals must spend

nearly all their time in contact with the walls of the tubules'

These findings show that the tubular crystalliser may be a useful in vitro experimental

system for studying the factors that affect calcium oxalate aggregation under conditions

similar to those in the kidneY'

10.3 RECOMMENDATIONS FOR FUTURE WORK

There are a number of opportunities for future work that arise from the findings of this

thesis, in the areas of batch crystallisation, the aggregation mechanism and developing in

vitro expettmental systems for studying stone formation'
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10.3.1 Batch crYstallisation

Most studies of growth and aggregation in a batch system in the literature use some empirical

parameter to measure growth and aggregation, rather than obtaining the rates of both

mechanisms. This has led to some confusion in the literature as it is often difficult to

compare these parameters. If the true rates of growth and aggregation are obtained then it is

much easier to compafe results from different experimental systems' The program Batchis a

useful tool for extracting growth and aggregation rates from experimental data'

The batch experimental technique described in chapter 3 could be used to further investigate

the growth and aggregation of calcium oxalate. For example, all the experiments in this

thesis used metastable solutions in which calcium was in excess. similar experiments could

be done with metastable solutions in which oxalate is in excess'

In the current work it was found that the aggregation rate was dependent on the oxalate ion

concentration, is this simply because it is the limiting reactant or is there some other reason ?

Experiments such as those described above could answer this question, if the aggregation

rate is dependent on the limiting reactant it will now depend on the calcium ion

concentration

Generally, while the results from this work expand the region of supersaturation over which

growth and aggregation rates have been studied the use of solutions with different ratios of

reactants and supersaturation remain an avenue for future work.

10.3.2 The aggregation mechanism

A model has been proposed for the aggregation of calcium oxalate in supersaturated

solutions which assumes that for crystars to aggregate, firstly solute must diffuse to the point

of contact and then deposit on the touching surface to cement the crystals together' A

number of assumptions were made in this model, for example that the pore formed when the

crystals are in contact is a right cylinder and also the effect of precipitation on the size of the

pore was neglected.

The effect of a different geometry could be examined, for example the pore formed when

crystals are in contact could be described as a cone. Also the effect of precipitation on the

size of the pore could be studied. This will decrease the length and width of the pore' and

will make the mathematical analysis of the diffusion and reaction processes more

complicated, but will make the model more realistic'
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Finally, the preliminary experiments mentioned in Chapter 9 using different particle size

analysers to size aggregates of calcium oxalate crystals suggest that crystal shape may be an

important factor in aggregation. It was shown in Chapter 9 that by "pre-growing" seed

crystals it is possible to alter the size and presumably the shape of the aggregates' Seed

crystals of different sizes could be used to investigate the effect of shape on aggregation'

10.3.3 In vitro experimental systems

The results from the experiments reported in Chapter t highlight the difference between in

vitro experimental models. using metastable solutions with the same relative

supersaturation, the aggregation rate in the tubular crystalliser is some two orders of

magnitude lower than that in the batch experiments. The tubular crystalliser is attractive as

an in vitroexperimental system as it has a tubular geometry, hydrodynamics similar to those

in the kidney (and thus similar shear rates and RTDs), and can be operated at almost constant

supersaturation.

Experiments similar to those described in chapter 9, but over an extended range of shear

rates and supersaturation could be conducted. This would lead to a more complete

understanding of the dependence of aggregation on these parameters under conditions

similar to those in the kidneY.

Finally, other mechanisms and phenomena thought to be important in stone formation could

be studied. For example, crystals could be nucleated in the crystalliser, the effect of

different inhibitors could be quantified, and the crystalliser could also be operated with an

,,artificial" urine, an inorganic solution with many of the ions present in urine, or with

human urine.

I.0.4 A CONCLUDING COMMENT

I conclude this thesis by describing how this work proceeded and why it is useful'

The work commenced as a study of the growth and aggregation of calcium oxalate in a new

in vitroexperimental system, the tubular crystalliser. Before commencing the crystallisation

experiments in the crystalliser the batch experiments were conducted with the aim of

generating data to compare with those to be obtained from the crystalliser. However, the

initial batch experiments revealed the very interesting aggregation behaviour of calcium

oxalate crystals documented in this thesis. Based on the success of these experiments a

more comprehensive experimental program was performed with the aim of investigating the

mechanism by which aggregation occurs. The final crystallisation experiments in the
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crystalliser were complicated by the presence of sticking and breakage' However' these

experiments still produce interesting and useful results, which can be compared with those

from the batch system.

As mentioned elsewhere in this thesis, the size enlargement of calcium oxalate crystals by

growth and aggregation has been widely studied as an important factor in human kidney

stone formation. However, scant attention has been paid to understanding the mechanisms

of growth and particularly aggregation. Similarly few studies have reported the kinetics of

these mechanisms.

The main virtue of this study is that it investigates the mechanisms and reports the kinetics of

the growth and aggregation of calcium oxalate in metastable saline solutions over a wide

range of supersaturation and shear rates'
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a
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a"q

dçoz+ raOrz-
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A

A

NOMENCLATURE

Surface area

Dimensionless oxalate ion concentration at equilibrium

Activities of calcium and oxalate ions

Hamaker constant

Cross-sectional area

Surface area of cementing site

Tube cross-sectional area

Total crystal surface area

Activity product

Dimensionless activity product, eq 5.28

Constants in eq230

Reactant concentrations, eq 5'5

Initial bulk oxalate and calcium concentrations

Reactant concentrations at the cementing site, eq 5'9

Dimensionless oxalate and calcium concentrations, eqs 5.29 and 5'30

Birth rate

Moment form of the birth rate, eq 1'11

Source function

Dimensionless concentration

Mass concentration of Drach et al. (1978), eq2'4

Solute concentration, eq7 .25

Calcium ion concentration, eq4'I4

Mass concentration at equilibrium of Drach et al. (1978), eq2.4
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c(t)

CV

d

d

dt

D

D

D

Dy

Calcium ion concentration at equilibrium, eq4'14

Solute concentration as a function of time

Coefficient of variation

Diameter

Shear diameter, eq9.52

Tube diameter

Death rate

Moment form of the death rate

Diffusivity

Effective diffusivitY, eq7 .37

Charge of an electron

Normalised differential residence time distribution curve

Fractions of total calcium and oxalate concentrations present as free ions

Fraction of crystals by number or volume that pass through the crystalliser

Cumulative residence time distribution curve

Drag force

Force due to wall shear stress

Exponent of growth rate law, eq4'14

Growth rate, frequently the linear rate of growth

Gibb's free energY, eq 5.45

Volume rate of growth

Separation between particles, eq 5'1

Ratio of the upper limit of adjacent size intervals

Degree of inhibition, eq l'23

Ionic strength

Total number of size intervals, eq 3'16

Flux of reactant

Integer eq 1.9

Boltzmann's constant

A constant

e
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f x,lv
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Fw

I
G

G

Gu
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KIp
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L

L

L
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4sø
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ùj

ñj

Mr

MT

n

N

N

Breakage rate constant

Sticking rate constant

Dimensionless cementing rate constant, eq 5'33

Association constant for the complex ion, CaOx

Association constant for the complex ion, NaOx-

Association constant

Solubility product

Solubility product in terms of total concentrations, eq 5'41

Shape factors

Constants

Constants

Constants

Constants

Particle size

Axial length

Laplace transform

Pore length

Upper size limit of channel X

Upper size limit of last channel in a size range

jrh moment

Rate of change of the jth moment

Partial ;'[ moment, eq 9.9

Molecular weight

Solids concentration

Population number density function

Number of Particles

Supersaturation of Meyer and Smith (197 5 a and b) and Nancollas and

Gardner (1914), eqs 2.6, 2.7 and2.9

Agitation rate

Flux of material, eql -25

N

N
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NA

NT

NT

Nr,u

N,

p(e,r)

O

Qs

OL

r

r
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R

R

Re

RJ
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s

s

s

s

s

s

ssE

t

Number of particles in the ith size interval

Total number of Particles, eq 4'14

Avogadro's number

Total number of Particles

Number of lumen, eq1 '2O

Total number of particles in a sample analysed by the Multisizer, eq 8'3

Rateofchangeofparticlenumberinthefirstsizeinterval

Breakage probability density function

Volumetric flowrate

Volumetric flowrate of the seed suspension

volumetric flowrate per lumen at the inlet of the tubular crystalliser, eq

7.21

Radial position

Particle radius

Cementing rate

Dimensionless cementing rates, eqs 5'16 and5'22

Rate of complex ion formation, eq 5'38

Tube radius

Experimental result, eq l'23

Reynolds number

Internal tube radius, eq1 '27

External tube radius , eql .27

Supersaturation of Drach et al' (1978), eq2'4

Laplace domain variable

Supersaturation of Delong and Briedis (1985)' eq 2'10

Relative supersaturation, defîned in eq 4'5

Parameter, eq9.54

Supersaturation of Hounslow (1990), eq2J4

Sum of square elror, as defined in eq 4' 1

Time
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t¿1,t¿2
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T

T ror* ,T orr-

u

u

ug

-iu¡

U

v

v

vg
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v

vA

vR
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w

x

x

x

x

x

X

Mean residence time

Critical time,1.4l

Break-through time, eq 9.23

Time delays, eq7.34

Time at the end of the k'å sample, eq 8.4

Temperature

Total concentration of calcium and oxalate ions

Velocity vectors of phase space, eq 1.8

Axial velocity

Centre-line (maximum) axial velocity

Average axial velocity per lumen at the inlet of the tubular crystalliser, eq

1.39

Parameter, eq 3.16

Particle volume

Radial velocity

Maximum radial velocity

Volume of smallest particle counted by the Multisizer

Stoke's settling velocity

Volume

Attractive potential energy, eq 5.1

Repulsive potential energy, eq5.2

Total particle volume

Total particle volume in a sample analysed by the Multisizer

Solids concentration

Size

Axial position

Dimensionless reactant concentration, eq 5. 1 3

Mole fraction, eq7.25

Mean of a variable x

Channel number for the Multisizer size channels
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X

v

Y

z

Parameter, eq 48.26

Dimensionless reactant concentration, eq 5. l4

Parameter, defined in eq 8.12

Length

Degree of reaction, eq4.l4

Dilution factor, defined in eq 6.1

Modified dilution factor, defined in eq 8.2

Aggregation kernel

Size-independent part of the aggregation kernel

Apparent size-independent aggregation rate constant, eq 9'52

Surface energy

Activity coefftcient

Average shear rate for breakage, eq9.34

Average shear rate for breakage, eq 9.38

Average shear rate for sticking , eq9.33

Constant, eq1.37

Supersaturation of Hounslow et aI. (1988)

Change in Gibb's free energY

Number of moles dePosited

Particle volume

Di-electric constant

Fraction of length at the ends of the tubular crystalliser, eq 8.19

Uncertainty in a variable, eq A3.3

Reactant ratio, eq 5.12

Fluid viscosity

Dimensionless radial position, eq 8.6

Fraction of material lost, eq 9.54

Dimensionless time, defined in eq 7.6

Dimensionless mean residence time
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Parameter, eqs 2.24 to 2-27

Parameter, eq 5.3

Particle length
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Chemical potential
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Density
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Wall shear stress

Dimensionless modulus, defined in eq 5'11

Dimensionless time, eq 8.25

Dimensionless oxalate concentration, eq 5'20

Dimensionless activity product, eq 5'2L

Parameters, eqs 3.4 to3.7

Stream function, eq 8.6
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Appendix 3:

SOLUBILITY PRODUCT EXPERIMENTAL DATA

In Section 2.5.2theresults from batch crystallisation experiments were used to determine a

value for the solubility product. In this appendix the data from these experiments are

presented. Also the statistical method used to compare the experimental value of the

solubilityproductwiththeonefromEQUlLsgdisexplained.

A 3.1 EXPERIMENTAL DATA

The experimental data are presented in Table A3'1'

Table 43.1 Crystal volume at equilibrium for solubility product experiments'

Experiment

2516

2816

2916

3016

ll7

ty7

Mean crystal volume

lpm3lsoopt¡

8.95x106

8.42x106

8.55x106

8.62x106

8.55x106

8.76x106

Standard deviation

lpm3lsoopt;

1.97x10s

1.30x105

3.25x10s

1.79x10s

1.57x10s

1.66x105

The data reported are the mean total crystal volume from samples analysed using the

Multisizer. There were a number of samples analysed from each flask in each experiment,

however only the mean and standard deviation of all the samples are given' These were

calculated using

6"=

where ¡ is the crystal volume in a sample andn is the number of samples analysed'

;=Éann¡=l
friu,-','
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A3.2 CALCULATING THE SOLUBILITY PRODUCT

The solubility product as a function of the total calcium and oxalate concentrations is given

by eq 2.33, re-Produced here as

T?Kroo,K -T roz*T orz- (A3.1)
Krp =

K *oor-(T ço'*
+ T orz-¡ 

+ K roor(T No* 
Tt * K roor-)+

The computer package Microsoft Excel was used to produce a spreadsheet to calculate the

values of the solubility product from eq A3. 1. The total calcium and oxalate concentrations

at equilibrium were determined by a mass balance. As described in Secti on 3 '5 '2' the total

calcium and oxalate concentrations at any tlme are

T ,or* = TZor* - M and T or'- = TZr'- - N' (Ã3 '2a and b)

where the superscript, 0, refers to initial conditions and an is the number of moles of

calcium oxalate deposited. The mass of the crystals in the samples at equilibrium can be

calculated from the cSDs using eq 3.1. As the solids concentration of the seeds added at the

start of the experiment is known (see Appendix 5) the mass of solid deposited can be

determined, from which Ln canbe evaluated'

A3.3UNCERTAINTYINTHESOLUBILITYPRODUCT

As the solubility product is not a product or a sum of the total concentrations, its standard

deviation cannot be calculated using the methods outlined in Appendix 8. Instead an

analysis based on a first order Taylor series for the solubility product was used'

The total concentrations may be written as

Tro
(43.3a and b)

where T ,or* and T O*z- are the mean total concentrations and e is an uncertainty' For both

concentrations the uncertainty may be expressed as a standard deviation' By the central limit

theorem the standard deviation in estimates of the mean' Oz and the population standard

deviation, o, fot a variable, Z, ate related by

,-=T^z+ltLA

I
^li

Torr- =T orz- 
* E

o_
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where n is the population size. For the total concentrations

o -o,rur* :o'ot- (A3.5)

^li

Substituting eqs 43.3a and b into A3.1 gives Krp æ a function of the uncertainty in the total

concentrations. The first order Taylor series for Kro about e = 0 is

a\"1 tK,p(e) = K,r(o) * a, lr=0.

(A3.6)

Now Krp(0) is the value of Kro from eq 43.1, evaluated with the mean total

concentrations. The mean total concentrations can be evaluated from eqs A3.2a and b when

€ = 0. Thus the uncertainty in K* is given by the second term on the right hand side of eq

A3.6. As the uncertainty may be written as a standard deviation

(A3.7)

s=0

A3.4 A STATISTICAL COMPARISON

The mean experimental value for the solubility product was compared with the value used by

the program EQUIL89d. To test the mean, ¡t, of a normally distributed variable with an

unknown variance, o2,th" f-distribution is used'

In this case the normally distributed variable is the experimental value of the solubility

product. A two sided test at the 57o significance level was used to test the hypothesis that

the experimental mean and the value from EQUIL89d, 2'24x10-9, are the same against the

alternative that they are different. If the hypothesis is true, the random variable, T, where

f-
K,, -2.24x 10-e

OKsp

has a r-distribution with n - 1 = 5 degrees of freedom (as there were six experiments). From

Tables of the f-distribution, for example Kreyszig (1988), the critical value of T is 2'57 '

From Table Z.Z themean experimental value of K"o is 2.01x10-9. The standard deviation

of Kro is determined from eq 43.7. As the derivative of Kro with respect to €' at € = 0' is

quite complicated it was evaluated using the mathematical package, Mathematica' A value of
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4.52xlÌ-s was obtained. From Table 2.2 the standard deviation in the total calcium

concentration is 2.3lxl0a M. The value of d¡.,0 is

ãK,rl or 
ror*oKsp Tl*oT = 4.52x 10-s t 5'65 L'fO{ =1.04x l0-10

,JO

and the value of T is

4 -2.24x 10-e z.olxlo-e - 2.24xlo-e
=2.2tT o** 1.04 x 10-ro

This varue is less than the critical value and the hypothesis that the values of the solubility

product are the same is accePted'
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Appendix 4:

EXPERIMENTAL ANALYSß PROCEDURES

A4.I PARTICLE SIZE ANALYSIS

Nearly all the crystal size distributions (cSDs) reported in this thesis were obtained using a

coulter Multisizer II, the features that make this unit attractive are its high resolution, ability

to determine the CSD by number and volume, and ease and speed of operation' Some CSDs

reported in Chapter 5 were obtained using an Elzone 280 PC, however this unit works on

the same principal as the Multisizer'

To obtain meaningful data from the Multisizer care must be taken to ensure it is operated

correctly. For example, electrical noise, impure electrolyte, high levels of coincidence and

many other factors may cause the Multisi zer to give a csD that is not representative of the

sample analysed. complete knowledge of the operation of the Multisizer comes only from

experience, the purpose of this section is to outline some of the more important

considerations.

Orifice tube selection and maintenance

An orifice tube can measure a size range from approximately I to 60Eo of the orifice

diameter. The actual size range depends on the set-up chosen as outlined below' In the

current work the size range of interest was 2 to 32 ¡tm, which was easily be covered by a

single 70 Pm orifice.

During operation the orifice must be kept very clean to obtain the most accurate results'

After use the orifice and sampling system of the Multisizer were thoroughly rinsed with

filtered(0.22¡m)0.l5Msaline.Periodicallytheorificewascleanedbysoakingin

concentrated hYdrochloric acid'

Size span

The number and progression type, arithmetic or geometric, of the channels and the size

range spanned are determined by the set-up chosen' The size range spanned is determined

by setting the aperture current and gain on the electrodes in the orifice' while various

combinations of aperture current and gain will give a desired size range' it is recommended

that the cufrent should not be too high, as this can cause electrical noise.
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Calibration

Each orifice must be calibrated before it can be used to determine cSDs' The calibration

procedure is well documented in the Multisizer users manual, and makes use of latex

particles of a known size with a narrow distribution. calibrations were checked using latex

of a size different to that used for calibration'

Electrolyte

The main function of the erectroryte is to provide good electricar conductivity. The solutions

used in the cunent work were all basically 0.15 M saline solutions. A saline sorution of this

ionic strength is a satisfactory electrolyte according to the Multisizer users manual' The

electrolyte was prepared using analytical grade chemicals and distilled water only' As

previously mentioned the electrolyte was 0.22 ¡tmfiltered before use'

Noise

There are three main sources of noise in the Murtisizer. The first is due to external factors,

such as dust and other contaminants in the electrolyte, loose electrical connections' or the

presence of air bubbles. The second soufce is due to the internal electronics' and the final is

due to external electro-magnetic sources, such as other instruments' All these sources were

negligible in the current work as verified from background counts' An electrolyte that has

been filtered many times will still register counts on the Multisizer' which arise from

contaminants and electrical noise. In the current work, background counts were regularly

taken and were always low and reproducible'

Coincidence

If the concentration of particles in a sample is too high, two or more particles may pass

through the sensing zone in the orifice at once and be counted as one large particle' The

Multisizer has a coincidence correction feature, which can be used when the count is by

sample volume. This feature was utilised, and all counts taken were of a volume of 500 pl'

However, the Multisizer users manual recommends that coincidence correction is only valid

at low levels of coincidence. The level of coincidence in the samples analyzed in the current

work were below the acceptable level'

A4.2 ATOMIC ABSORPTION SPECTROSCOPY

calcium ion concentration was determined by atomic absorption spectroscopy' this

technique utilises the characteristic absorption at 422.1nm of calcium ions in a flame' All

analysis were performed using a varian AA-875 Atomic Absorption spectrophotometer'
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The samples were prepared for analysis as follows. A sample of approximately 5ml was

0.22 ¡tmfiltered, to remove an calcium oxalate crystals, and then acidified by the addition of

one drop of concentrated (10 M) hydrochloric acid, to prevent any further precipitation'

prior to analysis all samples must be diluted in a Lanthanum chloride diluent, nominally a

1:100 dilution. The purpose of this is to ensure all calcium ions are present in their free state

rather than being bound with other ions'

A4.3 SCANNING ELECTRON MICROSCOPY

The method used to prepare samples for examination under the electron microscope are as

follows. A 5 ml aliquot of the solution was filtered (o.22 pm) and the filter paper rinsed

with 2 ml of filtered (0.22 ttm) distilled water. The filter paper was dried in air, mounted on

an aluminium stub and coated with gold (200 s; sEM Autocoating unit E5200' Polaron

Equipment Ltd.). The stubs were examined using an ETEC Autoscan electron microscope

(Siemens AG) at an operating voltage of 20 kV'
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Appendix 5;

SEED SUSPENSION DATA

In this appendix the data and method used to determine the solids concentration of the seed

suspension used in the batch crystallization experiments described in chapter 3 are

presented.

45.1 EXPERIMENTAL DATA

As outlined in Section 3.3.z,before starting many of the batch experiments a small volume

of the seed suspension was added to 0.15 M saline, saturated with respect to calcium

oxalate,andsamplesanalysedbytheMultisizer'Thevaluesofthetotalcrystalvolume

obtained from each experiment, as well as the mean and standard error in the mean are given

in Table 45.1, on the following page'

A5.2 CALCULATING THE SOLIDS CONCENTRATION

The mass of crystals per unit volume of sample is given by'

MT P,Vr
(As.1)

where the density of calcium oxalate monohydrate is 2200 kg/m3 and V7 is the total crystal

volume obtained from the Multisizer, which has units of pm3/500 pl' Using the above value

for the density of calcium oxalate it can be shown that multipl ying V7 by 4'4x10-e will give

the solids concentration in units of gll\tre. Further, as described in section3'3'2' in the

experiments4mloftheseedsuspensionwasaddedto200mlofsaturatedsaline'thusthe

solids concentration of the seed suspension may be calculated from V7 as measured by the

Multisizer using the following expresslon

Mr =V7x4'4x 10-e x2}4l4
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Table A5.l Total crystal volume in samples of the seed suspension'

Experiment Total crystal volume lPm3lSOO Pt¡

tU7

t3l7

t4l7

r6l7

t7l7

2017

23Í7a

23|7b

418a

4t8b

5/8a

5/8b

3.52x 106

3.61x 106

3.86x106

3.61x 106

3.86x106

3.50x106

3.74x1O6

3.53x 106

3J3x106

3.40x106

3.82x106

3.70x106

Mean

Standard deviation

3.66x106

4.4xl0a
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Appendix 6:

CONVERSION OF SIZE DISTRIBUTIONS TO

CSDS WITH A 1I? PROGRESSION

In this appendix the method used to convert the cSDs from Multisizer format to csDs with

u3",ll progression is described'

46.1 CONVERTING THE CSDs

As outrined in section 3.6 the method used to convert the csDs from the Multisizer format

to csDs with a þ p.ogr"rsion was to identify the channels which contained an exact value

in the 3^ll progr"ssion. The Multisizer was set-up such that the lower and upper limits of

the size domain were2pm and 64.286pm respectively and there were 256 channels' Table

46.1 gives the values of a 3^11 progression, starting at 2 pm, and the Multisizer channels

that span these values.

The upper and lower limits of each channel were calculated from eq 3'15 with L256 being

64.286pm. For example for channel2s, X =25 ' and from eq 3'16

u --zs6(+- rl = 2s6(Z- r) = -zrr'"\¡ ') ---\zse )

Then from eq3.l7 the upper size limit is

L2s = Lzseiu = 64'286x (zrlso¡-z:r = 2'533ltm

The lower limit of channel 25 is the upper limit of channel 24,ftomeq3'I4

r _ Ln _ffi-_2.4e8¡tm
''24 - 2rl5o

To convert the Multisi zer sizedistribution to a CSD with a Tã ptogt"ssion, the data from

channels g toz4were summed. channel25 contains the exact value of tn" tr|7 progression'

Linear interpolation was used to allocate the particles in this channel between the first and

second intervals in the TZ prog,"tsion' The size range of channel 25 is 3'5x10-2 pm' The
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Table 46.1 Multisizer channels containing a value in a3.rlí progression'

TZ Progression Channel spanning
t^1,

Lower size limit

Gtm)

Upper size limit

(pm)

2.0

2.52

3.t]
4.0

5.04

6.35

8.0

10.08

t2.10

16.0

20.16

25.40

32

9

25

42

58

15

92

108

r25

t42

158

t75

t92

208

2.0

2.498

3.162

3.947

4.996

6.324

1.894

9.992

12.948

15.789

19.985

25.296

31.578

2.O29

2.533

3.206

4.002

5.066

6.4t2

8.004

ro.t32

12.825

16.009

20.264

25.649

32.019

difference between the exact value for n" trlÍ progression ,2.52 pm and the lower limit of

channel 25, Z.4gg pm is 2.ZxIO-2 pm. Thus the fraction of crystals in the first channel of

ne 3"11 progression is

2.2xlo-z
= 0.63f - eS"tO'

and the fraction in the second channel is 0.37. A similar calculation can be done for each of

the channels that contains an exact value of the Iã ptogt"ssion'

A7 .2 CONVERSION ERRORS

The Multisizer reports CSDs by number and volume, the number distribution can be

calculated from the volume distribution, or vice versa as the average size in each channel is

known. It is possible to convert either the number or volume CSDs from the Multisizer

format to a 3"11 progression using the method described in the previous Section' The

conversion of the CSDs from the Multisizer format rc u ?,[2 progression conserves the

parameter that the CSD describes. However, there will be a descretization error in other

properties calculated from these converted CSDs as crystals from a large number of small
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intervals, each with an average size, are allocated to one larger interval with one average

slze.

There is a discretization error in the volume distribution, with u 3^ll ptogression, which is

calculated from the Multisizer number distribution that has been converted to u 3",1i

progression. Similarly there is a discretization error in the number distribution , with a tr|1

progression, which calculated from the Multisizer volume distribution that has been

converted to u t",lî progression.

The relative error in the number CSD with u 3^[l ptogression, is obtained by comparing the

number CSD calculated from the volume distribution, which has been converted from

Multisizer format to u t",lj progression, with the number distribution which has been

converted from Multisizer formatø u tr|7 progression. The same argument can be used to

calculate the relative enor in the volume CSDs.

Figure A6.1(a) shows the relative error in each channel for the number distribution

calculated from the volume distribution which was converted from Multisizer format to a3",ll

progression. Figure A6.1(b) shows the relative error in each channel for the volume

distribution calculated from the number distribution which was converted from Multisizer

format to u'^11 progression. The data are from the batch experiment Illl at 0 and 90

minutes.

It can be seen that the errors are larger when the number distribution is used to calculate the

volume distribution. Also the errors are greatest at the larger sizes, as there are fewer

particles in these channels. As explained in Section 3.6, the number distributions were

calculated from the volume distributions which had been converted from Multisizer format to

u3^þ progression. There were two reasons for this, firstly the errors were lower using this

method and secondly the ion concentrations and supersaturation were calculated from the

crystal volume, so it is important to have as small an enor as possible in the crystal volume.
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Appendix 7:

BATCH CRYSTALLISATION EXPERIMENTAL

DATA

In this appendix the growth rates and aggregation rate constants calculated from the batch

crystallisation experimental data are reported. The results are from the batch experiments

described in Chapter 3 and analysed in Chapter 4.

The growth rates and aggregation rate constants were calculated from Batch as documented

in Chapter 3. Details of the conditions in each experiment are given in Table 4.3.

The values of the relative supersaturation and oxalate ion concentrations were calculated

from free ion concentrations using the method described in Chapter 2.

The units of the parameters reported are as follows: Time, minutes; growth rate, G, pm/min;

ps, pl/min; [Ox], M and the relative supersaturation, S is dimensionless.
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4.89E-05

4.54E-05

4.258-05

4.06E-05

3.86E-05

S

1 .99

1.79

1.69

1 .57

1.49
't.42

1.37

1.32

1 .27

1.24

1.20

ß0

1.07E-03

7.39E-04

3.97E-04

2.72F_-O4

2.028-O4

1.80E-04

1.61E-04

1 .1 3E-04

7.28E-05

6.78E-05

6.02E-05

loxl
9.27E-05

7.86 E-05

7.09E-05

6.29E-05

5.77E-05

5.20E-05

4.91E-05

4.61E-05

4.36E-05

4.03E-05

3.82E-05

S

1.96

1.79

1 .68

1.57

1.50

1.42

1.37

I .33

1 .29

1.23

1.20

S

1.99

1 .83

1.72

1 .63

1.54

1 .47

1.40

1 .36

1 .33

1 .30

1.26

S

1 .95

1.77

1.70

1.59

1.50

1.43

1.38

1 .34

129
1 .23

1.21

ß0

7.00E-04

3.45E-04
'L35E-04

9.25E-05

6.30E-05

5.28E-05

3.75E-05

2.31E-05

1.90E-05

2.228-05

1.96E-05

loxl
9.27E-05

7.98E-05

7.31E-05

6.51E-05

5.80E-05

5.298-05

4.90E-05

4.59E-05

4.29E-O5

4.08E-05

3.95 E-05

s

1 .96

1 .80

't.71

1 .60

1 .50

1.43

1.37

1 .32

1.27

1.24
'l .22

ß0

6.37E-04

3.47Ê-O4

1.61E-04

9.55 E-05

6.85E-05

4.44E-05

3.36E-05

2.45E-05

2.45E-05

2.49E-05

1 .1 9E-05

Ioxl
9.02E-05

7.848-05

7.1 8E-05

6.27E-05

5.67E-05

5.228-O5

4.79E-05

4.43F--O5

4.1 6E-05

3.85E-05

3.71E-0s

S

1.93
't.78

1.70

1.57

1.49

1.42

1.35

1 .30

1.25

1.20

1.18

G

8.49E-02

4.478-O2

2.94F--02

1.378-02

1.11E-02

8.63E-03

6.1 9E-03

4.378-O3

4.01E-03

3.35E-03

2.90E-03

ß0

3.238-O4

1.39E-04

9.41E-05

5.37E-05

3.33E-05

3.50E-05

2.50E-05

1 .1 0E-05

9.96E-06

8.1 6E-06

1. l5E-05

loxl
9.28E-05

7.828-05

7.1 1 E-05

6.36E-05

5.65E-05

5.1 2E-05

4.65E-05

4.40E-05

4.1 3E-05

3.91E-05

3.72F--05

S

'I .96

1.78
'L69

1.58
'I .48

1.40

1.33

1.29

1.25

1.21

1 .18

G

8.78e-O2

4.1 0E-02

1.98E-02

1.48E-02

1 .16E-02

7.66E-03

4.95E-03

4.55E-03

5.04E-03

4.64E-03

2.68E-03

ß0

2.99E-04

1 .16E-04

7.04E-05

4.49E-05

3.88E-05

3.07E-05

1.87E-05

1 .51E-05

1.70E-05

1.48E-05

1.24E-05

loxl
9.36 E-05

7.98E-05

7.478-O5

6.64E-05

5.95E-05

5.40E-05

5.11E-05

4.84E-05

4.59E-05

4.26E-05

4.04E-05

S

1 .97

1 .80

1.73

1.62

1 .53

1.45

1.40

1 .36

1.32

1.27

1.24
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Expt
Time

0

5

10

20
30
40

50

60

70
80

90

loxl
9.21E-05

8.1 2E-05

7.1 4E-05

6.27 E-05

5.71E-0s

5.228-05

4.83E-05

4.45E-05

4.1 7E-05

3.86 E-05

3.73E-05

S

1 .96

I .82

1 .69

1 .57

1.49

1.42

1 .36

1.30

1 .26

1 .20

1 .18

23111b
GßO

5.348-O2 3.68E-04

4.50E-02 1 76E-04

3.208-02 7.48E-05

1.36E-02 4.40E-05

9.61E-03 3.86E-05

7.81E-03 3.08E-os

6.7 4Ê-O3 2.43É-05

5.68E-03 1.78E-05

4.94E-03 1.13E-05

3.65E-03 1.02E-05

7.59E-04 1.57E-05
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Appendix 8;

ERROR ANALYSN FOR GROWTH AND

AGGREGATION RATES

In Chapter 4 growth rate and aggregation rate constants from batch crystallisation

experiments are reported. As described in section 3'3.3 CSDs were obtained from the four

replicates of an experiment at regular time intervals' At each time interval' the CSDs from

thereplicateswereaveraged.Thegrowthrateandaggregationrateconstantwerecalculated

from the averaged cSDs. In this appendix the errors associated with these parameters are

calculated as is the error in the principal independent variables, the activity product and the

oxalate ion concentratton.

A8.1 ERROR ANALYSIS

Estimates of the uncertainty for a param eter zwhich is a function of i different variables' x¡

may be obtained using the propagation of error equation

õZ
(48.1)

When the error, ôX; is equated to the standard deviation, o¡' then the methods of

mathematical statistics can be used to obtain some useful results'

Let Xand f be un-correlated random variables and Z be dependent on X and Y' These

variables take on values x, y and z , have mean values Ï, y and z andhave varian "t" fi'

fi and d.2. From eq 48.1 it follows that

Z=XY then z= xy (48.2a)

2

i

6x?

if

if

ú
-2v

4,
-2z

and
(48.2b)

-2xzZ=X2 then
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(A8.3b)

Z=kX then 7.= k7 (48.4a)

and ê, = kzo? (A8.4b)

Z=X+Y then (48.5a)

(A8.sb)

In general the uncertainty in the best estimate of z is required. By the central limit theorem

the standard deviation in estimates of the mean, and the population mean are related by

o_
z

(A8.6)

4

where n is the sample size, in this case the number of replicates

Growth rate analYsis

From eql.22the growth rate may be calculated from

I dm3G---- 3mz dt

Averaging over a set of replicates (i'e' at a constant time)

c=T@-- 3*z dt

For two un-correlated variables from eq A8'2a

1
m3

ú.|
7

and

if

-2x

2=7+yif

o?=o?*4and

9-
"rñ

G
3mz

Then from eq A8.2b

(A8.7)

(48.8)

(A8.e)

(48.10)+ I
6-z-

m3

m3

where the standard errors in the mean of the second moment, O- and the rate of change of

the third moment, oñ; 
^re 

calculated from eq A8'6'
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The mean and variancein m2 can be calculated directly from the experimental data. By re-

arranging eq 48.9, fi canbe calculated from values of G. The standard error, o¿., , is

more difficult to calculate and is determined as follows. An approximation for rh3 is

ryl -m3
ffi3=

am3 -
At

t=ti+r t=t ¡ (A8.11)

(A8.12)

At

From eq 48.4b

ê;n, = # o'*u,=t 
¡ ay- m3l ¡= ¡. )

Assuming the va¡ianc e in m3 is the same at each time interval

4^1, 
=,, * r- ^ zl, =, ¡) 

= a'^rl 
=,, *, 

+ o2^rl, 
=,, 

= 2 4n, (A8.13)

Substituting into eq 48.1 I

(A8.14)

The variance in the rate of change of m3 is now related to the variance ín m3. The variance,

ú, inthis context is, in the language of analysis of variance, the within group variance,

that would be seen by taking successive samples from a flask in which the CSD is not

changing. This is denoted ut firr,*.

Data from the experiments conducted to investigate the value of the solubility product

reported in Section 2.5.2 wereused to determine dkr,r. In these experiments CSD's were

obtained after 24 hours, when the system was at equilibrium. Under these conditions the

CSD measured should be approximately constant as there is no growth or aggregation.

If a constant relative error is attributed to the samples collected with the Multisizer, the

standard deviation \n m3 can be written in terms of its mean as

6^r,n (A8.15)

where V^, \s a constant. From the CSDs obtained from each long-time sample the mean

and standard deviation in m3 were calculated. The values from all the experiments were

then averaged giving a value for ry^, of 0.02. The data used are in Appendix 3'

únr=

= V^tm3
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Substituting eq 48.15, 48.14 and the expression for the standard errors in m2 and #r3 into

eq A8.10 and re-arranging gives,

oç A(8.16)

Aggregation rate analYsis

A similar analysis can be used for the aggregation rate constant. From eql.2O the mean

value of the aggregtaion rate constant is

G L(o*,\' *v( v^,*, \'
"lø ) 

'"lt4.Gtt)

(A8.17)

Uncertainty in ms arises largely from variation between replicates, the uncertainty in ths

arises from variations in consecutive measurements of mg from each replicate. Assuming

these are not correlated

-2 mg (A8.18)

ñ=#+

-2 dmo

*2s dtþo= 2
mg

Using eqs 48.2b and 48.3b,

(%)' =o(!ø\'.(%\' ,a8 re)l.F;l [ø)\î,)
The mean and varianc e in ms are obtained from the experimental data. By re-arranging eq

Ag.18 fi canbe calculated from B¡. The standard etrors, o^ and a. cãrr be calculated

from eq A76. Eqs 48.11 to A8.13 may also be written for ms rather than m3 giving

o? ='ú2', (48.20)
- ^o atz

The standard deviation oro,, *u, determined from the same data that were used to evaluate

a^.,*. Written in the same form as eq 48.15

o^0,.= Vmomg

From the experimental data the value of V*o is 0'033'

-3r2 -
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Substituting into eq 48.19 and re-arranging gives

og; = Þo l:(æ)'.i(#--*)'

ee *(ror",. - x) (r3,,- - *)

= Toro,.Tf; ,r- - (r!,r. * T3-r-)

(A8.22)

(A8.2s)

Relative supersaturation analysis

The relative supersaturation depends on the value of the activity product, thus the error in the

activity product nust f,rrst be determined. From eq2.l the activity product is

¿,P = T?lCa'*lÍOr'-l (48'23)

In Section 2.6 it is shown that the fraction of both calcium and oxalate present as free ions

was almost constant throughout an experiment, thus

AP nT 
roz*T o*r-

(48.24)

The total calcium and oxalate concentrations can be related to the initial concentrations by a

mass balance

X+X2

where X is the change in the calcium and the oxalate ion concentrations. X can be calculated

from the change in the third moment

*=e,"ft!--k(*,-*3) (A8 26)

where k is a constant that converts the third moment from pm3/500 pl to a concentration in

mol/dm3. The value of k is 1.58x10-ll.

If Tl"z* and Too*z- are denoted as C and O, then eqs 48.2a and b give
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(;z ^2\ 1

&=[ä.#leor

.(#.#)r*"r.(#.#)r'ur @Bzi)

+ ozy,

From eq 48.26 it can be seen that X2 is not an un-conelated variable, and thus eq 48.3b

cannot be used for the variance of X2 .

To evaluate the variance in AP, the mean and varianc e of X2 , X, C and O are required. X

can be calculated directly from the experimental data. The values used for C and O were

the initial concentrations, ¿rs the same metastable solution was used for all the replicates.

The standard error in the mean of X is calculated from eq 48.6 and the variance in X, using

48.4b and 48.5b, is

o'* = 4ør-^3)= o'(ú,.4"ù (48.28)

Similarly the variancein X2, using eqs A8.2b, 3b and 5b, is given by

a2*z = 4.0' <^7 -r^r*l * *!2 ))

= É(+&^. + a"s).04,g) (A8.29)

The value of o^r, which is equivalent to the within group standard deviation, 6^r,*, can be

calculated from eq 48.15. The value of o^y*was determined from CSDs of the seed

suspension used in the batch experiments. In the same form as eq 48.15

(A8.30)

From the seed suspension data in Appendix 3 values for Vr^g and ml of 0.047 and

6.98x 106p-3/50opl were obtained.

The variances o¿ and o6 were estimated from the uncertainty associated with the addition

of the correct volume of calcium and oxalate solutions to the metastable solution. The

uncertainty was estimated atZVo and may be written in terms of the standard deviation and

z(ê^,*

= e*o(ok,.4g)

= Uf om?
*fr3

Co
m3

mean ¿ìs
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(A8.31)

AP = KrpS2 (A8.32)

Using eq 48.1,

&or=+X!ro2g (A8.33)

Re-ananging eq 48.33 imPlies

ds=
oAP (A8.34)
4 Ksp

Oxalate ion concentration analysis

From Section 2.6, the fraction of oxalate present as a free ion is approximately constant'

thus an analysis using total oxalate concentrations can be used to determine the error. The

total oxalate ion concentration is given by

To*r- =T3rr- - X (A8.35)

where x is given by eq A8.26. Using eqs 48.28 for the error in the initial oxalate

concentration, Yields

()-- -I 1-
ox

(A8.36)

A8.2 SAMPLE CALCULATION

The values of ms, m2 and m3 from each flask for the samples collected after 5 minutes

from the batch experiment lltT are given in Table 48.1. The values of the mean and

standard deviation of the va¡iables in Table 48.1 were calculated using

9
C

= Vo=V¿ 020.þ
o

Now from eq4.5,

t
i=l

x
x¡ o friu,-'rx
n

and
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Table 48.1 Data from batch experiment lI/1 5 at t = 5 minutes.

Replicate ms (Number/500p1) m, ç¡tm2lsoo¡tl¡ mz $tm3l500pl)

1

2

3

4

64320

6r549

63856

65016

1.59x106

1.61x106

1.61x106

1 .67x 106

1.01x108

1.04x108

1.01x108

1.07x108

mean

standard deviation, o

63685

1502

I.62xl\6

3.29xl}a

1.03x108

2.81x10s

From the data in Appendix 7 the growth rate obtained from the program Batch at 5 minutes

is 0.052 pmimin. The standard error in the growth rate is calculated from eq 48.16

å( )'.?[

2 2

1

n

o
oG= G

ln"

m2

= 0.052 x

i(+

I
= 0.006 pm/min

The standard error is approximately l lVo of the growth rate'

From the data in Appendix 7 the value of B¡ obtained from the program Batch is 3.86x10-a

¡rl/min. From eq Ã8.22 the standard error in ps is

og; = Þo
4

n

( o^o\' - ?( -2 w^o \'
ln ) ' "\fi,,att)

4( r5oz\2 2( -2x0.033 I
Zf.636s5l' +[¡.aox lo-a x63685x5/

2

= 3.86 x 10+ x

= 9.ll x l0{pl/min

The standard error is approximately 2.4Vo of the value of ps

For the activity product, eq A8.27 is used together with eqs A8.28 to 48.31. Firstly, X2 it

calculated from eq 48.26
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4)
= (1.58 x 10-rr)2 x (t.or x 107 - o.ls x to6)2

=2.75x 10-e(mol/dm3¡2

Substituting eqs 48.15, A8.28 and 48.30, into eq 48.6,

2

= O'(2x ,rr3

k( (v^,^r)' *(r^t4)')
&= n

(1.58xt0-rl)2x( (0.02 x 1.03 x 107)2 + @.047x 6.98 x to6)2)

4

= 9.33x I o-12 lmol/dm3 ¡2

Substituting eqs A8.15 , A8.29 and 48.30 into eq A8.6 gives

)'.(m3V*^6k4
0

m3Ulo' lfll )')2
O----; =X' n

o x (r.sa " 
ro-")o ((0.02 x 1.03 x to7)2 + (o.o+z x 6.98 

" 
rou)')

ç2xo.022)x (9.81x 10+ x 1.96 x 104¡2

9.33xlo-r2 x (9.33 x 10-12 x 9.81x 10+¡2
2.75x10-e

9.33 x 10-12

+0.022

2.15x10-e
+0.022 x (9.33 x 10-12 x 1.96 x l0+)2

+ 1.39 x 10-32

= 4.ox 1o-l71mol/dm3¡a

4

=1.39x lo-32(mol / dm3¡a

As a standard metastable solution was used in experiment ll/7 from Table 3.2 the values of

the initial calcium and oxalate concetrations are 9.81x10r and 9.81x104 M. Then from eq

A8.27

o,-=(zvQpaf .(#.ú)t ef .(#.ú)t*u)2 +êr,

+

.I

Taking the square root of this result
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oñ = 6.33 xl0-e lmol/dm3 ¡2

From eq 48.34, and using the value of Kro for total ion concentrations (see eq 5.41),

ds=
6¡p 

- = 0.036
4Ksp

which is approxim ately 2.l%o of the value of S, which from Appendix 7 is, 1.74.

Finally, from eq 48.36

67
1^

lo.ozo)' * o't

(o.oz x 1.96 x to+)2 +s.33x 1o-r2

o12-

= 4.97 x 10-6 M

which is approxim ately 3.5Vo of the value of the oxalate ion concentration.
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Appendix 9:

CONTINUOUS CRYSTALLISATION

EXPERIMENTAL DATA

In this appendix the experimental data from the continuous crystallisation experiments

described in Chapter 9 are reported. The data given are the moments of the CSDs measured

by the Multisizer as calculated from eq9.20. The conditions in each of the experiments are

given in Tables 9.1 and9.2.

The values of the rate constants and independent variables were calculated from the

experimental moments using the methods described in Chapter 9. The units and

abbreviations used for the rate constants in the data are:

ø, dilution factor

mj, jth moment, p*3jl500 Pl

tbar, mean residence time, seconds

kB, breakage rate constant, s-l

gammaB, shear rate for breakage, s-l

kS, sticking rate constant, s-l

gammaS, shear rate for sticking, s-l

S, relative supersaturation

G, growth rate (¡rm/s)

ß0, aggregation rate constant, m3/s
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Expt 2017, QL=4ml/min
Feed

c[ m-1 m-Zl3 m-1/3 m0 m1/3 mZlS m1 m4/3 m5/3 m2

1 1.S4E+03 5.03E+03 1.89E+04 8.16E+04 4.00E+05 2.178+06 1.28E+07 8.15E+07 5.55E+08 4.05E+09

Saturated saline
C(, m-1 m-213

1 1.20E+03 3.60E+03

2 1 .68E+03 5.1 4E+03

3 1.93E+03 5.92E+03

4 2.05E+03 6.26E+03

5 2.11E+03 6.47E+03

6 2.26E+O3 6.87E+03

m-1/3 m0

1.21E+O4 4.59E+04

1.76E+04 6.89E+04

2.05E+04 8.08E+04

2.1 6E+04 8.54E+04

2.24E+O4 8.85E+04

2.36E+04 9.29E+04

m 1/3 m2l3 m l m4l3 m5/3 m2

1.99E+05 9.71E+05 5.23E+06 3.07E+07 1.95E+08 I.34E+09

3.06E+05 1.52E+06 8.34E+06 4.97E+O7 3.22E+08 2.26E+09

3.63E+05 1.83E+06 1.01E+07 6.13E+07 4.01E+08 2.85E+09

3.85E+05 1.94E+06 1.08E+07 6.56E+07 4.308+08 3.06E+09

3.99E+05 2.01E+06 1.128+O7 6.77Ê+O7 4.43E+08 3.14E+09

4.16E+05 2.09E+06 1.15E+07 6.96E+07 4.54E+08 3.23E+09

A tbar

1 2.268+O2

2 1.608+02

3 1.2A8+O2

4 1.09E+02

5 9.60E+0'|

6 8.63E+01

gammaB

2.08E+01

2.96E+01

3.71E+01

4.40E+01

5.048+01

5.66E+01

kB gamrn¿ls 16

2.258-03 3.76E+01 4.01E-03

2.478-O3 5.36E+01 2 738'03

2.628-09 6.72E+01 1.83E-03

2.98E-03 7.97E+O1 1.55E-03

3.428-O3 9.13E+01 1.43E-03

4.10E-03 1 .O2E+O2 1 .21 E-03

Metastable solution, S=1.61
ü m-1 m-2lg m-1i 3 m0 m2/3

1 1.18E+03 3.54E+03 1.19E+04 4.58E+04 1'01E+06

2 1.71E+03 5.10E+03 1.728+04 6'60E+04 1 44E+06

3 I.87E+03 5.66E+03 1.95E+04 7 '798+04 1.85E+06

4 1.94E+03 5.90E+03 2.05E+04 8.228+04 1'96E+06

5 I.92E+03 5.84E+03 2.03E+04 8.20E+04 2.01E+06

6 1.85E+03 5.60E+03 1 '95E+04 7.94E+O4 2 00E+06

m1 m4l3 m5/3

5.598+06 3.38E+07 2.228+08

7.89E+06 4.728+07 3.06E+08
'I .05E+07 6.48E+07 4.30E+08

1.12Ê+07 6.97E+07 4.66E+08

1.178+07 7.36E+07 5.02E+08

1.18E+07 7,51E+O7 5.1 2E+08

G
1

2

3

4

5

6

S

1.61

1 .62

1.62

1.62

1 .62

1.62

tbar

2.268+02

1.60E+02

1.28E+02

1.09E+02

9.60E+01

8.63E+01

G

5.33E-04

5.49E-04

5.55E-04

5.58E-04

5.60E-04

5.62É-O4

t€

2.25E-03

2.478-O3

2.62E-03

2.988-03

3.42E-03

4.1 0E-03

KS

3.94E-03

3 32E-03

1.83E-03

1.49E-03

1.25E-03

1.23E-03

ß0

4.1 5E- 1 5

3.82E-15

3.82E-15

5.29E-15

1 .1 8E-1 4

2.258-14

gammaB

2.08E+01

2.96E+01

3.71E+01

4.40E+01

5.04E+01

5.66E+01
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Expt 2117,
Feed

QL=6ml/min

m-1

1.29E+00 4.10E+03 1.49E+04 6.17E+04 2.91E+05 1.52E+06 8.72E+06 5'38E+07 3.58E+08 2.56E+09

Saturated saline
d, m-1 m-2lg m-1/3 mO m1/3 m2l3 m1 m4l3 m5/3 m2

.t 1.0SE+03 3.1SE+03 1.05E+04 3.93E+04 1.66E+05 7.80E+05 4.05E+06 2.30E+07 1.42E+08 9.s5E+08

1.67 1.52E+03 4.58E+og.t.s4E+04 s.83E+04 2.49E+05 1.19E+06 6.26E+06 3.60E+07 2.25E+08 1.54E+09

2.gg 1.59E+03 4.83E+03 1.65E+04 6.34E+04 2.76E+O5 1.34E+06 7.16E+06 4.17E+07 2.64E+08 1.83E+09

3 1.82E+03 S.46E+Og 1.828+04 6.87E+04 2.93E+05 1.40E+06 7.36E+06 4'24E+O7 2.67E+08 1.83E+09

g.67 1.94E+Og 5.8.1 E+03 1.93E+04 7.2g8+O4 3.05E+05 1.44E+06 7.52E+O6 4.31E+07 2.69E+08 1'85E+09

4.3g 1.96E+03 5.87E+03 1.95E+04 7.31E+04 3.09E+05 1.47E+06 7.70E+06 4.448+07 2.81E+08 1.96E+09

m-2/3 m-1/3 mO m1/3 m2l3 m1 m4l3 m5/3 m2
ü,
1

c[
1

1.67

2.33

3

3.67

4.33

lbar
'I .53E+02

1 .1 8E+02

9.90E+01

8.62E+01

7 .71E+01

7.01E+01

gammaB

3.1 2E+0 1

4.04E+01

4.85 E+01

5.60E+0 1

6.31E+01

6.98E+0 1

l€
3.26 E-03

3.60E-03

3.46E-03

5.03E-03

6.15E-03

6.37 E -03

gammaS

5.64 E +0 1

7.31 E+01

8.79E+01

1 01 E+02

1.14Ê+O2

1.26E+O2

t€

5.1 0E-03

2.87-tr-Os

2.05E-03

2.01E-03

1.94E-03

1.69E-03

Metastable solution, S=1.61
c[ m-1 m-213 m-1/3 mO m2/g ml m4l3 m5/3

1 1.23E+03 3.70E+03 1-24É+04 4.748+04 9.94E+05 5 35E+06 3.15E+07 2'O2E+OB

1 .67 1 .41E+03 4.29E+03 1 .46E+04 5.65E+04 1.22É+O6 6.59E+06 3'90E+07 2'51E+08

2.gg 1.41E+03 4.33E+03 1.50E+04 5.98E+04 1.38E+06 7.77Ê+O6 4'76E+O7 3.,1 6E+08

3 1.52E+03 4.59E+03 1.57E+04 6.20E+04 1.42E+06 7.91E+06 4'79E+O7 3.13E+08

3.67 1.59E+03 4.80E+03 1.65E+04 6.50E+04 1.498+06 8.34E+06 5.10E+07 3'40E+08

4.33 1 .45E+03 4.42Ê+03 1 .53E+04 6.07E+04 1.4,lE+06 7.93E+06 4.85E+07 3'228+O8

c[
1

'l .67

2.33

3

3.67

4.33

S

1.61

1.62

1.62

1 .62

1.62

1.62

tbar

1.53E+02

1 .1 8E+02

9.90E+01

8.62E+01

7.718+01

7.01E+01

G

5.44E-04

5.53E-04

5.57E-04

5.59E-04

5.61E-04

5.62E-04

t€

3.26 E-03

3.60E-03

3.46E-03

5.03E-03

6.1 5E-03

6.37E-03

t€
3.46E-03

2.63E-03

1.43E-03

1.38E-03

8.09 E-04

'I .58E-03

ß0

8.38E-15

7.65E-15

1 94E-14

2.84F-14

3.97E-14

4.48E-',14

gamnnB

3.1 2E+01

4.04E+01

4.85E+01

5.60E+01

6.31E+01

6.98E+01
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Expt 18/7
Feed

QL=8ml/min

c[
1

m-1 m-zlg m-1/3 mo m1/3 m2l3 m1 m4/3 m5/3 m2

1.g6E+03 4.g6E+Og 1.59E+04 6.66E+04 3.16E+05 1.68E+06 9.72E+06 6.10E+07 4.12E+08 3.00E+09

Saturated saline
6¡ m-1 m-213

1 I .24E+03 3.78E+03

1 .5 I.58E+03 4.82E+03

2 1.67E+03 5.1 1 E+03

2.5 1.75E+03 5.36E+03

3 1.84E+03 5.60E+03

3.5 1.81E+03 5.54E+03

m-1/3
1.29E+04

1.648+04

1 .7 4E+O4

'I .83E+04

1.90E+04

1.90E+04

m0

5.00E+04

6.28E+04

6.70E+04

7.09E+04

7.328+O4

7.36E+04

m l/3
2.1 9E+05

2.738+OS

2.91 E+05

3.1 0E+05

3.'l 8E+05

3.23E+05

m2l3
07E+06

33E+06

42E+06

52E+06

55E+06

58 E +06

m1 m4l3

5.79E+06 3.428+O7

7.13E+06 4.208+07

7.63E+06 4.50E+07

8.1 8E+06 4.83E+07

8.33E+06 4.93E+07

8.59E+06 5.1 1 E+07

c[
'I

1.5

2

2.5

3

3.5

lba r

1 .1 5E+02

9.38E+01

8.07 E +0 1

7.1 5E+01

6.47E+01

5.93 E +0 1

gammaB

4. t 5E+01

5. 1 0E+0 1

5.94E+01

6.73E+01

7.47E+01

8.1 8E+01

l€
3.05E-03

4.O7E-03

4.57E-03

4.92E-03

5.60E-03

5.51E-03

gammaS

7.528+01

9.22E+O1

1.08E+02

1.22E+02

1.35E+02

1 48E+02

kS

4.57 E -03

3.36E-03

3.02E-03

2.48E-03

2.31 E-03

2.06E-03

Metastable solution, S=1.61
c[ m-1 m-213 m-1/3 mO m2t3 m1 m4l3 m5/3

1 .l .19E+03 3.63E+03 1.25E+04 4.978+O4 1.15E+06 6.49E+06 3.98E+07 2.64E+08

1 .5 1.42E+O3 4.38E+03 1.53E+04 6.07E+04 1.40E+06 7.90E+06 4.84E+07 3.228+08

2 1.39E+03 4.31E+03 1.328+04 6.15E+04 1.47E+06 8.34E+06 5.16E+07 3.44E+08

2.5 1.48E+03 4.58E+03 1.61E+04 6.48E+04 1.54E+06 8.74E+06 5.39E+07 3.58E+08

3 1.31E+03 4.11E+03 1 .47E+O4 6.12E+04 1.55E+06 9.06E+06 5.72E+O7 3.89E+08

3.5 1.18E+03 3.76E+03 1.38E+04 5.87E+04 1.55E+06 9.17E+06 5.86E+07 4.01E+08

Metastable solution, 3=2.20
d m-1 m-213 m-1/3 m0 m2l3 m1 m4l3 m5/3

2 9.88E+02 3.04E+03 1.08E+04 4.54E+O4 1.278+06 7.94E+06 5.42E+O7 3.98E+08

3.5 1.25E+03 3.78E+03 I.31E+04 5.37E+O4 1.45E+06 9.04E+06 6.18E+07 4.57E+08

Metastable solution, S=1.93
ç¡ m-1 m-2lg m-1/3 m0 m2l3 m1 m4/3 m5/3

2 8.51E+02 2.63E+03 9.43E+03 4.O2E+O4 1.17E+06 7.628+06 5 428+07 4.17E+08

3.5 1.02E+03 3.13E+03 1.12!E+04 4.778+O4 1.40E+06 9.06E+06 6.45E+07 4.99E+08

Metastable solution, 5=2.20
CL m-l m-zlg m-1/3 mO m2l3 m1 m4/3 m5/3

2 8.62EL+02 2.60E+03 9.10E+03 3.82E+04 1.15E+06 7.87E+06 6.04E+07 5.15E+08

3.5 9.35E+02 2.89E+03 1.04E+04 4.50E+04 1.37E+06 9.078+06 6.55E+07 5.11E+08

Metastable solution, S=1.21
G m-1 m-213 m-1/3 mO m2t3 m1 m4l3 m5/3

2 1.48E+03 4.56E+03 1.59E+04 6.33E+04 1.46E+06 8'18E+06 4.99E+07 3.30E+08

3.5 1.42E+Og 4.42E-+03 1.57E+04 6.42E+04 1.56E+06 8'94E+06 5.55E+07 3.71E+08

Metastable solution, 5=2'21
(f m-l m-2t3 m-1/3 mO rî213 m1 m4/3 m5/3

2 8.14E+02 2.50E+03 8.94E+03 3.83E+04 1.17E+06 7.91E+06 5.88E+07 4'76E+08

3.5 1.06E+03 3.25E+03 1.15E+04 4.84E+O4 1.39E+06 8.95E+06 6.31E+07 4.82E+08

msi 3 m2

2.208+QB 1.55E+09

2.69E+08 1.898+09

2.90E+08 2.05E+09

3.1 1 E+08 2.19E+09

3.20E+08 2.29E+09

3.32E+08 2.36E+09
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Expt 1817, QL=8ml/min
Metastable solution, S=1.61

ü S tbar G l€ l€ ß0 gamnnB

1 1.61 1.15E+02 5.44Ê-04 3 O5E-03 3'778-Og 1'578-14 415E+01

'I .5 'l .62 9.38E+01 5 51E-04 4.07E-03 2'46E-03 1'95E-14 5'10E+01

2 1.62 8.07E+01 5.55E-04 4.57E-03 2.14E-03 3'03E-14 5'94E+01

2.5 '1 .62 7.15E+01 5.57E-04 4.92E-03 1'73E-03 2 91E-l4 6'73E+01

3 1.62 6.47E+01 5.59E-04 5.60E-03 132E-03 6'02E-14 7'47Ê+o1

3.5 1 .62 5.93E+01 5.60E-04 5.51E-03 1'22E-Og 7 '748-14 8 18E+01

Metastable solution, 3=2'20
a S tbar G l€ kS ß0 gammaB

2 2.19 8.07E+01 2.O4E-Og 4.57E-03 3'50E-03 8 84E-14 4'57E-03

3.5 2.2O 5.93E+01 2.071c-Og 5.51E-03 2'22E'03 9'23E-l4 5 51E-03

Metastable solution, S=1.93
G S tbar G l€ 16 ß0 gamrnaB

2 1 .93 8.07E+01 |.26E-Og 4.57E-03 3'60E-03 1'218-13 4 57E-03

3.5 1 .93 5.93E+0'l 1.278-Og 5.51E-03 1'778-Og 1 '43E-13 5'51E-03

Metastable solution, S=2'2O
ct, S tbar G l€ l€ ß0 gamÍìâB

2 2.2O 8.07E+01 2.OBE-03 4'578-Og 3'59E-03 1'40E- l3 4 57E-03

3.5 2.2O 5.93E+01 2.OBE-03 5.51E-03 2'14-E-Og 1'62E-13 5'51E-03

Metastable solution, S=1.21
CX, S tbar G l€ 16 ß0 gamnìeB

2 1.2'l 8.07E+01 6.69E-05 4'57E-03 213E-03 2'19E-14 4'57E-03

3.5 1.22 5.93E+01 6.99E-05 5.51E-03 1'40E-03 4 34E-14 5'51E-03

Metastable solution, 3=2'21
G S tbar G l€ 16 ß0 gamnnB

2 2.21 8.07E+01 2.11E-03 4.57E-03 3.55E-03 1'40E-13 4'57E-03

3.5 2.21 5.93E+01 2.128-03 5.5'lE-03 2'40E-03 1'28E-13 5 51E-03
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Feed

Expt 2217, QL=1Om|/min

CX, m-1 m-zlg m-1/3 mO m1/3 m2l3 ml m4l3 m5/3 m2

i 1.34E+03 4.14E+03 1.45E+04 5 76E+04 2.61E+05 1.32E+06 7.35E+06 4.45É.+Q7 2.92E+08 2.08E+09

Saturated saline
Ct m-1 m-213

1 1.26E+O3 3.78E+03

1 .4 1 .38E+03 4.168+03

1 .8 1.54E+03 4.63E+03

2.2 1 56E+03 4.71E+03

2.6 1.56E+03 4.75E+03

3 1.62E+03 4.87E+03

m-1/3

1.26E+04

1.40E+04

1.55E+04

1.59E+04

1.61E+04
'L 64 E +04

m0

4.7 3E+O4

5.34E+04

5.83E+04

6.01E+04

6.1 2E+04

6.218+04

m 1/3 m2/3

2.00E+05 9.45E+05

2.29E+05 1 .1 0E+06

2.48E+05 L I 8E+06

2.57E+05 'l .228+06

2.62E+05 1.26E+06

2.66E+05 1.28E+06

m 1 m4l3 m 5/3 m2

4.94E+06 2.83E+07 1.78E+08 I.23E+09

5.79E+06 3.36E+07 2.13E+08 1.50E+09

6.23E+06 3.60E+07 2 278+OB 1.58E+09

6.41E+06 3.67E+07 2.30E+08 1 58E+09

6.62E+06 3.81E+07 2.40E+08 1.65E+09

6.79E+06 3.96E+07 2.55E+08 1.82E+09

ct

1

1.4

1.8

2.2

2.6

3

lba r

9.24E+01

7,81E+01

6.86E+01

6.1 6E+01

5.62E+01

5.20E+01

gammaB

5.19E+01

6.1 5E+01

7.03E+01

7.84E+01

8.62E+01

9.36E+01

l€ gamrras

3.43E-03 9.40E+0 1

3.16E-03 1.11E+02

4.11E-03 1.278+O2

4.70E-03 1.428+02

4.67E-03 1.56E+02

4.388-03 1.7OE+O2

KS

4.36E-03

3.06E-03

2.45E-03

2.43E-03

2.O78-O3

1.37E-03

Metastable solution, S=1.61
6¡ m-1 m-213 m-1/3 m0 m2/3 m1

1 1.12E+03 3.40E+03 1.16E+04 4'51E+04 9.98E+05 5.50E+06

1.4 1.28E+03 3.91E+03 1.35E+04 5.30E+04 1.20E+06 6.68E+06

1 .8 1.41E+03 4.278+O3 1.45E+04 5.63E+04 1'24E+06 6.79E+06

2.2 1 .36E+03 4.'l 6E+03 1.44E+O4 5'66E+04 1 .28E+06 7.09E+06

2.6 1.24E+03 3.81E+03 1.33E+04 5.33E+04 1.248+06 6.97E+06

3 1.25E+03 3.86E+03 1.35E+04 5.41E+04 1.26E+06 7.08E+06

m4l3 m5/3

3.31E+07 2.16E+08

4.06E+07 2.68E+08

4.06E+07 2.64E+08

4.30E+07 2.84E+08

4.268+O7 2.83E+08

4.33E+07 2.89E+08

ct,

1

1.4

1.8

2.2

2.6

3

s
1 61

1.62
't.62

1.62

1 ,62

't.62

tbar

9.248+01

7.81E+01

6.86 E+01

6.1 6E+01

5.62E+01

5.20E+01

G

5.48E-04

5.53E-04

5.5 6 E -04

5.58E-04

5.59E-04

5.60E-04

t€

3.43E-03

3.1 6 E-03

4.1 1E-03

4.70E-03

4.67E-03

4.38 E-03

t€
3.40E-03

1.50E-03

1.428-03

8.35E-04

1.21E-03

9.84E-04

ß0

3.128-14

3.05E-14

2.67 E-14

4.36E-1 4

5.97E-14

5.66E-14

gamrnaB

5.1 9E+01

6.1 5E+0 1

7.03E+01

7.84E+01

8.62E+01

9.36E+01
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