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Spurious Free Dynamic Range for a Digitizing Array
Langford B. White, Senior Member, IEEE, Feng Rice, and Angus Massie, Member, IEEE

Abstract—This paper addresses the problem of improving the
spurious free dynamic range (SFDR) for digitization by use of
antenna arrays. Nonlinearities in the analog-to-digital conversion
process give rise to spurious signals (harmonics and intermod-
ulation products) that limit the overall SFDR of the digitization
process. When the signal of interest arises from a sensor such
as an antenna or hydrophone, the paper addresses the question
of whether array processing (ie use of multiple antennas) can
improve the resulting SFDR at the beamformer output. The paper
argues that significant improvements can be obtained using linear,
or more effectively, optimal (minimum variance distortionless
response) beamforming.

Index Terms—Analog-to-digital conversion, array processing,
digital receivers, spurious free dynamic range.

I. INTRODUCTION

T HE use of sensor arrays has become widespread in areas
such as sonar, radar and, wireless communications, to

name but a few. The main benefits of using sensor arrays rather
than a single sensor is to exploit the spatial separation of energy
impinging on the array. For example, one may wish to find the
direction of arrival (DOA) of a specific signal, or alternatively,
one may seek to improve the signal-to-noise ratio (SNR) of
a desired signal by using the spatial selectivity offered by a
sensor array to enhance the desired signal while simultaneously
attenuating undesired signals present in the same passband but
having a different DOA.

This paper in concerned with a perhaps not as widely
understood, yet beneficial, effect of using sensor arrays when
viewed from the point of view of signal digitization. The
analog-to-digital conversion process is inherently a nonlinear
operation. The deficiencies of practical devices and the dele-
terious effects caused the signal distortion have been studied
by many including [1] and [5]. These nonidealities in the
analog-to-digital conversion process can degrade the receiver
sensitivity due primarily to the production of intermodulation
distortion components that limit the useful dynamic range of
the analog-to-digital converter (ADC) [4], resulting in a drop
in overall system performance. Antenna arrays suffer the same
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Fig. 1. Linear equispaced array with beamformer.

problem [3] with distortion since for digital beamforming, an
ADC is used to first digitize the signals from each array sensor.
Early research results have revealed that the linear beamformer
has low capacities to cope with ADC nonlinearities [1] and [2].
These results examineinter alia the effect on the beampattern
of ADC nonlinearities. However, in the case of a digitising array
as shown in Fig. 1, spurious signals introduced by the ADC
appear at a different location in the frequency-wavenumber
space to the desired component [4]. This property has motivated
us to investigate spatial filters (beamformers) that may remove
and/or suppress these undesirable byproducts of the nonideal
ADC behavior. Our measure of the fidelity of the process
will be the spurious free dynamic range (SFDR) at the output
of the beamformer. We also make reference to [6], which
addresses the converse problem of spatially characterizing the
spurious signals caused by power amplifier nonlinearities in a
transmitter antenna array.

In Section II, we present the signal processing model used for
analysis. Section III explains the principles of spatial-temporal
filtering, which be used to suppress distortion products and im-
prove the SFDR. The ADC nonlinear model is described in Sec-
tion IV, and a Fourier series representation for the ADC output
for a narrowband input is derived. This series representation per-
mits an analytic calculation of the SFDR improvement, which
can be gained due to the spatial filtering. We discuss optimal
beamforming in Section V, and simulation results using mul-
tiple input signals are presented in Section VI. We believe that
this work represents the first attempt to exploit the spatio-tem-
poral properties of the ADC distortion products by spatial fil-
tering (beamforming) in order to improve overall SFDR.

II. SIGNAL PROCESSINGMODEL

Fig. 2 shows the signal processing model under study. Each
array sensor signal is passed through an analog anti-aliasing
filter with cutoff frequency of , where is the ADC
sampling rate. The sampled signals at the ADC output are then
quadrature downmixed with local oscillator frequencyand
lowpass filtered using a digital filter with transfer function

1053-587X/03$17.00 © 2003 IEEE



WHITE et al.: SPURIOUS FREE DYNAMIC RANGE FOR A DIGITIZING ARRAY 3037

Fig. 2. Signal processing model for array digitization.

. These complex baseband signals from each sensor are
then combined using a beamformer.

Suppose, for the sake of simplicity, that we restrict our at-
tention to linear, equispaced arrays. We consider an array with

isotropic sensors, where each is separated bym. The re-
sponse at sensorto a single narrowband plane wave incident at
wavenumber ( , where is the incident azimuth angle)
with carrier frequency Hz is

(1)

where is the baseband modulation on the signal, and
denotes the wave propagation speed in meters per second, In
the paper, we will assume continuous wave modulation with

for some constant .
Each sensor signal is passed through an identical ADC, which

we represent by the operator. We will discuss a typical models
for the ADC process in Section IV. The sample rate is given by

Hz. The output of the ADC for sensoris thus

(2)

for . Each signal is quadrature downmixed with oscillator
frequency , and (lowpass) filter impulse response coefficients

, , yielding

(3)

These signals are combined using a beamformer

(4)

where are the beamformer weights. Here, is the
wavenumber of the desired signal. For a conventional linear
beamformer, we have

(5)

where the are real windowing (or shading)
coefficients chosen to tradeoff main lobe width and side lobe

levels. It is often useful to define thespatial-temporal array re-
sponse

(6)

which is a periodic function with period . Fig. 3 shows the
array responses for a element array with 10 m,

samples, and for the linear beamforming
and the optimum beamforming response, which we discuss in
Section V. Notice that the beamformer response is a function of
the product of the frequency and spatial frequency.
It is this property that we exploit in order to improve the SFDR
at the output. In this example, we have used uniform weights
on the antenna array, resulting in the familiar sidelobe patterns.
Of course, much work has been conducted in the selection of
window coefficients for both arrays and FIR time domain digital
filters, and other weight distributions could be used to obtain the
usual tradeoffs between main lobe width and sidelobe levels.
We do not address this issue in this paper but note that different
choices of windows will yield different SFDR results.

A. Response for Ideal ADC

Consider the case where the ADC process is ideal, i.e.,is
the identity operator, and . Then, from (1) to (5), we
obtain (7), shown at the bottom of the page.

Thus

(8)

If the incident signal was indeed the desired signal, then we set
and , yielding

(9)

Typically, the lowpass filter cutoff is chosen so that
is negligible, and we scale the lowpass filter ( ) and beam-
former ( ) coefficients so that and , thus
yielding unit response to the desired signal.

(7)
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Fig. 3. Beamforming responses.

III. SPATIAL-TEMPORAL ALIASING

As pointed out earlier, we process the received array signals
in both the temporal and spatial domain. The temporal sampling
is performed at rate ; therefore, temporal aliasing will occur
with period . Spatial sampling is performed by the sensor
array, with spatial aliasing occurring with the spatio-temporal
(i.e., in the product ) period . When the harmonic
or intermodulation signal terms have a frequency or spatio-tem-
poral product that exceeds half the relevant sample rate, they
are folded back in the fundamental region. The fundamental re-
gion is defined as the region for which the spatial frequency-
wavenumber product , and the temporal fre-
quency . Note we only show positive tem-
poral frequencies in Fig. 4, which illustrates the aliasing and the
invisible region. Here, is the cut-off frequency of the (digital)
lowpass filter. The aliasing region is defined to be all values of

that are outside the fundamental region. The visible re-
gion is defined to be that area that corresponds to
. The dashed line with wavenumber shown as OA and

OB splits the fundamental region into two regions—the visible
region and the invisible region. The invisible region has spa-
tial frequencies that do not correspond to any physically valid
arrival angle on the array; however, as we will see, distortion
terms from the ADC can fall in this region.

IV. NONLINEAR ADC MODEL

In this section, we derive a Fourier series representation for
the output of an ADC when the input is a single narrowband
signal. This representation is useful for determining the SFDR
improvement analytically. All ADCs possess nonlinearities due
to the nonideal sample, hold operation and amplifier nonlinear-

Fig. 4. Spatio-temporal aliasing and the invisible regions.

ities. We consider only one model of such imperfections, which
has been studied in [5]

(10)

where is the maximum modulus of , is a measure of
the departure from linearity, anddenotes the derivative of.
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Larger values of will give rise to increased distortion, and the
Appendix contains a derivation of the SFDR at the output of
the ADC (for a narrowband input) in terms of. This model is
desirable since it does not depend explicitly on the type or pa-
rameters associated with the signal. We note that there are many
possible models for ADC nonlinearities, and we refer interested
readers to [5] as well as [1] and [2] for more detailed discussion.
We comment that for any realistic model, we expect to see the
presence of harmonics and intermodulation distortion products
in the output, and while our quantitative results are valid only for
the model considered, we argue that the general qualitative con-
clusions regarding the ability of array processing to suppress the
level of such distortion terms remains valid for other such ADC
models.

For narrowband inputs (i.e., sinusoids), the output consists
of a harmonic series of sinusoids at multiples of the input fre-
quency. In general, for input , the
ADC output is given as

(11)

The Appendix derives the complex Fourier series coefficients
for the signal (11) when . The output of the ADC is

(12)

where the terms are defined in the Appendix. This permits
SFDR expressions to be obtained at the input and output of the
beamformer. In Section VI-A, we present a comparison between
these theoretical expressions and simulation results.

When there are multiple input signals, a series representation
for the ADC output becomes complicated due to the interac-
tion terms between the various signal components. However, in
principle, a frequency domain description can be found. For our
experiments, we used simulations to determine the SFDR im-
provement when multiple inputs are present.

V. OPTIMAL BEAMFORMING

The minimum variance distortionless response (MVDR)
beamformer is an optimal approach to the beamforming
problem [7]. In this approach, the beamformer response is
constrained to unity (hencedistortionless) in the desired
direction, and the total output power (variance) is minimized.
Our objective is to use the output of the quadrature downmix
to specify the beamformer weights . Assuming the carrier
frequency and the wavenumber, the elements of the array
steering -vector are defined by

(13)

We choose by fixing the gain as unity for desired
and minimizing the total output power. The solution for

the weight vector is given by

(14)

where is the estimated array data (after ADC and the
down-conversion) covariance matrix

(15)

for some block of data of length of samples. Here, denotes
conjugate transpose, anddenotes conjugation. The optimum
beamforming response is plotted in Fig. 3, together with the
linear beamforming response for a single incident signal at angle
0. The optimum array response is much sharper than the linear
one, although sidelobes are higher in this particular example.
This illustrates the potential ability of the MVDR beamformer
to filter out closely spaced signals in the spatial domain.

VI. SIMULATION RESULTS

We wish to compare the effect of the beamforming operation
in terms of suppression of undesirable signal components intro-
duced by the ADC nonidealities. In our simulations, we applied
the input signal(s) to the ADC model (in sampled form) and
then to a quadrature downmix (from Matlab) filter. The relevant
beamformer (linear or MVDR) was also coded in Matlab. We
will assume that the quadrature downmix local oscillator fre-
quency is set to the carrier frequency of the desired signal
and that the beamformer parameteris set to the product
of the desired signal carrier frequency and wavenumber. The
SFDR will be defined as the ratio of the power of the desired
signal component to the power of the next largest term at the
beamformer output when all signals have equal power. Clearly,
this will depend on the bandwidth of the lowpass filter .
In practice, one would set the bandwidth ofsuitably small to
cover just the passband of the signal of interest. We will set the
bandwidth of variously between 0.10 and 0.35 of the sam-
pling frequency in our experiments in order to illustrate the
benefits of our approach. This is still a realistic situation since
in a very dense signal environment such as is found in the HF
bands, there still remains a high probability of distortion prod-
ucts appearing in the chosen passband.

A. Single Incident Signal

Consider a single incident on a uniform linear array with ten
elements and the array spacing 10 m. We assume that the
baseband transmitted signal is a constant , with carrier
frequency 10 MHz, the arrival angle , the sample
rate 36 MHz, and the anti-aliasing filter cut-off frequency

. Aliased harmonics are shown in Table I together
with the comparison of the calculated SFDR [using the Fourier
series representation (12)] and simulated results obtained using
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TABLE I
SFDR IMPROVEMENT FOR ASINGLE SIGNAL

Fig. 5. Power spectra before beamforming and after linear and optimal
beamforming.

a Matlab implementation of the system [incorporating the ADC
model (10)]. We used .

Table I shows a good agreement between the theoretical cal-
culation and the simulated results. The third-order term is lo-
cated on the border of the invisible region. The linear beam-
forming increases SFDR over 10 dB in both measurements. The
simulation results also show that the performance of the op-
timum beamformer is similar to that of the linear beamformer.

B. Multiple Incident Signals

Multiple incidents signals were simulated with carrier fre-
quencies 7 MHz, 10 MHz, and 13 MHz
and corresponding arrival angles , , and

. Each carrier had unit amplitude. The sample rate
was 36 MHz, and the antialiasing filter cut-off frequency was

. The linear equispaced array has ten elements and array
spacing 10 m. We assumed that the ADC nonlinearity factor
was . The desired signal was at 10 MHz with
the arrival angle . Complex additive white Gaussian
noise was added to the signal at SNR9 dB. Here, SNR is de-
fined to be , where is the variance of the noise
added to each quadrature signal component.

Fig. 5 shows the power spectrum of one sensor signal before
beamforming and the power spectrum of the beamformer out-
puts, both linear and optimal. The SFDR is0.25 dB before the

Fig. 6. Comparison of performance of the beamformers for three incident
signals.

Fig. 7. Comparison of performance of the beamformers for five incident
signals.

any beamforming, SFDR14.86 dB for the linear beamformer
output, and SFDR 30.32 dB for the optimum beamformer
output. The performance of the optimum beamformer is supe-
rior to that of the linear beamformer by around 10 dB. We then
varied the desired arrival direction only and kept other pa-
rameters unchanged. The simulation results are shown in Fig. 6.
A clear degradation is evident in the region around
corresponding to . This degradation is due to the
presence of the fundamental components of the other two sig-
nals at , 4.45 . The optimal beamformer
appears to maximize SFDR at the desired .

The similar simulation has been expanded to five car-
riers [7, 8, 10, 11, 13] MHz and the arrival angles

. The desired carrier frequency is
10 MHz, and the desired direction is 0. The other parameters
are the same as in Fig. 5. The simulated results are shown in
Fig. 7.
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TABLE II
SFDR VALUES FOR VARYING NONLINEARITY PARAMETER,

f = 10 MHz, � = �=6

The simulation results reveal that the performance of the op-
timum beamformer is generally better than that of the linear
beamformer by a few decibels to over 20 dB, depending on the
signal scenario. Performance is again poor in the region0.6
to 0.8. This is because the fundamental terms of the other signals
are at , 6.5 , 7.78 , and 8 , cor-
responding to spatial frequencies of 0.606, 0.65, 0.778, and 0.8,
respectively. In addition, many of the third-order interference
terms lie in this spatial frequency band. In addition, we again
note that the optimal beamformer maximizes SFDR at the loca-
tion of the desired signal . We averaged SFDR across the
range of and found that the average SFDR was 7.02 dB for
the linear beamforming and 11.66 dB for the optimum beam-
forming.

C. Effect of Varying the Nonlinearity Parameter

In this section, we varied the nonlinearity parameterin the
model (10) over the range to . The resulting SFDRs
obtained from the simulation for the five incident signals sce-
nario as used above are shown in Table II.

These results illustrate that the performance of the MVDR
beamformer is lower compared with the linear beamformer for
lower levels of distortion components. We argue that this phe-
nomenon is due to the process of determining the MVDR beam-
former weights, which relies on estimation of the signal co-
variance matrix . Since the distortion products are at such
a low level, they do not have much effect on the resulting beam-
former weights, as determined by (14). Generally, we expect the
MVDR beamformer to place spatio-temporal nulls at the loca-
tion of significant distortion products, but in this case, we argue
that the distortion products are not present at sufficient levels
to result in this behavior. Longer integration timesmay be re-
quired to improve the relative performance of the MVDR beam-
former for low levels of distortion products.

In these simulations, we have fixed the value the sampling and
cut-off frequencies. Discussion concerning the choice of cut-off
frequency for the filter is given above. The relative performance
of each beamformer for different values of sampling frequency
is highly dependent on the particular scenario of incident sig-
nals, and general conclusions cannot be made easily. However,
higher sampling rates should reduce aliasing in general and thus
increase attainable SFDR.

VII. CONCLUSION

We have investigated the applicability of sensor array pro-
cessing in improving the spurious free dynamic range of the
resulting digitised signal. We have demonstrated that significant
suppression of spurious terms produced by nonidealities in the
signal digitization process can be obtained by exploiting both

their spatial and temporal frequency properties. Spatio-tem-
poral filtering suppresses undesired spurious terms introduced
by the imperfections in the analog-to-digital conversion process
since these terms are generally found in different locations in
the spatio-temporal coordinate space than the desired signals.
Simulation results have compared the performance of the linear
beamformer and the minimum variance distortionless response
(MVDR) beamformer in terms of spurious free dynamic range
(SFDR) improvement. These results indicate that the MVDR
beamformer generally has superior performance to the linear
beamformer, although for very low levels of distortion, the
MVDR beamformer may perform comparatively worse.

APPENDIX

DERIVATION OF FOURIER SERIESCOEFFICIENTS

Suppose the input to the ADC is , then
from (10), the ADC output is

(16)
The function has the Fourier series representation

(17)

where

(18)

Thus

(19)

where

(20)

Thus

(21)

where

(22)
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Thus

(23)

The largest undesirable term here is the nonlinear term at the
fundamental frequency. Thus, the SFDR in decibels at the
output of the ADC is given by

SFDR (24)

where . The SFDR at the output can be computed
by weighting each term in (23) by the corresponding gains of
the quadrature downmix filter and beamformer and selecting the
ratio of the powers of the desired to second largest power signal.
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