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A New Bound and Algorithm for Star 16-QAM Carrier Phase Estimation
Feng Rice Associate Member, IEEBark Rice, and Bill CowleyMember, IEEE

Abstract—The true Cramér—Rao lower bound (CRLB) is de-
rived and evaluated for the estimation of carrier phase of Star
16-quadrature amplitude modulation (QAM) and can be simply
applied to carrier frequency estimation. Different geometries are
investigated by varying the ring ratio (RR). For signal-to-noise ra-
tios (SNRs) between 6-15 dB, the CRLB with RR= 3 is lower than
that of Square 16-QAM. A modified phase estimator is presented,
which closely follows the new CRLB. Investigation of symbol error
performance in short packet length reveals Star 16-QAM to be su-
perior to Square 16-QAM for SNR < 13 dB, which is a reasonable
operating range for a coded system. Although Square 16-QAM and
Star RR = 1.8 are optimum for a perfect receiver, when the effect
of phase estimation is considered, we find Star RR= 3 to be better
for SNR below 10 dB.

Index Terms—Cramér—Rao lower bounds (CRLB), frequency
estimation, phase estimation, quadrature amplitude modulation
(QAM), synchronization.

Q

I. INTRODUCTION

[2] are used to transmitz-bit symbols via a 2 signal

However, they depart significantly from the true CRLB at low
SNR. Recently, the true CRLBs for Square QAM was derived
and evaluated [1].

This paper is concerned with evaluating the CRLBs for Star
16-QAM and a modified phase estimator. We assume a static
flat channel with no knowledge of the transmitted sequence,
i.e., preamble or pilot symbols. Several authors have suggested
phase estimators for this scenario [8]-[11]. Without knowledge
of the true CRLB, it is impossible to know how far these tech-
niques are from the fundamental performance limits.

In Section II, we derive the Star 16-QAM CRLB expression
and evaluate it using a numerical approach. A comparison of
CRLBs for CW, binary phase-shift keying (BPSK), quaternary
phase-shift keying (QPSK) [12], 8-phase-shift keying (PSK),
Star 16-QAM, and Square 16-QAM [1] is given. It is shown
that the ratid?’'( N, /2E,) of CRLB for a modulated signal to the
CRLB for CW is the same for phase estimation and frequency
estimation [1].F(N,/2Fj) is particularly useful to designers

UADRATURE amplitude modulation (QAM) techniquesin getermining the limiting performance of synchronization cir-

cuits for coherent receivers for an arbitrary observation interval.

point constellation, distributed on a complex plane. By section 11l presents a two-stage conjugate phase estimator
selecting largern, a highly bandwidth efficient modulation to Star 16-QAM. This algorithm uses a non-decision-directed

scheme can be designed.

approach first, then a decision-directed approach. The simula-

Star 16-QAM [2] was proposed as it can be differentig|on results are compared to the CRLBs evaluated in Section 1.
detected with noncoherent techniques. Differential detectigipg performance of the new algorithm follows the new CRLB
is computationally simpler than coherent detection, howevefearly at moderate SNR and converge to the bound at high SNR.
it suffers a performance loss. Star QAM has the property thatgection IV discusses the CRLBs for Star 16-QAM constella-
its peak-to-average power ratio is less than that for Squafgns with different inner to outer ring ratios (RRs). The prob-
QAM. This means that Star QAM can operate at higher powgpijities of symbol error with various RRs for both a perfect
(less backoff from saturation) in a practical radio transmittefecejver and optimum receiver in an additive white Gaussian
Therefore, there may be situations where Star QAM combinggise (AWGN) channel also are presented. The perfect receiver

with coherent detector can be the preferred scheme.

is taken to be the receiver with perfect phase and frequency

The coherent detector requires phase knowledge which,ifowiedge; whereas, the optimum receiver has phase (and fre-

practice, must be estimated. The Cramér—Rao lower bo%@e
(CRLB) for the phase estimate of an unmodulated carrier w

(CW) is well known [3]. The modified CRLB (MCRB) [4]-[6]

ncy) estimate(s) with variance(s) equal to the (respective)

Section IV also investigates the effect of Star 16-QAM RR on

and the asymptotic CRLB (ACRB) [7] are good approximationgympol error rate. The RR effect on error rate is determined by
for the true bound fod/-ary phase-shift keying (MPSK)/QAM ¢qnsidering an optimum receiver, i.e., with the phase estimation

modulated signals at higher signal-to-noise ratios (SNR§}atching the CRLB. It is found that with an optimum receiver

at SNR below 10 dB, an RR of three gives better performance
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Il. TRUE CRLBS FORSTAR 16-QAM PHASE AND FREQUENCY
ESTIMATION

The Star 16-QAM has two level amplitudds; andRs, that
is, two circles around the origin. Each circle has eight phase

Points on the ring. Fig. 1 shows Star 16-QAM constellation with

Ry/R, = 3. The unit average energy constellation €et=

(1/V10){£v2, £V18, +jv/2, +jV/18, +1 + j, £3 + j3}.
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Im The CRLB on the variances of an unbiased estimatap,of
namely,¢ for a sequence aV symbols, is given by [13]
1

92 In p(X|¢)
-1 [0

CRLB(¢) = (2)

Q\S\o
whereX = (X0 X;...Xy_1) andE[] denotes statistical ex-
pectation with respect to the pghk (x | ¢).

Re The pdf of Star 16-QAM is given by can be derived as fol-
lows:

NI | iy o
k

b=R;,R,r=0,2,£1

2b2 ,
cosh <§R <\/_2 bwke—3(¢—rﬂ/4)>>
o

whereR and$ stand for real and imaginary parts.
Taking the logarithm and retaining the terms dependemt,on
Fig. 1. Star 16-QAM constellation. we obtain the corresponding log-likelihood function. Then take
the second partial derivative with respeciftoas shown in (4)
at the bottom of the page, wheigz,,) is defined by the three
A. Phase CRLB for Star 16-QAM terms within the large curly brackets.
We initially assume that a received QAM square constellation The expectation of the second derivative is [1], [14]
signal has an unknown fixed phase offgetand that the signal 921 N
has been ideally filtered and sampled at the optimum sampling E [M} = S E[A(zy)]. (5)
instant. In this case, the received samples are 9¢? i

®3)

. Now define
Ty = ape’® + wy, k=0,1,...,.N -1 Q)
F(o®) = —=E[A(zp)] .- (6)
where a;, are the transmitted symbols of Star 16-QAM con-

stellationC of unit average energyw;, is thekth noise sample Thus, from (2) and (5), we obtain

whose real and imaginary parts are independent zero-mean ~ o2 1
Gaussian random variables, each with varianée and the CRLB(¢) N F(o?)
wy's are mutually independent. 1 1
We will use the convention thaty (z) is the probability den- ZQN—QW' ()
o 2E's

sity function (pdf) for a random variabl® and use boldface
symbols to denote vectors; where the meaning is clear, we willWe note thatl/2N(Es/No) in (7) corresponds to the
drop the subscript. CRLB for estimation of CW phase ovéy symbol intervals.

2
Z Z 67((,2/20 sinh (\/T%(bwke*jw)*rﬂ/ﬁ)) & (bxkej(¢rﬂ/4))]

1
=l
Z b=R:,R, r=0,2,%+1

O?Inp(x | ¢) 1

02 o2

2
e—(bQ/Qo'Q) cosh (@é}e(bajke_](ﬁs—Tﬂ'/él)))
b=R;,Ry r=0,2,+1

_LQ Z Z 6_1’2/2”2 cosh ({?%(b:ﬂke_j(‘b_rﬂ/zl))) [% (b$ke—j(¢—r7r/4))] 2
b=Ry,R, r=0,2,+1

e—(2/20%) cosh (@% (bxke—j(¢—rf/4)))
b=Ri,R, r=0,2,%1

S e ginh (VZER (baye IO 0) ) R (bagemiO7/)
_ b=Ry,Ry 7=0,2,%1

e~ (%/20%) cosh (@% (bxke—j('i’—”/‘l)))
b=R;,Ry r=02,%1

= S A @
g
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wl ' ' ‘ ' ‘ The signals are processed using a nondata-aided technique to
produce an initial phase estimate. A Viterbi and Viterbi type of
- gPSKF™ phase estimator (VVPE) [15] is employed. The estimated coarse
10°F jt thau:rz(:ﬁgAFh; E‘F‘ha E phas%l is
— Square 16QAM F~'
- 1 8
\ Tam Cowe(Eh)
dr = gtan ™t Lt (8)
5 2R (—lm:|7>
2 k
o 2
10°F ~
The phase is corrected for received signalsising¢;
10'f O L R i xh = mkefj‘;’l. 9)
, \\\ The next step is to estimate the transmitted symbols by de-
0 s o s m s+ —=—=—_  modulating the phase-corrected signgjsand choosing corre-
Bsio sponding symbolg;, based on decision regions. The phase-cor-

Fig. 2. RatiosF'~! of CRLB for various modulations to CRLB for Carrier. reC_tEd signalsy, are theﬂ multipliet_j with the conjugate of the
estimated transmitted signals to give

F~1(N,/2Es) is, therefore, the ratio of the CRLB for random Yp = T - G}
QAM signals to the CRLB for CW of the same power. Although
an analytical solution fo#’(N,/2Es) is not feasible, we can  The residual phase @f. can be calculated
evaluate it numerically. o
The new result for Star 16-QAM with RR 3 is compared do = tan~ Z “(yk). (10)
with the results from [1] in Fig. 2. The ratiaB—! eventually A R(yk)
converge to one as SNR increases, i.e., the CRLBs converge
to the CRLB of CW. As expected, the more spectrally efficient The estimated phase offset is the sunppfand ..
modulations require a higher SNR to approach the CW CRLB.The phase estimate can be further refined by iterating the
At low SNR, the simpler signal set has a lower CRLB. At SNRpproach to generatg. This reduces the probability of error
6-15 dB, the CRLB with RR= 3 is lower than that of Square for the received signat, by successively using an improved
16-QAM. phase estimate. For the case of a coded signal, the probability
It may be observed that the Square 16-QAM and 64-QAlF symbol error can be significantly reduced by decoding the
bounds converge at low SNRs. Once the symbols become dignal. This can improve the overall phase estimator perfor-
distinguishable due to noise, the shape of the constellation d@ance and system error rate.
termines the CRLB, rather than the number of elements in theln order to determine performance, the phase estimator was
signal set. This also provides some explanation of the musimulated using a Monte Carlo technique. The Star 16-QAM
worse performance of 8-PSK and Star 16-QAM. As might bsignal was generated from a pseudorandom data source. The
expected, aF; /N, below eight decibels, the circular shape oignal was then shifted by multiplying®, where¢ is a static
the constellation makes phase estimation difficult. In contragthase offset taken from a random uniform distribution from
at higher SNRs, for all signal sets considered, it is the minimujw- (7 /4), (7 /4)] (the boundaries of rotational symmetry for this
distances between members of the set which determines whesastellation). Calibrated zero mean, complex Gaussian noise
each bound departs from the CW bound. with variance 22 is added to the signal to generatg
Note that the ratios of'(N,/2FEs) also apply to the CRLB  Fig. 3 shows simulation results with the observation interval
for frequency estimation and joint phase and frequency estinid- = 20 and the new CRLBs. The vertical scale indicates
tion [1]. standard deviation of the phase error in radians, and the hor-
izontal scale shows SNR. In the simulation, 10 000 packets of
IIl. M ODIFIED TWO-STAGE PHASE ESTIMATOR N random Star 16-QAM symbols were generated to produce
, .. small measurement errors. The crossed line shown in the figure
To verify the new CRLBs, we have developed a modifief 1o coarse estimatap() and the dashed line is the two-stage
phase estimator based on the two-stage conjugate algorithmyin e estimator. The solid line represents the phase CRLB for
[1]. We use the RR 1.8 since it is the optimum RR for moderatg, 16-QAM, and the “o-" line is the phase CRLB for CW.
to high SNR (Section V), and, are the transmitted symbols of - o resyits indicate that the new estimator follows the Star
Star 16-QAM constellation 16-QAM CRLB curve. The phase variance of the estimator is
, close to the Star 16-QAM CRLB at moderate SNR and ap-
C € {£2.17, £52.17, £2.17e*/7/%), proaches it at high SNR. There is a fraction of a decibel dif-
4+3.91,+53.91, £3.91¢(7/41  ference between the CRLB and the estimator in the range of
14 dB < SNR < 16 dB for N = 20. The performance gap
with average symbol energy 10. reduces aVv increases.
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Fig. 5. Probability of symbol error for 16-QAM with perfect receiver in an

Fig. 3. Phase estimator performance of the new algorifiins 20.
9 P 9 e AWGN channel.

phase offset oy and RRs ofRR, the symbol error rate can be
derived from [16, Ch. 5], [17]

—#- Ring Ratio=1
10°F —« Ring Ratio=2

— - Ring Ratio=3 .
= e, o) = erte (2 sin’”(§ + 9) )
10°F E 3 2 1+ RR2 N,
3 RR
7| + erfc( ( 2 )
0103— E (1 + RR
3 2
z 2RR* sin ( ) E,
fi — 12
10% B +er C( 1 +RR2 No ( )

Fig. 5 presents the probability of symbol error for the different
RRs based on (12) faf = 0. It shows that 1.8 is the optimum
RR for Star 16-QAM. At low SNR, the symbol error rates for

W ———%——x  Star and Square 16-QAM are very close.
: EsNo We can determine the effect of random phase error using [18,
Fig. 4. RatiosFg,. of CRLB for various RR to CRLB for carrier. Ch. 9]
IV. EFFECT OFRR ON ERROR RATE ps = /_wp(¢)ps<¢)d¢ (13)

The Star 16-QAM RR is defined by [AR = Rz /R,. Under wherep(¢) is the phase error pdf ang(¢) is the conditional
the constraint of a constant average symbol power equal to oanbablhty of the symbol error. The Tikhonov pdf [16, eq.

we obtain (6.77), Ch. 6] can be used to model the statistical distribution of
) 2 ) 2RR2 the phase error. At high SNR, it approaches a Gaussian distri-
Ry = 1+ RR2 2 = 1+ RR® (11)  pution. We calculated the performance of an optimum receiver

assuming that the phase estimator variance has achieved the
We have presented CRLBs for RR3 for AWGN channels as CRLB. The observation interval is chosen to be 20 symbols.
above. We can easily prove that the CRLBs for the-RR Star The numerical integration of (13) has been computed assuming
16-QAM is the same as the CRLB for 8-PSK [14, Ch. 5]. a Gaussian distribution (which is accurate above 10 dB) and
The numerical calculation was undertaken to computke performance loss relative to a perfect receiver with RR
F(N,/2E,) with various RRs. The results are plotted in Fig. 4= 1.8 is presented in Fig. 6. Simulated results using the phase
At high SNR, all CRLBs converge to the CW CRLB, i.e., therestimator from Section Ill and the perfect receivers for Star RR
is variance equality at high SNR. = 3 and Square 16-QAM were also plotted for comparison.
As RR increases, the inner ring constellation points are cotthdis interesting to note that the simulated performance losses
pressed and become more susceptible to noise. How does thisssover around 10 dB, which shows the RR performance
affect the probability of symbol error? to be better than the RR 1.8 and Square 16-QAM receiver
The receiver error rate is affected by both the signal constal low SNR. From the simulated results, Star RR 1.8
lation and the phase estimator perfomance. For a receiver wigrformance loss is less than Square in the 8-13 dB range.
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3.5 T T T T

-6~ Square 16QAM Perfect Receiver
—#— Star RR=3 Perfect Receiver

— Calculated Loss RR=1.8

—b- Simulated Loss RR=3

-~ Simulated Loss RR=1.8

—%— Simulated Loss Square 16QAM
- -C Loss RR=3

(1]

Performance Loss (dB)

(2]

(3]

14 20 4]
Es/No (dB)

Fig. 6. Symbol error degradation for perfect, optimum, and simulated (5]
receivers V. = 20) relative to RR= 1.8 perfect Star 16-QAM receiver.

6]
For coded systems, the low SNR performance may be more
important than at high SNR. [

From Fig. 4, the phase estimation error decreases with in-
creasing RR in the lower SNR range, and as a result, the RR8]
= 3 loss is less than the RR 1.8 at SNR< 10 dB. At high
SNR, the symbol error rate for RR 3 is much higher than the

[9]
one for RR= 1.8 (Fig. 5). This explains the bigger performance
loss at moderate and high SNR in Fig. 6. (10]

V. CONCLUSION [11]

New CRLBs for carrier phase estimation of Star 16-QAM[12]
have been derived and evaluatét{N,/2E;) can also be ap-
plied to carrier frequency estimation as in [1]. At RR1 the
CRLBs are equivalent to that of 8-PSK. A modified phase esf14]
timator was developed, and the simulated results are presented
which follow the CRLB closely. The RR effect on error rate (45
was determined by considering an optimum receiver, i.e., with
the phase estimation matching the CRLB. It is found that with
an optimum receiver at SNR below 10 dB, RR3 gives better [16]
performance than other RRs, including RR1.8 and Square
16-QAM. In the range of SNR from 8-13 dB where coded
16-QAM systems often operate, Star 16-QAM symbol error perig)
formance is better than that of Square 16-QAM for a small

(23]

(17]

165

For largeN, Square 16-QAM has a smaller symbol error rate
than Star 16-QAM at moderate to high SNR. The approach de-
scribed of calculating the CRLB and using it to determine op-
timum receiver performance can be used to design good signal
. constellations.
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