
PUBLISHED VERSION  

   

 

Hill, Timothy James; Hamilton, Murray Wayne; Pieroux, D.; Mandel, P.  
Intensity coherence of a multimode Nd-doped yttrium aluminum garnet laser Physical 
Review A, 2002; 66(6):063803-1-063803-8 
 
© 2002 American Physical Society 

http://link.aps.org/doi/10.1103/PhysRevA.66.063803  
    
  

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

          http://hdl.handle.net/2440/12725     

PERMISSIONS 

http://publish.aps.org/authors/transfer-of-copyright-agreement 

 

 

“The author(s), and in the case of a Work Made For Hire, as defined in the U.S. 
Copyright Act, 17 U.S.C. 

§101, the employer named [below], shall have the following rights (the “Author Rights”): 

[...] 

3. The right to use all or part of the Article, including the APS-prepared version without 
revision or modification, on the author(s)’ web home page or employer’s website and to 
make copies of all or part of the Article, including the APS-prepared version without 
revision or modification, for the author(s)’ and/or the employer’s use for educational or 
research purposes.” 

 

 

 

15th March 2013 

 

http://hdl.handle.net/2440/12725�
http://link.aps.org/doi/10.1103/PhysRevA.66.063803�
http://hdl.handle.net/2440/12725�
http://publish.aps.org/authors/transfer-of-copyright-agreement�


PHYSICAL REVIEW A 66, 063803 ~2002!
Intensity coherence of a multimode Nd-doped yttrium aluminum garnet laser

T. Hill and M. W. Hamilton*
Department of Physics and Mathematical Physics, University of Adelaide, Adelaide SA 5005, Australia

D. Pieroux and P. Mandel†

Optique Nonline´aire Théorique, Universite´ Libre de Bruxelles, Campus Plaine, Code Postal 231, B-1050 Bruxelles, Belgium
~Received 3 October 2001; published 6 December 2002!

We measure the power spectral densities, at relaxation oscillation frequencies, of the individual longitudinal
modes and the total intensity of a Nd-doped yttrium aluminum garnet laser at low pumping rate. We then test
relationships between these quantities that are derived from the modal rate equations theory. The theoretical
relations for the two mode case are confirmed by the experiment. However, in the three-mode regime, theory
and experiments do not agree well.
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I. INTRODUCTION

There has been much recent interest in the spectra o
tensity fluctuations in multimode lasers because these la
exemplify nonlinear oscillator arrays and because the spe
are a useful test of the theoretical models used for the las
One of the earliest and most well known models is that d
to Tang, Statz, and deMars, referred to herein as TSD@1#. In
this model a modal expansion of the inversion density~or the
gain! is employed, with a rather arbitrary truncation bei
needed to arrive at the set of ordinary differential equati
that constitutes the TSD model. Two other basic assumpt
that go into the model are that the gain medium fills t
cavity and that the gain is distributed uniformly along t
axis of the laser. Other models which do not make th
latter assumptions still, as a general rule, employ the s
modal expansion as TSD@2–6#. A more general approac
that eschews the modal expansion, using so-called gl
rate equations, was also developed@7#. These models do no
incorporate the phase. At the level of the rate equations
phase variables obey an evolution equation that is decou
from the equations that describe the intensity dynamics.
reconnect the phase and amplitude variable requires a
revision of the adiabatic elimination of atomic polarizatio
which is performed in the rate equation derivation. This ta
is outside the scope of the present paper.

Whether in the single-mode or in the multimode regim
two frequency domains have to be distinguished. There
the optical frequencies, characterizing the cavity eig
modes. They are shifted from the empty cavity frequenc
as a result of the frequency pulling and pushing induced
the light-matter interactions. However, there are also the
laxation oscillation frequencies~ROF’s! which are in the
kHz to MHz range for common solid state lasers. In pr
ciple, there are as many ROF’s as there are modes, alth
this is not an absolute rule@8#. When there is more than on
ROF, the ROF originating from the single-mode regime
usually the one with the highest frequency, the others hav
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typically about half that value. A feature of both the expe
mental data and the aforementioned models is the phen
enon of antiphasing. This occurs at the ROF’s when ther
destructive interference of the contributions of the individu
laser cavity modes to the fluctuations of the total intens
Simple quantitative expressions that relate the power spe
densities of modal intensity fluctuations to total intens
fluctuations have been derived for two-@9# and three-@10,11#
mode operation of the laser. The relations describe how th
interferences occur at each ROF, specifying which mo
pairs interfere constructively and which interfere destru
tively. For example, in two-mode operation where there
only one-mode pair, at the lower ROF the modes are in
tiphase~destructive interference! and at the higher frequenc
they constructively interfere. Thus if the destructive interf
ence is complete there will only be one resonance seen in
power spectrum of total intensity fluctuations, that at t
higher system frequency. It is important to stress that th
interferences at the ROF’s correspond physically to the fl
tuations of the field intensity and not the complex field a
plitude.

While these expressions are predicated on a particula
ser model~i.e., TSD!, they have a certain universality in th
sense that they are independent of the detailed paramete
the laser, such as pump rate~insofar as operation with a
given number of modes is maintained!. A necessary condi-
tion for the derivation of these simple relations is that t
lifetime of the cavity modes is much smaller than that of t
population inversion. For solid state lasers with the Nd31 ion
as the active species this is generally the case. Experim
with a LNP ~lithium neodymium tetraphosphate! laser@12#,
where these rates differ by a factor of about 106, have con-
firmed these relations. One purpose of this paper is to
forward another case where these relations are tested
where the decay rates differ by a smaller factor. It will
seen that the relations are verified for two-mode opera
but not for three mode. It is well known that the TSD mod
has limitations when applied to real lasers. In particula
assumes that the gain medium fills the cavity and that
pumping is uniform. Although neither of these apply to o
laser, we persist with the TSD model because with t
model the relations can be derived analytically. Relatio
©2002 The American Physical Society03-1
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HILL et al. PHYSICAL REVIEW A 66, 063803 ~2002!
have been analytically derived for the two-mode case wit
rate equation model which takes into account the large s
nonuniformity of the pump@7#, as one would find in an end
pumped laser, but do not so far appear to be possible
three modes or more, which is of particular interest here

We use a multimode Nd:YAG~neodymium-doped yttrium
aluminum garnet! laser, in which the upper state lifetime o
the lasing transition is 230ms @13# and the cavity lifetime is
2.0 ns. This latter value is derived from the ROF of the la
in single-mode operation. The ratio of decay rates is t
;1.13105. The laser is operated in steady state with eit
two or three longitudinal modes, in which the relaxation o
cillations of the laser modes are globally coupled by g
sharing. ForN laser modes there areN ROF’s which occur
up to the single-mode ROF@14#, and are of the order of ten
of kHz making their direct study relatively simple. Th
ROF’s are excited only by ambient noise in this paper.

In Sec. II we review the theory behind antiphase dyna
ics of the multimode laser in the context of the TSD mod
making explicit the connection between the experimenta
obtained spectra and the variables of the theory. Then in
III the experimental arrangement is described. Experime
results for the two-mode case are presented in Sec. IV
there it is demonstrated that they agree well with theoret
predictions of power spectral densities of the modal inten
ties at each of the ROF’s. A confirmation of these resu
based on the cross-spectra between modal pairs is also
sented. In contrast to Sec. IV, we present in Sec. V res
from three-mode operation that show clear quantitative
agreement with the predictions of the theory based on
TSD model. The data suggest that in the correct model
relative phases of the modal intensity fluctuations will
different, but that power spectra relations similar to the o
introduced below will be obtained. Further, a recent comp
son of a model incorporating nonuniform pumping with o
that assumes uniform pumping shows that this aspect ha
affects the threshold properties of a laser@15#. This leads us
to suspect that the assumption of pump uniformity is not
relevant limitation of the TSD model.

II. THEORETICAL RESULTS

A. The TSD model

In 1963, Tang, Statz, and deMars proposed a sim
model to describe the dynamics of multilongitudinal mo
Fabry-Perot class-B lasers@1#. Starting from a noiseles
semiclassical laser description, the derivation of the mo
proceeds in three stages. Firstly, the medium polarizatio
adiabatically eliminated. This simplification holds if the p
larization lifetime is much smaller that both the photon a
population inversion lifetimes. This is in particular the ca
for the LNP, Nd:YAG, and semiconductor lasers. Then,
population inversion is spatially Fourier expanded. The l
stage consists of discarding all but the first order Fou
components. For aN mode laser, this results in 2N11 non-
linear ordinary differential equations,
06380
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dI m

dt
5kI m@gm~N02Nm/2!21#,

dNm

dt
5gmN0I m2NmS 11 (

k51

N

gkI kD , ~1!

dN0

dt
5w2N02 (

k51

N

gk~N02Nk/2!I k ,

with m51, . . . ,N. In these equations,I m is the intensity of
modem, N0 andNm are zero- and first-order spatial Fouri
components of the population inversion, i.e.,

N05
1

LE0

L

N~x,t !dx,

~2!

Nm5
2

LE0

L

N~x,t !cos~2kmx!dx

with N(x,t) the population inversion density,km the optical
wave number of modem, andL the cavity length. Timet is
measured in units of the population inversion relaxat
time, w is the pump parameter averaged over the cav
length, andgm<1 is the gain of modem relative to the
maximum gain modem51. In what follows, we order the
modes according to their lasing threshold value, or equi
lently in the case of the TSD model such that 15g1.•••

.gN . Equality between two or more mode gains occurs
degenerate cases, but we do not consider this possibility
since it does not correspond to any of our experiments.
k parameter is the inverse photon lifetime that we assu
equal for all modes. One of the formal limitations of the TS
model is that it describes a homogeneously pumped med
filling the cavity over its whole length. More complex mod
els have been recently proposed for a partially filled cavity
an inhomogeneous pump mechanism@6,7,16,17#. However,
as the inhomogeneity of the inversion acts mainly on
strength of mode-mode competition, we expect the T
model to give a qualitative description of the dynamics
inhomogeneously pumped lasers by using an effective pu
value and effective mode gains.

As mentioned in the preceding section,k for Nd:YAG
lasers is about 105. For such a large value, and in the absen
of parameter modulation, the TSD model displays fai
simple dynamics. Forw,1, all modes are switched off. A
w51 the m51 mode starts lasing, followed by the oth
modes asw increases further. Whatever the pump value,
system always possesses a single stable steady state suc
modes whose threshold is below the current pump value
lasing while the other modes are not. If weakly perturb
the laser returns to its stable steady state via damped o
lations. For anN mode laser with all unequal gains,N dif-
ferent relaxation frequenciesv1.•••.vN are found in the
power spectra of the relaxation transients of each mode.

For a small enough perturbation, Eqs.~1! can then be
linearized. Solving the linear equations, the relaxation tr
sient is given by
3-2
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INTENSITY COHERENCE OF A MULTIMODE Nd-DOPED . . . PHYSICAL REVIEW A66, 063803 ~2002!
I m~ t !5I m,st1 (
k51

N

~ekam,ke
(gk1 ivk)t1c.c.!1O~e2!, ~3!

with I m,st being the steady intensity of modem, gk1 ivk the
kth eigenvalue of the linear problem, andam,k the amplitude
of the mth component of thekth eigenvector. As all thegk
are negative, the transient is damped. It is important to n
that the coefficientsam,k are independent of the perturbatio
contrary to the complex parametersek that are univocally
determined by it. Being linear, Eq.~3! applies also to the
total intensity I tot5(m51

N I m if the am,k are replaced by
atot,k5(m51

N am,k . The eigenvectors being defined up to
complex scaling factor, we chooseatot,k real and not negative
for all k.

B. Fourier component relations

In the limit of largek, the frequenciesvk scale ask1/2

while the damping ratesgk are ofO(1) @18#. These two time
scales lead to the existence of a range of durationsT such
that vk

21!T!gk
21 . That is, during a timeT, the laser dis-

plays many oscillations without being significantly dampe
This fact simplifies the computation of thevk components of
the Fourier-transformed intensities over a limited durationT:

FT~ I m ,vk!5E
0

T

I m~ t !e2 ivktdt'ekam,kT. ~4!

This relation holds also forFT(I tot ,vk) if am,k is replaced by
atot,k . The set of relations~4! allows one to recover the
eigenvectors of the linearized TSD system from the Fou
transform of the laser intensity time traces, since theek andT
parameters are easily eliminated to give

am1 ,kFT~ I m2
,vk!'am2 ,kFT~ I m1

,vk!. ~5!

C. Power and cross-spectra relations

Checking the validity of the set of relations~5! is a diffi-
cult task as everyam,k depends on the pumpw and the modal
gain parametersgm . However, universal relations indepe
dent of the pump and the gains can be established using
power spectral densities~PSD! and cross-spectral densitie
~CSD! defined, respectively, by

PT~ I m ,vk!5
1

T
uFT~ I m ,vk!u2, ~6!

CT~ I m ,I n ,vk!5
1

T
FT~ I m ,vk!FT* ~ I n ,vk!, ~7!

with the asterisk denoting the complex conjugate. To der
these relations, it is necessary to refer to two properties of
am,k coefficients that hold in the limitk@1. The first prop-
erty is that allam,k can be chosen real in a first approxim
tion. This comes from the fact that Re(am,k)
;k1/2Im(am,k). This fundamental property is at the origin o
the antiphase laser dynamics, i.e., the absence or the s
reduction of thev2 , . . . ,vN frequency peaks in the tota
06380
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intensity transient. Indeed, the set ofN modes is divided in
two clusters for eachvk : the N8 modes whoseam,k are
positive, and theN2N8 modes whoseam,k are negative.
Modes belonging to the first cluster oscillate in phase,
they oscillate out of phase~i.e., phase shifted byp) with the
modes of the other cluster. Therefore, the total intensity
cillates with an amplitude resulting from the contribution
the first cluster reduced by the contribution of the seco
one. The second property ofam,k is that above the threshol
of mode m, all sgn(am,k) are constant. These are given
Table I for three-mode operation. These two properties h
been demonstrated for anyN andgm'1 @19#, for N52 and
any gm @12#, and forN53 and anygm @11#, but we conjec-
ture that they are valid for anyN and anygm . It is now
straightforward to show that

APT~ I tot ,vk!5(
m

sgn~am,k!APT~ I m ,vk!, ~8!

and

arg@CT~ I m ,I n ,vk!#5H 0 if sgn~am,k!5sgn~an,k!

p otherwise.
~9!

These relations are universal since they hold whatever
perturbation, the pump or the gain parameters. Table II ill
trates Eq.~9! for all m, n, andk, in the caseN53. Equations
~8! and~9! describe interference of the modal intensity flu
tuations. If arg@CT(I m ,I n ,vk)#5p, modesm and n are in
antiphase; that is, their fluctuations atvk interfere destruc-
tively.

TABLE I. Sign of theam,k coefficients as predicted by the TS
model for three-mode operation. The two-mode case is obtaine
removing thea3,k row and thev3 column.

v1 v2 v3

a1,k 1 2 2

a2,k 1 1 2

a3,k 1 1 1

atot,k 1 1 1

TABLE II. Theoretical prediction of the cross-spectra compl
phase arg@C(I m ,I n ,vk)# for three-mode operation. The two-mod
case is obtained by removing the row and the column labeledI 3, as
well as the three columns corresponding tov3. A null value indi-
cates that modesm and n oscillate in phase, whilep means that
they oscillate with opposite phase. These results follow immedia
from Eq. ~9! and Table I.

v1 v2 v3

I 1 I 2 I 3 I 1 I 2 I 3 I 1 I 2 I 3

I 1 0 0 0 0 p p 0 0 p
I 2 0 0 0 p 0 0 0 0 p
I 3 0 0 0 p 0 0 p p 0
I tot 0 0 0 p 0 0 p p 0
3-3
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D. Application to noisy lasers

In practice, every laser is a noisy device. The noise or
nates from the spontaneous emission~quantum noise! and
from environmental perturbations. Modeling the noise pro
erties of an experimental Nd:YAG laser system is a form
dable task, out of the scope of this paper. Therefore,
choose to use a qualitative approach by modeling the n
effect as a series of instantaneous, independent and ran
kicks that perturb the laser. Right after a kick, the laser
laxes towards its steady state, until it is pushed again by
another kick. If the noise level is weak, the laser remains
the neighborhood of its stable steady state and the lin
theory we have developed previously applies. The dynam
of the laser between two kicks is then described by Eq.~3!,
with eachek being a random constant that is updated a
each kick. If the average durationT between two kicks is
such thatvk

21!T!gk
21 , the relations~8! and ~9! still hold

since they are independent of the perturbation. Moreover,
laser does not have enough time to relax to its steady s
before being perturbed again. Therefore, the upper inte
tion bound of Eq.~4! can be taken much larger thanT. As a
result, long time traces are appropriate to compute the PS
and the CSD’s.

III. EXPERIMENTAL SETUP

Our Nd:YAG laser (Nd;1% concentration! is end
pumped by a 40 mW diode laser operating at 808 nm;
Fig. 1. The YAG rod is 10 mm long and 3 mm in diameter.
is perpendicularly cut at the front face and Brewster cu
the other to force linear polarization, ensuring that the la
system does not exhibit polarization instability and switch
@20#. The front face of the YAG rod forms one end of th
cavity; it is highly reflective at 1064 nm and partially reflec
ing (R;30%) at 808 nm. Optical isolation~measured to be
approximately 35 dB! with a polarizing beam splitter and

FIG. 1. Schematic of the optical part of the experimental se
for two-mode operation. ADC, analog to digital converter; PD, ph
todiode; TI, total intensity; FP1, Fabry-Perot 1; FP2, Fabry-Pero
FP3, Fabry-Perot 3; BS, beam splitter. For three-mode opera
one mirror is replaced by a BS as indicated.
06380
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Fresnel rhomb was used between the YAG rod and the l
diode to minimize instabilities in the diode. At the other e
of the YAG laser cavity is a spherical output coupling mirr
(R;98% at 1064 nm! with radius of curvature 2.5 cm. Th
output coupling mirror was chosen for relatively low fre
quency relaxation oscillations rather than high output pow
The output power is of order 1 mW. The optical length of t
cavity is approximately 2.5 cm giving rise to a measur
longitudinal mode spacing of 6.15 GHz. The laser opera
on the 1064 nm transition with up to six longitudinal mode
depending on the exact cavity length and pump power. T
output beam had a good TEM00 transverse intensity profile
The output coupler was mounted on a piezoelectric tra
ducer to allow fine control of the cavity length, so that w
could offset the laser mode spectrum with respect to the g
spectrum and actively control its length with a servo-loop

Figure 1 shows the optical setup for two-mode operati
The laser cavity modes were separated using Fabry-P
interferometers. Optical isolation with quarter wave pla
and polarizing beam splitters~measured to be approximate
28 dB! was used between the YAG laser and the Fab
Perots. The modal and total intensities were detected w
identical high gain, low noise photodiode-amplifier circu
~Photodiodes - Epitaxx, ETX 1000T!. With up to four detec-
tion channels, each modal intensity and the total inten
could be sampled simultaneously. Simultaneous samp
minimizes the effect of the thermal drift of the Nd:YAG las
cavity by keeping the time scale of the measurement s
~525 ms!, and allows a determination of the scaling of ea
optical channel. We can then compare the measured
intensity ~TI! directly with the summed modal intensitie
which is a useful test of our method.

The intensities were recorded with two, 12 bit, 2 chan
analog to digital converters~ADC’s! ~Gage Applied Sciences
Inc., CompuScope 512! mounted in separate PC’s. Each
the input channels recorded 219 points at a sample rate o
1 MS/s. The sampling interval was much shorter than
period of highest ROF (;20 ms) and the number of re
corded points gave an adequate amount of data for avera
in the frequency domain. Once the appropriate input rang
the ADC was selected, extra gain was applied directly a
the photodiode-amplifiers to maximize the signal-to-noise
tio ~SNR! and resolution of the data. The recorded intens
data was transformed into the frequency domain~i.e., power
or cross-spectrum! using the modified periodigram metho
@21#.

An aluminum spacer was used in the Nd:YAG laser ca
ity. Due to thermal expansion, the frequencies of the la
modes and their associated gains could change. We temp
ture stabilized the laser cavity to minimize this effect. O
Fabry-Perot~FP1! ~TecOptics Ltd., SA-10 with a cavity life-
time of approximately 4.25 ns! was spaced with Invar which
has a much lower coefficient of expansion than aluminum
the experiments we used it as a reference cavity to which
actively stabilized one of the laser cavity modes~the first to
reach threshold! and therefore the laser cavity length. Th
fixed the position of the cavity modes with respect to t
peak of the gain spectrum, and thus the relative gains of
modes. We did this by applying a very low level dither to t

p
-
;
n,
3-4
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piezoelectric transducer of FP1 at 1251 Hz which is
enough away in frequency from the ROF’s of the laser to
easily distinguishable when it appears in the power a
cross-spectra. A lock-in amplifier generated an error sig
from the intensity of the first laser mode to reach thresh
which in turn was fed back to the output coupler of the YA
laser cavity. The combination of active stabilization of t
laser cavity and simultaneous sampling of all intensit
maintained a constant position of the laser cavity modes w
respect to the gain spectrum for the duration of the exp
ment. The other Fabry-Perot~FP2! ~cavity lifetime of ap-
proximately 230 ps! was also dithered and, with a seconda
feedback loop, locked to the laser cavity mode it transmit
~i.e., the second to reach threshold!.

For three-mode operation, the system was extended
the addition of a third Fabry-Perot~FP3! ~cavity lifetime of
approximately 480 ps!, see Fig. 1. This Fabry-Perot transm
ted the third laser cavity mode to reach threshold. In tw
mode operation FP2 was locked to the laser mode tha
transmitted, using the same technique that was used for
bilizing the laser cavity to FP1. In fact the data was acqui
in about 0.5 s and the drift of FP2, without stabilization,
this time proved to be negligible. Thus for three-mode o
eration we did not lock FP2 or FP3 to the modes that th
transmitted. The photodiode-amplifier circuit used to det
the intensity from FP3 was identical to those used previou
After further gain, this signal was fed into the fourth ava
able channel of the ADC’s.

For both two- and three-mode operation, the relative ga
of the laser cavity modes were always chosen to be uneq
To do this we offset the laser mode spectrum with respec
the gain spectrum while viewing the laser modes with
Fabry-Perot used as an optical spectrum analyzer.

In both operation regimes, each optical channel had a
ferent amount of light impinging on the photodetector.
make accurate calculations~and for comparing our data with
other results@9–12#!, it is therefore important to determin
the appropriate scaling for each optical channel. This w
done by starting the laser in single-mode operation~each
time an experiment was performed! and recording that mode
with each channel. The standard deviation of the inten
noise was calculated from the data and the scalings fou
Therefore in both two- and three-mode operation, the int
sity series were normalized to one of the optical chann
before transformation into the frequency domain.

For each operating point the total intensity and the mo
intensities were recorded. The power spectral densities o
fluctuations of each of the total intensity, the sum of mo
intensities, and the individual modal intensities were cal
lated. The sum of modal intensities, and its power spectr
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were calculated as a check of the scaling of the differ
recording channels. Cross-spectra were also calculated
pairs of modal intensities.

IV. TWO-MODE OPERATION

In this section we use data recorded by our experime
setup working in two-mode operation to check the validity
the relations~8! and~9!. The data set has been obtained fo
pump valuew51.022, the first mode threshold beingw1
51 by definition and the second mode threshold being
cated atw251.010. The two relaxation frequencies,v1
'36.25 kHz andv2'7.50 kHz, have been determined fro
the location of the resonant peaks of a modal intensity po
spectrum. The PSD of the directly measured total intensit
shown in Fig. 2. The observed peak is located atv1 and has
a full width at half maximum of 1.22 kHz. No peak is ap
parent atv2, the PSD being made of a superposition of no
and the low frequency wing of thev1 peak. Thev1 andv2
PSD values computed from the experimental time traces
I 1 , I 2, and I tot are given in Table III. To check the consis
tency and the precision of our measurement, we also c
puted the PSD ofI 11I 2. The last column of Table III is
obtained by application of the relations~8! that, in the two-
mode case, reduce to@12#

APTSD~ I tot ,v1!5AP~ I 2 ,v1!1AP~ I 1 ,v1!,

APTSD~ I tot ,v2!5AP~ I 2 ,v2!2AP~ I 1 ,v2!. ~10!

FIG. 2. Power spectrum of the total intensity noise fluctuatio
two-mode operation. The system ROF’s are 7.50 and 36.25 kH
-
-

TABLE III. Power spectral densities for two-mode operation:P(I 1), P(I 2), P(I tot) correspond, respec
tively, to the measured modal and total intensity fluctuations,P(I 11I 2) is computed by summing the fluc
tuation time traces of the two modal intensities, andPTSD(I tot) is obtained by application of Eq.~8!.

P(I 1) P(I 2) P(I tot) P(I 11I 2) PTSD(I tot)

v1 0.14774 0.01301 0.24136 0.24837 0.24844
v2 0.00538 0.00619 0.00029 0.00033 2.8531025
3-5
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In Table III it is seen thatP(I tot ,v1), P(I 11I 2 ,v1), and
PTSD(I tot ,v1) are in a very good agreement, their relati
differences being smaller than 3%. At first sight, the situat
is far from being that good atv2: while P(I tot ,v2) and
P(I 11I 2 ,v2) differ by a mere 13%,PTSD(I tot) is ten times
smaller. However, this is only an apparent problem that
be rather well explained. Indeed,PTSD(I tot ,v2)'331025

suggests that a very strong antiphase dynamics cancels
of the v2 oscillation in the total intensity. Therefore
P(I tot ,v2) and P(I 11I 2 ,v2) mainly measure the back
ground noise intensity, leading toPTSD(I tot ,v2)
,P(I tot ,v2)'P(I 11I 2 ,v2)!1 which is exactly the situa
tion illustrated in Table III.

Using the cross-spectral method@22#, the phase pattern
between the two modes has been calculated, see Fig. 3
v1, the cross-spectral phase is approximately zero, mea
that the two modes are oscillating in phase. With decreas
v, the phase of the cross-spectrum changes abruptly fro
to p at aboutv515 kHz, leading to antiphase dynamics

FIG. 3. Cross-spectrum of intensity noise fluctuations betw
laser modes 1 and 2, for two-mode operation. The ROF’s are
and 36.25 kHz. Phase jumps occur at approximately 4.75 and
kHz. A weak dither signal~1251 Hz! can be seen in the magnitud
Electronic pickup from switch mode power supplies can be see
the phase at approximately 32 and 44 kHz.
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v2. This result is consistent with the relations~10! and con-
firms the content of Table II limited to 2 modes.

This experiment and analysis have been repeated
success for different pump levels and mode gains. We th
fore conclude that the relations~8! and~9! hold for Nd:YAG
lasers in two-mode operation.

V. THREE-MODE OPERATION

We consider now data obtained by operating our Nd:YA
laser system with three modes. The third mode threshol
located atw51.024 and we operate the laser atw51.037.
The laser relaxation frequencies arev1'47.75 kHz, v2
'11.75 kHz, andv3'8.00 kHz. The total intensity powe
spectrum is shown in Fig. 4. Thev1 peak is clearly visible,
while a vestige of thev3 peak is observed 1 to 2 dB abov
the background noise. It is very weak in comparison with
v1 peak. No peak is distinguishable atv2. The theoretical
values of sgn(am,k) are given in Table I, so that Eqs.~8!
reduce to@11#

APTSD~ I tot ,v1!5AP~ I 3 ,v1!1AP~ I 2 ,v1!1AP~ I 1 ,v1!,
~11a!

APTSD~ I tot ,v2!5AP~ I 3 ,v2!1AP~ I 2 ,v2!2AP~ I 1 ,v2!,
~11b!

APTSD~ I tot ,v3!5AP~ I 3 ,v3!2AP~ I 2 ,v3!2AP~ I 1 ,v3!.
~11c!

The experimental PSD’s computed from the laser int
sity time traces and the theoretical predictions of the T
model are reported in Table IV. The agreement between
PSD’s obtained by using the measured total intensity and
summing the modal intensity time traces~columns four and
five! is not as good as in the two-mode case, despite car
efforts in measuring the sensitivity of each optical chann
The relative differences between these two estimates of

n
0
.5

in

FIG. 4. Power spectrum of the total intensity noise fluctuatio
for three-mode operation. The ROF’s are 8.00, 11.75, and 47
kHz.
3-6
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TABLE IV. Power spectral densities for three-mode operation:P(I 1), P(I 2), P(I 3), P(I tot) correspond,
respectively, to the measured modal and total intensity fluctuations.P(I 11I 21I 3) is computed by summing
the fluctuation time traces of the three modal intensities.PTSD(I tot) is computed from Eq.~8! andPTSD

corr.(I tot)
from Eq. ~12!.

P(I 1) P(I 2) P(I 3) P(I tot) P(I 11I 21I 3) PTSD(I tot) PTSD
corr.(I tot)

v1 0.11626 0.02957 0.00886 0.37732 0.32585 0.36850 0.36851
v2 0.00225 0.00879 0.00217 0.00031 0.00077 0.00863 6.53631028

v3 0.01687 0.00327 0.00628 0.00045 0.00071 0.01163 4.3331025
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total intensity PSD’s are 16%, 150%, and 56% atv1 , v2,
and v3, respectively. The large discrepancies atv2 and v3

can be partially explained by the small ratio of the signal
background noise. Nevertheless, there is an agreement o
magnitude of the PSD’s. The theoretical estimati
PTSD(I tot ,v1) matches well withP(I tot ,v1) ~a 2% error!
and P(I 11I 21I 3 ,v1) ~a 13% error!. However,
PTSD(I tot ,v2) andPTSD(I tot ,v3) are much larger than thei
corresponding experimental values. Thus the TSD mo
fails to verify the PSD relations for our three-mode las
setup.

Nevertheless, by analyzing the experimental cro
spectral figures, it appears that the intensity component
the eigenvectors can still be chosen real, as predicted by
TSD model in the asymptotic limit ofk large. We report the
experimental evaluation of all sgn(am,k) in Table V. Before
analyzing this table in depth, we have to explain the s
inconsistency found amongst itsv2-column entries. Accord-
ing to the table,I 1 and I 2 are oscillating out of phase~i.e.,
phase shifted byp in this case!, while simultaneously oscil-
lating in phase with the total intensity. This is most probab
caused by the small amplitude of the total intensity atv2

relative to the background noise. Therefore, we decide no
take into consideration thev2 entries of the total intensity
row. To remain consistent, we also do not consider thev3

entries of the total intensity row since they could also
similarly affected. Even with these entries removed, the
maining underlined entries of Table V are opposite to
theoretical predictions of Table II. Obviously, these diffe

TABLE V. Experimental measures of the cross-spectra comp
phase arg@C(I m ,I n ,vk)# for three modes. A null value indicates th
modesm andn oscillate in phase, whilep means that they oscillate
with opposite phase. Terms in opposition with Table II are und
lined.

v1 v2 v3

I 1 I 2 I 3 I 1 I 2 I 3 I 1 I 2 I 3

I 1 0 0 0 0 p 0 0 p p
I 2 0 0 0 p 0 p p 0 0
I 3 0 0 0 0 p 0 p 0 0
I tot 0 0 0 0 0 p p 0 0
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ences result from the inadequacy of the TSD model to
scribe the structure of our Nd:YAG laser system. Contrary
the hypotheses of the TSD model,~1! our laser active me-
dium does not fill in the whole cavity, and~2! it is end-
pumped and the pumping power decreases exponent
along the medium. These features affect the laser dynam
but they are not taken into account in the TSD model. T
leads to clear discrepancies between the TSD model pre
tions and the experimental observations. For instance,
have observed in some experiments that the second m
becomes brighter than the first one once the pump is str
enough. Increasing the pump further can make the th
mode to reach threshold the most intense. These observa
cannot be explained in the frame of the TSD model and sh
that we are out of its range of validity.

Knowing that the entries of Table II are not all verified b
the experiment, we rewrite Eqs.~8! using the experimenta
values of Table V. They become

APTSD
corr.~ I tot ,v1!5AP~ I 3 ,v1!1AP~ I 2 ,v1!1AP~ I 1 ,v1!,

APTSD
corr.~ I tot ,v2!5AP~ I 3 ,v2!2AP~ I 2 ,v2!1AP~ I 1 ,v2!,

APTSD
corr.~ I tot ,v3!52AP~ I 3 ,v3!2AP~ I 2 ,v3!1AP~ I 1 ,v3!.

~12!

These redefined total PSD’s are shown in Table IV in colu
seven. Note thatPTSD

corr.(I tot ,v1) is unchanged relative to Eq
~11a!. As already mentioned above,PTSD

corr.(I tot ,v1) matches
well with the experimental value. On the other hand, Ta
IV shows thatPTSD

corr.(I tot ,v2) and PTSD
corr.(I tot ,v3) are now

smaller than the corresponding experimental values; h
ever, this can be explained with the arguments put forwar
the two-mode case. Note thatAPTSD

corr.(I tot ,v3) is small but
negative. This is due to the experimental noise that affe
the measured functions and is of no significance here.

VI. CONCLUDING REMARKS

The good agreement in the two-mode case between
experimental data and the theory based on TSD is not
surprising because of the very restricted range of possibili
for the relative phase of the modal fluctuations. Thus
two-mode case is a check of the experimental techni

x

r-
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rather than being a check of a theoretical model. It is in
case of three~or more! modes, with the wider range of pos
sibilities for relative phase, that the cross-spectral meas
ments serve as a sensitive test of theoretical models as sh
in Sec. V. The result is that the TSD rate equations fail
give the correct answer because some essential informa
is not used.
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