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The flavorud and us pseudoscalar correlators are investigated using families of finite energy sum rules
(FESR’9 known to be very accurately satisfied in the isovector vector channel. It is shown that the combina-
tion of constraints provided by the full set of these sum rules is sufficiently strong to allow determination of
both the light quark mass combinationg+my, mg+m, and the decay constants of the first excited pseu-
doscalar mesons in these channels. The resulting masses and decay constants are also shown to produce
well-satisfied Borel transformed sum rules, thus providing nontrivial constraints on the treatment of direct
instanton effects in the FESR analysis. The valuesngf my and mg+m, obtained are in good agreement
with the values implied by recent hadronicdecay analyses and the ratios obtained from ChPT. New light
quark mass bounds based on FESR'’s involving weight functions which strongly suppress spectral contributions
from the excited resonance region are also presented.
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I. INTRODUCTION % "2
MGB[HE’J-](MZ)=JO dse ™ p;;(s)
The divergence of the flavailj axial vector current in

QCD is related to the corresponding pseudoscalar density by S0 um2
the Ward identity :Jo dse =™ pij(s)
3, AR = (m+m;)g;i ysq; - (1) o
S +JS dse M p2PE(s) (4)
0

As has been long recognized, this fact, together with the
analyticity of the correlatorﬂij(qz), defined by

2\ 4y, AIQ-X o vt ﬁ |S\=SOdSV\(S)H”(S)
I;;(q )-'J d*x€9(0[T(d,,Af}(x)d,Af'(0))|0)

E(mi+mj)2ﬁij(qz). 2 :fOOdSV\(S)Pij(S), 5

allows one to write down sum rules which relate the I'ghtrespectively, withp;; the spectral function ofl;;, s in line

quark mass combinations; +m; to the decay constants of 5 Eq.(4) the “continuum threshold{beyond whichp;; is
the flavorij pseudoscalar mesorid]. These sum rules, approximated by its operator product expansi6dPE
which include the basic unsubtracted dispersion relafion form], M the Borel mass, andi(s) in Eq. (5) any function

volving ITf; , and/or its derivatives[1-6], the Borel trans- analytic in the region of the contodB{Hi’]](Mz) in Eq. (4)

formed version of this relatiof3,5,7—14, and finite energy . ; 2
sum rule§10,15-20Q, have been used to either place boundsl[s%]the Borel transform of the OPE representatloﬂIQf(Q )

on m,+my andmg+m,, or estimate their values. - :
The basic forms of these relations are, for the unsub: The LHS of either Eq(3) or (4) can be evaluated using

tracted dispersion relatiofDR), the corresponding Borel the OPE provided the relevant scal@ or M) is large com-

o , pared to the QCD scale. For the FESR case, the condition
sum rule(BSR) [7], and finite energy sum ruld§ESR'9, that sy be similarly large is necessary, but not sufficient, to

. (s) allow reliable evaluation of the LHS using the OPE. The
H;{(QZ)ZZJ dsp'l— (3)  reason is that, except at extremely lasge the OPE is ex-
! 0 (s+Q%3 pected to break down over some portion of the cir¢t,
=s,, sufficiently near the timelike real axj1]. In the fla-
vor ud vector channel, where the spectral function has been
*Permanent address: Department of Mathematics and Statisticdetermined very accurately from hadronic decay data
York University, 4700 Keele St., Toronto, Ontario, Canada M3J[22,23, one can, in fact, verify this breakdown: FESR's in-
1P3. Email address: kmaltman@physics.adelaide.edu.au volving the weightsw(s)=s* with k=0,1,2,3, which do not
"Email address: kambor@physik.unizh.ch suppress contributions from the region near the timelike real
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axis, are typically rather poorly satisfied at scales 2 &eV constant of the first excited resonan&4,9,13,15-18 In
<5u< mf [24]. At these scales, however, this breakdownthe second, resonance dominance has been assumed to be a
turns out to be very closely localized to the vicinity of the 9ood approximation, even in then3(or Km) threshold
timelike axis: as soon as one restricts one’s attention téegion, and known chiral perturbation thedGhPT) expres-
weights with even a single zero st s,, the corresponding SIONs for the threshold values of the spectral functions used
FESR’s are very accurately satisfied over this whole range d© normalize sums-of-Breit-WigneAnsaze for the higher
So [24]. Thus, for the “intermediate” scales 2 G&¥s, esonance contributions. Since the thresholds are typically
<4 Ge\® which will be of interest to us, we must also Several resonance widttier more removed from the reso-
include, as a condition for the reliability of the OPE repre-nance masses, the peak normalizatithe features of the
sentation of the LHS of Eq5), the further requirement that €sonance contributions to which the sum rule determina-
W(s)=0. We will refer to FESR'’s satisfying this criterion as tions of them;+m; are dominantly sensitiyewill be am-
“pinch-weighted” FESR's(PFESR’$ in what follows. biguous in this approach, depending, for example, on the
In the region belovs~4 Ge\?, where the resonances in tréatment of thes dependence of the “off-shell width.” Po-
the channels of interestj(=ud,us) are well-separated, the tential dangers of this threshold normalization approach have
spectral function will be dominated by contributions from been discussed in Ref26,27). The situation in theus sca-
the flavorij pseudoscalar resonancés,In the convention lar channel, where the near-threshold behavior of the spectral

wheref_=92.4 MeV andf,=113.0 MeV[25], the corre- function is significantly constrained by knowdw |1=1/2

sponding contribution te;; , ignoring interference, is s-wave phase shifts, is particularly instructive. As shown in
Ref. [27], the near-threshold spectral function implied,
[pij(s)]Pzzf%méB(s) (6)  through unitarity, by th&« phases and the resulting Omnes

representation of the timelike scalérr cannotbe well rep-

whereB(s) = &(s) in the narrow width approximation, with resented by the tail of a Breit-Wigner resonance form; a sig-

the standard Breit-Wigner generalization to finite width, ~ nificant background component, interfering constructively
with the resonance contribution in the threshold region, is

1 required. The near-threshold normalization of the resonance
B(s)= — ] (7)  contribution is, therefore, significantly reduced, producing a
T [(s—m3)2+T3m3 corresponding reduction in the value of the spectral function
at theK§ (1430) resonance peak. This reduction is very sig-
Experimentally, bothf . and f, are very accurately known, nificant numerically: th&KF (1430) peak value of thes sca-
while the higher resonander(1300) and7(1800) forij lar spectral function obtained in R427] (albeit with some
=ud andK(1460) andK(1830) forij =us] decay constants additional assumptions about the higlbehavior of thek 7
are unknown at presehtThe positivity of pj;(s), together  phase and the form of the Omnes representai®a factor
with the fact that the weights appearing in the spectral inteof ~3 smaller than that obtained, using the threshold-
grals of Eqs.(3) and(4) are>0, implies that ther (or K) resonance-dominance assumpti6ARDA), in Ref. [11].
pole contributions provide lower bounds to these integralsEven if one questions the additional assumptions which go
The same is true for Eq5) as long as the weighiv(s) into the precise numerical value of the reduction in this case,
employed is positive for €.s<sy. These lower bounds al- one should bear in mind that the TRD®nsatzfor the us
low one to obtain corresponding lower bounds fog+my  scalar channel was shown to correspond to a value of the
and mg+m, [1]. To actually determinen,+my and mg  slope of the timelikeK 7 form factor at threshold incompat-
+m,, rather than just set bounds on them, however, onéble with that known from ChPT27]. Further evidence of
must at present provide theoretical input for the higher resothe potential problems of the TRDA approach are provided
nance contributions. These contributions cannot be expectdwy the results of Ref.24]. In Ref.[24], the TRDAAnsazeof
to be negligible since thézpmé factors for allP are formally ~ Refs.[10,20 for the ud pseudoscalar channel and of Refs.
of the same order in the chiral expansion. In fact, in existing 11,28 for the us scalar channel were tested using families
analyses, the higher resonance contributions are typicallpf PFESR'’s in which the OPE scales used were the same as
larger than ther (or K) pole contributions—as an example, those employed in the earlier analységhe TRDA spectral
the 7(1300) andwm(1800) contributions to the®-weighted  Ansatzfor a given channel is a good representation of the
FESR used to determime,+ my in Refs.[10,20 are a factor ~ physical spectral function in that channel, and if the scale of
of ~2—3 times ther pole contribution. the original analysis was such that the OPE representation
Two approaches to constraining the higher resonance coigould be reliably employed, then PFESR’s constructed using
tributions exist in the literature. In the first, additional sumthe same spectral ansatz for the same correlator should also
rules have been used to provide an estimate of the decdye well satisfied. It turns out that, in both thel pseudo-
scalar andus scalar channels, the TRDA ansatz produces a
very poor match between the OPE and spectral integral sides
1f7r(1300) ande(1460) could, in principle, be determined using data of the various PFESR’@Z“-] In contrast, the match corre-
from hadronicr decay, but this would require disentangling thesesponding to theus scalar spectral function of Ref27] is
contributions from spin 1 resonance contributions in the same reguite reasonablf24].
gion. Neither theud nor us spin decomposition for the excited In view of the above observations, we do not employ the
resonance region has been performed to date. TRDA Ansatzfor the excited pseudoscalar contributions, but

I'pmp
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instead constrain these contributions, in analogy to the treatesulting analysis window, 3 GéWs,<4 Ge\?, it is nec-
ment of the isovector vector and scalar channels in R8I, essary to include the second resonance in the spéatsaltz

by analyzing simultaneously two continuous families of Ajthough the structure of the PFESR and BSR weights are
PFESR's, corresponding to the weightg(y)=(1-y)(1  such that the second resonance contribution is weighted less
+Ay) andwp(y)=(1-y)?(1+Ay), wherey=s/sy. ASwe  strongly than the first resonance contribution to the spectral
will show, the set of these constraints is sufficiently strong tantegral, the former is typically not negligiblespecially for

allow determination of not only the excited resonance decayhe BSR analysis, and fa, in the upper part of the PFESR
constants, but also the light quark mass combinations. Thﬁnalysis window:

input required for this analysis, and the related BSR analysis, |t’is worth stressing that it is necessary to use the finite

is outlined briefly in the next section. Our final results, to- gk representation of the resonance contributicrasher

gethgr W't.h a dlscussm.n of existing quark mass analysgs, affian the simpler narrow width approximatjom order to
provided in Sec. Il while Sec. IV contains our ConC|US'OnS'minimize uncertainties in the determination of the decay
constants, andf,. The reason is that, by using the experi-

Il INPUT FOR THE PFESR AND BSR ANALYSES mental widths(together with their experimental erroy®ne

In this paper we perform both PFESR and BSR analysego some extent incorporates a partial representation of con-
of the flavorij =ud and us pseudoscalar correlators. The tinuum contributions. There are two pieces of evidence to

general BSR and PFESR forms are given in E4sand(5). suggest that this approximation is actual'ly rgther accurate, at
Lower bounds for the quark mass combinations-m; are least for the purposes pf PFESR determlnatlons of resonance
obtained by neglecting spectral contributions other tharflecay constants. The first concerns the isovector vector chan-
those associated with the (or K) pole on the RHS's of nel. In this channel, if one ignores the experimental spectral
these equations, and employing the relevant Qiftich de- data and instead uses the PFESR OPE integrals to fit the
pends orm;+m;) on the LHS. In order to extend this analy- decay constants of a spectrahsatzconsisting of a sum of

sis and obtain an actual determinatiomgf+ m; , rather than ~ Breit-Wigner resonance contributions in which one employs
just a lower bound on it, it is necessary to use the sum rul®DG2000 values for the resonance masses and widths, one
constraints to simultaneously determine the resonance regidiptains a value of the decay constant in agreement with the
contributions to the relevant spectral functiand m+m,. ~ experimental value to better than the experimental ¢a@f.
This is possible only because the corresponding pole contrithe second piece of evidence concerns a channel in which
butions to the spectral function are very accurately knownthere is known to be considerable non-resonant background,
and to the extent that it is possible to construct a reasonabfamely the flavous scalar channel. As noted already in Sec.
spectralAnsatzdescribing the resonance region. In the re-l, & spectralAnsatzfor this channel was constructed by Co-
mainder of this section we discuss the input required on botfangelo, De Fazio, Nardulli, and Pavg27] (CFNP) using

the spectral and OPE sides of the BSR’s and PFESR’s entinitarity and the Omnes relation for the timelike scafar
ployed in our analysis. form factor. BSR’s and PFESR'’s based on tisatzshow a

good match between OPE and spectral integral sides, once
m, has been fixef27,24. An important feature of the spec-
tral Ansatz for our purposes, is that it displays a significant
We take as our spectrénsatzfor the ud pseudoscalar continuumK contribution above threshold not well repre-
channel the expression sented by the tail of &}(1430) resonance contribution.
This is the type of situation where one might expect a sum-
Pud(S) = Zfimié(s— me) + 2f§m£1151(5)+2f%m‘2182(3)' of-resonancgg approximation to the spect?al fungtion to pro-
(8  duce a theoretical systematic error in the determination of
any resonance decay constants extracted by fitting to the val-
wherem, , are the Partial Data Group 200BDG2000 [25]  ues of the PFESRor BSR OPE integrals. However, if one
masses of ther(1300) andw(1800), f,, are their(as yet takes the OPE to be fixddsing the value ofns correspond-
undeterminegidecay constants, ari ,(s) are the standard ing to the CFNPAnsatz, and fits the resonance decay con-
Breit-Wigner forms. We have employed PDG2000 values forstants of the less realistic sum-of-resonandesatzto the
all resonance widths. The corresponding expression foPFESR OPE integraléusing PDG2000 input for the reso-
pus(S) is obtained by the replacements—K, 7(1300) nance masses, widths and erjoosie finds that the output
—K(1460) and7(1800)—K(1830). In order that thi#\n-  K*(1430) decay constant matches that of the CF¥Batz
satzprovide a good representation of the spectrum over thgy petter than 3%. Since the uncertainties in the decay con-
whole range required in the PFESR spectral integrsys, stants produced by the use of the sum-of-resonances form is,
cannot be taken much greater thag; if it is, an unphysical in both of the examples discussed above, less th@%b,
“gap,” with little spectral strength, will be present in the and since such an uncertainty would have negligible impact
integration region. We therefore requisg to remain less on the total errors on our decay constant determinations be-
than about ,+1',)?=4 Ge\2. To create a good analysis low, we will neglect this error in what follows.
window in sy without at the same time sacrificing good con-  The ability to avoid unphysical spectral gaps represents a
vergence of the integrateld=0 OPE series, we also take potential advantage of the PFESR framework over its BSR
sp>3 Ge\2. Note that, sincen% lies in the lower half of the counterpart. For BSR’s, the continuum threshalg,is usu-

A. Input to the PFESR and BSR spectral integral sides
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ally set by requiring an optimal stability window with respect In writing Eq. (10), we have dropped terms involving, 4,
to the Borel mass\l. Taking theij = us analysis of Ref[12]  except in the overall prefactom(+m,)2. The D=4 ud
as an example, and considering the cadsgep=380 MeV,  contributions ard11]

which most closely corresponds to the current experimental

determination ofas(mi), the stability window is optimized (my+my)?[ 1 4_ 2

for s, between 6 and 8 GeéM12]. The resulting spectral [Hﬁd(Qz)]D4:u—6d(—Q4+ —a03*—|1+ —64
Ansatz therefore, has a gap with very little spectral strength Q 4 9 3
from about 5 to 6 or 8 Ge¥ It is also worth noting that,

after Borel transformation, the scale relevant to the running XZWEU)— m4) (11)
coupling in the OPE is«=M. For the correlators of interest 28772 ’

to us the convergence of the transformee-0 series be-
comes good only foM? greater than about 2 GéMEvenif  where 0, and Q$° are the RG invariant modifications of
one is willing to tolerate a spectral gap by allowirsg (aG?) and(m5§s> defined in Ref[11], ﬁ1=(mu+md)/2, and

~6 Ge\?, this means that,/M? will be ~1—2 over much have d q ieal bl - th
of any putative stability window itM. Such a condition sig- We have dropped numerically negligibie termsim’); the
D=4 us contributions are, similarly,11]

nals non-trivial contributions from the “continuum” region,
where only a relatively crude approximation to the spectral

function is being employed. This leaves only a small range " A2 (mg+my)?[ 1 6 ss

of M having both good OPE convergence and acceptably [MT,(Q)]p-a= Qb ZQ4+ 1+3a E
small continuum contributionésay less tharn-30% of the

D=0 OPE term. With such a small range dfl, the BSR — 2

constraints are not sufficiently strong to allow a simultaneous —2(mguu)| 1+ ;aj

determination of the quark masses and excited resonance de-

cay constants. In the case of PFESR’s, empirical evidence 3 |1 155,

from the isovector vector channel suggests that contributions T2 §+ 24 |Ms | (12

analogous to the less reliable continuum BSR contributions

(i.e., those contributions from the region of the contésjr h h ind dt db ¢
=gy near the timelike real axis, where the OPE is expecteéﬂ' ere we have again dropped terms suppressed by powers o

to break dowi are strongly suppressed by the restriction to™/Ms relative to those shown, except in the overaths(

weights satisfyingn(sg) =0. +m,)? prefactor. Finally, theD =6 contributions ar¢11]
. ., (mg+m,)2 _
B. Input to the PFESR and BSR OPE sides [Hij(Qz)]D:6:S—8u —3[(miggjo- G

The OPE representation c’ﬁi’}(Qz) is known up to di-
mensionD =6, with the dominanD =0 perturbative contri- _ 32 _
bution known to 4-loop ordef11,2§. The D=0 term is +mj9QiU'GQi>]—ngapstQiQOZ
given by[28]

: 13

m+m;)? +(a;0;)2— 9(aa)(a;a;)]
[H;IJ(QZ)]D:OZ > M ( | J> ( X j J>

11— _
— 1+ —a+14.179%2
8’772 QZ

3

wherepysadescribes the deviation of the four-quark conden-
+77.3683_13>, (9) sates frqm their vacuum satur.ation values. .
In writing down the theoretical representation Idf; for

use on the LHS’s of our BSR’s and PFESR’s, one must bear
_ _ in mind that, in scalar and pseudoscalar channels, potentially

where a=a(Q?) = ay(Q?)/7, m=m(Q?), with ag(Q?)  important contributions from direct instantons exist which
andm(Q?) the running coupling and running mass at scaleare not incorporated in the standard OPE representation of
©?=Q? in the modified minimal subtractiorMS) scheme. II;; [30]. Such contributions are, in fact, needed to produce a

The D=2 term involves quark mass corrections to the leadg,g transformB[ﬁud](Mz), which behaves correctij.e.,
ing D=0 result. Forij=ud it is numerically negligible, s independent of) in the chiral limit[30—33. The instan-
while for ij =us it is given by[28] ton liquid model(ILM ) [34] provides a tractable framework
for estimating such contributions. In the ILM, an average
density (related to the value of the gluon condensaiad
85_57 fixed average size are employed for the instanton distribu-
72 tion. Phenomenological constraints require the average in-
stanton size,p, to be =1/0.6 GeV[31,32,34. Instanton
contributions toB[I1,4](M?) then exceed one-loop pertur-
bative contributions belom?~1 Ge\?, but drop to less

[Hﬁs(Qz)]Dzzz__ + sa+

3 (mg+my)?mi 28
4772 Q4 3

(10
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than~15% of this contribution foM?>~2 Ge\?[32].2Di-  +ILM side of the BSR’s at these scales, but are important

rect instanton contributions have been neglected in recelijr the PFESR's, and hence for the values of the resonance
treatments of theid and us pseudoscalar channels, apart 96C@Y constants used as input to the BSR’s. If the ILM rep-
from the BSRud analyses of Refg.13,14, both of which resentation of direct instanton effects is reasonable at th_e
employed the ILM. The numerical impact of the neglect of SC@€ Of the PFESR analysis, the PFESR and BSR determi-
these contributions should be small for BSR analyses dt@tions ofmi+m;, which will then have been obtained us-
scalesM?>2 Ge\? since the Borel transform is known to N9 the same excited resonance decay constants, should be
rather strongly suppress ILM contributions with increasingceMPatible within their mutual errors. Since the continuum
scale® This is, however,not true of FESR analyses, for approximation for th? spe.ctr'c.ll function is a relanv:_ely crude
which ILM contributions fall off, relative to the=0 per- ©N€ and the stability criterion for choosirg typically

turbative contributions, much more slowly with increasing '_ea"?s agap in the BSR spectral model, there are uncertain-
So ties in the BSR analysis beyond those associated with the

uncertainties in the OPE input, which are shared by the
PFESR and BSR analyses. In order to get a rough estimate of
these additional uncertainties we all@y to vary in an in-
terval of size 1 GeV, i.e., by 0.5 Ge\? about the value
corresponding to optimal stability, and assigr:20% error

to the size of continuum spectral contributions. Sinceshe
i 3§ ds é([ﬁi'(s)]lLM \{alues we (_)l?tain are-3.7 Ge.\/’-, we Consider_thg latter es-
2mi Jis|=s, ! timate sufficiently conservative. The uncertainties om,

In what follows, we will use the ILM to estimate direct
instanton contributions to thery and wjy PFESR’s. ILM
contributions to PFESR’s corresponding to polynomial
weights can be evaluated using the re$86]

3 . +m; induced by use of the continuum approximation are
_- ”iij 0 +1 then not large, particularly in the region nddf=2 Ge\?
= ds &1 s)Y s), (14 ge, p y gi :
47 Jo Py \/—) Py \/—) (4 where the BSR continuum contributions are less tha0%

of theD=0 OPE term. The BSR/PFESR cross-check is, as a

whereq,g=1, 7, is anSU(3)-breaking factor whose value result, most reliable at these scafes.

in the ILM is ~0.6[32], and the result is relevant to scales Numerical values of the input required on the OPE

~1 Ge\”. +ILM side of the sum rules are as followsp,
One should bear in mind that phenomenological suppore /(0.6 GeV) [32,34, ay(m?)=0.334+.022 [22,23,

for the ILM exists primarily for those scales~<(1 GeV?)  (a,G?)=(0.07+0.01) GeV* [37],  (my+mg){uu)=

where instanton contributions are numerically important in_f727m72T (the GMOR relation® 0.7<(ss)/(uu)y=r <1

pseudoscalar BSR’s, and that this scale is significantly lowe, 11.28° (daocEd =(0.8+02 Ge)(aa) [39] and
than that <3-4 Ge\#) relevant to our PFESR analysis. It Es'igls' (i<_g_q allg\zviné 0 be conser)\f;t?\}e [up]to an Z\Fgér of

lciletr;ﬁlr\jf(r)ere}gs?eer]:?zlitti?):a:)\;eir?snta;:?oer?eerf]'fdeecrt]; telﬁt t?:cisour; u;ed%agnitude deviation from vacuum saturation for the four-
P ' 9ard,, ark condensatgsThe D=0,2 and 4 contributions to the

one can take advantage of the much stronger suppression : X
oo : g : E integral have been evaluated using contour-
ILM contributions in the BSR framework. The basic idea is . S .
i . . improvement[40,41], which is known to improve conver-
as follows. One first determines the excited meson deca : :
ence and reduce residual scale dependéate For this

constants for the channel of interest, using the PFESR frame- X . .
work. These values then determine thggso part of the purpose, we employ the analytic solutions for the running

spectralAnsatzfor a BSR treatment of the same channel.COUpIIng and running mass obtained using the known {Hoop-
i . ; truncated versions of thg [42] and y [43] functions, with
(The spectral function fos>s; is, as usual, approximated

2 .
using the continuunAnsatz we fix the continuum threshold, the value ofa(m;) noted above as input.
s, following standard practice, by optimizing the stability of
the output, in this case, the quark mass combinatmn,
+m;, with respect toM2) For M?~2 Ge\?, where (1)
convergence of the Borel transform&ik=0 series is still
reasonable and2) continuum contributions are still rela-
ti\_/ely_ small (not yet _exceedingv 30% of perturbative CON- ion is less than-1/3 of the OPE version in the interval 2 G&V
t_”bUt'O”Sv the resu'“”g BSR should then allOW. determina- o m?2 [22]. Note that these scales are smaller than those for
tion of the only remaining unknowrm;+m;, with good  yhich we will be employing the continuum approximation, and that
accuracy. The ILM contributions play little role on the OPE e are concerned with treverage rather than maximum, deviation

in the ranges>s,,.
5The ratio of the continuum to the =0 OPE contribution grows
°The combination of 2-, 3- and 4-loop contributions roughly relatively rapidly with M2. For theud case, for example, it has
doubles the Borel transformed 1-lodp=0 contribution atM?  already reached~50% by M?=3 Ge\? and ~65% by M?
=2 Ge\?, hence further suppressing the ratio of ILM to perturba- =4 Ge\~.

“For the analogous cases of thd vector and axial vector chan-
nels, where the hadronic spectral functions are known experimen-
tally from hadronicr decay data, thenaximumdeviation of the
actual spectral function from its 4-loop OPE continuum approxima-

tive contributions. Deviations from the Gell-Mann—Oakes—Renf&MOR) rela-
3For example, the bound obtained in Rgf4] is raised by<5% tion have recently been shown to be at most 38]. The resulting
if ILM contributions are turned off35]. error on themg analysis is completely negligible.
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IIl. RESULTS AND DISCUSSION 1.0 | PR R R .

In this section we present our results. We first discuss the
quark mass bounds, obtained by neglecting the resonanc
spectral contributions proportional ﬁjz and then discuss 08 —
the more complicated analysis in which bath+m; andf ,
are obtained simultaneously. Finally we provide a detailed
discussion of the relation of our results to other recent sum
rule determinations of the light quark masses.

Wao (¥) 7 r

A. Quark mass bounds 04

Bounds for the light quark masses based on the knowr
values of therr or K pole contributions and the positivity of ] i
the spectral function, whether obtained using the dispersior
formulation, BSR’s or FESR’s, all depend on the scale em-
ployed in the OPE. Since, at the scales for which the result- J L
ing bounds are of phenomenological interest, @{@?) and
0(a®) terms in the integrate® =0 OPE series are not nu- 0.0 — 7T T T
merically negligible, earlier versions of these bounds, basec
on two-loop and three-loop forms of thB=0 part of
I1,4,s, are superceded by the work of RE8] (LRT), which y
employed the 4-loop OPE expression. The bounds of LRT FIG. 1. The behavior of the weight,y(y) in the PFESR inte-
are based on the dispersion relation fbf , and the higher  gation region.
derivative moments thereof. Restricting our attention to the

results in LRT corresponding most closely to the experimen—4 4 GeV), the behavior of th®=0 series is 1 0.45

2\ H 3) _
tal value ag(m7)=0.334, "e"AE?():D_?’SO MeV, the most | g 221 0.15, already quite well-converged. The correspond-
stringent bounds arise from what in LRT is called the “qua-jng pound onmg+m, which, reading from Fig. 1, is

dratic inequality”[6]. These bounds decrease with increasing

02 — —

0.0 0.2 0.4 0.6 0.8 1.0

OPE scaleQ?, and, forQ?=4 Ge\?, yield (from Figs. 2 [mg+m,](u=2 GeV)>80 MeV, (17)
and 3 of LRT)
thus seems to us to be subject to significantly less truncation-
[ms+my](n=2 GeV)>105 MeV induced uncertainty. Although the zeroth moment bound for
m,+my is not quoted in LRT, the result of E¢L7), together
[my+mgl(p=2 GeV)>8.1 MeV. (15  with the resultR=2m./(m,+my)=24.4+1.5 determined

from ChPT[44], would imply
Normally one would expect the convergence of the 4-loop

D=0 OPE series to be quite good at scales as larg®%as [mytmyl(n=2 GeV)>6.6 MeV. (18
=4 Ge\2. In this case, however, the denominator appearing

on the RHS of the quadratic boudee Eq.(19) of LRT], The result of Eq(18) is in good agreement with the bound
which has the form obtained by the same authd§] from the study of theud
scalar chann@lusing constraints on the timelike scalar-
isoscalarm form factor from ChPT andrm phase shift
data in the region mi<s<(500 MeV)y (see Fig. 4 of
LRT),

25 —
[3f(?CDF2QCD_ Z(f?CD)] =1+ ?a_'_ 61.7%R2

+517.1%3+ -, (16)
[m,+myl(p=2 GeV)>6.8 MeV. (19

is very slowly converging, behaving as+D.83+0.61
+0.51 atQ?=4 Ge\2. The bounds in Eq(15) are thus An analogous bound fang was obtained from a treatment of
likely to have a significant residual uncertainty associatedhe us scalar correlator employing ChPT constraints for the
with the truncation atO(a®).” The behavior of theD=0 timelike scalarK 7 form factor[46]. Taking the case from
series is in fact much better for the zeroth moment LRTthat reference corresponding to the plausible assumption that
bound. At the lowest scale shown in Fig. 1 of LRQ( the one-loop ChPT expression for ther form factor is

accurate to the 0.5-1% level in the regior §&<m3—m?,

the resulting bound is

"If one wished to work, e.g., at a scale such that@{e®) term in

Eq. (16) were less than-20% of the leading term, one would need

to go toQ?>~9 Ge\?, at which scale the bounds ¢mg+m,](u 8The D=0 OPE series corresponding to this bound has the same
=2 GeV) andim,+my](x=2 GeV) would be reduced te-60 (good convergence behavior as that given for the zeroth moment
and~3.4 MeV, respectively. bound above.

074013-6



DECAY CONSTANTS, LIGHT QUARK MASSES, AND . .. PHYSICAL REVIEW 15 074013

my(u=2 GeV)>65 MeV, (20 nance contributions, relative to tiecontribution, in theus
channel. Unfortunately, thB =0 convergence deteriorates if
which is less stringent than that in E(L7). Other recent one tries to go to lowes,, where this suppression would be
bounds arg(1) that obtained in Refl45] by combining the  much stronger. Ignoring possible direct instanton contribu-
upper bound ofiqq)(1 GeV) allowed by the analysis of the tions, one obtains

D—K* 1y, vector form factor with théassumed to be well-
satisfied GMOR relation mg(2 GeV)>93 MeV. (23

[m,+my](2 GeV)>6.8 MeV, (21)  The convergence is obviously not sufficiently rapid that one
should rule out values of the bound a furtheb or so MeV
and (2) that obtained in Ref{14] using BSR’s and Hder lower. The analogous bound fam,+ my is

inequalities at scales m,
[m,+my](2 GeV)>6.6 MeV. (24

[m,+mgl(2 GeV)>4.2 MeV. (22
These bounds should be compared only to those bounds
Note that the latter bound was obtained including ILM con-listed above which also neglect possible instanton effects. As
tributions on the OPE side of the sum rule; the bound isexpected, the rather strong suppression of excited resonance
~5% higher if ILM contributions are turned off35]. All contributions relative tK pole term produces a bound on
other bounds noted above were obtained neglecting direch,, Eg. (23), which is more stringent than the zeroth mo-
instanton contributions. This neglect should have little im-ment LRT bound. Then,+my bound of Eq.(24), however,
pact on dispersive bounds such as that of @q) since, if  remains comparable to the LRifi,+my bound, though still
one uses the ILM to estimate these effects, the lower bounbtaving the advantage that one would expect it to represent a
of EqQ. (17) is reduced by only 3 MeV. better approximation to the true value. If one now incorpo-
An alternate approach to using the positivity @f to rates an estimate of direct instanton effects using the ILM,
obtain quark mass bounds is to employ PFESR’s withthe bounds of EqS23) and(24) are reduced to
weights satisfyingv(s) =0 in the region B<s<s;. A poten-
tial advantage of this approach is the freedom to choose mg(2 GeV)>84 MeV (29
weights which strongly suppress contributions from the ex-
cited resonance region. Strong suppression of this typénd
should lead to bounds which are “close” to the actual mass
values. One can arrange such strong suppression by choosing
w(y)=(1-y)Np(y) with N sufficiently large. Here(y) is
a “residual polynomial” which has to be chosen in such a
way as to(1) keep the coefficients iw(y) small(thus avoid-
ing the growth of unknown highed contributiong® and(2) [my+mg](2 GeV)>6.9 MeV, (27)
retain good convergence of the integraiee- 0 OPE series.
The construction of such weights was considered in a differcan be obtained using E(R5) in combination with the mass
ent context previously47]. Here we consider quark mass ratios obtained from ChP[44].
bounds based on PFESR’s employing the three weights of To go beyond these bounds, we must attempt to also de-
this type constructed in Ref47]. It turns out that both the termine the excited resonance decay constants as part of the
D=0 OPE convergence and the stringency of the resultingPFESR analysis. This extension of the analysis is described
bounds is best for the case of the weight calNegy(y) in in the next section.
Ref. [47], so we present results only for this case. The be-
havior of w,y(y) in the integration region (@y<1) is
shown in Fig. 1.(Its explicit form may be found in Ref. ) ]
[47].) For s,=4 Ge\2, the contour-improved=0 OPE To simultaneously extraeh; +m; and the corresponding
series for thew,, PFESR, truncated a(a’), converges excngd pseudosc;alar decay constants, we have. performgd a
quite reasonably, behaving asl + 0.55+ 0.28+ 0.19. More- c%mblned anillyss of PFESR’s bgsed_ on the weight families
over, since, for example, if we defineyy e wy(y) andwp(y). Our sy analysis window was _3 GeV
Emﬁ(14eo/4 GeV?, Wao(Yk(weo)=0-11, there will be <sy<4 Ge\’. For theses;, the D=0 OPE series con-
nearly an order of magnitude suppression of excited reso‘erges well for allA=0, and the spectrainsatzshould be of
the correct qualitative form. Larger valuesAtorrespond to
larger relative contributions from the excited resonance re-
Swithout this constraint, working with high powers of the factor gion, and hence are useful for constraining t_h_e_ _unknown
(1—y) typically produces polynomials with large coefficients for FéSonance decay constants. To explore sensitivities to the
the higher degreg* terms. Since/* terms with largek are associ- choice of analysis regions, we have also considered the al-

ated with OPE contributions of large dimension, which are poorlyternate ranges 3.6 Géﬁsosi GeV andA 2<As<6, as
constrained phenomenologically, largecoefficients signal poten- well as considering separat®(y) and wp(y) analyses
tially large, and essentially unknown, non-perturbative contribu-(thus checking the mutual consistency of the PFESR'’s corre-

tions[48,49, and hence must be avoided. sponding to the two weight familigsThe only significant

[m,+my](2 GeV)>5.7 MeV. (26)

The bound of Eq(25) remains slightly more stringent than
that of Eq.(17). A more stringent bound om,+my,

B. Quark masses and excited meson decay constants
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impact of uncertainties in the experimental input for the reso-

nance parameters is that occurring in the analysis, asso-
ciated with thewr(1300) width; this is a consequence of the
rather wide range, 260I'(7(1300))<600 MeV given in
the PDG2000 compilation. In what follows, we quote errors
from this source separately, labelling them with the subscrip
“T".” Uncertainties associated with changes in fgeand A

analysis windows and weight family choice are added in

guadrature and denoted by the subscript “method.” Finally,

those errors denoted by the subscript “theory” are obtainedf
by combining in quadrature errors associated with uncertain-

ties in the OPE input parametgsgsa, (@sG?), ag(m?) and

r. and our estimate of the error due to truncation of the

dominantD =0 OPE contribution at 4-loop order. The latter
is obtained by evaluating th@(a*) contribution that would
result if we assumed continued geometric growth of the co
efficients, i.e., the presence of an additional ters22a* in
the polynomial factor of Eq(9).1° It turns out that, when
ILM contributions are included, thg, dependence of the

PHYSICAL REVIEW D 65074013
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) 0.006
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0.002
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theoretical side is such that the contribution of the second

resonance on the spectral side must be relatively small foi

so (GeV?)

both channels. As a result, the corresponding decay constant g, 2. The OPE- ILM versus hadronidspectral integralsides

can be determined with only limited accuracy. When quotingsf the us wf, family of PFESR’s, form,

results for the second decay constant in this case, we wil

+my, fr(iae0 @andfy 1g30)
biven by the central values of Eq&1), (32) and(33). The solid

therefore, display only the range of values allowed by theines are the hadronic integrals, the dashed lines the corresponding

combinedi.e., “theory,” “method” and (for the ud channel
only) “T'" ] errors. The analysis of thed channel has been
described briefly already in Rdfb1].

The results obtained from the analysis, when ILM contri-

OPE integrals. The lower, middle and upper lines in each case cor-
respond toA=0, 2 and 4, respectively.

To get a feel for the relative size of the various contributions

butions are included on the theoretical side of the PFESR’so the “theory” error we note that, for thed case, the errors

are as follows. For thed channel we have

[my+mg](2 GeV)=7.8+0.8%0.5heory™ 0-4method MEV

(28)
f r(1300=2.20£ 0.3%* 0.18¢0ry
+0.18,cthog MeV (29
0<f ;(1800<0.37 MeV, (30)
and for theus channel
Mg(2 GeV) =100+ 4ieory* Smethoa MEV  (31)

fK(1460): 21.4+ 1-Qheoryi 2.3nethod MeV 32

0<fk(1830)<8.9 MeV. (33
Note that the “theory” errors do not yet include an estimate
of the error associated with the crudeness of the ILM repre
sentation of direct instanton effects. We will return to this
point below. From Eqs(28) and(29), we see that the uncer-
tainty in the7(1300) width is, in fact, the dominant source
of error in the determination of botim,+my and f ;(1300)-

9n view of the discussion in Sec. 5 of R¢&0], this estimate is
likely to be a very conservative one.

in [m,+my](2 GeV) due to the uncertainties noted above
on the input parameters,sa, (@sG?), ag(m?) and trunca-
tion at O(a®) are =0.25, +0.05, =0.28 and+0.25 MeV,
respectively. The corresponding contributions to the errors
onmg(2 GeV) arex1.5, +£0.4, +2.3 and+3.1 MeV, re-
spectively, with a further contributions af 0.2 MeV due to
the range ofr, employed in this case. The agreement be-
tween the OPE and spectral integral sides of the various
PFESR’s corresponding to the results above is very good.
The fit quality for theus channel is displayed, for thej, and
wh families, in Figs. 2 and 3, respectively. The analoges
andwA fits for theud channel are shown in Figs. 4 and 5 of
Ref. [51], respectively. The ratid®R=25.6=2.6 implied by
the above results is in good agreement with the value, 24.4
+1.5 obtained from ChPT in Ref44].

If one repeats the PFESR analysis, but now with the ILM
contributions set to zero, one finds, for thd case,

[My+mgl(2 GeV)=9.9% 1.2+ 1.0neory™ 0-Gnetnoa MeV

) (34)
fr(1300= 2.41%0.50: = 0.2dneory
1_0-27method MeV (35)
fﬂT(lSOO): 136t O.lf}t0.0Qheory
*£0.11yethod MeV, (36)

074013-8



DECAY CONSTANTS, LIGHT QUARK MASSES, AND . .. PHYSICAL REVIEW [®5 074013

0.006 1 1 1 L | 1 0.012 1 1 1 L | 1

. - 0010 — =
0.004 0.008 — -
0.006 — -

0.004 —/_

B - 0.002 — —

0.002 — —

OPE/hadronic integrals ( GeV® )

OPE/hadronic integrals ( GeV® )
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so (GeV?) so (GeV?)
FIG. 3. The OPE-ILM versus hadronig¢spectral integralsides FIG. 4. The OPE versus hadror(epectral integralsides of the

of theus wj family of PFESR’s formg+m,, fi(1460) @Nd T (1830) us w family of PFESR’s formg+m,, fi(1460) @Nd T (1830) given
given by the central values of Eg®1), (32) and(33). The identi- by the central values of Eq&7), (38) and(39), i.e., in the absence
fication of OPE and hadronic integrals, and the ca#se9,2,4 isas  of ILM contributions. The identification of OPE and hadronic inte-
for Fig. 2 above. grals, and the cases=0,2,4 is as for Fig. 2 above.

and, for theus case, Borel transform of the ILM contributions in Ref13]. We

My(2 GeV)=116* 7ineory™ 3metnod MeV (37) take c_entral values for all OPE ian_Jt, and employ the corre-
sponding central values for the excited resonance decay con-
fic(1460)= 22-9 2. Lipeory* 1.2method MEV (39 stants, determined above, as input to the BSR analysis. To
facilitate the BSR-PFESR comparison, we quote only those
fr (1830~ 14.5% 1.8he0ry™ 0.4nethoa MEV. (39)  errors present in the BSR analysis which miat also enter

the PFESR analysis, namely those associated (tiththe

The corresponding OPE versus spectral integral match is-0.5 Ge\? variation of the continuum threshold parameter
again excellent. This is illustrated for thues case, for thewﬁ s, about its optimal stability value an@) the assumed 20%
family of PFESR's, in Fig. 4(The agreement for the corre- yncertainty in the size of the continuum spectral contribu-
spondingwp PFESR's as well as that for thed case is not  tion, (Additional errors, associated with uncertainties in the
shown explicitly, but is, in fact, of equal quality to that for yajues of the OPE input parameters, are common to both
theus w{; family.) The resulting mass rati®=23.3+2.8,is  analyses, and the corresponding errors, as a result, are
also in good agreement with that obtained from ChPT. Westrongly correlated between the PFESR and BSR treat-
thus see that, while the PFESR fit provides a good determiments) To be conservative, we take, as our estimates for

nation ofm; +m; andthe resonance decay constamtse the  these errors, the maximum change in the value extracted for
form qf the theorefucal side of t_he sum rule (i.e., v_vh.ethermi+mj in our BSR analysis windowisee below produced
including or excluding ILM contributions) has been fixéd

does not, by itself, provide any additional evidence as t by the stated_ va_riations '8y and the magnitude of the con-
whether inclusion or exclusion of these contributions is fa‘égumuangg?:Ib:jgg?étzrze?ne txvc())tirfourrecseusltsfbglrg\)/\: Za(\:/gnsgﬁ?
vored. While inclusion of ILM effects is, of course, indicated d : N 9 e
by arguments external to the PFESR analysis, the PFES'_Emal rule-of-thumb is that the BSR analysis window should
1 . 2 . .
analysis itself shows only that, in the absence of these corP€ restricted taM*= values for Wh'%h the perturbative con-
tributions, significantly larger values of the relevant quarktinuum contribution is less tham 50% of the OPE contribu-
mass combination and second resonance decay constant 4R (for a discussion see, for example, Ri&2)). Since, for
required in both theid andus channels. theud case, this corresponds kt? less than~3 Ge\?, we
We now turn to the BSR analyses of the andus chan- Work with a BSR analysis window 2 Gé¥M?
nels, which should provide additional constraints on the ILM<3 Ge\?. _
modeling of instanton effects in the PFESR analyses. Ex- The dependence ¢im;+m;[(2 GeV) onM? in the ex-
pressions for the Borel transforms of the OPE side of thdended range 2 Ge:M?<4 Ge\? resulting from the
sum rules can be found in Refd1,12,2§, and that for the BSR ILM analyses is shown in Fig. 5 fof = us. (The analo-
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105 ! ' . . . L For the case in which ILM contributions are included, the
BSR results, corresponding to central values of all input, and
_ L the corresponding central values of the resonance decay con-
stants, are

s - [m,+my](2 GeV)=8.8+0.6 MeV
e

— 1 — - my(2 GeV)=100+=6 MeV, (42

=

& 05— | which are to be compared to the central values of E8#).

Q and (37). The PFESR determinations in both cases lie sig-
g ) | nificantly outside the range allowed by the BSR error.

+ I Consistency between PFESR and BSR analyses thus fa-
£ - - vors inclusion of the ILM contributions. To see that the level

80 — - —

- - - _ _ of inconsistency between the PFESR and BSR results in the
absence of ILM contributions is, in fact, significant, the fol-
lowing exercise is useful. Rather than optimizing the PFESR
analysis by varying simultaneousty;+m;, f, andf,, we

8o — T T T T T T may, for each value af;+m;, find the values of, andf,
20 24 28 sz . 0 which produce the best OPE versus spectral integral match.
, . We then use these values ©of and f,, as usual, as input to
M* (GeV?) the corresponding BSR analysis and look for those values of

FIG. 5. The value of mg+m,](2 GeV), as a function of the m; +m; for which the PFESR. Input valut_a'ls compatible with
square of the Borel masM?, extracted from the BSR analysis of the BSR ou_tput value, within the additional errors of the
the us pseudoscalar correlator described in the text. The solid Iiné?’SR analysis. ) o .
corresponds te,=4.22 GeV, which produces optimal stability For t_h?l_Jd case, In the absence of ILM contributions, this
for mg+m, with respect toM? in the window 2 Ge¥<m?2  compatibility is obtained only fofm,+mgyl(2 GeV) less
<3 Ge\2. The lower (shory dashed line corresponds tg,  than 8.1 MeV(PFESR valug7.6 MeV (BSR valug. Tak-
=4.72 GeV? and the uppeflong) dashed line t®,=3.72 Ge\,. ing the “marginal” case, corresponding to the PFESR value

[m,+my](2 GeV)=8.1 MeV to be specific, one finds that,
gous result foiij =ud is shown in Fig. 6 of Ref[51].) The although th_e qyall'ty of the OPEILM versus spectral inte-
solid line corresponds to the optimal stability valuesgfthe ~ 9ral match is significantly worse than that for the fully opti-
upper and lower lines to values 0.5 Gelwer and higher, mized fit above, it is perhaps still acceptaksee Fig. 6 for

respectively. The quark mass values obtained from thighe fit quality for thewp case; the quality is comparable,
analysis are though marginally better, for they case. Thus, in this case,

although the inclusion of ILM contributions is favored, we
do not consider it possible to rule out their absence. Note,

[my+mg](2 GeV)=7.5£0.9 MeV (400 however, that the analysis, in the absence of ILM contribu-
tions, is only self-consistent for values of,+my compat-
my(2 GeV)=91+9 MeV. (41) ible with those obtained from the analysis including ILM

contributions. The value of ;1300 Obtained in this case,

1.74 MeV, also turns out to be compatible, within errors,
These results are to be compared to the central PFESR vakith that given by Eq(29).
ues of Eqs(28) and(31) above. The consistency of the two  For the us case, in the absence of ILM contributions,
determinations is excellent for thed channel, but only mar-  compatibility is achieved only fomy(2 GeV) less than 94
ginally acceptable for thas channel. The consistency of the MeV (PFESR valug89 MeV (BSR valu@. The “best” fit
central PFESR and BSRs determinations can be improved PFESR solution for such a value of,, however, represents
by allowing somewhat larger values ef,s. For example, an extremely poor quality OPEILM versus spectral inte-
7us=0.8 produces a central value(2 GeV)=97 MeV, gral matcht! We thus find no acceptable, consistent spectral
with a corresponding central BSR determination 89solution in theus case without the inclusion of ILM contri-
+9 MeV, while n,s=1 corresponds tom¢(2 GeV) butions. This, of course, also favors the inclusion of such
=92 MeV (PFESR and 8710 MeV. In view of the size contributions for theud channel.
of the BSR errors, such improvement cannot be taken as In view of these observations, we take as our final central
physically meaningful; this exercise does, however, indicate/alues those obtained from the PFESR analysis with direct
that errors comparable in size to the difference of the PFESkhstanton contributions estimated using the ILM. Because of
and BSR central values, associated with the crudeness of the
ILM representation of instanton effects, may still be present————
in the PFESR results. We will therefore include an additional 'The averageOPE versus spectral integral discrepancy over the
ILM-induced error, to be discussed in more detail below, ins,,A analysis window is, for example, 23% for the, PFESR
the final version of our errors for the light quark masses. family.
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4 1 1 ' l . . obtained when one neglects direct instanton contributions in
the PFESR analysis strongly suggests that they are, indeed,
4 L not negligible. We, therefore, take, aghopefully conserva-
tive) estimate of the ILM-induced uncertainty, the maximum
s | of (i) the 8% (5%) average ILM contribution andii) the
difference between the central values of the ILM PFESR and
BSR extractions. In the flavoud case, the difference of
central values is only 0.3 MeV, so the ILM-induced error,
+0.6 MeV, is determined by the average ILM contribution;
in theus case, the average ILM contribution is only 5 MeV,
so the error,=9 MeV, is determined by the difference of
the central values given in Eg&1) and(41).

Including our additional estimate of ILM-induced error,
and combining all sources of error in quadrature, our final
results for the light quark masses thus become

OPE/hadronic integrals (units of 10 ~® GeV?®)

[m,+tmy](2 GeV)=7.8+x1.2 MeV (43
0 T T T T T
| | ! | my(2 GeV)=100=12 MeV. (44)
3.0 3.2 3.4 3.6 3.8 4.0
s, (GeV?) Since the PFESR-BSR consistency is excellent for ulde
0

channel, but marginal for thes channel, an alternate deter-
FIG. 6. Theud OPE-spectral integral match obtained for#f¢ ~ mination of mg, using the result of Eq(43) above in com-
PFESR family using as PFESR input the valugm, bination with the ChPT-determined mass ratitv=24.4

+mgy](2 GeV)=8.1 MeV, thelargest PFESR input for which *1.5, might be preferable. The result of this determination,
PFESR and BSR values of,+ my are consistent. All notation is as

for the PFESR figures above. This largest “marginaff,+my mg(2 GeV)=95x15 MeV, (45)

value produces the best OPE-spectral integral match among those . ) ) )

input values for which the PFESR input and BSR output values ardS in good agreement with that of Ei4), with only slightly

consistent; the fit quality, moreover, deteriorates rapidly as one goddrger errors. Recall thatelf-consistenversions of the com-

to lower values of the PFESR input. bined PFESR-BSR analysis in which direct instanton contri-

butions are neglected, in fact, yield values for the light quark

the crudeness of the ILM, however, we need to include armasses completely compatible with those of E4S) and

estimate of the uncertainties associated with the use of thel4). For the resonance decay constants, we note that, al-

ILM in our final errors. We estimate this uncertainty as de-though the value of the second resonance decay constant is

scribed in the following paragraph. sensitive to whether or not one includes ILM contributions,
First we note that, for a fixed spectrahsatzand fixeds,, that of the first resonance is largely insensitive to the pres-

the shift inm,+my (mg+m,) produced by including ILM ence or absence of ILM contributions, the central values dif-

contributions on the theoretical side of our PFESR’s, averfering by considerably less than the uncertainties on the in-

aged over thes, values in the analysis window and the full dividual determinations. We thus believe that, although the

set of PFESR weights employed, is8% (~5%). The ILM may represent a relatively crude model for implement-

much larger 20%) difference between the ILM and no- ing direct instanton effects, the determination of #{g 300)

ILM best-fit values given in Eqs(28) and (34) is not an  and K(1460) decay constants given by E@29) and (32)

accurate reflection of the relative size of OPE and ILM con-should be reliable to within the stated errors. Combining

tributions to the theoretical PFESR integrals. Rather, the fadhese errors in quadrature we then have, for our final results,

that ILM contributions decrease with increasigg while the

dominantD=0 OPE contributions increase with increasing fr(1300=2.20-0.46 MeV (46)

Sp, means that the OPEILM sum is less strongly increasing _

with sy than is the OPE term alone. This behavior on the fr(1460=21.452.8 MeV. (47)

theoretical side of the PFESR’s can only be matched on thg o+ these values differ by a factor 6f10 is compatible

spectral integral side if the ratio of the second to the firS iy e fact that the excited pseudoscalar decay constants

resonance sp_ectral contrlbutlons IS s_maller n t_he OPEanish in the chiral limit, and hence are proportional to the
+ILM case. Since the decrease in the size of direct instantopy|evant quark mass combination near that limit.

contributions with increasing, is an expected feature of
such contributions, independent of the precise details of the
ILM implementation, this type of qualitative shift in the
structure of the resonance contributions to the spectral func- Other recent sum rule analyses exist for the pseudoscalar
tion is expected to be a general feature, so long as instantand [10,20 and us [11,12 channels. In addition, sum rule
contributions are not, in fact, negligible at the scales of ouranalyses of theis scalar correlatof11,27,28,53,54 and of
analysis. The incompatibility of the BSR and PFESR resultdlavor breaking in hadronicr decay[47,48,55—-58 have

C. Discussion
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OPE/hadronic integrals (units of 10 ~® GeV?®)
OPE/hadronic integrals (units of 10 ~® GeV?®)

2.0 2.4 2.8 3.2 3.6 2.0 2.4 2.8 3.2 3.6
s, (GeV?) s, (GeV?)
FIG. 7. Theud OPE-spectral integral match obtained forwﬁ FIG. 8. Theud OPE-spectral integral match obtained forW@

PFESR family using the central values of all OPE input, the quoted®FESR family using the central values of all OPE input, the quoted
P98 value of m,+my](1 GeV) and the P98 spectrahsatz All P98 value of m,+my](1 GeV) and the P98 spectrahsatz All
notation is as for the PFESR figures above. notation is as for the PFESR figures above.

been used to extrachg. In this section we discuss the rela- using the P98 spectréinsatz but now optimizing the value

tion of our work to that of these earlier references. ,?rl;lmvug_lsgdsufipglfhgppg ?nsﬁtagﬂg)?gg’ g_nne fllrt(;j,cuosr:?rgbcen-
For theud pseudoscalar channel, R¢20] (P98 repre- tions put, uading Ibu-

sents an update of Refl10]. (The latter employed 3-loop
versions for the OPB =0 contribution, the running mass [m,+my](2 GeV)=6.8 MeV. (48)

and the running coupling, P98 the 4-loop versipndle

therefore restrict our discussion to the latter analysis. Th@he same analysis, without ILM contributions, similarly
resonance part of the P98 spectral function is of the TRDAyields

form, but rescaled by an overall factor 1.5. Two points

should be borne in mind regarding the value quotednfigr [m,+my](2 GeV)=7.3 MeV. (49

+my in P98. The first is that the analysis is based on FESR'’s ) ) .
involving the weightsw(s)=1 ands. For these weights, Both of these values are, in fact, in agreement with those
however, the corresponding vector isovector channel FESR€0rresponding to the upper part of tagrange displayed in

are not well-satisfied at the scales employed in PgBhe  Fig. 2 of P98, though not with those fap~2 GeV~. In
OPE side has a significantly wealgy dependence than the both cases, however, the quality of the ORH(M) versus
spectral integral side, the latter being obtained, in this caséPectral integral match is much inferior to that obtained ob-
from experimentalr decay datd24].) The second point is tained using the solutions fon,+my, f (1300) andf ;(1g00)

that the ratio of quoted values for the running mass at scale@Pove. The optimized match is significantly better when ILM

1 and 2 GeV,m(1 GeV)im(2 GeV)=1.31[20], differs contributions are included than when they are not. However,
from that, 1.38, obtained using 4-loop running with the cen-n spite of optimization, the consistency between Hgand

tral ALEPH determination ofeg(m,) as input. The results of wp PFESR families is not good for the P98 spectakatz

P98 thus correspond to a smaller valag{m,)=0.307, the  as shown if51], the match fowy is best where that fowy
effect of which would be to produce a larger valuerf is worst, and vice versesee Figs. 2,3 if51]).

+my. One would thus expect a poor match between the For theus pseudoscalar channel, the BSR analyses of
OPE and spectral integral sides of PFESR’'s employing th&®efs.[11] (JM) and[12] (DPS both employ a TRDA con-
P98 spectraAnsatzand centraim,+my value in combina-  struction for theK(1460) andK(1830) contributions to the
tion with current central values for the OPE input. This is spectralAnsatz but differ in their assumptions about the rela-
confirmed by the results shown in Figs. 7 and 8, which cordive sizes of the two resonance decay constants: JM assume
respond, respectively, to the output from thé andwfh  famj/f2m}=0.25, DPS that the spectral contributions of the
PFESR weight family analyses, in ogg,A analysis win- two resonances at threshold are approximately edfaal
dow, obtained using the P98 central value fof+my and  PDG2000 values of the masses and widths, this corresponds
the P98 spectrahnsatz If one performs a re-analysis, still to fams/f?m7=1.8). The two analyses also differ in their
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0.012 ' 1 1 1 the W'S family, which is not shown, is even betjeDespite
| the existence of both a good quality PFESR OPE or spectral
integral match and an excellent BSR stability window, how-
ever, we see that the no-ILM PFESR and B&Rdetermi-
nations based op;, are inconsistent, just as was the case
for the determinations associated with the specfmasatz
based on the values 6f (1460) andf 1530y Obtained from the
no-ILM PFESR analysis. This is, in fact, not surprising,
since the optimized PFESR spectdaisatzturns out to be
rather similar top;,, the K(1460) decay constants of the
~ two models, for example, differing by less than 6%.
0.004 —| - In discussing the DPS analysis of tlws pseudoscalar
channel, one should bear in mind that the result quoted by
DPS,m((1 GeV)=155+25 MeV corresponds tfl) an av-
o002 —  erage of the values obtained usifgd5,=280 MeV and
4 L 380 MeV, (2) an average over values associated with a
range ofs,, and (3) neglect ofm, in the OPE prefactdf
I Since the choice §%,=280 MeV is not consistent with the
3.0 3.2 3.4 3.6 3.8 40 ALEPH determination ofxrg(m,), we restrict our attention to
5 (GeV?) the DPS results obtained using5e,=380 MeV, which
corresponds very closely to the central ALEPH determina-
FIG. 9. Theus pseudoscalar OPE-spectral integral match ob-tion. Restoringm,, in the overall OPE prefactor, and reading
tained for thewy, PFESR family using the JM spectrahsatz cen- ~ Off from Fig. 2 of DPS, concentrating on the curve corre-
tral values of all OPE input, and no ILM contributions, after opti- sponding tas,=6 Ge\?, which displays the best stability of
mization of mg+m, in a combinedwd, wA PFESR analysis. All  mg with respect toM?, the central DPS BSR determination
notation is as for the PFESR figures above. becomesmy(2 GeV)=97 MeV. Since the details of the
spectralAnsatzemployed are not fully specified in DPS, we
treatment of the theoretical side, JM employing 3-loop ex-are unable to quote errors equivalent to those of our BSR
pressions on the OPE side and DPS the 4-loop expressioasalyses above. If, however, we fix the ratio of decay con-
which became available subsequent to the publication of thetants in such a way as to ensure exact equality of the
JM paper. K(1460) andK(1830) contributions to the spectral function
We have updated the JM BSR analysis to include 4-loogat physical threshold, and neglect ILM contributions, as in
contributions to the running mass, coupling @de-0 OPE  DPS, we find that, after performing our usual PFESR analy-
term. For OPE input we use the values employed in ousis, the resulting spectrAinsatz run through a BSR analysis
analyses above. Including ILM contributions on the theoret-with s,=6 Ge\?, reproduces the DPS central value exactly.
ical side of the BSR, we then find that the JM spec&at  Estimating our BSR errors as for the analyses above, we then
satz pyuv, corresponds to have, for our DPS-like BSR determination,

0.010 — —

0.008

0.006

OPE/hadronic integrals ( GeV® )

0.000 ; | .

ms(2 GeV)=96=7 MeV. (50 m(2 GeV)=97+6 MeV. (54)

Neglecting instanton contributions, as in JM, we obtain in-The PFESR OPE versus spectral integral match correspond-
stead ing to this BSR determination is reasonakdee Fig. 10 for

the wy, family case; the fit quality for thev family is not
shown, but is better than for they family). The central
(The errors in these equations have the same meaning 39-ILM PFESRm; value,

those for the BSR analyses abgvé, however, we employ _

pim . @s input, not to a BSR analysis, but to our usual PFESR my(2 GeV)=109 MeV, (59
analysis, we find for our central values

my(2 GeV)=98+6 MeV. (51

however, is again inconsistent with the corresponding BSR

_ value. The situation is not improved by including ILM con-
m(2 GeV)=107 Mev 2 tributions: re-doing the PFESR analysis, still with the con-

if ILM contributions are included, and strained form of the spectraéinsatz but now incorporating
ILM contributions on the theoretical side, one finds a poor

my(2 GeV)=111 MeV (53)  quality optimized OPE ILM versus spectral integral match.

if they are not. The fit quality for the optimized match is
rather poor when ILM contributions are included, but is quite 1Restoringm, to the prefactor, using ChPT values for the quark

good when they are not. The latter point is illustrated for themass ratios, and converting to the scale2 GeV, the DPS result
wy, family of PFESR’s in Fig. qthe quality of the match for becomeany(2 GeV)=109+18 MeV.
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0012 . ' ' TR tarity, in combination with the experimental value |&f, 4,

|V, =0.2225-0.0035" while consistent within errors, dif-
fer by ~1.3%. There has also been some confusion in the
0010 — ~ literature resulting from the use, in the various recent theo-
retical analyses, of three different sets of values for the
weightedud-us spectral differences, corresponding to three
different values oBg, the total ¢/ +A) branching fraction
into strange hadronic stat&sThe strongud-us cancellation
makes the extracted value of; quite sensitive to théap-
parently rather smalldifferences between the&;, values.
The discrepancies between the various valuasofeported

in the literature, all of which are nominally based on the
“same” (ALEPH) 7 decay data, turn out to be almost en-
tirely a reflection of this sensitivity. The situation is dis-
0002 - cussed in some detail in Rg64], where the various analy-

| ses have also been updated to reflect the current experimental
situation (as reported in Ref[58]). Once common input is
T T employed, all hadronie determinations ofng are in excel-

0.008

0.006

0.004

OPE/hadronic integrals ( GeV® )

0.000 ; | . | .

20 82 54 a8 . .0 lent agreemen(t64]. The dominant uncertainty remains that
. associated withV,J. Using central values d¥ 4| and|V,4
so (GeV®) corresponding to eithefl) the PDG2000 best independent

FIG. 10. Theus pseudoscalar OPE-spectral integral match formdlwfIual determinations (CKMN) (|.qu|=0.9735. and_
thewﬁ PFESR family involving the spectréinsatzobtained from a |Vus|=0.2196) or(2) the PDG2000 unltarlty-constralned fit
combinedwy, wh PFESR analysis after imposing the DPS-like (CKMU) (|Vyg| =0.9749 andV,, =0.2225), one obtains
constraint on the ratio oK(1460) andK(1830) decay constants.
The results correspond to central values of all OPE input, and to
neglect of ILM contributions. All notation is as for the PFESR a
figures above.

my(2 GeV)=101+18 MeV (CKMN), (56)
nd

my(2 GeV)=114+16 MeV (CKMU) (57

We conclude this section with a reminder of the values
obtained formg via sum rule analyses of other channels.respectively[64]. Either of these results is compatible with
Recent treatments of the correlator@f(sy*u) [27,53,54, that obtained from the pseudoscalar channel analyses above.
for which the lows part of the spectral function is con-
strained byK 7 phases, yield values ohy(2 GeV) in the IV. CONCLUSIONS
range 11525 MeV, compatible with either the ILM or no-
ILM results above. Assumptions about the form of the
Omnes representation of the timelike scafar form factor,

We have determinedh,+my, mg, and the decay con-
stants of ther(1300) andK (1460) with good accuracy from
. . . a combined PFESR-BSR study of thiel and us pseudo-
and the \;Jehawor of theKW phase in the regions ._scalar correlators. Our results show that it is important to
>2.9 GeV:, where experlme_ntal phase data does n_ot eX'Str quire the consistency of the two different sum rule ap-
however, enter the construction of the spectral function use roaches. Indeed. we have seen that there éxistze for
in tho;e analyses’. SO thellt_asignificant theoreical systematig hadr.onic spéctral functions which produce both ex-
Fzrgogglss grisr?]rl.ljt(,:l’llrlﬂ:gglet:‘og t?og]ceh ei;rorrsingiu?ée?s 'tr;]eR;f(Stremely good BSR stability plateaus and high-quality PFESR
trac’tioryl o'fm via PFESR aﬂgl ' f 5} ﬂp ,-b ki OPE(+ ILM) versus spectral integral matches, but for which
. S yses of e Tlavor-breaxing ., output quark mass combinations are inconsistent. This
difference ofud and us vector-plus-axial-vector correlator means that BSR or PFESR treatments, by themselves, do not

sums. The hadronic spectral function required in this case IBrovide sufficiently strong constraints to allow one to simul-

measuraple in hadronicdecay. There are two basic cqmp[l— ﬁaneously constrain the unknown quark masses, unknown
cations, first, that the OPE representation of the longitudinal

contribution to ther hadronic decay width is very badly
behaved at those scales which are kinematically allowed
[59-67 and, second, that, because of the rather strong can-
cellation in theud-us spectral difference, the extracted value range.

of mg is quite sensitive to even-1% uncertainties in the 147056 three values, which are in the ratios 1:1.04:1.05 corre-

value of |V,4. The first problem can be handled by appro-spond to(1) the preliminary(1998 ALEPH analysis of strange
priate weight choice$47]. The second is numerically rel- gecay mode§63], (2) the final(1999 version of this analysigs5],
evant because the central values of the determinations @hd (3) the recent updaté2000 reported by Davief58]. Larger
|V, based on(1) experimentalK,; data, |V,d=0.2196  values ofB, correspond to smaller values of the-us difference,
+0.0023 and2) Cabibbo-Kobayashi-Maskaw&KM) uni- and hence to lower values afs.

The central value and “errors” quoted here correspond to the
id-point and extent of the PDG2000 unitarity-constrained fit
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resonance decay constants and the theoretical modelling tiat “non-inclusive” analyseginvolving only the sum of
direct instanton effects. The combination of the two ap-spin 0 and 1 correlator componentsill eventually be re-
proaches does, however, provide sufficiently strong conguired. A knowledge of the decay constants of the excited
straints. The consistency of the combined analysis is particustrange pseudoscalar and scalar resonances allows a straight-
larly compelling for theud case. The values obtained for the forward subtraction of the longitudinal contributions to the
light quark masses are in excellent agreement with determiexperimental distributions. In the absence of an experimental
nations from other sources, giving us further confidence irspin separation, sum rule determinations of the strange scalar
the reliability of the combined analysis. The correspondingand pseudoscalar resonance decay constants with an accu-
determinations of ther(1300) andK(1460) decay constants racy even a factor of three worse than that obtained above for
are accurate to 20% and 10% respectively. The latter detethe K(1460) are already extremely useful as input for such
mination is relevant to future improvements in the extractionnon-inclusive analyses.

of mg from hadronicr decay data. Whil® factory data will

dramatllcally reduce the errors on-the expenmeulal'ector- . ACKNOWLEDGMENTS
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