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PHYSICAL REVIEW D 67, 074005 ~2003!
Chiral extrapolation of lattice data for heavy baryons

X.-H. Guo* and A. W. Thomas†

Department of Physics and Mathematical Physics, and Special Research Center for the Subatomic Structure of Matter,
Adelaide University, SA 5005, Australia

~Received 29 October 2002; published 10 April 2003!

The masses of heavy baryons containing ab quark have been calculated numerically in lattice QCD with
pion masses which are much larger than the physical value. In the present work we extrapolate these lattice
data to the physical mass of the pion by applying an effective chiral Lagrangian for heavy baryons, which is
invariant under chiral symmetry when the light quark masses go to zero and heavy quark symmetry when the
heavy quark masses go to infinity. A phenomenological functional form with three parameters, which has the
correct behavior in the chiral limit and appropriate behavior when the pion mass is large, is proposed to
extrapolate the lattice data. It is found that the extrapolation deviates noticeably from the naive linear extrapo-
lation when the pion mass is smaller than about 500 MeV. The mass differences betweenSb and Sb* and
betweenSb

(* ) andLb are also presented. Uncertainties arising from both lattice data and our model parameters
are discussed in detail. We also give a comparison of the results in our model with those obtained in the naive
linear extrapolations.

DOI: 10.1103/PhysRevD.67.074005 PACS number~s!: 12.39.Fe, 12.38.Gc, 12.39.Hg, 12.40.Yx
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I. INTRODUCTION

The spectrum of some hadrons has been calculated
merically in lattice QCD over the past few years. These h
rons include light mesons and baryons@1#, heavy mesons
@2,3#, and heavy baryons@2,4#. Using nonrelativistic QCD
~NRQCD! on the lattice @5# for heavy quarks and the
tadpole-improved clover action for light quarks, the auth
of Refs. @2,3# studied extensively the spectra of heavy m
sons and heavy baryons~including doubly heavy baryons!.
These lattice data were obtained in the region where the m
of the pion is much larger than the physical mass of the p
Hence one needs to extrapolate these data to the phy
pion mass in order to obtain the heavy hadron masses in
real world. Naively, this is done by linear extrapolatio
which are inconsistent with the model independent, nona
lytic behavior of hadron properties in the chiral limit. I
order to overcome this problem, pion-hadron loops are
cluded in the study of light hadron properties@6–9#. This
yields the correct leading and next-to-leading nonanal
terms in the light quark masses and leads to rapid variatio
small pion masses. In general, lattice data extrapolated to
physical pion mass this way yield quite different results fro
linear extrapolations. In the light of these results, we cons
ered previously the chiral extrapolation of the lattice data
heavyD andB mesons and discussed the important hyper
splittings @10#. Here we generalize our approach to the ca
of heavy baryons and extrapolate the lattice data for heab
baryons obtained in Ref.@2#.

We are guided by the two opposite limits for the qua
masses. One is the zero quark mass limit while the othe
the infinite quark mass limit. When the masses of the li
quarks,u, d, and s, go to zero the QCD Lagrangian has
chiral SU(3)L3SU(3)R symmetry, which is spontaneous
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broken intoSU(3)V plus eight Goldstone bosons. When th
masses of the heavy quarksc andb go to infinity, we have an
effective theory, heavy quark effective theory~HQET!,
which is invariant under heavy quark flavor and heavy qu
spin transformations,SU(2) f3SU(2)s . Thus the interac-
tions of heavy baryons with the light pseudoscalar mes
should be described by an effective chiral Lagrangian
heavy baryons which is invariant under bothSU(3)L
3SU(3)R and SU(2) f3SU(2)s transformations. This La-
grangian will be applied to the extrapolation of the latti
QCD data to the physical pion mass, with the chiral aspe
being especially important in the small pion mass region

The remainder of this paper is organized as follows.
Sec. II we give a brief review of the chiral Lagrangian f
heavy baryons including the propagators of heavy baryo
In Sec. III we apply this Lagrangian to calculate pion loo
contributions to the self-energy of heavy baryons. Then
propose a phenomenological functional form with three
rameters for extrapolating the lattice data to the physical
gion. In Sec. IV we use this form to fit the lattice data a
give numerical results. Finally, Sec. V contains a summ
and discussion.

II. CHIRAL PERTURBATION THEORY
FOR HEAVY BARYONS

When the light quark mass,mq , approaches zero, th
QCD Lagrangian possesses anSU(3)L3SU(3)R chiral
symmetry. The light pseudo Goldstone bosons associ
with spontaneous breaking of chiral symmetry can be inc
porated into a 333 matrix

S5expS 2iM

f p
D , ~1!

wheref p is the pion decay constant,f p5132 MeV, andM is
a matrix which includes the eight Goldstone bosons
©2003 The American Physical Society05-1
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M5S 1

A2
p01

1

A6
h p1 K1

p2
2

1

A2
p01

1

A6
h K0

K2 K̄0 2A2

3
h
D .

~2!

A heavy baryon is composed of a heavy quarkQ (Q
5b, or c) and two light quarksqaqb @a(b) equals 1, 2, 3 for
u, d, s quarks, respectively#. When the heavy quark mas
mQ , is much larger than the QCD scale,LQCD, the light
degrees of freedom in a heavy baryon become blind to
flavor and spin quantum numbers of the heavy quark beca
of theSU(2) f3SU(2)s symmetries. Therefore, the light de
grees of freedom have good quantum numbers which ca
used to classify heavy baryons. The angular momentum
parity JP of the two light quarks may be 01 or 11, which
correspond toSU(3)L1R antitriplet and sextet, respectivel
The lowest-lying heavy baryons in the 3¯ representation have
spin 1/2, and are denoted by fields which destroy these b
ons,Ta (T35LQ , T1,25JQ8 ). The lowest-lying heavy bary
ons in the 6 representation have spin 1/2 or 3/2, and
denoted by field operatorsSab andSm

ab , respectively, where
S(m)

(* )11,12,225SQ
(* ) , S(m)

(* )13,235JQ
(* ) , andS(m)

(* )335VQ
(* ) .

It is convenient to combineSab andSm*
ab into the fieldSm

ab

@11#:

Sm
ab5

1

A3
~gm1vm!g5Sab1Sm*

ab . ~3!

Introducing a vector fieldVab
m ,

Vab
m 5

1

2
~j1]mj1j]mj1!ab , ~4!

wherej5AS, and an axial-vector fieldAab
m ,

Aab
m 5

i

2
~j1]mj2j]mj1!ab , ~5!

one can define the covariant derivative

~DmT!a5]mTa2Tb~Vm!a
b , ~6!

and

~DmSn!ab5]mSn
ab1~Vm!c

aSn
cb1~Vm!c

bSn
ac . ~7!

In the limit where the light quarks have zero mass and
heavy quarks have infinite mass, the Lagrangian for
strong interactions of heavy baryons with pseudoscalar G
07400
e
se
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nd

y-

re

e
e
d-

stone bosons should be invariant under both chiral symm
and heavy quark symmetry. It should also be invariant un
Lorentz and parity transformations as required in gene
The most general form for the Lagrangian satisfying the
requirements is@12#

L5 i T̄avn~DnT!a2 iS̄ab
m vn~DnSm!ab1DMS̄ab

m Sm
ab

1 ig1emnslS̄ac
m vn~As!b

aSlbc1g2@eabcT̄
a~Am!d

bSm
cd

1eabcS̄cd
m ~Am!b

dTa#, ~8!

whereg1 andg2 are coupling constants describing the inte
actions between heavy baryons and Goldstone bosons
DM is the mass difference between sextet and antitrip
heavy baryons in the heavy quark limit. As a consequenc
heavy quark symmetry,g1 andg2 are universal for different
heavy baryons. Since they contain information about the
teractions at the quark and gluon level, they cannot be fi
from chiral perturbation theory, but should be determined
experiments.

In the limit mQ→`, the propagator forLQ is

i

v•p

11v”
2

,

where p is the residual momentum of the heavy baryo
There is no mass difference betweenSQ andSQ* whenmQ

→`. In HQET, the leading term which is responsible for
mass difference betweenSQ andSQ* is the color-magnetic-

moment operator, (1/mQ)h̄vsmnGmnhv ~where hv is the
heavy quark field operator in HQET andGmn is the gluon
field strength tensor!. This term is singlet underSU(3)L
3SU(3)R and leads to the following correction term toL in
Eq. ~8!:

i
a

mQ
S̄ab

m smnSnab, ~9!

wherea is a constant which also contains interaction info
mation at the quark and gluon level, and which is the sa
for SQ and SQ* at the tree level because of heavy qua
symmetry. When QCD loop corrections are included,a de-
pends onmQ logarithmically.

FIG. 1. Pion loop corrections to the propagator ofSU(3) sextet
heavy baryons with spin-1/2, whereSQ

(* ) represent spin-1/2~3/2!
SU(3) sextet heavy baryons with heavy quarkQ andTQ represents
SU(3) antitriplet heavy baryons.
5-2
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The term ~9! enhances the mass ofSQ* by a/mQ and
lowers that ofSQ by 2a/mQ . Therefore, the propagators fo
SQ andSQ* become

i

v•p2DM1
2a

mQ

11v”
2

,

and
ro
de

en

vy

ga
fa
av

07400
11v”
2

2 i S gmn2
1

3
gmgn2

2

3
vmvnD

v•p2DM2
a

mQ

11v”
2

,

respectively.
Substituting Eq.~3! into Eq. ~8! we have the following

explicit form for the interactions of heavy baryons wi
Goldstone bosons:
2
i

2 f p
2
T̄a@M ,v•]M #a

bTb1
i

2 f p
2 $S̄ab@M ,v•]M #c

aScb1S̄ab@M ,v•]M #c
bSac2S̄ab* m@M ,v•]M #c

aSm*
cb2S̄ab* m@M ,v•]M #c

bSm*
ac%

2
i

f p
g1emnslvn~]sM !b

aF2
1

3
S̄acg

mglSbc1S̄ac* mS* lbc1
1

A3
S̄ac* mglg5Sbc2

1

A3
S̄acg5gmS* lbcG

2
g2

f p
F 1

A3
eabcT̄

a~]mM !d
b~gm1vm!g5Scd1eabcT̄

a~]mM !d
bS* cd2

1

A3
eabcS̄

cdg5~gm1vm!~]mM !d
bTa

1eabcS̄* mcd~]mM !d
bTaG , ~10!
me

-

or
whereO(M3) terms are ignored.
Chiral symmetry can be broken explicitly by nonze

light quark masses. This leads to the following leading or
terms in the explicit chiral symmetry breaking masses:

l1S̄ab
m ~jmqj1j1mqj1!c

bSm
ac1l2S̄ab

m Sm
abTr~mqS11Smq!

1l3Tr Ta~jmqj1j1mqj1!b
aT̄b1l4Tr~ T̄aTa!

3Tr~mqS11Smq!, ~11!

wherel i( i 51,2,3,4) are parameters which are also indep
dent of the heavy quark mass in the limitmQ→`.

III. FORMALISM FOR THE EXTRAPOLATION
OF LATTICE DATA FOR HEAVY BARYON MASSES

From the chiral Lagrangian for the interactions of hea
baryons with light Goldstone bosons, Eq.~10!, we can cal-
culate pion loop contributions to the heavy baryon propa
tors near the chiral limit—i.e., when the pion mass is not
from the chiral limit. This leads to a dependence of the he
baryon masses on the pion mass. We will concentrate onSQ

FIG. 2. Pion loop corrections to the propagator ofSU(3) sextet
heavy baryons with spin-3/2. Same notation as in Fig. 1.
r

-

-
r
y

andSQ* , but other heavy baryons can be treated in the sa
way.

From Eq.~10! we find four diagrams for pion loop cor
rections to the propagator of eitherSQ or SQ* , and three
diagrams forLQ . These diagrams are shown in Fig. 1 f
SQ , in Fig. 2 forSQ* , and in Fig. 3 forLQ . It can be easily
seen that Fig. 1~a!, Fig. 2~a! and Fig. 3~a! do not contribute
@this is because the integrand is of the formkm f (k2) wherek
is the momentum of the pion in the loop, andf (k2) is a
function of k2] and we will not consider them further.

Figure 1~b! arises from theSQpSQ vertex. In momentum
space it can be expressed as

i

v•p2DM1
2a

mQ

~2 iS1!
i

v•p2DM1
2a

mQ

11v”
2

, ~12!

wherep is the residual momentum of the heavy baryonSQ .
From Eq.~10!, Fig. 1~b! takes the following form:

FIG. 3. Pion loop corrections to the propagator ofSU(3) anti-
triplet heavy baryons. Same notation as in Fig. 1.
5-3
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2
g1

2

18f p
2

emnslem8n8s8l8v
nvn8

3S 11v”
2

gmgl
11v”

2
gm8gl8

11v”
2 D

3S i

v•p2DM1
2a

mQ

D 2

3E d4k

~2p!4

ksks8

Fv•~p2k!2DM1
2a

mQ
G~k22mp

2 !

,

~13!

where againk is the momentum of the pion in the loop, an
mp is the pion mass.

As discussed in Ref.@10#, the integral
q

07400
Xmn[E d4k

~2p!4

kmkn

@v•k2d#~k22mp
2 !

, ~14!

whered is some constant, can be written as

Xmn5X1~d!gmn1X2~d!vmvn, ~15!

whereX1 andX2 are Lorentz scalars, which are functions
d. Obviously, only theX1 term contributes in Eq.~13!. In the
evaluation ofX1, the integration overk0 was made first by
choosing the appropriate contour. Then a cutoffL, which
characterizes the finite size of the source of the pion, w
introduced in the three dimensional integration since p
loop contributions are suppressed when the Compton wa
length of the pion is smaller than the source of the pio
Since the leading nonanalytic contribution of these loops
associated with the infrared behavior of the integral, it do
not depend on the details of the cutoff. In this way,X1(d)
has the following expression@10#:
X1~d!5
i

72p2 H 12~mp
2 2d2!3/2Farctan

L1AL21mp
2 2d

Amp
2 2d2

2arctan
mp2d

Amp
2 2d2G13d~2d223mp

2 !ln
L1AL21mp

2

mp

13dLAL21mp
2 16~d22mp

2 !L12L3J , ~16!

whenmp
2 >d2;

X1~d!5
i

72p2 H 6~d22mp
2 !3/2lnS L1AL21mp

2 2d2Ad22mp
2

L1AL21mp
2 2d1Ad22mp

2 Ump2d1Ad22mp
2

mp2d2Ad22mp
2U D 13d~2d223mp

2 !ln
L1AL21mp

2

mp

13dLAL21mp
2 16~d22mp

2 !L12L3J , ~17!
r
e

d

whenmp
2 <d2. In the case whered50,

X15
i

36p2 S 3mp
3 arctan

L

mp
23mp

2 L1L3D . ~18!

From Eqs.~12! and ~13! we have

S15 i
2g1

2

3 f p
2

X1~D1!, ~19!

whereD15v•p2DM12a/mQ .
Figures 1~c! and ~d! have the same expression as in E

~12!, except forS1 being replaced byS2 and S3, respec-
tively. In the same way, we have

S25 i
g1

2

3 f p
2

X1~D2!, ~20!
.

whereD25v•p2DM2a/mQ .
Figure 1~d! arises from theSQpLQ vertex. In this paper

we only considerSb
(* ) since lattice data are available fo

them. ForSb
6 , p6 appears in the pion loop, then we hav

S
3
Sb

6

5 i
g2

2

f p
2

X1~D3!, ~21!

whereD35v•p. For Sb
0 , p0 appears in the pion loop, an

we have

S
3
Sb

0

5 i
g2

2

2 f p
2

X1~D3!. ~22!

DefiningS as the sum ofS1 , S2, andS3, the propagator
of Sb becomes
5-4
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i

v•p2DM1
2a

mQ
2S

11v”
2

, ~23!

where

SSb
6

5 i
2g1

2

3 f p
2

X1~D1!1 i
g1

2

3 f p
2

X1~D2!1 i
g2

2

f p
2

X1~D3!, ~24!

and

SSb
0
5 i

2g1
2

3 f p
2

X1~D1!1 i
g1

2

3 f p
2

X1~D2!1 i
g2

2

2 f p
2

X1~D3!.

~25!

Pion loop contributions to the propagator ofSb* can be
calculated in the same way. After Figs. 2~b!, ~c!, ~d! are
included the propagator ofSb* becomes

11v”
2

2 i S gmn2
1

3
gmgn2

2

3
vmvnD

v•p2DM2
a

mQ
2P

11v”
2

, ~26!

where

PSb*
6

5 i
5g1

2

6 f p
2

X1~D2!2 i
g1

2

6 f p
2

X1~D1!1 i
g2

2

f p
2

X1~D3!,

~27!

and

PSb*
0
5 i

5g1
2

6 f p
2

X1~D2!2 i
g1

2

6 f p
2

X1~D1!1 i
g2

2

2 f p
2

X1~D3!.

~28!

Similarly, if we include Figs. 3~b! and~c! then the propa-
gator ofLb becomes

i

v•p2K

11v”
2

, ~29!

where

K5 i
3g2

2

f p
2

X1~D1!1 i
6g2

2

f p
2

X1~D2!. ~30!

Consequently, the pion loop contribution to the mass
Sb , sSb

, has the following expression:
07400
f

sS
b
65 i

2g1
2

3 f p
2

X1~0!1 i
g1

2

3 f p
2

X1S 2
3a

mb
D1 i

g2
2

f p
2

X1S DM2
2a

mb
D

~31!

and

sS
b
05 i

2g1
2

3 f p
2

X1~0!1 i
g1

2

3 f p
2

X1S 2
3a

mb
D1 i

g2
2

2 f p
2

3X1S DM2
2a

mb
D . ~32!

For Sb* , we have

sS
b*

65 i
5g1

2

6 f p
2

X1~0!2 i
g1

2

6 f p
2

X1S 3a

mb
D1 i

g2
2

f p
2

X1S DM1
a

mb
D

~33!

and

sS
b*

05 i
5g1

2

6 f p
2

X1~0!2 i
g1

2

6 f p
2

X1S 3a

mb
D1 i

g2
2

2 f p
2

X1S DM1
a

mb
D .

~34!

For Lb ,

sLb
5 i

3g2
2

f p
2

X1S 2DM1
2a

mb
D1 i

6g2
2

f p
2

X1S 2DM2
a

mb
D .

~35!

In Eqs.~31!–~35!, X1 is given by Eqs.~16!–~18!.
In order to extrapolate the lattice data from largemp to

the physical value of the pion mass, we follow the argume
proposed in Ref.@10# where we dealt with heavy meson
These arguments can be generalized to the case of h
baryons straightforwardly. Equations~31!–~35! are valid
when mp is not far away from the chiral limit—i.e., when
mp<L. As pointed out in Refs.@6–10#, pion loop contribu-
tions vanish in the limitmp→`, and the heavy baryon mas
becomes proportional tomp

2 when mp becomes large~at
least up to;1 GeV2). This behavior is consistent with lat
tice simulations. Following Refs.@6–10#, we propose the
following phenomenological, functional form for the ex
trapolation of lattice data for heavy baryons:

mB5aB1bBmp
2 1sB , ~36!

for B5Sb , Sb* or Lb .
The advantage of fitting the lattice data in this way is th

we can guarantee that our formalism has both the cor
chiral limit behavior and the appropriate behavior whenmp

is large, with only three parameters (a, b, and L) to be
determined in the fit.
5-5
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Chiral symmetry is explicitly broken by the terms in E
~11!. Substituting Eqs.~1!, ~3! into Eq. ~11! we have the
following explicit expression:

2l1 (
a,b51

3

@mqa~2S̄abS
ab1S̄ab* mSm*

ab!#12l2(
a51

3

mqa

3 (
a,b51

3

~2S̄abS
ab1S̄ab* mSm*

ab!12l3

3 (
a51

3

mqaT̄aTa12l4(
a51

3

mqa(
a51

3

T̄aTa, ~37!

where we have made a Taylor expansion forj and omitted
O(1/f p

2 ) terms. It can be seen that Eq.~37! does not contrib-
ute to the mass difference betweenSQ andSQ* to ordermq .
Corrections to this statement are of ordermqO(1/f p

2 ), with
extra suppression frommq with respect to the pion loop ef
fects. They will therefore be ignored. Equation~37! may
contribute to the mass different betweenSQ

(* ) andLQ . Such
effects will be considered to be effectively included in t
parameterDM in Eq. ~8!.

IV. EXTRAPOLATION OF LATTICE DATA FOR HEAVY
BARYON MASSES

The masses ofSb , Sb* , andLb were calculated with the
aid of NRQCD in quenched approximation in Ref.@2#. Since
the mass of the heavy quark is much larger thanLQCD, it
becomes an irrelevant scale for the dynamics inside a he
hadron and is removed from NRQCD. This makes it poss
to simulate heavy baryons when the lattice spacing is la
than the Compton wavelength of the heavy quark. The lat
spacing used is 1/a51.92 GeV. For light quarks the tadpole
improved clover action was used which has discretizat
errors of orderasa. The value ofb which is related to the
bare gauge coupling is 6.0 and the lattice size is 163348. In
the simulations, three different values for the hopping para
eter k, 0.1369, 0.1375, and 0.13808, were used. The li
quark mass is related tok through the definitionmq
5(1/2a)(1/k21/kc), with kc50.13917. These three hop
ping parameters correspond to three values ofmp

2 :
0.6598 GeV2, 0.4833 GeV2, and 0.3141 GeV2, respectively.

The heavy baryon masses were calculated for five dif
ent values ofaM0 (M0 is the bare heavy quark mass!: 1.6,
2.0, 2.7, 4.0, 7.0, and 10.0, where the data for the last
values are less reliable because of large discretization e
@2#. The best estimate foraMb

0 , 2.31, was obtained by
matching the lattice data to the mass of theB meson. Con-
sequently, in our fit we first extrapolate the lattice data
aM051.6, 2.0, 2.7, 4.0 toaMb

052.31. This can be done b
linear extrapolation with respect to 1/M0 with the form c
1d/M0, wherec andd are constants. This is becauseaEsim,
which is the simulation mass in NRQCD and which is r
lated to the heavy baryon mass, depends on 1/M0 linearly
@note that in the case ofb baryons,O„(1/M0)2

… can be safely
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ignored#. Then from the data in Table XV of Ref.@2#, we
obtain the values ofaEsim for the three hopping paramete
at aMb

052.31, which are shown in Table I. In the following
we will extrapolate these values to the physical pion m
with the formulas in Eq.~36!.

In our fit we have to determine three parameters in
formalism@aSb

, bSb
, andL in Eq. ~36!, for example#. These

parameters are related toDM , a, g1, andg2, which repre-
sent interactions at the quark and gluon level and canno
determined from the chiral Lagrangian for heavy baryons
our fit, we treat them as effective parameters and assume
their possible slightmQ dependence, which results from
QCD corrections and 1/mQ corrections, has been taken in
account effectively in this way.

DM is the mass difference between sextet and antitrip
heavy baryons. Since we do not have experimental data
the masses ofSb

(* ) , we use the data forSc
(* ) to determine

DM @13#. The spin-averaged mass ofSc
(* ) is 1

6 (2mSc

14mS
c*
), which is bigger thanmLc

by 0.213 GeV. In our fit,

we letDM vary between 0.17 GeV and 0.23 GeV, which a
given bymSc

2mLc
andmS

c*
2mLc

, respectively. The mas

difference mS
c*
2mSc

, which is equal to 3a/mc to order

1/mc , leads to a50.032 GeV2 if we choose mc
50.15 GeV. To see the dependence of our fit ona, we let it
vary from 0.025 GeV2 to 0.035 GeV2.

The coupling constantg2 can be determined from the de
cay width for Sc* →Lcp, which has the following explicit
form:

GS
c* →Lcp5

g2
2

12p f p
2

3F ~m
S

c*
2

2mLc

2 !222mp
2 ~m

S
c*

2
1mLc

2 !1mp
4

4m
S

c*
2 G 3/2

3
~mS

c*
1mLc

!22mp
2

m
S

c*
2 . ~38!

From GS
c*

11→Lcp151865 GeV, we have g2
250.559

60.155, while fromGS
c*

0→Lcp251365 GeV, we haveg2
2

50.40460.155. Hence, in our fit we choose the ran
0.249<g2

2<0.714.
SinceSc* cannot decay toScp, we cannot fixg1 from

decays. However,g1 can be related to the matrix of the axia

TABLE I. Extrapolated values ofaEsim at aMb
052.31.

k aEsim(Lb) aEsim(Sb) aEsim(Sb* )

0.13690 0.816~33! 0.877~28! 0.889~27!

0.13750 0.779~43! 0.845~32! 0.856~33!

0.13808 0.733~63! 0.818~40! 0.827~37!
5-6



re

i

cu
t

nc
o

ue
ur
V.

er
er

fe
o

th
d

-

o

s
a
o
fit

te

ne
ul-

nite
ld
lat-

in-
pen-
er-

e
ff,
gu-
ns

ass

e
sed

t,
ical

at-
B

bB are just those in the naive linear extrapolation. Further-
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vector current between sextet heavy baryon states whe
u→d transition is involved. By assuminggA

ud50.75, which
corresponds togA

nucleon51.25 in neutronb decays and using
spin-flavor wave functions for heavy baryons, the authors
Ref. @14# found thatg150.38. Based on this, we letg1

2 vary
from 0.1 to 0.2 in our fit.

As discussed in Sec. III, the parameterL characterizes the
size of the source of the pion. In principle, the value ofL can
be determined by fitting the lattice data. However, sinceL is
mainly related to the data at small pion masses and the
rent lattice data are only available at large pion masses,
error in the determination ofL is very large. The size differ-
ence betweenSb andSb* is caused by effects of order 1/mb

which are small. The size difference betweenSb andLb is
caused by the difference between 01 and 11 light degrees of
freedom, which is also the main reason for a size differe
betweenN andD. It has been pointed out that the values
L for N and D are very close to each other@6#. Hence we
expect that the difference between the values ofL for Sb
andLb should also be small. Since the integrand inX1 be-
comes small near the cutoffL, a small variation inL will
only lead to an even smaller change inX1. Based on these
arguments, we will ignore the differences among the val
of L for Sb , Sb* , and Lb . To see the dependence of o
analysis onL, we letL vary between 0.4 GeV and 0.6 Ge

Whereas the formulas in Eq.~36! correspond to the infi-
nite volume limit, in practice the lattice simulations are p
formed on a finite volume. As a result, the lowest nonz
pion momentum sampled in the lattice calculation is 2p/aL
@L is the number of lattice sites inx (y, z) direction#, which
is almost 0.8 GeV for the data considered here. This ef
tively means that the entire low momentum region is n
sampled by the lattice simulation and this in turn means
the chiral behavior is modified. This problem has alrea
been addressed within the context of the nucleon andD
masses in Refs.@6# and@15#. The idea is to replace the con
tinuum self-energy integral in Eq.~36! by a sum over the
discrete pion momenta allowed on the lattice. In the case
theN andD it was found that, because of the suppression
the self-energy terms for pion mass larger than 0.5 GeV~ob-
served forall hadron properties!, the effect of this correction
where the lattice data existswas relatively small. Indeed, a
a crude first approximation one could simply ignore it in th
region. On the other hand, a better estimate would be
tained by replacing the infinite volume self-energy when
ting the data by a discrete sum:
07400
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E d3k'
1

V S 2p

a D 3

(
kx ,ky ,kz

, ~39!

whereV is the spatial volume of the lattice and the discre
momentakx ,ky ,kz are given by

2pn

aL
. ~40!

Here againL is the number of lattice sites inx (y, z) direc-
tion and the integern satisfies the constraint

2
L

2
,n<

L

2
. ~41!

With 1/a51.92 GeV andL516, the smallest momentum
allowed on the lattice, 2p/aL, equals 0.75 GeV which is
bigger than the sharp cutoffL employed in our formalism.
Consequently the discrete sum in Eq.~39! becomes zero if
we take the finite lattice volume effects into account. O
could, of course, choose a more complicated method of
traviolet regularization such as a dipole. In that case the fi
volume self-energy would not vanish exactly, but it wou
still be very strongly suppressed in the region where the
tice data exists~at large pion mass!. As a result we believe
that the results obtained with theu function should be a good
representation of the physics involved. In fact, Young, Le
weber, and Thomas gave a detailed discussion of the de
dence of chiral extrapolation of the nucleon mass on diff
ent ultraviolet regularization schemes in Ref.@16#. They
carefully analyzed four different functional forms for th
finite-ranged, ultraviolet regulator including the sharp-cuto
monopole, dipole, and Gaussian, finding that these four re
lators produce model-independent chiral extrapolatio
agreeing at the level of 1% over a wide range of quark m
~up to mp

2 50.8 GeV2).
Using the three masses forSb , Sb* , andLb in Table I,

we fix the other two parameters besidesL (aSb
andbSb

for

Sb , for example! in Eq. ~36! through a least squares fit. Th
values for the parameters obtained in this way are then u
in Eq. ~36! to obtain the results in the infinite volume limi
which should be compared with experiment at the phys
pion mass.

Since the self-energy integral is zero when the finite l
tice size effects are taken into account, the values fora and
TABLE II. Fitted parameters, extrapolated masses ofSb
6 , Sb*

6 , andLb and mass differences atmp
phys.

Numbers in brackets are errors caused by the errors in the lattice data.

Sb
6 Sb*

6 Lb

a(GeV) 1.465~0.143! 1.479~0.187! 1.263~0.208!
b(GeV21) 0.330~0.265! 0.346~0.326! 0.460~0.366!
m(GeV) 1.4506~0.1384! 1.4638~0.1803! 1.2239~0.2008!
mS

b*
62mS

b
6(GeV) 0.0132~0.2272!

mS
b
6

ave
2mL(GeV) 0.2355~0.2385!

(mS
b*

62mS
b
6)* (GeV) 0.0182~0.0025!
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more, these two parameters are the same forSb
(* )6 and

Sb
(* )0 . The values foraB and bB are shown in Table II,

where we chooseL50.5 GeV, a50.032 GeV2, DM
50.213 GeV, g1

250.15, and g2
250.48. The extrapolated

masses forSb
6 , Sb*

6 , andLb at the physical pion mass ar
also shown in this table. The spin-averaged massmSb

ave is

defined as1
6 (2mSb

14mS
b*
).

With the parameters in Table II we obtain the masses
Sb

6 , Sb*
6 , andLb as a function of the pion mass. They a

the result of linear extrapolations modified by the pion lo
contributions. These pion loop contributions are shown
Fig. 4 for L50.4 GeV and 0.6 GeV, respectively. In Fig.

FIG. 4. Pion loop contributions to the masses ofSb
6 , Sb*

6 , and
Lb as a function of the pion mass. The upper~lower! solid line is
for Sb

6 with L50.4 GeV~0.6 GeV!. The upper~lower! dashed line
is for Sb*

6 with L50.4 GeV~0.6 GeV!. The upper~lower! dotted
line is for Lb with L50.4 GeV~0.6 GeV!.

FIG. 5. Phenomenological fits to the lattice data for the mas
of Sb

6 as a function of the pion mass. The solid~dashed! line cor-
responds toL50.4(0.6) GeV with finite lattice volume effects be
ing taken into account and the dotted line represents the fit usi
linear extrapolation.
07400
f

n

we takeSb
6 as an example to show the dependence of

heavy baryon mass on the pion mass.
It can be seen from Table II that the extrapolated m

difference betweenSb
6 andSb*

6 has a very large error. This
is caused by taking the difference between two masses
culated in lattice QCD which have a significant error. A be
ter way to obtain the mass difference betweenSb andSb* is
to extrapolate the lattice data for this mass difference its
which were obtained from ratio fits—since these data h
much smaller errors. The mass difference betweenSb and
Sb* , DE, was also given in Ref.@2# for five different values
of aM0. We use the data ataM051.6, 2.0, 2.7, and 4.0 to
obtain the value ofDE at aM052.31 with the formula

aDE5
e

aM0
, ~42!

wheree is a constant. Equation~42! is motivated by the idea
that the mass splitting betweenSb andSb* is caused prima-
rily by effects of order 1/mQ . With the least squares fitting
method we obtain results forDE at aM052.31, for different
values ofk. These are shown in Table III.

In order to extrapolate the values in Table III to the phy
cal mass of the pion, we use the following formula:

mS
b*
2mSb

5ā1b̄mp
2 1sS

b*
2sSb

. ~43!

s

a

TABLE III. Extrapolated values ofDE, the mass difference
betweenSb* andSb , at aMb

052.31 using Eq.~42!.

k 0.13690 0.13750 0.13808

aDE 0.0093~5! 0.0095~7! 0.0096~7!

DE 0.0179~10! 0.0182~13! 0.0184~14!

FIG. 6. Phenomenological fits to the lattice data for the m
difference betweenSb

6 and Sb*
6 as a function of the pion mas

~same notation as in Fig. 5!.
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With L50.5 GeV, a50.032 GeV2, DM50.213 GeV,
g1

250.15, and g2
250.48, we obtainā50.0190(26), b̄5

20.00172(470), and the extrapolated mass difference
tween Sb

6 and Sb*
6 mS

b*
62mS

b
650.0182(25), which is

listed in Table II as (mS
b*

62mS
b
6)* . In Fig. 6, we show

mS
b*

62mS
b
6 obtained in this way as a function of the pio

mass. From Table II we can see that the result formS
b*

6

2mS
b
6 which is obtained from Eq.~36! is consistent with the

extrapolation based directly on the lattice data for the m
difference betweenSb andSb* , because of its large error.

In addition to the uncertainties which are caused by
errors in the lattice data, the fitted results can also var
little in the range of the parametersa, DM , g1

2, g2
2, andL.

In Table IV we list these uncertainties.
In the naive linear extrapolations pion loop corrections

ignored. Hence the results do not depend on the param
a, DM , g1

2, g2
2, and L. In Table V we list the results o

linear extrapolations for comparison. We note that there is
difference between the results forSb

(* )6 and Sb
(* )0 in the

linear extrapolations.
Comparing the uncertainties listed in Table II and Ta

IV we can see clearly that the main uncertainties in our fit
caused by the errors in the lattice data. In fact, the error
lattice data for heavy baryons are much larger than those
heavy mesons@3#. Indeed, the uncertainties in the extrap
lated heavy baryon masses are about one order larger
those in the case of heavy mesons. However, because o
small errors in the lattice data for the mass splitting betw
Sb

6 andSb*
6 , in this case the extrapolated mass differen

at the physical pion mass also has a smaller error, about 2
From Figs. 4–7 we see that when the pion mass is sma

than about 500 MeV the extrapolations begin to deviate fr

TABLE IV. Uncertainties for the extrapolated quantities forSb
6

and Sb*
6 which are caused by the uncertainties associated w

parameters in the fitting function.

Quantities a DM g1
2 g2

2 L

mS
b
6 0.0% 0.3% 0.1% 1.2% 1.4%

mS
b*

6 0.0% 0.3% 0.0% 1.3% 1.4%

mLb
0.0% 0.4% 0.0% 3.7% 5.6%

mS
b*

62mS
b
6 3.9% 0.3% 4.2% 11.4% 0.1%

mS
b
6

ave
2mLb

0.0% 4.1% 0.6% 11.2% 18.4%

(mS
b*

62mS
b
6)* 2.8% 0.3% 3.0% 8.4% 0.1%
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linear behavior. This is because the pion loop correctio
begin to affect the extrapolations around this point. As
pion mass becomes smaller and smaller, pion loop cor
tions become more and more important. For the masse
Sb

6 , Sb*
6 , Lb , and the mass difference betweenSb

6 and
Sb*

6 the extrapolated values are smaller than those obta
by linear extrapolation. For the difference between the sp
averaged mass ofSb

(* )6 and the mass ofLb , the extrapo-
lated value is larger than that obtained by linear extrapo
tion. We have checked that this behavior is independen
the uncertainties in the parameters in our model.

Comparing the results in the naive linear extrapolatio
with those with pion loop corrections being included we fi
that the splitting betweenSb

6 and Sb*
6 is only about 4%

smaller if pion loop effects are taken into account, while t
hyperfine splitting in the case ofB mesons is about 20%
when pion loop effects are taken into account@10#. Hence
when we extrapolate hyperfine splittings, the linear extra
lation is a better approximation in the case of heavy bary
than in the case of heavy mesons.

For Sb
0 and Sb*

0 we should use Eqs.~32!, ~34! in the
extrapolation of lattice data. Repeating the same proced
as that forSb

6 andSb*
6 we find that, apart from some mino

changes in numerical results, the quantitative results rem
essentially the same. In Tables VI and VII we list our n
merical results forSb

0 and Sb*
0 . Comparing the results in

Table VI with those in Tables II and V we can see that t
naive linear extrapolations work even better for the extra

th

FIG. 7. Comparison betweenmS
b*

62mS
b
6 obtained from Eq.

~43! with ~solid line! and without~dashed line! finite lattice volume
effects being taken into account forL50.5 GeV.
TABLE V. Extrapolated masses ofSb , Sb* , andLb and mass differences atmp
phys for linear extrapola-

tions. Numbers in brackets are the errors caused by the errors in the lattice data.

Sb Sb* Lb

m(GeV) 1.4714~0.1384! 1.4854~0.1803! 1.2724~0.2008!

mS
b*

62mS
b
6(GeV) 0.0140~0.2272!

mS
b
6

ave
2mL(GeV) 0.2084~0.2385!

(mS
b*

62mS
b
6)* (GeV) 0.0190~0.0025!
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X.-H. GUO AND A. W. THOMAS PHYSICAL REVIEW D67, 074005 ~2003!
lation of hyperfine splittings in the case ofSb
0 andSb*

0 than
in the case ofSb

6 andSb*
6 .

In order to see the effects of finite lattice volume, we a
made a fit to the lattice data with Eqs.~36!, ~43! directly,
without replacing the continuum self-energy integration
the discrete sum over the pion momenta allowed on the
tice. This leads to a few percent changes in the quantities
considered. For example, with L50.5 GeV, a
50.032 GeV2, DM50.213 GeV,g1

250.15, andg2
250.48,

we find that the finite volume effect is about 1% for th
extrapolated mass difference betweenSb

6 andSb*
6 obtained

from Eq. ~43!. ~This is completely consistent with the ge
eral finding that pion loop contributions to all hadron pro
erties are highly suppressed formp exceeding 0.4–0.5 GeV
@17#.! The results are shown in Fig. 7. For other quantiti
the finite volume effect is about 0.5% for the masses ofSb

6

andSb*
6 , 2% for the mass ofLb , 3% for the mass differ-

ence betweenSb
6 andSb*

6 obtained from Eq.~36!, and 8%
for the difference between the averaged mass ofSb*

6 and the
mass ofLb .

V. SUMMARY AND DISCUSSION

The masses of heavy baryonsSb , Sb* , Lb , and the mass
difference betweenSb andSb* have been calculated numer
cally in lattice QCD with unphysical pion masses which a
larger than about 560 MeV. In order to extrapolate these d
to the physical mass of the pion in a consistent way,
included pion loop effects on the heavy baryon masses
applying the effective chiral Lagrangian for heavy baryo
when the pion mass is smaller than the inverse radii of he
baryons. This chiral Lagrangian is invariant under both ch
symmetry ~when the light quark masses go to zero! and
heavy quark symmetry~when the heavy quark masses go
infinity!. In order to study mass difference betweenSb and
Sb* , we took the color-magnetic-moment operator at or
1/mQ in HQET into account since this operator is the lead
one to cause splitting betweenSb and Sb* . When mp be-
comes large, lattice data show that heavy baryon masse
pend onmp

2 linearly in the range of interest. Based on the
considerations, we proposed a phenomenological functio
form to extrapolate the lattice data.

The advantage of our formalism is that it has the corr
chiral limit behavior as well as the appropriate behav
whenmp is large and that there are only three parameter
be determined in the fit to lattice data. Since lattice simu

TABLE VI. Extrapolated masses ofSb
0 andSb*

0 and mass dif-
ferences evaluated atmp

phys. Numbers in brackets are errors caus
by the errors in the lattice data.

Sb
0 Sb*

0

m(GeV) 1.4598~0.1384! 1.4738~0.1803!

mS
b*

02mS
b
0(GeV) 0.0140~0.2272!

mS
b
0

ave
2mL(GeV) 0.2452~0.2385!

(mS
b*

02mS
b
0)* (GeV) 0.0190~0.0025!
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tions are performed on the finite lattice grid, we fit the latti
data by replacing the continuum integration in the se
energy with the sum over the allowed discrete momenta
the pion in the loop. We find that the finite lattice volum
effects are at most a few percent for the quantities we s
ied. It is found that when the pion mass is smaller than ab
500 MeV the extrapolations begin to deviate from the na
linear extrapolations. For the hyperfine splitting betweenSb

6

and Sb*
6 , the differences between the extrapolations w

and without pion loop effects being included is smaller th
those in the case ofB mesons. Hence for hyperfine splitting
the linear extrapolation is a better approximation in the c
of heavy baryons. We carefully analyzed uncertainties in
extrapolations which are caused by both lattice data er
and uncertainties in several parameters in our model
found that the main uncertainties are caused by the error
the current lattice data. The uncertainties associated with
parameters in our model are mostly a few percent and do
exceed 20%. By directly extrapolating the lattice data
mS

b*
2mSb

, which has much smaller errors, we found th

the extrapolated mass difference betweenSb
6 andSb*

6 at the
physical mass of the pion is 18.2 MeV, with an uncertainty
27% caused by lattice data errors. ForSb

0 andSb*
0 this dif-

ference is 19.0 MeV with 26% uncertainty from lattice da
errors. For the mass difference betweenSb

6 and Sb*
6 ob-

tained from Eq.~36!, and the difference between the spi
averaged mass ofSb

(* )6 and the mass ofLb , the extrapo-
lated values have very large errors. These need to
improved when the lattice data become more accurate.
thermore, we should bear in mind that our extrapolations
based on the lattice data in the quenched approximat
From our experience in the cases of light and heavy mes
@18,10#, the quenched approximation may affect the ma
splitting betweenSb andSb* . In addition, the lattice results
for mS

b*
2mSb

may be sensitive to both the coefficient of th

s•B term in NRQCD@3# and the clover coefficient in the
clover action for light quarks. This may also influence t
lattice data and consequently affect our extrapolations.
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TABLE VII. Uncertainties for the extrapolated quantities forSb
0

andSb*
0 which are caused by the uncertainties in the parameter

the fitting function.

Quantities a DM g1
2 g2

2 L

mS
b
0 0.0% 0.2% 0.1% 0.6% 0.8%

mS
b*

0 0.0% 0.2% 0.0% 0.6% 0.8%

mLb
0.0% 0.4% 0.0% 3.7% 5.6%

mS
b*

02mS
b
0 2.1% 0.0% 4.2% 5.6% 4.2%

mS
b
0

ave
2mLb

0.0% 3.0% 0.5% 14.1% 20.7%

(mS
b*

02mS
b
0)* 1.6% 0.0% 3.1% 4.1% 3.1%
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