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Introduction

In this project we address the numerical approximation of hyperbolic equations and systems using
the discontinuous Galerkin (DG) method in combination with higher order polynomial degrees. In
short, this is called Spectral Discontinuous Galerkin (SDG) method. Our interest is to review the
theoretical properties of the SDG-method, particularly for what concerns stability, convergence,
dissipation and dispersion. Special emphases will be shed on the role of the two parameters, h
(the grid-size) and N (the local polynomial degree). In this respect, we will carefully analyse
the available theoretical results from the literature, then we extend some of them and implement
several test cases with the purpose of assessing quantitatively the predicted theoretical properties.

In particular in chapter 1, the spectral discontinuous Galerkin method is studied for a time-
dependent scalar transport equation. First, the SDG-approach is used for the space discretization.
The presentation of the method is followed by a convergence analysis of the space discretization.
The dispersive and dissipation behavior in space of the SDG-method is studied following the
paper of Ainsworth [2]. Numerical tests confirm the theoretical results. Finally, the fully discrete
space-time spectral discontinuous Galerkin method is presented. A convergence analysis for this
method is then developed.

In chapter 2, the SDG-method is applied to a steady, linear hyperbolic system. First, two
types of boundary conditions are presented. The stability of the problem is then studied for both
types of boundary conditions. We present the SDG-method and develop the main result, a global
convergence theorem, which is numerically confirmed by three test cases. Finally, the SDG-
method for time-dependent linear hyperbolic systems is discussed briefly. A numerical example
follows.

In chapter 3, we define the dual problem of a linear hyperbolic problem, develop its SDG-
formulation and present a convergence result. An a posteriori estimation follows where we esti-
mate the error of the outgoing characteristics on the boundary. Inspired by the article of Houston
and Siili [11], we propose a theorem showing the convergence behavior of the estimated error.
The theoretical investigations are concluded with a theorem describing the convergence behavior
of the difference between the estimated error if a SDG-method is used for approximating the dual
solution and the error using the exact solution. Finally three test cases illustrates the practical
convergence behavior in the context of these two theorems.






Chapter 1

A Time-Dependent Scalar Transport
Equation

1.1 Introduction

In this chapter, the spectral discontinuous Galerkin (SDG) method is studied in the context of a
time-dependent scalar transport equation. First, the model problem is presented. Then we use the
SDG method to semi discretize the problem in space. The space discretization leads to a system
of ordinary differential equations (ODE) with respect to the time variable. The discretization of
this system of ODE is not studied in this context and could be a subject of a future work. In the
following section the convergence of the method is analysed combining the results of Houston,
Schwab and Siili [10] and Burman and Ericsson [5]. The main result is Theorem 1.8 and its
corollary, Corollary 1.9, proving convergence of the space discretization. Then the dispersive and
dissipation behavior in space of the SDG-method is studied following the paper of Ainsworth [2].
The aim here is to understand the techniques of the proofs. The main result is Theorem 1.10.
Finally, numerical tests of the dissipation and dispersion error confirm the theoretical results.
Finally, the fully discrete space-time spectral discontinuous Galerkin method is presented. A
convergence analysis for this method is then developed.

1.2 Model Problem

Let © denote an open and bounded Lipschitz polyhedral domain in R, for d = 2,3 and T its
boundary. The following problem is considered:

find u : Q x (0,7) — R such that:

ou+pu+ug = f inQx(0,7T)
u = g onl_x(0,T) (1.2.1)
u = ug on€x{0}

where ug = (- Vu denotes the derivative in the S-direction, and 3 :— R is a given vector
function. The coefficient i : 2 — R is a function such that there exists 1y € R with pu(x) > po >
0. We assume that u € L>®(Q), 8 € [W5>*(Q)]4, f € H' (2 x (0,T)) and g € L*(T_ x (0,T))
where I'_ is defined by

I'_={xel|n(x)-B(x) <0}
where n(x) is the outward normal unit vector at the point x. Analogously Iy is defined by
I'y = {x €' n(x) - B(x) > 0}.
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1.3 Notations and Technical Results

Suppose that € is a bounded Lipschitz polyhedral domain in B¢, d > 1 and 7, a partition of €
into elements so that Q = U KeThf( where every element is a parallelepiped. We assume that 7,
is shape-regular and that for each element K, there exists an affine transformation Fy : K—K
such that F(K) = K where K is the unit hypercube (—1,1)%.

Let h be the diameter of the element K defined by hx = maxy yck |x — y|. Then h is defined
by h = maxy hg.

Consider an element K € 73,. Its boundary 0K may be split into

OK_ = {x€0K |n(x)-f(x) <0}
0K, = {x€0K |n(x)-B(x)>0}
where n(x) denotes the outward unit normal. Consequently we have that 0K = 0K_ U 0K ;.

Additionally, let us define ' = 0K NI'_. We now define some limits associated with the
boundary 0K:

vT = limg - v(x+ sB8(x))

vt = lim g+ v(x + sB(x))
) = v irxe K
VT Lo ifx e 9K,

and the jump term
[v] = vt — v~

Let Q N(f( ) be the set of all tensor-product polynomials on K of maximum degree N in each
direction. Using the affine transformation Fx for each element, this space can be extended for an
arbitrary element K € 7:

ON(K)={v:K > R|voFx € Qn(K)} .
Then we define the polynomial space
QN(Th) = {Q) Q=R ‘ V) S QN(K), VK € Th} .

The symbol 0 is a parameter describing the quality of the discretization and represents the couple
(h, N), the mesh size h and the polynomial order N. Then we define the finite element space

Vs = Qn(m) .
Additionally, we define the local space
Vi = Qn(K) .

Since our finite element space Vs will consist of discontinuous elements, it will not lie in H* ()
but rather in the piecewise Sobolev space defined by

H* (1) = {v € I2(Q) | v, € H¥(K), VK € Th}

for all integers k& > 0. H”(3,) is a Hilbert space with respect to the following scalar product:

s = X 2 [ 075 D%)

Ker, |a\§k
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with the associated norm

HfHTh,k = (fa f)Th,k

and semi-norm

Fok= |3 3 /K Dagp2 .

Kem, |al=k

Observe that all these definitions hold also for I?(7;,) = H°(7;) which can be defined analo-
gously. But in either case L?(7;) = L?(f2). For the case k = 0 the index k is left out for the
scalar product (-, )7, = (+,*)z2(qn) and the norm || - ||, = || - [[2(q)-

Let us denote by P; the orthogonal projector in L?(£2) onto the finite element space Vj. For a
given v € L%(Q), Psv is defined by

(v — Psv,w)r, =0 Vw € Vs .
Analogously, we define the orthogonal projector P(SK in L?(K) onto the local space V5K by
(v — PEv,w)g =0 Vw € Vi

where (-, )¢ denotes the usual L2-scalar product on K.

Next, we present two lemmas that will be used through the whole report. They are proven by
Houston, Schwab and Siili, [10]. The first lemma is a consequence of Lemma 3.4 in [10] using
the Stirling formula and the affine transformation F .

Lemma 1.1 (Lemma 3.4, [10], p.2140) For any K € 7, let v € H*(K) for some integer k >
1. Further, let P(SK be the L*(K)-projection onto V;;K with Ny > 1; then, for any integer s,
0 < s <min(Ng + 1, k), we have

hS
lv = Pl 121y < Cr(d) Nf (V] 17 (1)
K

where C'ic depends only on the spatial dimension d and the element K.

The next Lemma is an error estimate of the I?( K)-projection onto V('SK on the boundary of the
element K for functions smooth enough.

Lemma 1.2 (Lemma 3.9, [10], p.2144) Let K € 7, and suppose that v € HF(K) for some
integer k > 1. Then, for any integer s, 0 < s < min(Ng + 1, k) and N > 0, we have that

1
lv = Pfollreomy < Cle(d)®1(s,p) i 2 [v] s xc)

where ®1(s,p) < C%(s)(Ng + 1)7(57%). The constant C) is only depending on d and the
element K whereas C%( depends only on s and K.

1.4 Semi-Discretization in Space

The model problem is first discretised in space by a SDG method which leads to a first order
Ordinary Differential Equation (ODE) system with respect to the time variable. The ODE may be
then solved by a Runge-Kutta method, see [17].
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1.4.1 Spectral Discontinuous Galerkin Method in Space

We consider first the problem restricted to one element K € 7,. On K the following problem is
considered:

find u : K x (0,7') — R such that
Ou+pu+ug = f inKx(0,T)
v = u  ondK_ x(0,7T) (1.4.1)
u = wuy onK x{0}.
Let Wi be the local functional space
Wk ={w € L*(K) | B-Vw e L*(K)}
for all elements K € 7, and let Wq, be the global functional space
Wo ={w e L*(m) | B-Vw e L*(Q)} .

Observe that functions in Wy, have traces in L?(9€; 8- n). Multiplying equation (1.4.1) by a suf-
ficient regular test function v € Wy and integrating over the element K leads to the variational
formulation of (1.4.1):

Vt > 0, find u(t) € Wg such that:

/ Opu(t)v +/ pu(t)v +/ B - Vu(t)v = / ft)v Vo € Wk .

K K K K

Using integration by parts and imposing the boundary condition in a weak sense gives:
Vt > 0, find u(t) € Wi such that:

(Oru(t), v) & + (pu(t), v) - — (u(t),div(vB)) . + (8- n u_(t)’”_)aK+
:(f(t),U)K+(|5n| U_(t,U+)3K7 Vv € Wi .

Note that v~ (¢) is known on OK_ by the first boundary condition of (1.4.1) but not on 0K,
where v~ (t) denotes the unknown solution on the element K. Now, a Galerkin approximation is
used. This means that the space Wi is replaced by the finite dimensional space Y{SK C Wk

Vt > 0, find up(t) € V4 such that:

(Bupa(t),vs) - + (pupc(t),vs) - — (upa(t), div(vsf)) .
+ (B nupg(t),vy) or, = (F(8),05) i + (18- mlupg(t),vf) yrc . Vo5 € VT

(1.4.2)

where u - (x, t) is an approximation of u~ (x,¢) on 0K _ foreach ¢ € (0,7"). Counterintegrating
by parts leads to

Vt > 0, find up(t) € V4 such that:

(OtuD(;(t),v(s)K + agx (uDg(t),v5) = (f(t),v(;)K Yos € V5K (1.4.3)
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where u, . (t) is given on the inflow boundary OK_ and ax : Wk x Wx — R is defined by

aK(w,v) = (,uw —|—w5,v)K + (|B ‘| [w],v"')aIL Yw,v € Wi .

Local Approach

As basis of the finite element space V(}K the Legendre basis {(;} is chosen, where i is a multi-
index in {1,.., N}?. The basis ¢; is defined by ¢; = ¢; o Fxr where ¢; is the tensor product of
Legendre polynomials of polynomial order 4; for each coordinate x;. ¢; is defined by ¢;(x) =
H?ZlLij (z;) where L;; denotes the i;-th order Legendre polynomial on (—1,1).

Writing upg(x,t) = >_; uj(t)p;(x) leads to a system of ODE with respect to the time variable:

M) + Au(t) = £(2) (1.4.4)
where
M;; = (g5 91)k = Cj di
Aij = (i + s ) + (16 -n0le], 0ok
fi = (fio)k + (B -nju, ¢ )ox_

Remark that ¢ and j are single scalar indices such that there exists a bijection between ¢ and i resp.
j and j.

This is the spectral discontinuous Galerkin formulation of the problem on the element K. To
solve the problem on one element, one needs only to know the initial condition, the inflow bound-
ary data and f. Given the inflow boundary data of the whole domain 2, one can find an order of
elements such that the problems can be solved element by element and for a given element K, the
solution is already known on the inflow boundary.

Global Approach
The problem can also be formulated in a global way. Problem (1.2.1) is considered. The sum over
(1.4.3) is taken, such that:

Vt > 0, find up(t) € Vj such that:

(8tuDG(t)aU6)Th + a(uDg(t),v(;) = (f(t),v5)Th + ZKET;L (|ﬁ . n| g(t),’v(;r)rf_( V’U§ S V;;

upa(0) = Psup fort =0
(1.4.5)
where a : Wq x Wq — Ris defined by

a(w,v) = (,uw—i—wg, . Z { |6 - n| [w],v )aK,\F + (|ﬁ-n| w+,v+)ﬂf}

Ker,

for all w,v € Wgq. As above, a Legendre basis {<I>i, K } is chosen for the finite element space Vj
such that .

. | ei(F(x) ifxe K
Q"K(X)_{ 0 ifx ¢ K

Then, problem (1.4.5) is equivalent to solve the following ODE

Mou(t) + Aqu(t) = fao(t) (1.4.6)
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where
(Ma)ij = (5, Pi)r, = Cidij
(Ao)ij = a(®;, i)
(fﬂ)l = (fa (pi)‘rh + EKET;L(LB : 1’1| g, (pj_)f‘f{

As above, 7 and j are mono dimensional indices such that there exists a bijection between ¢ and i
resp. j and j.

1.4.2 Convergence Analysis of Space Discretisation

We analyse the discretization in space. The main result is Theorem 1.8 where we prove conver-
gence of the space discretization combining the results of [5] and [10]. Suppose in this section
that /3 is constant on each element.

Note that a : Wn x Wo — R We will now first consider the coercivity properties of af(-, -).
Then

a(v,0) > (uov+95,0)n, + 3 {18 nllo) v ox_yr + (8- mfo*,07) e |
Ker,

since p(x) > po > 0. Since S is constant on each element, observe that

1 o
(03,0) = > 5 (U8 nlv™ 0 ok, = (18- ot 0ok )
Ker,
by integrating by parts and consequently

a(w,0) > ugol, + 32 {18 mlle] vFar\p + (18 - mlot, v

Ker,
1 - - 1 + ot
+5(18 - npp™ 0 ore, — 518t v o -

Now, the following equality is used

(a—b)a:%(aQ—i—(a—b)Q—bZ)
so that )
03 -mllh o o e =5 [ 18I0 = 07
Then
ato.o) > lgol +5 3 { [ 18-nl(07) + 0P - 07F)
KET K_\I
—\2 2 ~2
<[ \Fw-nuv R Gy MR
> vl vp Y enlere [ e} a4

KeTh -
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This motivates us to define the following norm for Wq:
1 1 R
ol = lndol, +5 S { [ ipenlpps [ enier} wews.
Ken, =~ JOK-\T rNoK

The triple norm is a norm for g > 0. In addition, we define a semi-norm |] - [| on Wy, by:

Rl = (;/Mw-nw)?

In the following, note that C' and Cx denotes generic constants taking different values. We will
not pay attention to the explicit form of these constants but note that they are independent of A
and N. Let for the whole analysis 4 and N be fixed, u(t) the exact solution of (1.2.1) and up¢ (%)
the solution of (1.4.5) for any given ¢t € (0,7"). Now some intermediary results are presented,
which will be used for the proof of Theorem 1.8.

Lemma 1.3 (Coercivity) For all v € Wg:
a(v,v) > |[lo]

Proof. By (1.4.7) and the definition of ||| - |||

L 1 A
o) 2 ol +5 {1 nllt e [ 13wt} = ol

Kery, 4

[0 Lemma (1.3)

Lemma 1.4 (Galerkin Orthogonality) If the exact solution of problem (1.2.1) satisfies u(t) €
Waq, Vt € (0,T), then for all t € (0,T)

(ﬂpg(t) — iL(t),U(;)Th + a(uDg(t) — u(t),’l)(s) =0 Yvs € Vs
where upq(t) the solution of (1.4.5).

Proof. First, since up¢ is solution of (1.4.5), it satisfies for all t € (0,7'):

(@pa (1), vs),, +aluna(t),vs) = (F(),vs)q+ D (18-mlg(t),05)px  Vos€ V5.

Ker,
(1.4.8)
Secondly, with u the exact solution, we have for all ¢t € (0,7):
(ﬂ(t),v(s)Th + (Mu(t) + uﬂ(t)av5)7-h = (f(t)all)(S)Th V'U(S S V;S
ZKem (u(t) - g(t),vgr)r,_( = 0 Yvg € V.

In addition, since u(t) € Wq, the traces in L?(OK; 3 - n) are well defined and hence

[ 1penltro =o.
OK _

Injecting the exact solution into formulation (1.4.5) then gives

(@(t),v5), +a(u(t),v5) = (f(t),v5), + > (1B-nlgt),v )px  Yos € Vs. (14.9)
Ker,
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Taking the difference between (1.4.8) and (1.4.9) leads to

(itpg(t) — iL(t),U(g)Th + a(uDg(t) — u(t),v(g) =0 Yos € V.

[0 Lemma (1.4)

Next, we introduce some notations to render the proofs more readable. 7(t) is defined by 7(t) =
u(t) — Psu(t) and £(t) by £(t) = upg(t) — Psu(t) where u(t) is the exact solution of (1.2.1) and
up(t) the SDG-approximation defined by (1.4.5). Observe that 7)(t) € Wy, and £(t) € Vj.

Lemma 1.5 Ler 1)(t) and £(t) be defined as above. If (B is constant on each element and j = 1,
Vx € Q) then

a(n(t),€(t)) <8 {In)Il - I

Proof. Let ¢t € (0,7) be fixed. The bilinear form a(-, -) is defined by

a(n(t), () = (&) +na(),€(0).,, + > {(18-nlm®LEO) e 1

KeTy,

+(8n n(t)+,§(t)+)pz_<}
Observe that £(t) € Vs and therefore

(n(t),f(t))K =0 VK € T,

and consequently

(n(®),(1),, =0.

h

Integrating by parts

(18(£).£(1)) = = (1), €5(1)) jc + (18- 0| A1), €()) o,e VK €7

But by hypothesis £3(t) € Vj since f3 is constant elementwise and consequently
(n(t),€5(t)) , = 0. Then by reassembling the terms we may write

a(n(t),£(t) = Y {(Iﬁ-nl )]0 T) e (o + (18-l 6 )px

Kery,

= > {080l n0) 07 pre, — (B-nI007 6O o

Ker,

. {(|,6-n| (1) €)= E07) p_ir

Ker,

+ (180l 0(t) €0 ) pre, — (180l 0t €B)) e}

+ (18] n(t)‘,ﬁ(t)‘)rmaK} =1+1I.
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Now applying the Cauchy-Schwarz inequality leads to

= > (B-nln7,¢& —f+)aK_\F

Ker,
1
< Z/ o) (X [ 1oemiee)’
Ker, JOK-\I Ker, JOK-\TI
< 2( X [ i) llel
Kery,
< Al i<l
by the definition of the triple norm ||| - ||| and the semi-norm |] - [|. Additionally
m= > (I8 n| 77_75_)F+08K
Ker,
1
< (X[ [ i)
K; I'4NOK K; I'4NOK
1 1
< (2 |ﬁ-n|ﬁ2)2(2/ 60| ¢?)
Ker, 9K Ker, oK
< 4 {Jnll Mg

and the result follows immediately.

[0 Lemma (1.5)
The next lemma estimates the projection error of the triple norm ||| - [||.

Lemma 1.6 (Global Projection) Suppose that v € H*(13,) for some integer k > 1. Then, for
any integer s,1 < s < min(N + 1,k) and N > 1:

1
hs =3
lv = Psvll| < C(d,s, 5)Ns 7 [v]r,.5

where C'is a positive constant depending on d, s and 3.
Proof. Let v € H”(73,) and let us denote p = v — Pyv for simplicity. By definition of the triple

norm L
ol = ol +5 3 { [ nlll o+ [ 1n )

KET

Considering each term of this sum:

e The first term is bounded by

3 2 2
g pll?, < luollzeeqoyllol?, < luollze(ay 121172k
Ker,

hs 9
< lpollpeoi) D (CK(d)V[g|P|Hs(K))

Ker,

VAN

applying Lemma (1.1).
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e Using the inequality (a — b)? < 2(a? + b?) leads to

s [ el < X[ sl )

Ker, K-\l Ker, K-\T
<2y / 18- 0] 7 < 2Bl S 191200
Ker, Kem,
B 2
< 2Bl Y. (Cr(d,s) —E—|vlsx)
KETh ( (N+ ]‘)S__ )
applying Lemma (1.2).
e The last term is bounded by
. Bonp? < = / Bl 7
b
< HIBH[LOO(Q)]d > 1Al
Ker,
h 2
< BNz e Ok (d, 8) —"—|v|gs (i
(Lo (92)] K%;h( (N—i—l)s_% ( ))
applying Lemma (1.2).
Considering the bounds of all three terms leads to
hs 2
Molll < Nl ooy O3 (d) (S ol s (rc))
Ker,
BT 2
+ Y 318l e ) Che(d, ) (" [l
Ko <(N+ 1) 2 )
1
hy 2
2 K
< Kz: ||N0||L°°(Q)CK(d)<Ns_%|U|HS(K)>
(S
e 2
+ 3 818l () O (ds ) (ol )
KeTy, N*"z
Let Cf(d, s, f) = g max (||uoll 1 (2) O (d), 3]1Bll 1o () Ok (d, 5)) - Then

1
S73

hye
ol < 3 Gl B) (g o)

Ker,

Let us define C'(d, s, #) = maxger, Ck(d, s, 8) and conclude

hs =3
llolll < C(d, s, B)——vlr,.s -
N

2

[0 Lemma (1.6)
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Lemma 1.7 Letv € H*(r,) for some integer k > 1. Then, for any integer s,1 < s < min(N +
1,k)and N > 1:

v — Pfof| < C(dasaﬁ)mwms :

Proof. As in the previous proof, we denote p = v — Pju for simplicity and let v € H*(7;,). Then
by the definition of the semi-norm |] - [|:

=Y [ el < S I8l ol
K JOK K

Applying Lemma (1.2) leads to

h, 2 2
A < 2 (181 e Ol o) ol
We define C(d, s, 8) = maxger, HBII{IL@ (@« CK(d; 5), then
Wl < Cldsp)—"
P » 9y 11\ V|m,s -
(N+1)-3 "

[0 Lemma (1.7)

Theorem 1.8 Suppose that u(t) € H*(1,) N Wq for some integer k > 1 and ¥t > 0. If 3 is
constant on each element and if i = 1, then for any integer s, 1 < s < min(N + 1,k) and
N > 1, there exists a positive constant C, only depending on d, s and 3, such that

t h23—1
IO, + [ NEIPar < O ey - (1410

Proof. Since upg(-,0) = Pyug, we have that £(0) = upg(-,0) — Pyug = 0.
Observe that

[Coremar = 33 [ [ =33 [ @0-¢0)

Kery, KeTy,
= Sl -

Then, using the coercivity (Lemma 1.3) yields

e /Ww mm</[ﬂﬂﬂﬂh+damampp

Using the Galerkin orthogonality (Lemma 1.4)
() = (), €(1) ,, + aln(t) —£(t),£(t) =0,

Th

leads to

3 1601, + [ eliPar = [ [(0),60),, +alat). &) ar
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Additionally, observe that

| (G.e0),,dr = @.0),, - [ @0),m),, dr =0

0 0

since £(0) = 0 and note that £(£),£(t) € V. By the definition of the projection Pj:
(n(1),€(®)),, = 0  Vte(0,T)

Th

(n(®),€@). = 0 Vte(0,T).

Th
So we get by Lemma 1.5 and the Cauchy-Schwarz inequality followed by a Young inequality
with e = 1/16 that

t
H0 / lelFar = [ a(atr).€tr)ar

< / In(r)[| ll€(r)llldr

t 1
< / Inm)[Pdr)* / lle(r)li%ar)’
< 32/| [Pdr + /|||§ )|2dr

and consequently

) /|||§ 1l dT<c/| )([Pdr

with C' = 64. Applying finally Lemma 1.7 leads to the result

h25 t
O, + [ Ne@IPar < O [ ol i

h2s 1

IN

< CWHUHL (0,615 (7y)) *

(1 Theorem (1.8)

Corollary 1.9 Let us assume the same conditions than in Theorem 1.8, then

-1

h3—2
() = w6 (Oll, < O (100 + iz

Proof. By the local projection error we have that

S
llu — Pfful[x < CKFIZ|U|HS(K)

so that for the whole domain .

h
[l = Psully, < Cxplulm,s
and finally, owing to (1.4.10),

lu(®) = upcln, < [lult) = Bsu(t)]lz, + 1),

B3
(10 @lrys + Nl 2o 55 ) -

N*3

C

IA

O Corollary (1.9)
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1.5 Dispersive and Dissipative behavior of the SDG-method

1.5.1 Introduction

The dispersive and dissipative behavior of the spectral discontinuous Galerkin (SDG) method in
space is analysed. All the results of this section are quoted from [2]. The aim is to understand
the techniques of the proofs, especially the proof of Theorem 1.10. This result is showing that the
SDG-approximation is also satisfying a Bloch-Wave condition, as the exact solution, but with a
discrete wave vector. This wave vector is close to the one of the exact solution and given in an
explicit form.

In [2] the general numerical flux

. 1 1 _ ,
Gy(n,upg) = E(n-ﬁ:t'y|n-,6|) ubo + §(n-ﬁ:F7|n-ﬁ|) Upe on 0K NJOK

for v € [—1, 1] is used whereas here only the special case of y = 1, that is

. 1 1 _ '
og1(n,upg) = g(n-ﬁ:t In-B)) upho + g(n-ﬁ:F In-B)) upq on 0K NJOK

18 treated.

1.5.2 Short introduction to Padé Approximant

The analysis relies on the Padé approximant and we first introduce some notations. The theory
of Padé approximants is developed in [13]. The following results and definitions are quoted from
[16].

The confluent hyperbolic function ; F is defined by

aa+122

a
Filabo) =1+ % oetl=
Filaibiz) =14 g2+ o gor +

If the Pochhammer’s notation (a)p = 1 and (a),, = a(a+1) ... (a+m—1) is used, the confluent
hyperbolic function can be noted as

1 Fi(aibiz) =) ((Z;m%

3

m=0

Let p and ¢ be two non-negative integers. The padé approximant is an approximation of ¢ which
is defined by

[g] _ 1Fi(=pi-p—g2)
gle 1Fi(—q;—p—q—2)

The error of the approximation takes the form

. [ P ] L AP [T etagp( — 1)4dt
e _— = .
qle P+ Fi(—¢—p—q¢—2)
1.5.3 Dispersion and Dissipation Error Results

The dispersion and dissipation error results are presented in this section. Let us take Q = I and
assume a rectangular grid hZ¢ of mesh size h. Consider the problem:
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find u : RY x (0,7) — R such that

du+ug = 0 inR? x (0,T)
u(x,0) = Ce'k* fort=0

where /3 and k are supposed to be constant vectors. This problem is equivalent to problem (1.2.1)
on R with f = 0 and ;z = 0. The unique solution u(x,t) = CeK*~“) with w = k - f3, is
satisfying the Bloch-Wave condition:

u(x + hm,t + 7) = ehlem=—wn)y, (x 1)

for all m € Z% and 7 € R. The main result, Theorem 1.10, affirm that the unique solution of
the SDG-scheme is also satisfying the Bloch-Wave condition, but with a discrete wave vector ks
which is close to k. Recall that  represents the two refinement parameters h and N, § ~ (h, N).

Theorem 1.10 ([2], Theorem 1, p.5) Let h > 0 be the mesh size of a rectangular grid h7* and
N € N the polynomial order of the SDG-method. If w € R and k € R’ satisfy w = 3 - k, then
there exists a solution upg of (1.4.3), satisfying:
Vme Z% 7 € R

upg(x +hm,t+7) = ei(hk‘;'m_‘”)uD(;(x, t) (1.5.1)

where !5 = [Niﬂ]eihkl,fbr alll € {1, ..,d}.

Proof. Let by hypothesis w = -k and let K = (a;,b1) X .. X (aq, bg) be a master element of
the grid.

Let us first construct the SDG-approximation on this master element K. It will be the tensor
product of solutions for each coordinate. Consider the following eigenvalue problem:

find ¢ € Py(—1,1) and A € C such that for given © € R

(¢',0) + (¢(=1) = A tp(1)) (1) = %z’@(qﬁ,v) Yo € Py(—1,1) (1.5.2)

where (u,v) denotes the L? inner product on (—1, 1). This eigenvalue problem has a non-trivial
solution according to the following lemma that we state here. The proof is given later.

Lemma 1.11 ([2], Lemma 3, p.18) Let qua’b) be the Jacobi polynomials of order n and param-
eters a and b. If A = [NLH] 0i0, then the eigenvalue problem (1.5.2) admits a non-trivial solution

on € Pn(—1,1) of the form:

N
¢N(3) = Z:(Z@)m % P&me,meJrl)(s)

m=0

Proof. The proof of this Lemma is given at the end of the current proof.

Fix [ € {1,..,d} and let (¢, A;) be the non-trivial solution and the associated eigenvalue of
(1.5.2) corresponding to ©® = hky, where k; is the 1-th component of the wave vector k. Let
x1 € (ay,by) and define us(2;) = ¢;(s), where s = 2”%‘”4” is a variable transformation from
(al, bl) to (—1, 1).

Then, we make the ansatz

d
upa(x,t) = Cewt H u(g,l(wl) forx e K
=1
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where x = (21, ..,27,..,24)" . Now the SDG-approximation up¢ is defined on the master ele-
ment K.

For an other element K’ # K, let hm € hZ% be the position vector of the centroid of K’ relative
to the centroid of K. If y € K’ such that x =y — hm € K, up¢ is defined on K’ as follows:

d
upa(y,t) = [[N" vpa(x,t)  fory € K’ (1.5.3)
=1
where ); is given by [NLH] cink; (Lemma 1.11). Therefore k;; is defined by eihksi = )\, =

[ Jeit -
Observe that up¢ satisfies (1.5.1) by construction:

d d d
u(x+hm,t+7) = H N upa(x,t+ 1) = H A Ce™37) H ug,i (1)
I=1 =1 =1

ei(hm~k5—w7)uDG (X, t)

Finally let us prove that up¢ satisfies the SDG-scheme (1.4.3). The following lemma shows that
(1.4.3) only has to be proved on the master element K.

Lemma 1.12 The two following statements are equivalent:

e upg satisfies
(8tuDG + - VUDg,U(s)K + (|ﬁ -n| [upg],vg“)aK_ =0 Yos € VJK
on the master element K.

e upg satisfies
(8tuDG + - VuDg,w5)K, + (|ﬁ ‘| [uDg],w;)aK,_ =0 Vws € Vy

on any element K' € 1y,.
Remark 1.13 The vector (3 is supposed to be constant, then div(fv) = (8 - V.

Proof Lemma (1.12). We obtain the result by replacing up(y,t) by its definition, (1.5.3), in
the second statement and performing a variable transformation. Note that the Jacobian (from the
reference element K’ to the master element K) is equal to one, due to the uniform mesh size.
Hence

| @ (5.8)+ 8- Tuny.0) wily) dy
4 [ 1B nl nal(y,t) ) (v) dy =0 Yy € Vi
0K’

-
d

H)\;”l : [/K (Orupa(x,t) + B - Vupa(x, t)) vs(x) dx

=1
+/ 180 [upa)(x.1) v (x) dx| =0 o5 € V<
0K _

and the result follows.

[0 Lemma (1.12)
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So let us only verify that up satisfy the SDG-scheme (1.4.3) on the master element K. For this,
fix [ € {1,..,d} and take the eigenvalue problem (1.5.2) corresponding to © = hk. Observe that
by a variable transformation:

o (Osp1,v) = 2(Ldupc, 9) = (Qupe,9) where (z;) = v(s)

* (¢a,v) = 7 (upc, o)

where (-,-); denotes the L? inner product on the interval (a;,b;), (-,-) the L? inner product on
(—1,1) and O, the partial derivative with respect to the z;-coordinate. With this substitution of
variables we get:

@ubr0) + (1) = AT ()o(-1) = gibk(gv) Vo € Pr(-1,1)

(Ozyust,v)i + (usg(ar) — N us () v(ar) = iky(us,v); Vv € Py (ar, by)
(1.5.4)

Letx € K, m = mej and 7 = 0, where e, is the [-th unit vector in R? and [ € {1,..,d}. Then

i(hmka'el)uDG(x,t) = eihmk‘s’luDG(Xat)

=

upg(x + hme,t) =e

d d
Ce ™" ug(z; + hm) H usj(z;) = Ce ™" H us,j(w5)
J=Lj#l J=1
u(gyl(xl + hm) = ATIU571(:EZ) , I € (al, bl)

and this last term is evaluated at 7; = b, with mm = —1, we obtain

1

)\—lué,l(bz_) :

Inserting this in (1.5.4) leads the eigenvalue problem equivalent to:

(0w, usi,v5), + (usi(a)) —usy(ay))vs(a)”) = iky(usy,vs), Vo5 € Py(a,by) . (1.5.5)

ug (b —h) =usy(a;) =

This result will be used later. Now, take equation (1.4.3), and let y;(x) = H;izlv(;,l(xl) where
v; € Py (ay, by). Then, using that

e Jiupg = —iW UDG
e 3-Vupg = (Z] 1 B 255]> bG
yields
<3tuDG+5'VUDGaH§i:1”5J> (W nlupg], (I v31)~ )aK, =0
54
Oju
/ Ce ™t T g (2) TIEZ 1U6l(xl)< — W+ Zﬁﬂ u(f’]) dx
J

+ (18- 0] Ce i [T ug,], (I 05,) )aK =0
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Eliminating the factor C'e=™" of up¢ leads to the equivalent formulation

d
. Ojug ;
/ T w50 (1) us, (21) ( —iw + Zﬁjj—é’]> dx
K -
J=1

Ug,j
+(|5.n| [H;izlu(s,z],(Hiizlv&l)f)af(_ -
- (1.5.6)
iw I (vsg,usp), = Z?:l((v(s,jaﬁju(s,j)j Hl#(“&l’aju”)l)

+<|5 - [T ug ], (Hii:wé,z)_>

OK_

For simplicity, suppose that 3; > 0, Vj € {1,..,d}. Then, an inflow face I';_ of K can be
parameterized by
Ij ={xeK|zj=a}

and OK_ = Ud 1I'j—. Consider the jump [H ' usy) evaluated atX = (21, .., 211, G, Ti41, .., Tq) €
I';_ and let K 1 be such that K N K’ =T'j_. Observe that

upG(2™) = ugj(a;) Mizjus(z)

and
upg (&) = us j(a}) Tizjusi(w1)
where in the first case up is defined by (1.5.3):
upc(y,t) = A; 'upa(x,t) = A;lﬂleu(g’l(x]’) :
Then
)

[ us)(X) = upa(E) — upa (&™) = iy usg () (usj(a)) — usj(a; )

and
<|5 n| [T us], (T2 05,) ) Zﬁ]/ I o5y [T ugy) dx

(1.5.7)

Bj vsj(a) (usj(a)) — usj(ay)) Tigj(usi, vso) -

”M:‘

Using (1.5.6) and (1.5.7) we have, recalling (1.5.5),

Wl (vs g, usp):
d _
=31 BjHl;éj(Ué,laUé,l)l((“d,ja Ou;us ) + vs,5(a) ) (usj(a)) — ugj(a; ))>
= Z;i:l Billizj(vs, us)i ihy(us g, vs,5)
=ik TI{, (vs, us)i -
Consequently, the condition that up¢ satisfies (1.4.3) is equivalent to w = (3 - k, which is true by

hypothesis. Therefore (1.4.3) is satisfied.

] Theorem (1.10)
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Proof Lemma (1.11). The idea of this proof is that we give the explicit form of ¢y and show that
under the assumption that A = [NL_H] «io, @ satisfies the eigenvalue problem.

Let £ be the operator defined by Lv = —%z’@v + v'. Then we use the following relation for
Jacobi polynomials, see (8.961)4 of [9]:

d _ _ 1 (2N —m + 2)' N—-m+1.N—m—+2
_P(N m,N—m+1) _ t\ey 4 P( +1, +2) ‘
ds' ™ ) = SN —mr 1) Tt (5)

Using the explicit form of ¢ yields

N

(ig)m (2N —m+ )' 2N —m + 2) P(N—m+1,N—m+2)

: (s
2 (2N 4+1)! (2N —m+ 1) ™!
)!

_l’_

WE

1

3
Il

(@)™ 2N —m +1)!

P (N—m,N—m+1)
2 QN1 ™ (5)

[
WE

= 3
gy

(i@)l-i—l (2N -1+ 1)' P(N,lyN,lJrl)(S)
2 2N +1)! !

O N+ D! o

= T Nty v @

_l’_

Let v be of the form v(s) = (1 + s)w(s) with w € Py_; and insert v in the eigenvalue problem
(1.5.2). ¢ is a solution of the eigenvalue problem for the test function v = (1 + s)w if and only
if
0,1
(Lon, (L +s)w) =0 & (PP, (1+s)w) =0,

The last equation is true without any condition on A since by the orthogonality of P](\? Y there
holds

1
/ POV POD(1 4 5)ds = G
—1

Because Py = span(1, (1 + s)Py_1), it remains to prove (1.5.2) for v = 1.
In the following, we use some properties of the Jacobi polynomials. They are not proven in the
context of this work. Observe that

e Thanks to (8.960), of [9], ¥ ™ N1 (1) = < N )

m
so that
al 2N —m+1)!  N!
1) = (i)™ '
o (L) mzol 2N+ D)l ml(N —m)!
N
z@) .
= Fi(—N;—2N —1;i0) .
Z 2N — 1 =1 1( ) 726)
m:O
e In addition, we use that (P](\?’l), 1) = (—1)NNJrl In fact ( , 1) = N—+1 thanks to

(7.371)4 of [9] and then by (8.961); of [9], P{"* (—s) = (-1)N P{" 1’( ), and we obtain
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0,1
(P](V ), 1) = (—1)NNL+1. Hence

(—i@)NFUNT (=N — 1)y (—i@)NH!

Lo D) = “GNTDT ~ (3N - Dy (N D1

e Thanks to (8.960), and (8.961); of [9],

A (A

m

so that

=
&
I
M) =

(Z_G)m(QN—m—i—l)!(_l)m(N—i—l )

A (2N +1)! m

3
Il

(—=i0)™ (2N —m +1)! (N +1)!
m! 2N+ 1) (N —m)!

I
M) =

3
I}

(=N —1)(—i0)™
(—2N — 1), m!

I
WE

0

3
I

The eigenvalue problem (1.5.2) for v = 1 is equivalent to

(L)) + (Bw(=1) = on(1) =0
<~
(LN, 1) +dn(=1)
Observe that
N—+1 i m
(Lon, 1) +on(=1) = > CN = DO _ oy (N~ 1;,-2N — 1;,-i0)

_9N — !
— (=2N — 1), m!

and consequently

. 1F1(—N—;—2N— 1,2@) B [ N j|
~ 1Fi (=N —1;-2N —1;-i®) LN +1le®

Note that this ) is the same as the one proposed in the Lemma.

[0 Lemma (1.11)

1.5.4 Small Wave Number

The evolution of the dissipative and dispersive error is analysed for a small wave number 4 under
a refinement in £ such that hk; < 1. Let us denote & = k; and k; = k; in this section. This
means that we only analyse one component of the wave vector. Let py be defined by

eihk _ eihk5

In this context, we use a result of the analysis of the Padé approximant. For more details, see [9]
and [2]. The following lemma from [2], p. 13, is quoted:



26 CHAPTER 1. A TIME-DEPENDENT SCALAR TRANSPORT EQUATION

Lemma 1.14 ([2], Corollary 1, p.13) Let N € N and suppose © € R is small. Then

_ ei@ ! 7
- [T Lo =" () (- arrner s+

Thanks to this result, we can state and proof the following theorem.

Theorem 1.15 ([2], Theorem 2, p.6) Let N € N and suppose hk < 1, then

(k)N 2 N! 2 , N+1
PN ((2N+1)!> (1+22hk(2N+1)(2N+3)>'

Proof. Let ¢y be the relative error of the Padé Approximant of ¢© defined by
6iG) _ [Nﬁl]eie
EN = el—@ .

Let x denotes the complex conjugate and observe that

(eie)* — o i©
[Mr _ 1Fi(-N —1;-2N — 1;-2'@2*
N lei® 1Fi(—=N;—2N —1; —i0)
and that
1Fi(=N;—2N — 1; —-i0)" z]i:o 2N _26) = z]i:o (E;x)in(lz)i):;l
= 1F_1(—N, —2N — 1,@@) "
as well as
1Fi(=N —1;-2N - 1;i0)* = 1F{(—N — 1; 2N — 1; —i©) .
Therefore

N +179* N +1

[ :| et© - |: N :| e—1©
and consequently

o [%]e—ie
N T o—i0

After some algebraic operations, we get that

N+1 B .
|:—N :|e_i®:€ Ze(l—gN)

Introducing this in (1.5.8) leads to

1e) i©®
e — liajv 67\[
PN = ei® T 1 en
Then for small €}, the following approximation holds
o= = —Ze — —&i + 0w )

and consequently
PN = —6}“\7 .

Finally from Lemma 1.14 with § = hk we conclude that
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N (hk)2N+2 N!
PN = <(

! N+1 )
2 2N +1 '

2
)!) (1 A N TN +3)
] Theorem (1.15)

We define the dispersion and dissipation error as follows

eprsp = |R(hk) — R(hks)|

eprssi = |S(hks)]

where R and & denotes the real and imaginary parts. Observe that S(hk) = 0. Then, if hk < 1
one can write

ik _ ihks
pr = g = ih(k — ks) = Z(hks) + i(R(hk) — R(hks))

and consequently

eprsp ~ |S(pn)|
eprssi = |R(pn)| -

This leads to the following corollary

Corollary 1.16 (Dispersion and Dissipation Error) Let be N € N and suppose
hk < 1, then

N! 2 N +1
Episp (hk)2N+3<(2N + 1)!) ((QN +1)(2N + 3)>
(hk)2N+2 N! 2
EpIssi R 2 ((2N + 1)!)

1.5.5 Large Wave Number

We assume a large wave number k; and a constant mesh size h. The evolution of the dispersion
and dissipation error is analysed under refinement in V. As in the previous section we note k = &
and ks = k; ;. The next theorem shows three phases of convergence depending on N. It also gives
an estimate of the thresholds between the different phases of convergence.

Theorem 1.17 ([2],Theorem 3,p.7) Let N € N. As the order N is increased relative to hk, the
relative error pn passes through three distinct phases

1. if2N +1 < hk — C(hk)%, then py oscillates but does not decay as N is increased.
2. ifhk—o(hk’)% <2N+1< hk—{—o(hk)%, then py decays algebraically at a rate O(Nfé).

3. if 2N + 1 > hk, then py decays at a super-exponential rate as N — oo,

1hk )( ehk >2N+2 .

~ |1+
PN ( 2N +3/\2,/2N +1)(2N +3)
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Dependence on h Dependence on h
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log(Dissipation Error)
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Figure 1.1: h-refinement of the dissipation and dispersion error for different polynomial orders
N and w =k = 2.
1.5.6 Numerical Results

We verify quantitatively by numerical experiments the main theoretical results reviewed in the
previous section, namely Corollary 1.16 and Theorem 1.17. Let us take as domain € the interval

I = (0,1) and the exact solution u : I x (0,7) — C:
u(x,t) _ ei(kx—wt)

with corresponding initial and Dirichlet boundary conditions. Using the Bloch-wave condition of
Theorem 1.10, the function « can be reduced to the initial condition:

u(z,t) = e “hu(z,0) = e “lug(z) .
Let t € (0,T) be fixed. Solving the problem
Ou+0yu = 0 in I x {t}

u = e @ at(0,1)
is equivalent to solving the problem
—iwug + Ogug = 0 inl
uyg = 1 atx=0.

Separating the real and imaginary part of this equation leads to the following linear hyperbolic sys-
tem. For more details about linear hyperbolic systems, see chapter 2. Let w(z) = ufy(x)+iu} (z),
we may then write the problem of the form:

find u = (uf u})T : I — R? such that

Bu+ A0,u=0

_ 0 w _ 10 [ ug
p=(L5) ame(on) w30

with
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,  Constant number of degree of freedom

Constant number of degree of freedom
10 - . - . 10 - : -

10 L \ J Pl \ B

NdoF=12

Dissipation Error
Dispersion Error

L L L L L L L L
—2 o 2 4 6 —2 o 2 4 6

Figure 1.2: Dissipation and dispersion error for a constant number of freedom with different
polynomial order N and corresponding mesh size h where w = k = 2.

where = w/k.
The dispersion and dissipation error is measured as follows. By the Bloch-wave condition of

Theorem 1.10
giksh — upc(z + h)

upa;(z)
so that

ciksh upg(z +h) uhg(z) + U%G(ﬂﬂ +h) ulp(z)
[upg ()] + [upg(@)[?
; upg(x + h) upg(r) + UEG(fE +h) upg()
[uhe(@)]? + |upg(z)?

Then we can measure the relative error
ik _ gihks
PN = T gihk

We recall the formulas for the dispersion and dissipation error

eprsp ~ |S(pn)|
eprssr = |R(pn)]| -

Since p,, is now known, we can measure the dispersion and dissipation error.

Large Wave Number

For the case of a small wave number, k is chosen to be 27, w to 27 and consequently S to 1.
Figure 1.1 shows the logarithm of the real and imaginary part of py against the logarithm of h.
The different lines denotes different polynomial degrees of the space V5. A modelled error of
E = Ch? is in the log-log diagram expressed by a straight line with slope p. The triangles in
Figure 1.1 illustrates the corresponding convergence rates according to Corollary 1.16 of 2N + 2
respectively 2N + 3.
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Figure 1.3: Real and imaginary part of the SDG-approximation of order N = 2,3,4 and the
exact solution w = k = 4.

Figure 1.2 shows an approximation of the dissipation and dispersion error for a constant num-
ber of freedom which takes the value 12, 16 and 24. The mesh size h is chosen such that number
of freedom stays constant for the different polynomial orders N. One can clearly observe that the
approximation using an increased N is much more precise than using small mesh size h.

Finally, Figure 1.3 shows the real and imaginary part of the solution of the spectral discontin-
uous Galerkin method for different polynomial orders N = 2, 3,4 as well the exact solution with
w =k =4m.

Large Wave Number

In the case of a large wave number, k is chosen to be 200. Figure 1.4 shows the dissipation and
dispersion error for h = 1/8 and h = 1/4 depending on the polynomial order V. One can observe
the threshold of N = %, according to Theorem 1.17, at which the convergence starts. In the
first phase the relative error of py does not decay whereas in the second phase an exponential
convergence can be observed. The intermediary phase can not be observed.
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py for h=1/8 py for h=1/4

Real part

Real part

e Imaginary part i O, 5™ Imaginary part i

0 | e oo

Figure 1.4: Dissipation and dispersion error for h = 1/8 and h = 1/4 with w = k = 200. The
real part represents the dissipation error and the imaginary part the dispersion error.

1.6 Space-Time Discontinuous Galerkin Method

1.6.1 The Method

A fully space-time spectral discontinuous Galerkin scheme is considered. Starting from problem
(1.2.1) we define Q = Q x (0,7T) and X = (x,t). Then (1.2.1) is equivalent to

B-Vux) = f(%x) in O (1.6.1)
(x) on T_=(2x{0})U(T- x(0,7))

u(x) =

S}

where V denotes the space-time gradient (0, , .., 0, 0¢), B = (BT 1]7 and

60 =i(0x0) = oo o 10

Let us define I' = 9€2 and observe that '_ can also be defined by
I_={xel|Bx) - a(x) <0}

where n(%) is the outward unit vector atx € 9S).

This problem can be considered as a steady-state problem. Observe thatQ) C R s a
space-time cylinder. For constructing the partition 7, of Q let us first discretise the time interval
(0,7). Lett" = nAt and I, = (¢, t"*1). Fixing ", we consider I,, x € and look for a
partitioning of I, x €} in elements K which we choose to be rectangles of diameter h such that
KN (Qx {t"}) # Pand KN (Q x {t"*1}) # (. Then there exists for each element K an
affine transformation F; such that K is the image of the master element Ky = (—1,1)%+1,
This guarantees for each ¢ an approximation in the whole domain €2 without using interpolation
in time. Figure 1.5 illustrates a possible space-time grid for a one dimensional space domain 2.
Next, let us introduce the finite element space V. Let f{d+1 = (—1,1)™*! be the unit hypercube
in R*1 and let us define the two spaces

={ve L2(Q ‘v| oF € On(K4i1), VK € n}
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=T

t3

t°=0

Figure 1.5: Example of a space-time grid where every element is an affine image of the master
element.

and
{v € L2 ‘ V| . oFr € QN(Kd+1)}

Then, the SDG-scheme reads:

find upg € ‘75 such that

a(upg,vs) = Fvs)  Yus € Vs (1.6.2)

a(u,v) = (B-Vuv). +Yges { (85 [u],er)af(i\F—l—(|B~-fl|u+,v+)f£{}
F(v) = (f,v); +Yies, (1B-0]g,07)nz

Th

—

for all u,v € W and where 'K = '_ N K. Remark that n(x) is the outward normal unit vector
at the point x = (x,t) € 9K.

1.6.2 Convergence Analysis

We present a convergence result for the space-time SDG-method. Some parts of the convergence
analysis of section 1.4.2 are used some others has to be developed.
Let W, denote the space

Wy ={weL*Q) |3 -VweL*(Q)}.

Analogous to section 1.4.2, we define the triple norm for Wg:

2 _13gl2 4 & 3.5l o) 5.l 8
I = ol +3 3 {[o o Baimrs [ 15me)
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and the semi norm: )
of| = B-n|#?)? .
ol (;/Mg 7?)

Let u denote the exact solution of (1.2.1) and up¢ the solution of the fully discrete time-space
SDG-scheme. The Galerkin orthogonality holds also in this case:

Lemma 1.18 (Galerkin Orthogonality) If the exact solution of problem (1.2.1) satisfies u €
H' (2 x I), then )
&(UDg—u,U(;) =0 Yvs € Vs

where upq(t) the solution of (1.6.2).

Proof. First, since up¢ is solution of (1.6.2), it satisfies:

a(upc,vs) = (f,05); + D (1B-0lg.vf)pc  Vus € V. (1.6.3)
Key,
Secondly, with u the exact solution:
(,uu—i—u/é,v(;)%h = (f,v(;)%h Yus € Vs
Yken, (0=9,05)px = 0 Vo5 € Vs

In addition, u € H'(2) and consequently u € H'(K), VK € 7. So that the trace is well defined

and hence
[ wp=o
0K _
such that ) )
33 [ 1Bl < Gl 3 [ =0,
f(E‘T‘h _\ K Th -
Therefore ~ N
i(u,vs) = (fv5);, + > (18810 e Vo5 € Vs (1.6.4)
f(€7~'h

Taking the difference between (1.6.3) and (1.6.4) leads to
&(uDg—u,U(g) =0 Y v 6‘75.
(] Lemma (1.18)

Let us denote by ]?5 the orthogonal projector in LQ(Q) onto the finite element space V;. For a
given v € L%(Q), Psv is defined by
(v — 1551),111)52 =0 Yw € Vs

where (u,v)g, denotes the L2-scalar product in L2(). Analogously, we define the orthogonal

projector ]56K in L2(K) onto the local space fféf( by
(U—]s(sf(v,w)f(zo ‘V’wEf/(;f(.

Observe that Lemma 1.3, 1.5, 1.6 and 1.7 are alsg Va~lic~1 in this case, this means with the above
defined norm and semi-norm for W, the spaces Vj, VJK and the corresponding orthogonal pro-

jectors Pj and 15{( . Thanks to these results, the following theorem can easily be proved.
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Theorem 1.19 Suppose that u € H*(7,) N HY(Q) for some integer k > 1. Then, for any integer
3,1 <s<min(N + 1,k) and N > 1, we have that

~ 1

hs s

|“U’ - U’DG|” < C(d+ 1, 333)j|u|7~'h,s
N*® 2
where and h = maxk(ﬁf()
Proof. Letn = 15511, —uand & = Pgu — upq. Then
e = wpelll < lllw = Psulll + 1 Bsu — upalll = llinll + €] -

Firstly, using coercivity (Lemma 1.3), the Galerkin orthogonality (Lemma 1.18) and Lemma 1.5
yields

1> < a(Psu — una, Psu — upe) + alupg — u, Psu —upg) = a(n, £)
<l - [l
and hence
HEN < fInll -
Using Lemma 1.6 and 1.7 leads to
~ /iﬁf% ~ ,tf*%
llu —upcll| < YiCLd+1,s, )Nil% 0l sty T 2 C%(d+1,s, )7(]\”:;)37% 0] s ()
~s— 4 —s— 1
< YipCOrld+1,s5) ZK,Z [l s iy + X Co(d+ 1, 3,5)%@@5@
< OWd+1,58) Kol

(1 Theorem (1.19)
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1.7 Conclusion

A time-dependent scalar transport equation was considered. Compared to the standard continuous
Galerkin (CG) method, or to a stabilized CG-method, the derivation and formulation of the SDG-
method is slightly more technical. This complexity is due to the jumps across the interior faces
of the grid. But as in the case of the CG-method, the space-discretization leads to a systems of
ordinary differential equations (ODE) with respect to the time variable. This ordinary differential
equation can be solved using a Runge-Kutta method, see Zhang and Shu [17], resulting in the
Runge-Kutta discontinuous Galerkin method (RKDG).

A convergence result was then developed combining the results of Houston, Schwab and
Siili [10] and Burman and Ericsson [5]. The convergence analysis is based on two results, error
estimates of the L?-projection on an element and also on its boundary. These two results are
proved in [10]. The convergence for the space-discretization was considered with respect to the
refinement parameters 5 (mesh size) and N (polynomial order).

The dispersion and dissipation error analysis follows the paper of Ainsworth [2]. The aim
was to understand the techniques of the proofs. In a particular case of the model problem, the
SDG-solution is constructed explicitly. The explicit formula of the SDG-solution allows a disper-
sion and dissipation error analysis either for a small or for a large wave number. We found that
numerical results confirm the theory in both cases.

Another approach to fully discretize the time-dependent scalar transport equation is to use
a space-time spectral discontinuous Galerkin method. Its formulation was derived as well as a
convergence analysis.






Chapter 2

Linear Symmetric Hyperbolic Systems

2.1 Introduction

In this chapter, the spectral discontinuous Galerkin (SDG) method is developed for symmetric
linear hyperbolic systems, also called Friedrichs’ systems. Practical problems like the acoustic
wave equation can be formulated in the form of a Friedrichs’ systems.

First a stability result is presented. Stability is guaranteed not only for boundary conditions
imposed on the incoming characteristics but also for linear combinations of the physical variables
under a certain condition. Then, the SDG-method is developed for linear symmetric hyperbolic
systems. The SDG-method leads to an algebraical linear system. A convergence analysis fol-
lows. The accuracy is studied with respect to the two refinement parameters hx (the local mesh
size) and Ny (the local polynomial order). Three numerical test cases are implemented with
the purpose of assessing quantitatively the predicted theoretical properties. Finally, the SDG-
formulation for a time-dependent linear hyperbolic system is presented, it leads to an ordinary
differential equation (ODE) with respect to the time variable. A numerical example illustrates the
SDG-solution where the ODE is solved by a Runge-Kutta method.

2.2 Model Problem

Suppose that €2 is a bounded Lipschitz polyhedral domain in B, d > 1. We look for a m-vector
function u : © — R™ which satisfies the hyperbolic system

d
Y Ajoju+Bu=f in Q (2.2.1)
j=1
where 0; denotes the partial derivative with respect to the z;-coordinate. Assume that the ma-
trices A; and B are m x m real matrices in [L>°(£2)]"**"™. The matrices A; are supposed to be
symmetric, B positive definite and f in Vg = [L?(Q)]™.
Letx € I' = 9 and denote n = (ny,..,ng)” the outward normal. Then let us define D(x) as:

D(x) =) nj(x)A4;(x) .

j=1

For the sake of simplicity we note D = D(x). Du plays the role of a flux across I" in the direction
n. D is also symmetric. This implies that there exists S and A such that D = SAS", where A
is the diagonal matrix having the eigenvalues of D on its diagonal. The rows of S are the right

37
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eigenvectors of D. Let us decompose A in Ay and A_, its positive and non-positive eigenvalues,
such that A = A + A_. Then let us define

Dt = Mt=8A, ST,
D™ = -M-=SA_S",
M = M*+M =8|AlS"

where |A| = diag(|A1], .., |[Am|). Observe that this splitting varies with the different points x €
0.
2.3 Boundary Conditions

We introduce the boundary conditions for the model problem (2.2.1). Let us introduce the char-
acteristic variables z = STu. According to the decomposition of D in Dt and D, we split
the characteristic variables in the incoming and outgoing parts z = (z" z~)7. We assume for
simplicity that the incoming and outgoing parts of z are well separated. Remark that this splitting
depends on the point x € 9. Suppose that z* is a vector of p and z~ of m — p components. In
addition, let AT and A~ be the p x p respectively the m — p X m — p matrix blocs such that

AT 0 0 0
+ _ - _
A_<0 0> and A_(OA_>'

A natural way to impose the boundary conditions would be
ZzT =g onI

where g : I' — RP. This means that the p incoming characteristic variables are determined on
the boundary I'. But often, the boundary conditions are only given for some physical variables.
Suppose that the physical variables are a linear combination of the variables u, say

Bru=g onT’ (2.3.1)
where Br € RP*™ and g : I' — RP. Then we can write
Bru=Cz=g onI

with C = BrS.

2.4 Friedrichs’ Theorem

Let us consider problem (2.2.1). We give necessary and sufficient assumptions for Z?ZIAJ- 0;+B
to be an isomorphism and we recall a fundamental wellposedness result.
We define the Hilbert space

Wo = {u € Vo |2 4;0;u € Vo }

where Vo = [L?(£2)]™. Owing to the Riesz-Fréchet Theorem, we identify Wy, and its dual WY,
as well as Vi with Vg’z. The norm of Wy, is defined by

d
lullfv, = I55=14;05ulld + lulla
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where || - || denotes the usual [L?(2)]™-norm. || - ||y, is called the graph norm. In addition,
observe that Z?ZIA]@]- + B € L(Wq; Va).

Let us consider problem (2.2.1). Assume that there exists a matrix function N € [L°(T)]
and a positive constant oy such that

mxXm

(F1) Aj is symmetric for j = 1,..,d

(F2) B+ BT -1 0;4; > 2000 > 0ae. onQ
(F3) N+ NT >0ae. on o

(F4) Ker(D — N) +Ker(D + N) = R™ a.e. on 0f

Then, we assume the following boundary conditions:
(N = D)u,. =0.
We refer to [7] for the following theorem:
Theorem 2.1 (Courant-Friedrichs, [7], Theorem 5.7, p.228) Assume (F1)-(F4) and define
V={ueWq|(N-Du=0}.
Then, Z?ZIAJ-OJ- + B :V — L is an isomorphism.
Remark 2.2 If we choose the particular case N = M, the boundary condition becomes
(M —-—D)ju=2M u=0

and therefore

Az=0 = z =0
such that the boundary conditions are imposed on the incoming characteristics.
Observe that we assume that the matrices A; are symmetric and thus the first condition (F1) is
satisfied. Condition (F2) has still to be assumed whereas condition (F3) is satisfied with this
particular choice of N = M. For the last condition (F4), observe that D — M = —2M  and
D + M = 2M™ and hence (F4) is equivalent to

Ker(M™) + Ker(M™) = R™

which is satisfied by the definition of M~ and M™.

2.5 Stability

In this section, a stability result for the Friedrichs’ system is presented. First, let us split .S in
the parts of the eigenvectors corresponding to the positive and non-positive eigenvalues such that
(5”r S*), where ST are the columns of S corresponding to the positive eigenvalues of D and
S~ the columns corresponding to the negative ones. Then, associated with the matrix & of the
boundary term (2.3.1) let us define Ct = BprS*T € RP*(m—P) and C~ = BprS— € RP*P and
finally C = —(C~)~!CT € RP*P,

Lemma 2.3 Assume that the matrices A;j are constant and symmetric, B positive definite.

o [f the boundary conditions are imposed on the incoming characteristics, that is z = g,
then there exist two constants g > 0 and p1 > 0 such that

1 —
pillz" 3 + mollulléy, < %HfH?z + (g, (A7 8o -
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e If general boundary conditions are imposed, that is Bru = g and if the matrix AT +
CTA=C is positive definite, then there exists two constants 1y > 0 and j; > 0 such that

P 1 . Ly 2
5zt 130 + pollulley, < —I£lIE + (8. 1A |8c) oo + — 11X I8 |50, -
2 140 M1
Proof. First, multiply equation (2.2.1) by u and integrate over the domain 2 leads to
d
(29-14;05u,u), + (Bu,u), = (f,u), .
Using the following integration by parts
(2§-14;05u,u), =

(Du’ u) 00

N —

and writing the system in terms of the characteristic variables z = S’ u yields
1 _ _
§(szz)aﬂ + (BZ’Z)Q = (fvz)n

where B = STBS and f = STf. Splitting A into AT + A~ leads to

1 — = 1, _
§(A+Z’Z)QQ + (Bz,z)Q = (f,z)Q — E(A z,z)aQ .
Additionally, we have that

2" ATz = (z) AT 2T
and analogously

2Nz =(z") A"z
This leads to 1 1

§(>‘+Z+’Z+)ag + (Bz,z)Q = (f,z)Q — 5()\7z7,z7)aQ . (2.5.1)

First case:
Imposing the boundary conditions on the incoming characteristics, z~ = g, yields

_ 1, _
(\tzt,zY),, + (Bz,z), = (f,52), - §(>\ £.8) 50

N | —

Since B and AT are both positive definite there exists two constants 1y > 0 and 7 > 0 such that
F1y 42 2 1 —
112" 150 + pollSzllg < [Ifllo [1Szllo + 5 (8: 1A~ 8) o0

where |A7 | denotes |A | = diag(|A] |, -, . Applying a Young equality with ¢ = 5~ yields
here |\ 7| d A diag(|A] A Applyi Y li ith £ yield

mpl
1

K1y 42 Ho 2 1 2 -
5 27150 + 1Szl < %Ilfllg+§(g,lA 3PS

The result follows by multiplying the last inequality by 2 and observing that Sz = u.

Second case:
Consider the boundary condition Bru = g and develop

7zt

g = Bru = BrSz = Br [S+ Sf] [ - ] =BrStz"+BrS z =CTzt +C z~
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and hence
2 =—(C7)'Ctzt +(C7) g =Cz" +gc

where C' = —(C~)~1C* € R P)*P and g = (C~)'g. Introducing this into (2.5.1) leads to
(2", ATz, +2(2, B2),, = 2(F,2),, — (Cz" + g0, A\ (Czt +80)) 50

and

(2", (A" + CT}CC’)ZJF)aQ +2(z, Bz), = 2(?’Z)Q + (8c, |)‘7|gC)aQ +2(gc, |)‘7|sz+)asz

since |\ ~| is a symmetric matrix. Then using that B and A* + CTA~C are positive definite,
there exists some constants p > 0 and pq > 0 such that

pillz* |30 + 20018z < 2(Iflle 1Szlle + (80 [A780) o + 2[[IA 78 |50 127 o -

Applying two times a Young inequality yields

P 1 . Ly 2
7IIZ+|I%Q + ol Szllf, < %Hfllé + (8¢, 1M Igc) g + EHI/\ lgc|5 -
Observe that Sz = u and therefore the result.

] Lemma (2.3)

2.6 Notations and Technical Results

We present some notations, definitions and technical results which will be used through chapter
2.

Suppose that € is a bounded Lipschitz polyhedral domain in R, d > 1 and 73, a partition of €
into elements such that Q = U KeThK Assume that each element is a parallelepiped and that 7,
is shape-regular. Suppose also that for each element K € 7,, there exists an affine transformation
Fy : K — K such that Fx(K) = K where K is the unit hypercube (—1,1)%.

In the context of the SDG-method, we extend the definition of D to the set U ¢, OK.

The vector h = (hg,,hK,,..) € R™) denotes the vector of the diameters of the elements.
Let K € 1, be a fixed element, then the diameter hx of the element K is defined by hx =
maxy ye K |x — y|. The scalar quantity & is defined by h = max hi.

Let Qn(K) be the set of all tensor-product polynomials on K of maximum degree N in each
coordinate and let N € Neo7d(7h) be the vector of all polynomial orders varying from element to
element. Using the affine transformation Fy for each element, this space can be extended for an
arbitrary element K € 73:

On(K)={v:K—>R"|voFk € [ON(K)]™} .
Then we define the polynomial space
QN(Th):{V:Q—)Rm‘V‘KEQNK(K), VKETh}

The parameter § describs the quality of discretization and represents the couple (h, N). Then we
define the finite element space

Vs = On(ms) -
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Additionally, let us define the local space
VéK = Onyg (K ) :

Since our finite element space V; will consist of discontinuous elements, it will not lie in [H*(£2)]™
but rather in the piecewise Sobolev space defined by

H¥(m) = {v € [LP)" | v, € S (K))", VK €n}

where k € Neo7d(7) denotes the vector of the regularities for each element K € 7,. H¥(7;,) is a
Hilbert space with respect to the following scalar product:

(f,8)r, k = Z Z/Do‘f (D%g)
Ker, |a|<kk

with associated norm
HfHTh,k = (f f)Th:

and semi-norm

k= | >, > / (Dof) - (DoF) .

Ker, |a\ ki

Observe that all these definitions holds also for [I?(73,)]™ = HO(7;,) which can be defined anal-
ogously. But in either case [L?(2)]™ = [L?(7;,)]™. In the case k = 0 the index k is left out for
the scalar product (-, )7, = (-, *)z2(q)m and the norm || - [|7, = || - [[z2(q)]

Additionally, for sake of simplicity, let us denote | - |, the Sobolev semi-norm

| gy and || - [|&]| - [lox the usual [L?(K)]™ resp. [L?(OK)]™-norm.

Let us denote Pj the orthogonal projector in [I?(€2)]™ onto the finite element space V. For a
given v € [L?(Q)]™, Psv is defined by

(v—-Psv,w);, =0 Vw e Vs
Analogously, we define the orthogonal projector PX in [L?(K)]™ onto the local space VI by
(v -PEv,w)x =0 vYw € V&

where (v, w)x = Y| (vi, w;) i denotes the usual [L?(K )]™-scalar product on K.
For > 0 let us define the following spaces

W () = {’U"U|KEWTOO(K), VK € 1,} .

Then we consider [W"°° (7,
by

)%™ and denote its norm as || - || c. For & = 0, the norm is defined

0,00 = I0AX | All[z00 (ryjaxa

- |l1,00 is defined by:

4l = 1400 + max 4], -

Next, we present two lemmas which are directly derived from Lemma 1.1 and Lemma 1.2. They
are just a generalization to estimate the projection error on K and 0K in the context of the above
defined multidimensional projector PX in [L?(K)]™ onto V.
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Lemma 2.4 For any K € 1, let v € [H*(K)|™ for some integer k > 1. Further, let PX be the
[L?(K)]™-projection onto Vi with Nz > 1; then, for any integer s, 0 < s < min(Ng + 1, k),

we have
S

hi
v = Pivix < Ck(d)

Ns |v|KS

where C'i depends only on the spatial dimension and the element K.

Proof. Applying Lemma 1.1 yields

m m hZS
Iv=PEvE = DIV = PEV) 200 < D CR@ Vi By
j=1 j=1 K

IA

N 2 PN
CK(d)—Ngs Z |Vj|Hs(K) = CK(d) N2s V|K,s :
K j=1 K

[0 Lemma (2.4)
Lemma 2.5 Let K € 73, and suppose that v € [H*(K)|™ for some integer k > 1. Then, for any

integer s, 0 < s < min(Ng + 1, k) and Ni > 0, we have that

1
573

h
v = Pvlar < Ck(d, 8)7(]\[ j:l) T|VIK,s -
K 2

The constant Cy is only depending on s and the element K.

Proof. Applying Lemma 1.2 yields

X ) m m h?s 1
Iv=Pivide = DI =PVl om) Z 4 8) e Ty Vil o)
h25 1 h23—1
2 K 2
< Ckl(dys )( )21 Z|VJ|HS ( )WMK,S-
[0 Lemma (2.5)

2.7 Spectral Discontinuous Galerkin Method

In this section, the spectral discontinuous Galerkin method is discussed for problem (2.2.1). Ad-
ditionally to the conditions on B and A; assumed in section 2.2, let us suppose that the condition
(F2) of section 2.4 holds. This means that there exists gy > 0 such that

m
B+B" =) 0;4; > 200>0.
j=1

Let us recall that in section 2.2 we assumed that B is positive definite and the matrices 4; are
symmetric.
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2.7.1 Remark on the Boundary Conditions

Here, we show that imposing the boundary condition on the incoming characteristics is a partic-
ular case of the boundary condition of type

Bru=Cz=g

Let C be of the form C = (0 I), then Cz = z~ = g. As Br = CS”, we have Br = S=". As
consequence

ct = BpSt=5"Tst =9
C- = BpS—=8"Ts =1

due to of the orthogonality of S. Finally, we conclude thatC' = 0. Observe also that g = g¢ in
this case.

2.7.2 The Method

Consider the following problem on an element K € 7,:

find u : K — R™, such that

> Aj0u+Bu = f in K
(S)'a = (S7)'uery onTK (2.7.1)
Bru = g on 'K

where TX = OK\T and TX = OK NT. This is problem (2.2.1) restricted to one element
K € 75,. The boundary condition (S7)Tu = (S7)T ey on 'K means that on an interior face,
the boundary conditions are imposed on the incoming characteristics since (S™)"u = z~.

Let us define the local space Wx by

Wi = {v € [L*(K)]™ | 2)_,A;0;v € [L*(K)]"™}
and the recall the definition of the global space W
Wa = {v € Vo | Sl 4;0;v € Vo}

where Vo = [L?(2)]™. Let v € W be a test function. Then, multiplying equation (2.7.1) by
the test function v and integrating over K leads to

find u € Wy such that

(E?ZlAjajquBu,v)K = (f,v)x VveWg
(S)Tu = (S)Tuew onTK
Bru = g onI'K .

Integration by parts
(A]a]ua V)K = = (11, 8] (A]v))K + (’I’L]A]u, v)aK

is used so that
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Then the problem becomes:

find u € W such that

(Bu,v)g — 0 (0,05(4v) o + (Du,v)ox = (Fv)xk  VveWx
(S7)Tu (S )Tupy on FZK
Bru = g on K.

Splitting D in M+ — M~ leads to

d
(Bu,v)k — > (0,0;(A;v)) o + (MTu,v)ox = (£,v)k + (M~ u,v)ox
j=1
and splitting 0K in TX UTX yields
d

(Bu,v)c = Y (0,0;(A;v)) o + (M0, v)ox — (M~ u,v)pe = (£,v)r + (M7, v)px -
j=1

Let us write the boundary terms of the previous equation in terms of the characteristic variables
z = STu. For this let y = S”'v. The hybrid formulation is:

find u € Wy such that

(Bua V)K - Z?:l (ua aj(Ajv))K + (A+Za }’)aK + (Aiza Y)Ff( = (fa V)K - (Aiza Y)Fg{
VveWg
VA = z;z,t on I‘iK
Cz = g on 'K

where Z;L,t = (S _)Tuemt. Then, the boundary conditions are imposed in a weak sense. As in
section 2.5 we can write
z =Cz" +gc

and
A"z, y)rx = (A 2,y )rx -
Hence
(A5, y)rr = (A (Co" +ge)y s
Additionally

Az y)rx =N 2,y Jpx = (A 28,Y Jrx = (A Zeot, ¥)px

and the problem becomes:
find u € W such that

(Bua V)K - Z;‘izl (ua aj (Ajv))[( + (A+Za Y)aK + (Aizemta Y)FlK
= (fav)K - (>‘7(CYZ+ + gC)ayi)Fg( Vve WK

where z = STu, y = STv and z.y; = ST ueyy. Let us define

= 0 O _ TNT
C_<C’ 0) and g=(0 ge)
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and observe that ) _
(A_C’z"',y_)rg( = (A_ C’z,y)Ff
and
_(A_g()’,y_)rg( = (|A_| gaY)Fg( .

The problem becomes:

find u € Wy such that

(Buav)K - Z;’izl (ua aj (Ajv))[( + (A+ZaY)(9K + (Aize:vtaY)FiK
+(A- C:’z,y)rg( = (EV)x + (A8 y)pe VVveEWk.

Let us rewrite the equation in terms of the physical variables u and v:

find u € Wy such that

(Bu, V)i = 351 (w,05(Av)) o + (MFu,v)or — (M ueqr, Vs
—(M~=8CSTu,v) e = (£,v)k + (SIATIg, V) e Vv € Wi .
Next, a Galerkin approximation is used. This means that the functional space Wy is replaced

by the finite dimensional space V(;K C Wk. In addition, counterintegrating by parts leads to the
problem:

find upg € VéK such that

(Bupg,vs)k + Z?:1(Aj8juDGa vi)k + (M~ (upa — Ueat), Vs) pie

+H(M ™ upg, vs)px — (M~ S CSTupg, vs)rx
= (£,vs)k + (S|A7|g, vs)rx Vvse V.

Let OK be an interior face of K and K’ be a neighboring element. On 9K N 0K', we define

[u] = upe — eyt

where u.,; is for the local approach on K given, but for the global problem w,; denotes the
solution on the neighboring element K'.

Local Approach:
The bilinear form ax : W X Wi — R as well as the linear form Fx : Wx — R are defined

by

G,K(V,W) = (BV,W)K -+ Zle(AjajV,W)K + (Mi [V],W)F{(
+(M~(I - SCS™) VW)
Fg(v) = (f,v)g + (S|A’|g,v)F§

for all v, w € WX. The problem can be formulated as:
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findupg € V6K such that
aK(upg,V(g) = FK(V5) Vvs € V:;K 2.7.2)

Global Approach:
Now, the problem on the whole domain €2 is considered. Taking the sum over all elements K € 7,
leads to the global problem:

find upg € Vj such that

a(upg, V5) = F(V(s) VvseVs (2.7.3)
where a : W x Wg — R, F': Wg — R and
a(v,w) = ZKerh ak(v,w) = (Bv,w);, + Z?ZI(A]'OJ'V,W)T}L
+ X ke, {(M_ [V],W)F_K + (M~(I - SCST) v,w)FK} (2.7.4)

Fv) = Yken, Fx(v) = (f;v)a + (S|A7[g, v)r

for all v, w € Wq.

Remark 2.6 In the case of boundary conditions imposed on the incoming characteristics, that is
7z~ = g, the above definitions still hold withC = 0 and gc = g. Thus g = (0 g”)T.

2.8 Convergence Analysis

The convergence rate depending on the local mesh size hx and the local polynomial order Ng of
the spectral discontinuous Galerkin method for linear hyperbolic systems is studied.
~ We assume boundary conditions imposed on the incoming characteristics which implies that
C = 0 in the context of the previous section. Let us denote C' i (d) the constant of Lemma 2.4 and
Ck(d,s) = Cg(d)-Ck(s) the constant of Lemma 2.5. Note that the main result of this section is
Theorem 2.14 which is based on Lemma 3.4 and 3.9 of [10] as all intermediate Lemmas. Lemma
3.4 and 3.9 of [10] are generalized for the case of hyperbolic systems (and not scalar hyperbolic
equations) and are presented in this section as Lemma 2.4 and Lemma 2.5. Lemma 2.8-2.13 and
Theorem 2.14 are entirely worked out in this project.

Let us first define a norm for Wo,. For this, the term a(v, v) is first developed for a v € Wy,
Since all matrices A; are symmetric

d d
Y (A0v,v)ox = (Dv,v)or — Y (95(A;v,v))
7j=1 7j=1
d d
= (Dv,Vv)sr — Z (OjAjv,v)K - Z (Ajajv,v)K
j=1 j=1
and hence
d ] L
> (Aj0v,v)or = 5DV, v)ox — 5 > (9545v,v)k
j=1 7=1
d
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In addition, observe that M — is symmetric and consequently
1
(a—b) M a= (aTM— a+(a-b) M (a—b)—blM" b) .

Then
1
2

1
+§ Z {(M+ v7v)8K - (Mi V’V)BK+ (Mi Vvv)riK

Ker,

a(v,v) = ((B— Z?ZlajAj)v,v)Th

+(M_ [V], [V])FK - (M_ Vextave:vt)FK + Q(M_ vav)Ff} :
~ T d
Let B=B+B" -3, 0;4,

a(v,v) = 2(va7h+ Z{ VVFK—(M VV)FK
Ker,

+(M™* v,V)rx — (M™ v,v)px + (M™ v, v)px

+(M V], [v]) — (M~ vm,vemt)rf +2(M” v, V)ex }

_ 2(Bv V)r = Z { V) e+ (MY v, v)p
KGTh

_(Mi Vext, Ve:vt)FiK + (M+ v, V)Fg" + (Mi v, V)Ff} .

Let K and K’ be two adjoint elements such that . = K NJK’ is a face. Dk resp. Dy denotes
the matrix D corresponding to K resp. K’ implies

Dg +Dgr =0
so that SAx ST = —SAg:S” and Ay = —Ag. Considering the positive and negative definite
parts of this equality. Then

Ay = —Ag

A = —AL

and consequently D + D;g, =0and M, = ME,.

Then,
1 1
5 Z Vextave:vt)r = ) Z (M Ve:vtavext 5 Z / Vv,V FK’ (2.8.1)

KGTh Ker, K'ery,

and 1 1
a(v,v) = 5(Bv, V) + 5 3 { (M7 VL VD) e + (Mv, V) | -
Ker,

Therefore the norm ||| - ||| for Wg, is defined by

IVl = hog vl + 5 3 {(M WL s + (Mv, v} for v

KGTh
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Lemma 2.7 (Coercivity) For allv € Wgq:
a(v,v) > [|v]|?
Proof. Let us recall condition (F2) of section 2.4:
. d
B:B+BT—ZajAjZ2UOI>O a.e. on {2
j=1
Then one can conclude that

~ 1
§(BV7 V)Th Z ||0—02v||72'h

and hence
a(v,v) > [[v]* .

[0 Lemma (2.7)
Now, the Galerkin Orthogonality holds also for linear hyperbolic systems.

Lemma 2.8 (Galerkin Orthogonality) Ler u be the exact solution of problem (2.2.1) and upg
the solution of (2.7.3). If u € [H*(Q)]™, then

a(upg —u,vs) =0 VvseVs
Proof. up is satisfying (2.7.3), this means

a(upg,vs) = F(vyg) Vvs € Vy. (2.8.2)
Additionally, u being the exact solution of (2.2.1) implies that

(E;l:lAjaju + Bu,V5) = (f, V(;) Vvs € Vs

Th Th

u being in [H'(Q)]™ yields u € [H'(K)]?, VK € 75, Then the trace on every element K is well

defined. Hence
Z (Mi [u]a[u])rK =0
Ker, ‘

and the boundary condition z~ = g implies

(M7u,vs) e = (I07]2,58) e = (IA127,55 ) e
= (|>‘_| g,y(g_)rg( = (|A_| gaYJ)Fg(
= (S|A_| g7v5)1"5 Vvs € Vs

where z and y; are the characteristic variables of u and vs. Then we conclude that
a(u,vy) = F(vy) Vvs € Vs (2.8.3)
and taking the difference between (2.8.2) and (2.8.3) leads to the result.

] Lemma (2.8)
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In addition, a semi-norm for Wy, is defined, which we will only use for intermediate results.

V[P =Y (Mv,v)ox  for veWq
Ker,

In the following, 7 is defined by n = u — Psu and £ = upg — Psu where u denotes the exact
solution of (2.2.1) and up its SDG-approximation defined by (2.7.3). Note that &, € Wq.
The next lemma is a continuity result on a(-, -) that will be used in the proof of Theorem 2.14.

Lemma 2.9 [f A; € [W5hoo(7,)]™ ™ for all j = 1,..,d, then

a(n,8) < [Collnll, + Cad( D2 Niclnllke )™ +4 Inll] el

KeTy,

Proof. By definition of the bilinear form a : W x W — R:

d
a(n,€) = (Bn,&)r, + (430,05, + > { (M7 [, €) e + (M™ 0, ) }

j=1 KeTy,

Integrating the second term of the right hand side by parts yields

d
a(n, &) = (1,BE)r, — Y _ (1, A4;0;)s,
Jj=1

5 (O 05 g 05 )

Ker,

where B = BT — 2?21 0;Aj.
Let us define the following three terms and treat them separately.

i = (n,B)s,
d
I, = Zn,Aaé

I3 = Z{Dn58K+(M [n],€)pg<+(M_naf)F5}
Kemy,

Then, we bound each term:

e Let us develop a lemma for bounding the term Z;:

Lemma 2.10 Let B be a matrix such that B € [L*>(1,)]™*™, then

(n, BE)=, < Collnll=, [IE]l

where

Bl
S

Co =
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Proof Lemma (2.10).
(1, BEn = 3 (0, BEK = 2/ n" B
Ker, Kery,
= > [ S s <IBlos XS [ nlles
Ker, i,k=1 Ker, i,k=1
1 1
< |B||000( S5 ) (5%l
Ker, i,k=1 Kery i,k=1
= 1/2 n K 5 K
KeTy, Ker,
- 3]
0,00
Co="—p5"
o)
Then

(n, BE)r, < Collnll=, llI€]]
[0 Lemma (2.10)
Since 7y = (n, B¢),, and B € [L*°(Q)]™*™ by hypothesis, we conclude that

Iy < Colinll, 1Ml

where | 7”
B 0,00
Co = 1/2
Ty

e For the second term Z; the estimated bound is also formulated in the form of a lemma.

Lemma 2.11 If A; € [W5H(,)]™*™ for all j = 1,..,d, then

d
\Z 1 Ai0,8) ] < Caa S NEll) el

KeTy,

Proof Lemma (2.11). Let A%, = ﬁ [ A; and observe that
d .
/ n’ > AL0;E =0 (2.8.4)
K D
since A][‘( is constant and 0;¢§ lx € VJK .Lety € K, i and k be such that
[ A% = Al oo gy = [(A )ik = (A)5 4(3)]

where 7 and k are two matrix indices. By continuity of (4)); k- there exists X such that
(45); x(%) = (A% )7 5 Then

1A% = Al oo gy = [(A7)i5(®) = (49)55(3)]
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Forall f : K — Rsuch that f € C'(K): Forall x,y € K

760 = F0)] < hac mas 100

such that we get

1A% = Al oo gy < e max [10(A;); gllz (1)
< hKZI:nlaffd||31Aj||[Loo(K)}meXd
< (2.8.5)
Then using (2.8.4) and (2.8.5) yields
d
> (0,405,
7=1
- ‘ZZ (n, 4;0;€) i ZZ/\U (A — A7)05¢]
j= lKeTh j=1 Ker,
< ZZHAJ T Z/ 1] 105€]
KGTh] 1 1,k=1
< o S ik 2/ mi 10564
Ker, i,k=1
< max | A0 > hKZ Z/ mil [0 £k|
KeTy, j=lik=1

B2 ! L& :

< mla,X||Al||1700< Z 0_2Kd22||7h”%2([()> ( Z OKZZH8 kaLZ )
Ker, K i=1 KETh j=1 k=1

B2 1 1

< (0 Z=miz)" (3 eKZHvskHLz )’

Ker, K Ker,

Taking the following inverse inequality for algebraic polynomials, see the book of Quar-

teroni and Valli [15],
2

N
IVEklliL2(rye < h—[[((||€k||L2(K)

and choosing

hk
Ok = —
leads to
d
dmax; ||A;||1,
A0 < i Mlhee (5w i) ot
j=1 % Ker,
Defining

max; || A;l1,00
1/2
99

Ca =
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leads to

1
< Cad( Y Nklinll ) llell

j=1 Ker,

[0 Lemma (2.11)

Applying this lemma for 7, = — Z?Zl(n, A;0;€),, yields

d 1
To < |30 A40i8) | < Cad( 30 Nklnlik) el
j=1

Ker,

e Finally let us develop the last term Z3:

L= ) {(D”vf)aK + (M [],€) e + (M naf)rg}

Ker, ‘

= > {(M+7Iaf)aK —(M™n,8ox

Ker,
+ (M ], &) e + (M ﬂaf)rgf}

= > {0, 0k + (M0, s — (M0, €)px
Ker,

- (Mfﬁaf)rg( + (Mi [n]af)F{( + (Mi naf)f‘g{}

= 3 {(M 0,k + (MF,Orx — (M7 ear, )
Ker,

Observe that

Z (M+ ﬁaf)pg{' = Z (Mi nemtagext)riK .

K'ery, Kery,

Hence

I3 = Z {(M+ ﬂaf)rgf + (M™ Neat; Seat — f)r{f}

Ker,

Firstly, M ™ being semi-positive definite, one can apply the Cauchy-Schwarz inequality
1 1
Z (M nvf)rgf S ( Z (M 77v77)F5<> ] ( Z (M §’§)F§> ’
Ker, Ker, KeTy,

and observe that

(X ) ) < (X (m n,n)pg); <(X (Mnn)or)” =l

Kery, Kery, Kery,

NG
NG

and

N —

(X 6,6)@)5 <l

Ker,
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so that

> (MY 0,6) e <2l HEN-

KeTy,

Secondly, using that M~ is semi-positive definite

W=

S M et — e < (3 M nearnede)” (5 00 19D )

Ker, Ker, Ker,
1
< 2( 3 gy ) el
Ker,
'l
< 2 (3 M nmex)” NN
Ker,
< 2 [l Nlel
Thereby
Ty < 4 [Inl] €]l

Considering the bounds of all three terms 7Z;, 75 and Z3 leads to the result.
1 Lemma (2.9)

The next Lemma is also an intermediate result which estimates the projection error in the semi-
norm || - [|.

Lemma 2.12 Suppose that v|,. € [H 'K (K)|™, VK € 14 and for some integers lir > 1. Then,
for any integer sg,1 < sg < min(Ng + 1,lx) with Ng > 1 for all K € 13,:

hQS}( 1
v — Psv[|?> < uoC?%(d,s) Z m VI s
Ker,
where iy = || M ||o,00 is a positive constant and s = (sk,, SK,, --)-

Proof. Observe that v Mv < ||[M|jpovv = pov? v since D € [L®(Q)]™ and let be p =

v — Psv. Thus
1ol> = > (Mp,p) e <10 Y lolle oy
Ker, Kem,

Now, applying Lemma 2.5 leads to

28K 1

h
HPH = MOKE}LCK SK)(N _|_]_)25K 1| |KsK
9 hZSK 1
< poC(d,s) Y W' e -

KeTy,

[0 Lemma (2.12)
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Lemma 2.13 Suppose that v|,. € [H 'K (K)|™, VK € 14 and for some integers lic > 1. Then,
for any integer sg,1 < sg < min(Ng + 1,lx) with N > 1 for all K € 13,:

2 ~2 hZSK h%(SKil 2
lIv = Povil < ouC(@) 32 i, + 2u0C2(d,s) S vl
KGT}L K KET}L K

where s = (Sk,, SKy, )
Proof. Let p = v — Psv and by the definition of ||| - |||

ol = llog oI, + 5 3 {4 (ol I s + (Mpo o) }

Ker,
Observe that

e By Lemma 2.4

! Bk 2
logpllz, = oo ol < o0 Cr (d) Az VK s
N

Ker, Kery,
~2 h?K 2
< o CD) Y Kivik,
KeTy, K

e Using the following inequality for a semi-positive definite matrix A
(a—b)TA(a—b) <2(a’ Aa + b’ Ab)

and applying this with respect to the semi-definite matrix M~ yields

1 _ [ _
S5O0 bl < 30 [(M pp)s + (M peatspeae) o |
Ker, Ker,
= > |(Mp,p) s + (MY p,p)px}
Ker, ) ‘ '
< Z (M~ p,p) g + (M Pvp)aK]
Ker,
= Z (M PP aK < Ko Z ||10||3K
Ker, Ker,
Then by Lemma 2.5
1 ~ hQSK 1 2
D (M) < o Y ( (d,sK) m| |KSK>
Ker, Kem,
hZSK 1
= ,uoCz(d,S) Z m| |KsK

Ker,

e Also by Lemma 2.5

1 1
Ker, Ker, KeTy,
28[( 1
1o o2 M

KeTy,



56 CHAPTER 2. LINEAR SYMMETRIC HYPERBOLIC SYSTEMS

Respecting all three bounds leads to the result.

[0 Lemma (2.13)

Theorem 2.14 (Global Convergence) Suppose that u € [H'(Q)]™, u),, € [H'*(K)]™, VK €
T, and for some integers i > 1, and that A; € [WH°(1,)]™*™ for all j = 1,..,d. Then, for
any integer si,1 < sg < min(Ng + 1,lx) with N > 1 forall K € 7y,

hst 1

la = upgll < (3 ol k) (2.86)
Ker,

W=

where u is the exact solution of (2.7.3), upq the solution of (2.7.3),

+ CAdN2> T+ 4uiC(dys) + (0062(d)i + SC(d, s)>§}

Cz[éum @% 7t

1/2
m
and N = maxger, Nk, Ny, = minger, N and h = maxger, hi.

Remark 2.15 Assume that a uniform mesh of mesh size h combined with a constant polynomial
3
order N is used. Observe the presence of the term N2. Due to this term, the result can also be

presented as

o1

NsQ

where the constant C denotes a generic constant and is not equal to the one in (2.8.6). The error
estimate is a power of 3/2 suboptimal in N with respect to the I*(OK)-projection error.

e = upglll < C=luly, s

Remark 2.16 If a uniform mesh of mesh size h combined with a constant polynomial order N is
used and ifh% < (CAdN% )L, then the result can be presented as:

1
573

lle = upell < € luln. s
2

where s denotes the uniform vector sl.

Remark 2.17 If a uniform mesh combined with a constant polynomial order is used and if the
matrices Aj € [Po(3,)]™*™, then the bound of Lemma 2.11 is zero. Since the matrices A;j are

all constant on each element, Z?ﬂ A;0;¢ € Vs. By the orthogonality of the L?-projector

d
(> A;05€), =
j=1

3 . .
As consequence, the term of N2 in the constant C vanishes. The result can be formulated as:
s—1

e = upg|l < C ot ulr, 5

Thus, the error estimate is optimal with respect to the I?-projector on the boundary and subopti-
mal of a power of 1/2 in both h and N with respect to the I?-projector on each K.
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Proof. By the triangle inequality, we have that

lla = apalll < lllnlll + I -
Firstly by Lemma 2.13

B hst 3 h2SK_1 %
il < (ooC2(d) 3 Ticlulfs, + 3uC?(dis) 3 Ti—rlulkc,, )
KETh K KET}L K
B hK hst 1 3 h2SK_1 %
S (O'OCZ(d) Z N +§M002(das) Z Ki_ %{,SK> .
Kety, Ker, NK
h

Let us denote N = maxger, Nk, Ny, = minger, Nx and h = maxer, h. Then
25 —1

- h L h L
lall < (@ g+ mc™ds)* (X mlulin)”

28[( 1
Ker, NK

Secondly by coercivity (Lemma 2.7), the Galerkin orthogonality (Lemma 2.8) and Lemma 2.9

IEIP = a(¢. &) = al&. &) + alupg — u,€) = a(n,€)
Collnlls, +Cad( " Nilnlik )™ + 4 [nll] lell

Ker,

IN

Therefore

1
2
€l < Collalle, +Cad( 3= Nklinllkc)” +4
Ker,
Using Lemma 2.12 and Lemma 2.4 yields

< e e (Ge)'al)’

+0Ad( z e (32 2 )+ a

h \3 1.3 Nig\z ||2\32
< () +eunt ) (X |y ) s
m Ker, K
h \3 1.8 hQSK ' 2
< (o) romit) (£ Cwlf i)
\ %C p2ssL 1
+4 1y (d’S)<K§hW| |K3K>
< [é(d)hz(co NI +CAdN2) +4u§0(d,5)]
2s 1 1
(Y )

KeTy, K

Finally, taking the sum of |||7||| and |||£||| leads to the result.

(] Theorem (2.14)
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Dependence of h
T T

Dependence of N
T T T

I I I I I I I I
-1 Iog(h)70'5 o] -0.8 -0.6 70.%9(17’852 o 0.2

Figure 2.1: h- resp. N-refinement in the case of example 1.

2.9 Numerical Results

The convergence accuracy of the spectral discontinuous Galerkin (SDG) method for linear hyper-
bolic systems is analysed. The aim is to confirm numerically the theoretical result of Theorem
2.14.

As domain €2, the interval I = (0,1) C R is chosen. The dimension of the domain does not
influence the accuracy. Let 2; = ih and I; = (x;_1, x;) for a uniform mesh size h. The set of all
I; for ¢ varying from 1 to N, = % builds a partition of 2. The intervals [; are the elements. Then
the space Vj is defined by

Vs ={v e [LX(Q)" | v, € Qn(l) Vi=1.N,}.
All problems are of the following form.
Ad,u+ Bu=f in1 .

In the first problem, a regular solution is considered. The coefficient matrices A and B are then
constant. The second example proves the convergence rates of an irregular solution with constant
coefficients. Whereas in the third example the matrix A is not constant anymore. A is then
piecewise constant. Consequently it depends on the mesh 7, if A € [W1*°(7;,)]™ or not. These
two cases are implemented.

2.9.1 The code

A Matlab code is developed to solve the linear hyperbolic system with the SDG-method. For
computing the matrix Ay g and the right hand side f7,¢ of the linear system, symbolic calculation
is used by employing Maple commands in Matlab. To solve the linear system Argu = frg the
GMRes algorithm is used with restarting after 20 inner iterations.

2.9.2 Example 1

In this section, the convergence behavior of the SDG-method is analysed for a regular solution
and for constant coefficients of the hyperbolic system. As coefficients and right-hand side, the
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following functions are chosen
(10 (01 _( 2sinh(z) + 2% — 1
B_(O 1>’ A_<1 0>and f(ac)—( 2cosh(z) + = ’
Then the solution reads
u(z) = e + x?
S \e®—gz )7

It is obvious that u € [C*°(Q2)]? and therefore u € [H'(Q)]? N [H*(74)]?, for all k > 0. Due to

this regularity of the solution u , the integer s of Theorem 2.14 gets s = min(N + 1,k) = N+ 1
and the convergence accuracy becomes

BN+

lla —apell < CWWH,NH :

h-refinement: This means that we get an algebraic convergence rate of N + 1/2 for a fixed N
and h-refinement. So that we expect a straight line of slope NV +1/2 in the in the log-log diagram,
which we can observe in the numerical results, see Figure 2.1.

N -refinement: For /V-refinement, due to the regularity of the solution, an exponential conver-
gence rate is obtained, which can be quantitatively observed, see Figure 2.1.

2.9.3 Example 2

In this example, the convergence rate for an irregular solution with constant coefficients is anal-
ysed. The coefficients are defined by

s=(34): a=(2 1)

and the right-hand side is defined by

~( 2sinh(z) + 1505 @ (z — 0.5)*7 " 4 (z — 0.5)°
—\ 2cosh(z) + Ljgsgs @ (2 —0.5) 1 + (. — 0.5)”

so that the solution u : I — R2 is

w — e’ ifz <0.5
7 et + (z— 0.5)*  otherwise

and
w — e ¢ ifx <0.5
2 e "+ (z —0.5)* otherwise
The parameter « is chosen among 3, 3, .. .. One can show that u € [HO‘J“%*’S(Th)]?, foralle > 0.

The biggest integer & such that u € [H%(7,)]? is & — %. Then the integer s of Theorem 2.14 is
given by s = min(N + 1, — %) and the convergence result becomes

hs=3
u—u <(C——lu .
Jlw = upg | < Ol

Figure 2.2 shows the accuracy for different values of the parameter o, where « takes the values
of 5/2,7/2 and 9/2.



CHAPTER 2. LINEAR SYMMETRIC HYPERBOLIC SYSTEMS
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Figure 2.2: h- resp. N-refinement in the case of example 2 with a=3,5 and 3.



2.9. NUMERICAL RESULTS 61

Dependence on h Dependence on N
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Figure 2.3: Convergence rates for example 3 with elementwise constant coefficients.

Knowing where the qualitative behavior of the solution changes, the mesh is adapted to this. A
uniform mesh is used where the mesh size is h = 1/(2n) for integers n > 1. Then z = 0.5
is never contained interior an element. But note that even if x = 0.5 is never contained in
an element, the solution is still only an element of u € [HCH_%_E(Th)]Z, since it satisfies only

up, € [HO“"%_E(K)]2 for the particular element K = (0.5,0.5 + h) € 7,.

h-refinement: The convergence rate for A-refinement should be s = min(N +1, «—1/2) and we
should observe straight lines with slope s. This means that while increasing the polynomial order
N, first the convergence rate increases, then it stays fixed due to the low regularity of the solution.
But one can observe that the numerical results shows convergence rates as u € [HOH'%(Th)]Q.

This means that we observe straight lines with slope min(N + 1, a + 1/2).

N-refinement: Fixing h and varying N in the convergence result implies that first the error

should increase exponentially and for N = a — 1/2 the convergence becomes algebraic with rate
a + 1/2. This can be observed in Figure 2.2.

2.9.4 Example3
In this example, we consider the following problem on I = (0, 1):
find (u,v) : I x (0,T) — C? such that

Uy +cvy =0

vy +cuy =0

where
Loifr < 0.5
YT
o(z) { ,;”—2 otherwise

Remark 2.18 [f the coefficient c¢(x) were constant, then the above defined equation would be
equivalent to the following wave equation:
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Figure 2.4: The exact solution and its approximations for h = 1/4 and N = 2, 3,4 for example
3.

findu: I x(0,T) — C such that
Ot — ¢ Opgu = 0. (2.9.1)
Let us assume that v and v are of the following form
u(z,t) = e “'y*(z) and v(x, t) = e “ho* () .

Then, the problem is equivalent to

find (u*,v*) : I — C? such that

—iwu* + cv},
*
: = 0.

—iwv® + cu
Next, we split the complex functions into the real and imaginary part
uw (z) =u"(z) +ul(z) and ¥ (z) = 0" (z) + iv'(2)
so that finally the problem becomes
find a = (u",u’,v",v") : I — R* such that
wBu+ cAd;u =0 (2.9.2)

with Dirichlet boundary conditions imposed on the incoming characteristics and where

0 1 0 0 0010
~10 0 0001
B=1 9 0 0 1 and - A=1199 o
0 0 -1 0 0100

Note that the solution of (2.9.1) with the corresponding boundary conditions is

etkz=wt) if 5 < 0.5
u(z,t) = etk2z—=wt)  Gtherwise
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Dependence on h Dependence on N
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Figure 2.5: Convergence rates for example 3 where the discontinuity lies in the interior of an
element.

so that the solution of (2.9.2) becomes

—~

u"(x) = v'(z) = cos %m) and  u'(z) =" (z) = sin (gw) .

c
As cA is not constant, it depends on the mesh 7, whether cA lies in [W1°°(7,)]™*™ or not. For
the numerical tests, two different types of meshes are used. The first is as the one already used in
example 2 where a uniform mesh is used such that the discontinuity at 2 = 0.5 is never contained
interior an element. The second mesh-type is one where the discontinuity lies in the interior of an
element.

The first mesh type

A uniform mesh is used where the mesh size is h = 1/(2n) for integers n > 1. The coefficient
are then elementwise constant, thereby u € [H*(7;,)]*, Vk > 0 and cA € [IW1°(7,)]™*™. Note
that we still satisfy the conditions of Theorem 2.14. Thus the convergence estimation is the same
as in example 1, that is
N+1
o= wpalll < €= laln, v

Figure 2.3 shows the convergence result for /-refinement and N-refinement of this example. Fig-
ure 2.4 shows the approximations of u", u’, v" and v* for h = 1/4 and N = 2,3, 4.

h-refinement: One can observe the estimated convergence rates for small A and for N > 1.
For N = 0, the fact that the estimated accuracy is not obtained for big h can be explained that the
period of the solution in (0.5, 1) is 1/4. Mainly for small N there is not enough liberty to catch
the frequency effects.

N-refinement: An exponential convergence can be observed what corresponds to the theoret-
ical result of Theorem 2.14.
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The second mesh type

The second mesh type is one where the discontinuity at z = 0.5 lies in the interior of an element.
A uniform mesh is used where the mesh size is h = 1/(2n + 1) for n € N. The coefficient cA is
no longer elementwise constant. Thereby we do not anymore satisfy the conditions of Theorem
2.14, since cA ¢ [W1°(7;,)]™*™. Figure 2.5 shows the convergence result for h-refinement and
N-refinement of this example.

h-refinement: One can observe that the method does not converge for N = 0. For increased
polynomial orders N and sufficient small mesh size &, one observes the same accuracy for NV and
N + 1. Comparing to the case of the first mesh type, the convergence rate is low.

N-refinement: The numerical test shows that for h = 1 the method does not converge for the
polynomial orders we have tried, this meansup to N = 7.

2.9.5 Concluding Remark

Theorem 2.14 estimates the convergence rate of ||[u — up¢ /|| depending on the mesh size h and
the polynomial order V. Theoretically, the convergence rate of

|lu — uDGH[L?(Q)}m is not developed in the context of this work. But numerical results show the
following behavior

lu —upellip2ym = Ch*
for h-refinement and sufficient smooth matrices A;. Compared to the triple norm, a factor of % is

gained. The lost of this factor % for the triple norm is due to the L?-estimation on the boundary
of each element.

2.10 Extension to Time-Dependent Linear Hyperbolic Systems

The convergence analysis of the time-dependent scalar transport equation (section 1.4.2) could be
extended to the case of hyperbolic systems using the same notations and definitions as in section
2.8.

Let us consider the following time-dependent linear hyperbolic system:
findu: Q x (0,7) — R™ such that

ou

d
E+2Ajaju+3u:f in Q (2.10.1)

j=1
with boundary conditions according to section 2.3. Then its semi-discrete SDG-scheme reads:
Vit > 0, find upg(t) : @ — R™ such that
(Qupc(t),vs), +alupa(t),vs) =F(vs)  Vvse Vs

where a(-,-) and F'(-) are defined by 2.7.4. Choosing a basis for the finite element space V5, this
formulation leads to as ordinary differential equation (ODE) with respect to the time variable and
can be solved by a Runge-Kutta method.

Using a same approach as in section 1.4.2 combined with the approximation results of section 2.8
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Figure 2.6: Solution of (2.10.1) computed with N = 4 and h = 1/3 at different time levels.

leads to an a priori error estimation analogous to Theorem 1.8 resp. Corollary 1.9 and so conver-
gence of the space discretization would be guaranteed. Let us consider the following example:

findu : (0,1) x (0,7) — R? such that

ou ou
I e
g " Aap =0

(01,

Homogeneous Dirichlet boundary conditions are imposed on the incoming characteristics. The
initial conditions are drawn in Figure 2.6.

Figure 2.6-2.8 shows the computed solutions of the above defined problem using the Matlab
function “ode45” (this is a Runge-Kutta method) for solving the ordinary differential equation.

where
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exact

0.2 0.4 0.6 0.8 1

0 0.2 0.4 0.6 0.8 1

Figure 2.7: Solutions u (above) and v (below) of (2.10.1) att = 0.6 for h = % and different
values of N.

Figure 2.6 shows the computed solution for N = 4 and h = % at different time levels. Figure 2.7
shows the dependence on N of the accuracy of the computed solutions at the time level £ = 0.6
while in Figure 2.8 we plot the computed solutions using a constant number of degrees of freedom
2(N + 1)/h = 24 for different values of h and N at t = 0.6. One can observe that for big mesh

sizes h and increased polynomial orders NV, the method is more precise that for small mesh size
h and low polynomial order V.
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0.5 T T T T

0 0.2 0.4 0.6 0.8 1

Figure 2.8: Solutions u (above) and v (below) of (2.10.1) at t = 0.6 computed using a constant
number of degrees of freedom 2(N + 1)h = 24.
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2.11 Conclusion

As model problem, a linear hyperbolic system was considered and the spectral discontinuous
Galerkin (SDG) method was developed for this kind of equations. Due to the jumps across every
face of the grid, the derivation and formulation of the SDG-method becomes more technical than
that of the continuous finite element method. The formulation leads to an algebraic linear system.
This linear system can be solved with standard methods like GMRes and others. We show that
under some stability conditions, generalized boundary conditions can be imposed. This means
that not only boundary conditions on the incoming characteristics can be imposed but also on
certain linear combinations of the physical variables.

A convergence result was developed. The error estimate is suboptimal by a power of % in the
two refinement parameters A (mesh size) and N (polynomial order) for sufficient smooth entries
compared to the L?-projection on each element. Three numerical test cases confirm quantitatively
the predicted convergence rates.

Then the SDG-method for the space discretization of a time-dependent linear hyperbolic sys-
tem is formulated briefly. This leads to an ordinary differential equation with respect to the time
time variable which can be solved by a Runge-Kutta method. A numerical example illustrates
the computed solutions. We show qualitatively that N-refinement is much more precise than
h-refinement. A possible application could be the non-stationary equations of gas dynamics for
example. The extension to nonlinear hyperbolic systems would yield new important applications
such as the Burgers’ equation, the shallow water equations or the 1D model for the Navier-Stokes
equation for blood flow.



Chapter 3

A Posteriori Estimations for Linear
Hyperbolic Problems

3.1 Introduction

In practise, it is often interesting to minimize the quantity |Fp(u — upg)| where u is the exact
solution of a linear hyperbolic system, up; its SDG-approximation and Fp (-) a linear functional.
In the context of this work, we chose F))(-) as the integral of the outgoing characteristics on the
boundary. Note that for the quantity |||u—up¢||| a convergence result is already derived in section
2.8. The main goal of this section is to develop a convergence result for Fj(u — up¢g) and show
using a duality argument that for weaker control of the error than that of ||| - ||| we can expect
higher order convergence.

We present in section 3.2 the dual problem and develop the spectral discontinuous Galerkin
(SDG) method for this problem. The relation between the primal and the dual SDG-formulation
is shown in Lemma 3.1. The convergence rate depending on the local mesh size hx and the local
polynomial order Ny is the same as for the primal problem and presented in Theorem 3.5.

In section 3.3 we propose an a posteriori error estimation for Fp(u—up¢). For each element,
we can quantify its contribution to the error such that the global error is given by the sum of
all local errors. Inspired by the article of Houston and Siili [11] we develop Theorem 3.9 that
describes the convergence of Fp(u — up) depending on the local mesh size hx and the local
polynomial order Ng. In [11], the result is developed for a scalar transport equation whereas
here we extend it to hyperbolic systems. In general the exact dual solution is not known. That
is why its solution has to be approximated by a SDG-method. For this, we keep the same mesh
and increase the polynomial order up to k. Using this SDG-approximation of the dual solution
we estimate the error by F%(u — up¢) which should be close to Fjp(u — upe). Theorem 3.13
shows how the difference of this two functionals depend on k, N and hg.

Finally we implement three test cases with the purpose of assessing quantitatively the pre-
dicted theoretical properties.

We use the same notations and technical results as in chapter 2. We refer to section 2.6 for the
required definitions, notations and technical results.

3.2 The Dual Problem

Here, we define the dual problem that will be used in the next section for the a posteriori estima-
tion. Let us recall the equations of a linear hyperbolic system with boundary conditions imposed

69
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on the incoming characteristics:

find u : Q — R™ such that

Bu—{—Z?ZIAjaju = f inQ

3.2.1
z- = g onl'=00. ( )
The dual equation is then defined by
find ¢ : Q@ — R™ such that
BT 4 0;(Ajp) = 0 inQ
=2 5-10i(Aj9) = 0 in (3.2.2)

Yt = 1 onT =90

where z~ and ¢ are the negative resp. positive parts of the characteristic variables associated to
u resp. ¢, see section 2.3 for more details.

The dual solution can be approximated by a SDG-method. Let us define the local problem on one
element K:

find ¢ : Q@ — R™ such that

BT -1 0i(Ajp) = 0  inQ
'I/JJr Yext ON FZ'K
Ppt = 1 onI'K .

We can follow the same approach as in 2.7.2 to find the spectral discontinuous Galerkin scheme.
Let Aj = —A;, D = Z]  n;A; with D = SAST, M~ = SA~ ST and M+ = SA+S”. Then
the SDG scheme reads:

find ppg € Vj such that

Topa +23 Ajppe), $s), Z { “(¢pa — %m),CJ)FiK + (MwaG,C(s)Fg}

KeTy,

=Y (M Sgp.(s)pxc VG €V

Ker,

where gp is composed by zero’s and one’s depending on whether the associated characteristic
variable is negative or positive.
Observe that D = —D where D = Z?Zl n;Ajand D = SAST. As consequence A~ = A™ and

M~ =M™ and we may write the problem.

find ppg € Vj such that

d
B opa =Y 0i(Ajena) Gs), + D { (M™*(¢pc — Peat), CJ)FK (M+‘PDGaC6)F£(}
= KeTh

= Z (MJFSSD,CJ)Fg V(s € Vs .
KET}L



3.2. THE DUAL PROBLEM 71

‘We now define
d

ap(v,w) = (BTv —ZaJ(A v), w) " T Z { MT(V = Vert), W )Ff" + (M+V,W)F§}
j=1 Kery,
Fp(v) = Y (M'Sgp,v)rx

Ker,

So that the problem takes the condensed form:

find ¢pe € Vs such that
ap(¢pG,Cs) = Fp(Gs) VG € V5. (3.2.3)

The following Lemma shows the relation between the bilinear form of the primal problem af(-, -)
and ap(-,-).

Lemma 3.1 The bilinear form ap(-,-) of the SDG-scheme for the dual problem satisfies
ap(v,w) =a(w,v) VYv,we Wy
where a(-,-) is the bilinear form associated to the primal problem.

Proof. Integrating by parts yields

d
ap(v,w) = (V,BW—{—ZAj@jW _— Z { MJr (V—Vegt), w )F_K—i— (M+V,W)FK
=1 Ken, ' ‘

—(M+V,W)FiK — (M+V,W)F£{ + (M_V,W)F{( + (M_V,W)Fg}

d
= (V, Bw + Z AjajW)T
7j=1

— Z { M Vert, W ) (M v W)FK—i— (M_V,W)Fg(}.
Ker, !

Using an analogous argument as for (2.8.1) one can write

Z (M+Veztaw)I‘iK = Z (M_vawezt)rif( .

Kery, Ker,
Then
d
ap(v,w) = (V,BW—{—ZAjOjW _— Z { (w— Wemt))FK + (v M_W)Fg(}
j=1 Kery,
= a(w,v)

[0 Lemma (3.1)

Using the previous Lemma, the discrete dual problem becomes:

find ppa € Vs such that

a(Cs,vpa) = Fp((s) Vi€ Vs.

The Galerkin orthogonality holds also for the dual problem.
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Lemma 3.2 (Galerkin orthogonality for the dual problem) Ler ¢ be the exact solution of prob-
lem (3.2.2) and pp the solution of (3.2.3). If ¢ € [H*(Q)]™, then

ap(epa — ¢, vs) =0 VvseVs.
Remark 3.3 Applying Lemma 3.1, the Galerkin orthogonality can be formulated as
a(vs,opc —) =0 Vv;€V;.
Proof. ¢ p¢ satisfies (3.2.3), this means
ap(¢pac,vs) = Fp(vs)  VvseVs. (3.2.4)

Additionally, the fact that ¢ is the exact solution of (3.2.2) implies that

d

(B — Zaj(Ajgo),v(;)Th =0 Vv;eV;.
j=1

Since ¢ € [H'(Q)]™, ¢ € [H'(K)]¢ for all K € 73,. Then the trace on every element K is well
defined. Since M ™ is positive semi-definite

0="3 (b Wler < 3 (MF [0 [0 i < 1M oe 3 (191, [6]) o =0

Ker, Ker, Ker,

and therefore

> (Mgl [¢]) e =0

Ker,

The boundary condition 1)+ = 1 implies

(Mi(p’v(S)I‘g( = (|A7|'¢7Y5)F£( = (|>‘7|'¢77y(57)1"£(
= (|>\_|1’y(;)f‘§ = (|A_|gD7y5)F£(
= (S|A7|gD,V5)F§ Vvs € Vs

where 1 and y; are the characteristic variables of ¢ and vs. The vector gp is composed of ones.
Then we conclude that

ap(p,vs) = Fp(vs)  Vvs€ Vs (3.2.5)

and taking the difference between (3.2.4) and (3.2.5) leads to the result.
[0 Lemma (3.2)

The next lemma is an intermediary result which will serve in the proof for the convergence result
for the dual SDG-problem.

Lemma 3.4 [f Aj € [W5ho°(7,)]™ ™ for all § = 1,..,d, then

1
>

al¢n) < |[Collnll, +Cad( Y Nilnlik)™ +4 11l 1€l

KeTy,
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Proof. By definition of the bilinear form (-, ), see (2.7.4):

an) = (B&n), +Z Aj05¢,m) Z{ F5+(M‘§77)FK}-

Kery,

Firstly, using Lemma 2.10, we conclude that

(BE;m)n, < Collnll=, Il

and secondly applying Lemma 2.11 leads to
d

S (05 ) < | A | < Cad( 2 Niclnll) el

j=1 j=1 Ker,

For the third term the Cauchy-Schwarz inequality is used

S @ < (3 (0 8 [Er)

Lol
N

(> v nmex)

KeTy, Kery, KeTty,
< 2iéll (3 (M nmpx )’
Ker,
< 2kl (Y M mmax)’
Ker,
< 2 i€l [l -

Finally the fourth term is developed:

S emes < (3 (M &)

N
N

(3 05 )

Ker, Kery,
< 2l (2 (M m,moxc)’
Ker,
< 2|l¢ll finll

Respecting the bounds of all four terms leads to the result.
[0 Lemma (3.4)
Then as in the case of the primal problem, a convergence result can be developed.

Theorem 3.5 (Global Convergence for the Dual Problem) Suppose that ¢ € [H'(Q)]™, ¢ €
H!(1),) for some integers 1 > 1, and Aj € [Whee(7),)|™>™ j = 1,..,d. Then, for any integer
Sk, <sg < min(NK + l,lK) with N > 1 forall K € 1y,

hZSK 1

lle —enalll < O( Y- Thrrleli

KeTy, K

) : (3.2.6)

where @ is the exact solution of (3.2.2), ppgq the solution of (3.2.3),

1 ~ h 3 3
+ CadN %) +4 3 C(d,5) + (00C2(d) 1 + Z0C(d, 9)’]

C = [é(d)h (co i

N2

and N = maxger, N, Ny, = minger, Nk and h = maxger, hi.
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Remark 3.6 If a uniform mesh of mesh size h combined with a constant polynomial order N is
used and if the matrices A; € [Po(K)]™ ™ for each element K € Ty, then

s_1

lle = ¢pall < €= luln s
S

where s is the constant vector s = s1. For more details, see Remark 2.17.
Proof. Let us denote n = ¢ — Psp and £ = ¢ — Psp. Then

lle = enalll < llle = Psell + IPse — enealll = llinll + NN -
By Lemma 2.13 we get a bound for |||n|||:

28}( 28[{—1

~ hy 3 3
Il < (o0C?@) 3 Tclolicn + 508 3 Thrliicn)’
Ker, Kery, K
B Z hK h2SK_1 3 Z h2SK_1 %
< (0002((1) B |0l% o + S10C(d, 5) %M%{s,()
Ker, NK NI(SK 2 Ker, NI(SK

Let us denote N = maxger, Nk, Ny, = minger, Nx and h = maxe,, hi. Then
1
) 2

For the second term |||£]||, coercivity (Lemma 2.7) and the Galerkin orthogonality (Lemma 3.2)
for the dual problem is used:

ll€ll* < a(¢,€) +a(¢, ¢ — epc) = al(&,n)
since £ € V. Then applying Lemma 3.4 leads to

hst 1

- h 3 L
ol < (o0 + GmaC?d.8)) " ( 3 irslel
m Ker,

NEI® < algm) < [Collnll, +Cad( Y Nilimli%)™ +41all] llell

KeTy,

and consequently

1
2

RS ORGP GO

Applying Lemma 2.4 yields

Y, < cuta (2™ i

") s amm

Then
1/2

el < 0t (o + caanind) (3 (BE)™ o, )+ 4 i

Ker,

Finally using Lemma 2.12 leads to

€l < (C@R2 (Cory + CadN?) + 4 poC2(d.)) (30 (2)" g, )
N Kem, K

N

Respecting the bounds for |||7]|| and |[|£]]| leads to the final result.
(1 Theorem (3.5)
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3.3 An A Posteriori Estimation

In this section, we derive an a posteriori error estimation using the dual problem. The aim is to
describe the error |Fp(u) — Fp(upg)|. This global error is first decomposed in a sum of lo-
cal errors where each term corresponds to an element K € 7, and describes its contribution to
the global error. Then a convergence result is proved which describes the convergence behavior
of |[Fp(u) — Fp(upg)| depending on the local mesh size hx and the local polynomial order
Ng. Finally we give a result which describes the convergence behavior between the error esti-
mated using the exact dual solution and the estimation using the SDG-approximation of the dual
solution.
Let ¢ be the exact solution of the dual problem (3.2.2). Then ¢ satisfies

ap(p,v) =a(v,p) = Fp(v) VveWq

using the same argumentation as for the Galerkin orthogonality (Lemma 3.2). Lete = u — upg
where u is the exact solution of the primal problem (3.2.1) and up¢ its SDG-approximation.
Then by the Galerkin orthogonality for the primal problem and since Psp € Vs

Fp(e) = ale,p) =ale,p —Psp) = F(p —Psp) —a(upa, p — Psp)
m
= (f—BuDg—i-ZAjajuDg,(p—P(;(p)Th
j=1
+ Z {(S|A7|g_M7uDG7¢_P5¢)FK - (Mi[uDG]aso_P(ﬂp)F_K}
Ker, ‘ '
= (R(S,(P _P(S(:O)Th + Z {(M_I'(Sa‘P—P(S‘P)Fg - (M_[uDG],(P—P(S(P)FK}
Ker, !
where

R5 == f—BuDg—Z?ZI AjajuDG in )

rs = Sg—upc onl".
Define the local a posteriori error estimation 7 for each K € 75, by
Nk = (Ro, ¢ = Psp) o + (M 715,90 = Psp) e — (M [upcl, ¢ — P(S(p)FiK

and the global a posteriori error estimation n =3 Ker, Nk Consequently

Fple)= Y nk - (3.3.1)

Ker,

In general, the exact solution of the dual problem ¢ is not known. One possibility is to approxi-
mate the dual solution also by a spectral discontinuous Galerkin Method in the space Vx where
¥ represents the couple (h,N + k) with k = k1 and & € N. Note that the primal solution is
sought in V5. Let ¢opg € Vs be the approximated dual solution. Then

Fple) ~ Fple) = Y {(R(s, vpc — Psopa) i + (M rs,0pa — P(S‘PDG)Fg(
Ker,

— (M~ upgl, ¥pc — P(S‘PDG)Ff(}

= > k.

Ker,
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In the following we use two inequalities which are quoted without proof. First, the following
trace inequality is used:

1
o122 sy < O3 (90112010 o200+ 5= 0l c))

for v € H'(K). Additionally we use the algebraic inverse inequality, see [15]. Let v be a
polynomial on K, then there exists a positive constant C', dependent only on d and the shape-

regularity of 73, such that
2

N
IVl (k) < C—Kllvlle
These two inequalities leads to the following Lemma.

Lemma 3.7 Let K € 13, be an arbitrary element and v € VéK . Then

NZ +1
Ivilx < C? vl -
K
Proof. Using the trace inequality yields
- 1
I¥Iic vazny oy < O3 3 (I90iluey oillzqry + il ) -

i=1
Applying the Inverse inequality

N2
IVvill p2ry < C—Kllvzlle

leads to

m 2 2
Ny 1 Nz +1
VI3 < O3 D0 [(OF 5 + ) Ioilitaqae | < == Ivlk -
=1

[0 Lemma (3.7)

Let us denote

r](u, U.Dg,v) = Z {(R5,V — P‘SV)K + (M*r(;,v - P5V)F§ — (Mf[upg],v — P‘SV)I‘IK}
Ker,

Lemma 3.8 Let u be the exact solution of (3.2.1), upq its SDG-approximation and v an arbi-
trary function such that v € [L?(1,)]™. If £ € V5, Bvs + 2?21 A;0jvs € Vs for all vy € Vs,
then

1
[n(w,upe,v)| < C = upalll (Y Iv = Paviliy )
Ker,

Proof. Observe that by hypothesis Ry lies in the finite element space Vs and by the definition of

the projector Py:
Z (R(;,V—P(;V)K =0.
Ker,
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Then applying the Cauchy-Schwarz inequality yields

[n(w,upe,v)| < (K;h (Mt ré)rg()% (K;h (Mo —Pov) v — Pév)M()%
+<Kze;h (1 vl uncl) ) (KXE: (M (v~ Pov),v — Pyv) )
: KK; (Mr5’r5)r§>% + (KXGD (M [upg), [uDG])Fg()%]
(Kg (M~ (v — Psv),v - Pév)mf
< s [( 2 (irsora) )+ (X (-t wnel) )]
(X iv- Poviin)”

By definition of the triple norm ||| - |||,

(NI

n(w,upe,v)| < Cllu=upall (3 Iv - Povie)
Ker,

] Lemma (3.8)

In the next theorem, the convergence rate of the quantity |Fp(u) — Fp(up¢)| depending on the
local mesh size hy and on the local polynomial order N is described.

Theorem 3.9 Let u be the exact solution of (3.2.1), up¢ its DG-approximation and @ the exact
dual solution of (3.2.2) such that ¢ € HX(1,) for some integers k > 1. Iff € Vs, Bvs +
2?21 A;0jvs € Vs for all vs € Vs, u € [H(Q)]™ and u € H(7,) for some integers 1 > 1.
Then, for any integer si,1 < sxg < min(Ng + 1,lx), tx,1 < txg < min(Ng + 1, kg) with
Ng > 1forall K € 1

|Fp(u) — Fp(upg)| < C ( Z (h—K>28K_1|u|%(,sK> .

Nk ( Z <J}\L7—I[((>2tK_1|(P|%(’tK>§ '

Ker, Ker,

N

Remark 3.10 [f an uniform mesh of mesh size h and an uniform polynomial order N is used and
ifsk =8, tg =t g =1 and kg = k; then the result becomes

h o\ s+t=1
Fo(w) = Fo(upa)| < C (5) luls ¢l
Remark 3.11 For N-refinement, this result means that it suffices that either the primal or the
dual solution is regular in order to obtain an exponential convergence rate. If the primal solution
is irregular and the dual solution regular, in contrast to the quantity ||u — upq||| one can still

expect an exponential convergence rate for the quantity ‘FD (u) — Fp(upg) ‘
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Remark 3.12 If one wishes to develop an fully adaptive algorithm for minimizing ‘FD(u) —
Fp(upg)|, the regularities of both solutions, the primal and dual, has to be estimated. Then
an N-refinement is chosen if at least one of the solutions is regular, otherwise h-refinement is
favored.

Proof. Observe that

|Fp(u) — Fp(upg)| = ‘ Z 77K‘ = |n(u,upa, ¢)|
Kery,

and using Lemma 3.8 yields
1
2
[n(w,ung, 9)| < C llu - upall ( 3 e - Pawllix)” -
Ker,

Applying Lemma 2.5 leads to

N

hy \2tx—1
n(wupa9)] < Clla—wall (3 (55) " lelies)
Ker, K

Finally, Theorem 2.14 under the hypothesis of this theorem becomes

hy \2sx—1 1
e —upall < (3 (F7) " Iulker)”

Ker,

and we get the final result

|Fp(u) — Fp(upg)| < C ( Z (Z—[;{YSKIWG(,SK)% ( Z <J}\L[—I;)2tK1|<p|%(,tK>; |

Ker, Kem,

(1 Theorem (3.9)

Theorem 3.13 Assume an uniform mesh of mesh size h and an uniform polynomial order N. Let
u be the exact solution of (3.2.1), upq its SDG-approximation of uniform polynomial order N,
o the exact dual solution of (3.2.2) such that ¢ € [H*(Q)]™ and ¢ € HE(13,), for some integer
vector v withr = r1l and r > 1. Let ppqg be its SDG-approximation of uniform polynomial
order N + k. Iff € V5, Bvyg + Z;i:l AjOjvs € Vs for all vi € Vs, u € [HY(Q)]™ and
u € H!(r,) for some integer | > 1 and 1 = 1. Then, for any integer s,1 < s < min(N + 1,1),
t,1 <t <min(N +k+1,7)with N > 1:

-1 h o \t-1
Foe) = Fh@| <CW+m)(5) " (557) 1l el

wheree =u —upq, s = slandt = t1.

Remark 3.14 [f the mesh size h and the polynomial order N of the SDG-method for the primal
problem are fixed, then the theorem estimates the behavior of the error between the real error
Fpp(e) and the estimated error F¥(e) using a SDG-method of mesh size h and polynomial order
N + k for the dual problem. Note also that the behavior of the convergence rate of the quantity
|Fp(e) — F¥(e)| is independent of the regularity of the primal solution.
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Proof. First, observe that for v = ¢ — ¢pg:

|Fp(e) — Fli(e)| = ‘ > Ok — n’}()‘

Ker,
= ‘ Z {(R5,V—P5V)K+ (M*r(;,v—P(;v)FK — (Mf[upg],V—P(gv)F_K}‘
Ker, ¢ v
= |n(w,upg,v)| = |n(w,upa, ¢ — ¥pa)| -

Applying Lemma 3.8 yields
1
5 \1
In(u,upa, v —¢pa)| < C lu—upall| ( Z ¢ — vpa — Ps(p — <PDG)H3K> :.
Ker,

Let us introduce an intermediary result for estimating

e — epa — Ps(p — sODG)HzK
on an element K € 1y,

Lemma 3.15 Assume a uniform mesh of mesh size h and a uniform polynomial order N. Let
@ be the exact dual solution of problem (3.2.2) and ppq its DG- approximation of polynomial
order N + k. If ¢ € H"(1,), for a fixed K € 7, and an integer v > 1, then for any integer
t,1 <t <min(N +k+1,7)with N > 1:

2
o = vpa — Ps(e — pa)||5x
1 h \2t-1 (N +k)?
< (vt 02 ) et T pgiz]
< ClUWN+R + ) (o) elie 5 lle = epallic
Proof. Using the triangle inequality leads to
| — epa —Ps(e — opa) || < lle — epallox + IPs(e — ¢pa)llox

and let us denote

L = lle—e¢ballox
I = [Ps(¢ —vpa)lox -
Applying a second time the triangle inequality for the first term [ yields
I < [le = Pseollox + IPsee — ppallox = Is + I

where 0" represents the couple (h, N + k). Observe that by Lemma 2.5 the term J is bounded
by

<o) it

For I, let us apply Lemma 3.7, use an other time the triangle inequality and apply Lemma 2.4:

N +k
I < C—gp Py — oncllx
N +k
S hi/2 <||‘p_P6k‘P||K+||<P—<PDG||K>
N+Ek h \t
S h1/2 [(N—l—k) |‘P|K,t+||<P—<PDG||K]
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such that considering the bounds for I and I, we get:
h o \t3 N+k
RO+ R4 () Nk,
1> (( +k)2 + ) N1k lolre + Wiz le — vpcllx
Finally for the term I, Lemma 3.7 is used:

N
I < CW IPs(¢ — vpa)llx -

Observe that

m m Ng m oo m
IPsvife = Y IPsvys i =33 evies 1 =SV B
j=1 j=11=0 j=11=0 Jj=1

IN

IvIl%

where vj ; 1s the i-th Legendre coefficient of the j-th component of v and ¢ some coefficients.

Combining these two arguments leads to:

N N
I, < CW IPs(p — vpa)llk < Cm le —¢pallk -

Respecting the bounds of I; and I yields

e — ona —Ps(p — ‘PDG)H%K
t—1 IN

< 02[((N+k)5+1)(NL+k) hl/Q . <pDGIIK]2

Observe that 2N + k < 2(N + k). Using the following inequality

(a +D)? < 20 + 2b* = C(a® + b?)

yields
2
le — ¥pc = Ps(e — vpa) |5
1 h 2t—1 (N +k)?
(L L L e F R LR L ST
< Al +Rr 1) (552) " Tl + Tl - pnalik
[0 Lemma (3.15)

Applying the previous Lemma 3.15 and the definition of the triple norm ||| - ||| leads to

‘77(11, upaG, ¥ — (PDG)‘
< Cla—upgll-

(2 {@ 0+ 02 ()" ol + T — iz )

st N+ k
< Clu—uapglll-
1 h 2t—1 N + k)2 L
(((NJrk)é )2<N—+k> > |<P|%(,t+% > ||‘P_<PDG||%(>2
Ker, Ker,
L hoo\2-1 N+ k)2 :
< Olu—wpall- ((V+ 85+ () B+ T —oeli?)
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Under the assumptions of this Theorem, Theorem 2.14 becomes

h\s—%
la—upall <C(5)" Il

and the convergence result for the dual problem, Theorem 3.5 becomes

t—3
lle = enall < ( ol -

N
Finally we get

In(w,upc, ¢ — ¢pa)|

< c (%)Sémm,s((uv +E)F + 1)2<NL+I€)21tl + ) ) (Ni k)%l)é [Pl ¢
< c (%)s_%mm,s((z\/ + lf)(NLJrk)%_1 + (N + k)(NLM)ZH)% [lr.t
< C(N+k) (%)_ (]\,L+k)t_1 [ulr, s [ol, ¢

and consequently the final result.

] Theorem (3.13)

3.4 Numerical Results

We want to confirm numerically the theoretical results of Theorem (3.9) and (3.13). We present
three test cases and illustrate the convergence rates in the context of Theorem 3.9 and 3.13.

As domain £, the interval 7 = (0,1) C R is chosen. Let be z; = ¢h and I; = (z;_1,x;) for a
uniform mesh size h. The set of all I; for 7 from 1 to N,, = < build a partition of €2. The intervals
I; are the elements. Then the spaces Vs and V. are defined by

Vs = {ve[l?(Q)]"|v, € Qn(L) Vi=1.N,}
and
Vie = {v € [LX(Q]™ | v, € Qnx(li) Vi=1.N,}.

All problems are of the following form:

find u : I — R™ such that

Bu+ Ag,u = f inQ
z= = g on['=00.

Then the dual equation is defined by:

find ¢ : I — R such that

BTp —0,(Ap) = 0 inQ
pT = 1 onl =09

where z~ and ¢/ are the incoming resp. outgoing parts of the characteristic variables associated
to u resp. .

First, a problem where the primal and dual solutions are regular is considered. The second ex-
ample proves the convergence rates for an irregular primal solution and a regular dual solution.
Whereas the primal and dual solutions of the third problem are both irregular.
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3.4.1 The code

A Matlab code is developed to solve the linear hyperbolic system using the spectral discontinuous
Galerkin method for the primal and dual problems. For computing the matrix A7,g and the right
hand side f7 g of the linear system, symbolic calculation is used by employing Maple commands
in Matlab. To solve the linear system A;gu = f7,g the GMRes algorithm is used with restarting
after 20 inner iterations.

3.4.2 Example 1

First we will study a case where both the primal and dual solutions are regular. Consider the
following scalar hyperbolic problem on 2 = (0, 1):

find w : (0,1) — R such that

u+0,u = x+1 on(0,1)
u(0) = 1

with corresponding solution u(x) = e * + x. Then, the associated dual problem reads:

find ¢ : (0,1) — R such that

p—0,¢ = 0 on(0,1)
p(l) =1

The solution is p(z) = % Observe that both solutions are contained in C*°(£2).

Numerical verification of Theorem 3.9
As already mentioned, the primal and dual solutions are both regular. All hypothesis of Theorem
3.9 are satisfied. The error estimation reads

B\ 2N+1
|Fp(u) — Fp(upg)| < C (ﬁ> lulr, N+1lelr, N1 -

For h-refinement we expect an algebraic convergence rate 2N + 1, whereas for /V-refinement an
exponential accuracy is estimated. Figure 3.1 shows the h and NN -refinement for this example.
The numerical results confirm the expected convergence behavior.

Numerical verification of Theorem 3.13
Observe that all conditions of Theorem 3.13 are satisfied. Let us fix the mesh size h and the
polynomial order N for the primal problem. The dual solution is sought in V;x and let us vary &.

Since the dual solution is regular Theorem 3.13 reads
1 N+k-1

Fp(e) - Fi(e)] < ChN** (—)
‘ p(e) D(e)‘ > N1k |90|77L,N+k+1

where e = u — up¢. Figure 3.2 shows the behavior of | Fp (e) — F'% (e)| while increasing & for
fixed h = % and N = 0. As expected, an exponential convergence can be observed.

3.4.3 Example 2

In this example, we consider a linear hyperbolic system where the primal solution is irregular and
the dual solution regular. The primal problem reads:
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Dependence on h Dependence on N

h=1\
h=1/2

h=1/4

h=1/5

. . . . . . . . . . .
-1 —0.8 —0.6 —0.4 —0.2 o —0.8 —0.6 —0.4 —0.2 o
log( h) log( 1/N )

Figure 3.1: Convergence rates of the quantity |Fp(u) — Fp(upg)| depending on the mesh size h
and the polynomial order N for example 1. The slope of the triangles indicates the convergence
rates and are chosen to 2N + 1.

find u: (0,1) — R such that
Bu+ Ad,u = f on(0,1)

with Dirichlet boundary conditions on the incoming characteristics according to the exact solu-
tion. The coefficient matrices and the right-hand side are defined by

(1) - a=(1)

¢ [ 2sinh(z) + 1psos o (@ - 0.5)%"1 + (z — 0.5)“
~ \ 2cosh(z) + Ljpso5 @ (z — 0.5)*7" 4 (z — 0.5)°

(z
5
27

and

where « is chosen among %, % .. Then the solution is

_ [ €+ 105 (x—05)
nle) = < e "+ 1505 (2 —0.5)°

and satisfies u € [Ho”réf’g(Th)]2 for all ¢ > 0. The biggest integer & such that u € [H%(7;)]? is

given by a — %

The dual problem reads

find ¢ : (0,1) — R such that

Bp—Adye = 0 on(0,1)
pT = 1 atz=0andz =1

and its solution is
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Dependence on k
T

(ell)

k
D
|
NI
T

—8

log( IFD(e)—F

Example 1: regular dual solution | 7|
—— Example 3: irregular dual solution
n n n

L L L L
—0.7 —0.6 —0.5 —0.4 —0.3 —0.2 —0.1 o 0.1
log( 1/(N+Kk))

Figure 3.2: Convergence rates of the quantity | F)(e) — FE (e)| depending on k for example 1 and
3 where € = u — upgq. The primal solution is of polynomial order N = 0 and mesh size h = %
This quantity describes the error between the exact error Fp(e) and the a posteriori estimation
FE(e) if the dual solution is approximated by a SDG-method of order N + k.

Observe that the dual solution satisfies ¢ € C>(£2).

Numerical verification of Theorem 3.9

Observe that the conditions of Theorem 3.9 are not satisfied since f ¢ V5. But assume that
the result holds nevertheless. The regularities of the primal and dual solution would lead to the
following error estimation by Theorem 3.9. Let s = min(N + 1, o — %), then

h

N+s
|Fp(u) = Fp(upg)| < C (ﬁ) ufz, slelm, N4 -

The numerical results shows that the convergence rates for h-refinement behave as if u € [I—P“*% ()]
and consequently s = min(N + 1, + %), see Figure 3.3. Even under this assumption the esti-
mation is still suboptimal for increased polynomial orders V.

For N-refinement, we expect an exponential convergence rate although the primal solution is
not enough regular, according to remark 3.11. Numerical results reflect this behavior for small
polynomial orders N, see Figure 3.3. For increased polynomial orders an algebraic convergence
might be observed which can not be explained by Theorem 3.9. But remember that theorem 3.9
does not hold in this example.

3.4.4 Example3

We consider a case where both the primal and dual solutions are irregular. Consider the following
scalar hyperbolic problem:

find v : (0,1) — R such that

U+ G5y Opu = (l—i-a%rl)ma on (0,1)

u(0) = 0

. o 1_ .
Its solution reads u(z) = z® and it satisfies u € H*T27° forall e > 0 if o = %, %, g, .... The
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Dependence on h Dependence on N

L L L L L L L L L L
—0.8 —0.6 —0.4 —0.2 o —0.8 —0.6 —0.4 —0.2 o
log(h) log( 1/N )

Figure 3.3: Convergence rates of the quantity |Fp(u) — Fp(upg)| depending on the mesh size h
and the polynomial order N for example 2. The slope of the triangles indicates the convergence
rates and are chosen to N + s where s = min(N + 1, + %)

biggest integer & such that u € H% is given by & = o — % The dual problem becomes:

find ¢ : (0,1) — R such that

©— ax(aiﬂap) = 0 on(0,1)
p(1) = 1
and its solution is given by ¢(x) = z*. As the primal solution, it also satisfies ¢ € H*" 3¢ for
alle>Oanda:%,%,%,....

Numerical verification of Theorem 3.9

The conditions for Theorem 3.9 are not satisfied since f ¢ Vj for our choice of o = % As-
sume that the estimation holds also in this case, then due to the irregularity of the primal and dual
solution we would expect the following convergence rate. Let s = min(N + 1, — %) then

h\2s—1
|Fp(u) — Fp(upg)| < C (ﬁ) [al s (r)pm [l Fs () -

This means that for h-refinement we can expect a convergence rate of 2s — 1. In the numerical
example the convergence rate of 2s — 1 can be observed but for s = min(N + 1, + %), see

Figure 3.4. This means that the convergence behavior is like u, p € H s,

For the N-refinement and small polynomial orders NV, the estimate predicts an exponential con-
vergence rate. Whereas for increased polynomial orders the accuracy is estimated to be algebraic.
This behavior is confirmed by the numerical example, see Figure 3.4.

Numerical verification of Theorem 3.13

As for Theorem 3.9, the conditions for Theorem 3.13 are not satisfied since f ¢ V5. Let us
fix the mesh size h and the polynomial order NV for the primal problem while varying k. Let
s=t=min(N +k+1,a — %), then Theorem 3.13 becomes

a 1 \t-2
Fo(e) = Fh(e)| < Ch™' (o) [uls [l

N +k
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Dependence on h Dependence on N

h=1

B —2 h=1/2

h=1/3

\,:1/4

h=1/5

. . . . . . . . . . .
-1 —0.8 —0.6 —0.4 —0.2 o —0.8 —0.6 —0.4 —0.2 o
log( h) log( 1/N )

Figure 3.4: Convergence rates of the quantity |Fp(u) — Fp(upq)| depending on the mesh size
h and the polynomial order N for example 3.

where e = u — up¢. Figure 3.2 shows the behavior of | Fp (e) — F'% (e)| while increasing & for
fixed h = % and N = 0. Note that s =t = ov — % since N = 0 and £ > (. Then the estimation
becomes

1

5
Fote) = B < O ()" Mol g Polrasg

such that an algebraic convergence of o — % can be expected. But we chose a to be % such that

no convergence can be guaranteed by the theorem. However, the numerical example shows an
algebraic convergence behavior of rate 8. This numerical result can only be explained by the
fact that Theorem 3.13 is not sharp. This is not surprising since Theorem 3.13 is not expected
to be sharp. This shows the effect or the sub-optimality of the Cauchy-Schwarz inequality or the
inverse inequality.
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3.5 Conclusion

We have presented the dual problem associated to an linear hyperbolic system. The spectral
discontinuous Galerkin (SDG) method for its approximation was formulated. As for the primal
problem, a theorem (Theorem 2.14) describes the convergence rates for ||| — ¢pe||| depending
of the local mesh size hx and the local polynomial order Nk .

In practise, the quantity of interest is often some linear functional Fp(u) and we would there-
for like to control the associated error |Fp(u — upg)|. Fp(-) is here chosen to be the integral
of the outgoing characteristics on the boundary 0f2. An a posteriori estimation was developed
which estimates the global error |Fp(u) — Fp(upg)| as a sum of local errors associated to the
elements. Inspired by the article of Houston and Siili [11], we derived a theorem (Theorem 3.9)
which describes the convergence rates of |Fp(u) — Fp(upe)| depending on the local mesh size
hx and local polynomial order Ny . It shows, under the restrictive condition that the residual lies
in the finite element space, that an exponential convergence rate can be expected if the primal or
the dual solution is regular enough.

In general, the dual solution is not known and it has to be approximated. For this, the same
mesh is used with an increased polynomial order N + k&, supposing a uniform polynomial order N
for the primal problem. Using this approximation of the dual solution we get a new a posteriori
estimation Fﬁ(e) where € = u — upg. In Theorem 3.13, we show the convergence rate of
|Fp(e) — F¥(e)| depending on h, N and k, under the condition that the residual lies in the finite
element space.

In a further work, it would be interesting to consider the techniques of regularity estima-
tion. This means to estimate the local Sobolev regularity, i.e. determine I, kx such that
u € [H'%(K)]™ and ¢ € [H*%(K)]™. Using this together with the a posteriori estimate one
has all ingredients to construct a fully adaptive algorithm to reduce |Fp(u) — Fp(upg)|. In a
first step, one would select the elements where the associated error has to be reduced using the a
posteriori estimation. Then, for each selected element, one would increase the local polynomial
order if either the primal or the dual solution is enough regular, otherwise h-refinement would be
effected.






Summary

Problem Statement

In this project we address the numerical approximation of hyperbolic equations and systems using
the discontinuous Galerkin (DG) method in combination with higher order polynomial degrees. In
short, this is called the Spectral Discontinuous Galerkin (SDG) method. Our interest is to review
the theoretical properties of the SDG method, particularly for what concerns stability, conver-
gence, dissipation and dispersion. Special emphases is shed on the role of the two parameters, h
(the grid-size) and N (the local polynomial degree).

Motivation, Aims and Goals

Standard continuous Galerkin-based finite element methods have poor stability properties when
applied to transport-dominated flow problems, so numerical stabilization is needed. In contrast,
the spectral discontinuous Galerkin method is known to have good stability properties when ap-
plied to first order hyperbolic problems.

The goal of this project is to study in detail the spectral discontinuous Galerkin method ap-
plied to hyperbolic systems and equations. Theoretical properties, such as stability, convergence,
dissipation and dispersion. Starting from available theoretical results from literature, they should
be investigated. The theoretical results should be validated numerically on some model cases.

Framework and State of the act

The spectral discontinuous Galerkin method applied to hyperbolic problems has been proposed
in several articles. For second-order partial differential equations with nonnegative characteristic
form, the paper of Houston, Schwab and Siili [10] presents a detailed error analysis. This class of
equations includes second-order elliptic and parabolic equations, advection-reaction equations, as
well as problems of mixed hyperbolic-elliptic-parabolic type.

In the article of Brezzi, Marini and Siili [4], the transport-reaction equation is treated with
special focus on different forms of the numerical flux. For the same equation, the reader can find
a dispersion and dissipation error analysis in the article of Ainsworth [2], also for a parametrized
numerical flux.

For the second order wave equation the spectral discontinuous Galerkin method is presented
in the paper of Ainsworth, Monk and Muniz [1]. Dispersive and dissipative properties are studied.

In the article of Monk and Richter [12] a symmetric hyperbolic time-dependent system is
considered. A space-time spectral discontinuous Galerkin method is presented followed by a
stability and convergence analysis.

89



90 CHAPTER 3. A POSTERIORI ESTIMATIONS FOR LINEAR HYPERBOLIC PROBLEMS

Techniques and Methods

The spectral discontinuous Galerkin method is applied to a scalar time-dependent transport equa-
tion and symmetric linear hyperbolic system. In the time-dependent case, the time discretisation
could be subject to a further project. For both cases, a Matlab code is developed. For the case
of the symmetric linear hyperbolic system, the reader will find the code in Appendix A. Exact
integration is used by employing Maple commands in Matlab. Thereby we avoid possible errors
due to numerical integration.

Innovation and Original Elements

The most original and innovative parts of this work are the convergence analysis, section 1.4.2
and 2.8, and the a posteriori estimation in section 3.3. All three sections are based on two lemmas
quoted from the literature [10]. The main idea of section 1.4.2 is inspired by [5], where the same
idea is used for a different method. Section 2.8 is fully worked out in this project. The a posteriori
estimation of the SDG-method for linear hyperbolic systems and its convergence result (Theorem
3.9) are inspired by the article of Houston and Siili [11]. Theorem 3.13 is completely worked out
in the context of this project.

The Matlab codes of all different problems as well as all numerical results are developed in
the context of this project.
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Appendix A

In the context of this work, many Matlab codes have been developed. It is not possible to specify
all codes. Here we list the Matlab code of the spectral discontinuous Galerkin method to solve a
linear hyperbolic system. For the computation of the matrix and the right hand side of the linear
system, symbolic calculation is used by employing Maple commands in Matlab. Since the poly-
nomial basis, the Legendre’s polynomials, are smooth enough. Thereby, we avoid possible errors
due to numerical integration.

0001
0002
0003
0004
0005
0006
0007
0008
0009
0010
0011
0012
0013
0014
0015
0016
0017
0018
0019
0020
0021
0022
0023
0024
0025
0026
0027
0028
0029
0030
0031
0032
0033
0034
0035
0036
0037
0038
0039
0040
0041
0042
0043
0044
0045
0046
0047

function Norm=DGHyperbolicSystems(handles)

%
%

o0 o

0@ oe

00 0P 0P oP O° o0 OO o0 o0 o0 o° o0 0P o

o0 oe

00 0P od° 0P oe

oe oe

00 00 0P oP P o0 o0 o0 o0 o0 o0 o0 0P o

o0 oe

00

Solve a
A

handles
a,b:
A,B:

m:

f:
ga,gb:
Nx:

N:
points:
pw:

uexact
sigma

EXAMPLE:

linear hyperboli system of the form
ux + Bu = f on I

is a handle that should contain:
I=(a,b)
the matrices of the above equation
the dimension of the hyperbolic system
the right-hand side of the above equation
the boundary conditions at a resp. b
number of subintervals on I
degree of polynomial approximation space for each subinterval
Nx+1 node points which define the subintervals
is true if f and uexact are given in the form of a
Maple statement
optional: the exact solution
necessary if the exact solution is known: constant such that
B+B’'-Ax >=sigma I > 0

'piecewise”

a=0; b =1; nx=3; n=4; m =2;
B = cell(2,2);

B{1,1} = '1';

B{1,2} = '0';

B{2,1} = '0';

B{2,2} = '1';

A = cell(2,2);

A{1,1} = '0";

aA{1,2} = '17;

a{2,1} = '17;

A{2,2} = '0";

f = cell(2,1);

£{1,1} = 'piecewise(x<.5,2*sinh(x),x>=.5,2*sinh(x)+4.5%(x-.5)"3.5+(x-.5)"4.5)";
£{2,1} = ’'piecewise(x<.5,2*cosh(x),x>=.5,2%cosh(x)+4.5%(x-.5)"3.5+(x-.5)"4.5)";

ga = zeros(2,1);

ga(l,1) = 1;

ga(2,1) = 1;

gb = zeros(2,1);

gb(1l,1) = exp(l)+.574.5;
gb(2,1) = exp(-1)+.574.5;
uexact = cell(2,1);

uexact{l,1} = [’'piecewise(x<.5,exp(x),x>=.5,exp(x)+(x-.5)"4.5)"'];
uexact{2,1} = [’'piecewise(x<.5,exp(-x),x>=.5,exp(-x)+(x-.5)"4.5)"];
sigma = 1;

pw=1;
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0048
0049
0050
0051
0052
0053
0054
0055
0056
0057
0058
0059
0060
0061
0062
0063
0064
0065
0066
0067
0068
0069
0070
0071
0072
0073
0074
0075
0076
0077
0078
0079
0080
0081
0082
0083
0084
0085
0086
0087
0088
0089
0090
0091
0092
0093
0094
0095
0096
0097
0098
0099
0100
0101
0102
0103
0104
0105
0106
0107
0108
0109
0110
0111
0112
0113
0114
0115
0116

% This program needs the following M-files:
%

% Beni Stamm, EPFL/SB/IACS/CMCS, Jan. 2005
%% Initialization

a = handles.a;

b = handles.b;

A = handles.A;

B = handles.B;

m = handles.m;

f = handles.f;

ga = handles.ga;

gb = handles.gb;

Nx = handles.nx;

N = handles.n;

pw = handles.pw;
uexact = handles.uexact;
points = handles.points;
nhelp = size(N);

% input dimension test
if (nhelp(l) =m || nhelp(2) =Nx)
disp('false dimensions of N')
return;
end
if (points(l) =a || points(Nx+1l) =b)
disp(’'false values of points at extremeties’)
return;
end

% define constants for visualization
NumberOfVisualizationPoints = 100;

% define constants
for i=1:Nx
hx(i) = points(i+l)-points(i);

dgnormld, modstring

PointsPerInterval(i) = round(NumberOfVisualizationPoints*hx(i));

VisH = 1/NumberOfVisualizationPoints;
end
Nmax=max (max(N));
Nsize = 0;

% get MMinus at a and b
LambdaPlus = zeros(m,m);
LambdaMinus = zeros(m,m);
MMinusAtA = zeros(Nx+1l,m,m);
MMinusAtB = zeros(Nx+1l,m,m);
SAtA = zeros(m,m);

SAtB = zeros(m,m);

PlusAtA = ones(m,1);

PlusAtB = zeros(m,1l);

for k=0:Nx
x = points(k+1l);
for i=1:m
for j=1l:m
if (pw)

AatX(1i,j)=str2num(maple(’eval’,A{i,j},[’'x=' num2str(x,15)]1));

else
AatX(i,j)=eval(A{i,j});
end
end
end
[VectPr,ValPr]=eigs(AatX);
for i=1l:m
if (valPr(i,i) >= 0)
LambdaPlus(i,i) = ValPr(i,i);
if k==
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0117 PlusAtA(i) = 0;

0118 end

0119 if k==Nx

0120 PlusAtB(i) = 1;

0121 end

0122 else

0123 LambdaMinus(i,i) = ValPr(i,i);

0124 end

0125 % computations for Nsize

0126 if(k>0)

0127 Nsize = Nsize + N(i,k) + 1;

0128 end

0129 end

0130 APlus = VectPr*LambdaPlus*VectPr’;

0131 AMinus = VectPr*LambdaMinus*VectPr';

0132 % negative part of -A as absolute value

0133 MMinusAtA(k+1l,:,:) = APlus;

0134 % negative part of A as absulute value

0135 MMinusAtB(k+1l,:,:) = -AMinus;

0136 if (k==0)

0137 % positive and negative part of -A as absolute value
0138 MatA = VectPr*(LambdaPlus - LambdaMinus)*VectPr’;
0139 MPlusA = -AMinus;

0140 SAtA = VectPr;

0141 end

0142 if (k==Nx)

0143 % positive and negative part of A as absolute value
0144 MatB = VectPr*(LambdaPlus - LambdaMinus)*VectPr’;
0145 MPlusB = APlus;

0146 SAtB = VectPr;

0147 end

0148 end

0149 Mhelpl = zeros(m,m);

0150 Mhelp2 = zeros(m,m);

0151 Mhelpl(:,:) = MMinusAtA(l,:,:);
0152 Mhelp2(:,:) = MMinusAtB(Nx+1l,:,:);
0153

0154 % additional stuff

0155 Ga = ga;

0156 Gb = gb;

0157 ga=-2*Mhelpl*ga;

0158 gb=-2*Mhelp2*gb;

0159

0160 % determine if exact solution is known
0161 exact = false;

0162 SizeOfU = size(uexact);

0163 if (SizeOfu ~= [0 0])

0164 exact = true;

0165 Lnorm2 = 0;

0166 DGnorm2 = 0;

0167 DGnorm2All = 0;

0168 Lnorm2All = 0;

0169 sigma = handles.sigma;

0170 Lhandles.hx = hx;

0171 Lhandles.Nx = Nx;

0172 Lhandles.MMinusAtA = MMinusAtA;
0173 Lhandles.MMinusAtB = MMinusAtB;
0174 Lhandles.MatA = MatA;

0175 Lhandles.MatB = MatB;

0176 Lhandles.m = m;

0177 Lhandles.pw = handles.pw;

0178 Lhandles.a = aj;

0179 Lhandles.uexact = uexact;

0180 Lhandles.points = points;

0181 end

0182

0183 % load maple orthogonal polynomials
0184 maple(’'with’,’orthopoly’)
0185
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0186 % Phi at -1 and 1

0187 PhiAtA = zeros(Nmax+1l,1);

0188 PhiAtB = zeros(Nmax+1l,1);

0189 for i=0:Nmax

0190 PhiAtB(i+1l)=sqrt((2*i+l)/2);

0191 PhiAtA(i+l)=sqrt((2*i+1)/2)*(-1)"1i;

0192 end

0193

0194 % define matrices

0195 AA = zeros(Nsize,Nsize);

0196 C = zeros(Nsize,Nsize);

0197 D = zeros(Nsize,Nsize);

0198 E = zeros(Nsize,Nsize);

0199 F = zeros(Nsize,l);

0200

0201

0202

0203 % loop over intervals

0204 Ind = 0;

0205 Jnd = 0;

0206 IndStart = 1;

0207 JndOld = 1;

0208 JndMinus = 1;

0209 JndPlus = 0;%sum(N(:,1))+m;

0210 for k=1:Nx

0211 invTransX = [’2/(' num2str(hx(k),15) ’)*(x-’' num2str(points(k),15) ")-1'1];
0212 IntReg = [’'x=' num2str(points(k),15) ’'..’ num2str(points(k+1),15)];
0213

0214 JndMinusO0ld = JndOld;

0215 Jndold=Jnd+1;

0216

0217 % loop over first system index

0218 for i=1:m

0219 % loop over first polynomial order

0220 for j=0:N(i,k)

0221 Ind = Ind + 1;

0222 Jnd = JndOld-1;

0223 JndMinus = JndMinusOld - 1;

0224 phi_j = [num2str(sqrt((2*j+1)/2),15) '*(’' maple(’'P’,j,invTransX) ’)’'];
0225 % loop over second system index

0226 for kk=1:m

0227 % loop over second polynomial order

0228 for 1=0:N(kk,k)

0229 Jnd = Jnd + 1;

0230 phil = [num2str(sqrt((2*1+1)/2),15) '*(’' maple(’'P’,1l,invTransX)
0231 phi_l prime = maple(’'diff’,phil,'x");

0232

0233 % (Bu,v)

0234 % integaration

0235 str = ["(" phil ")*(" B{i,kk} ’")*(’ phij ")’1;

0236 maple([’'func:=(x)->’ str 1);

0237 intstr = maple(’int’,’func(x)’,IntReqg);

0238 C(Ind,Jnd)=str2num(intstr);

0239

0240 % (Aux,Vv)

0241 str = ['(’ phi_lprime ’)*(’ A{i,kk} ’)*(’ phij ")’1;
0242 maple(['func:=(x)->' str]);

0243 intstr = maple(’int’,’func(x)’,IntReg);

0244 D(Ind,Jnd)=str2num(intstr);

0245

0246 % (M-[u],v)

0247 E(Ind,Jnd)=PhiAtA(1+1)*MMinusAtA(k,kk,i)*PhiAtA(j+1)...
0248 +PhiAtB(1+1)*MMinusAtB(k+1,kk,i)*PhiAtB(j+1);
0249 end

0250 % shifted term

0251 if (k>1)

0252 for 1=0:N(kk,k-1)

0253 JndMinus = JndMinus+1l;

0254 E(Ind,JndMinus)=-PhiAtB(1+1)*MMinusAtA(k,kk,i)*PhiAtA(j+1);

)"
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0255 end

0256 end

0257 if k<Nx

0258 if i==1 && j==0 && kk==

0259 JndPlus = JndPlus + sum(N(:,k)) + m;
0260 end

0261 for 1=0:N(kk, k+1)

0262 JndPlus = JndPlus + 1;

0263 E(Ind,JndPlus)=-PhiAtA(l+1)*MMinusAtB(k+1,kk,i)*PhiAtB(j+1);
0264 end

0265 end

0266 end

0267 JndPlus = Jnd;

0268

0269 % (£,v)

0270 s=maple(’'P’,Jj,invTransX);

0271 str = [/(" £{i,1} ")*(" s ")'1;

0272 ff = sqrt((2*j+1)/2)*str2num(maple(’int’,str,IntReqg));
0273 F(Ind) = ff;

0274 if (k==1)

0275 F(Ind)=F(Ind)-.5*ga(i,1)*PhiAtA(j+1);
0276 end

0277 if (k==Nx)

0278 F(Ind)=F(Ind)-.5*gb(i,1)*PhiAtB(j+1);
0279 end

0280 end

0281 end

0282 % create grid

0283 for i=0:PointsPerInterval (k)

0284 X(k,i+1l) = points(k) + i*VisH;

0285 end

0286 end

0287 AA = C+D+E;

0288

0289 % solve linear system

0290 U = gmres(AA,F,20,10e-15,500);

0291

0292 Ind = 0;

0293 IndD = 0;

0294

0295 % get solution in form of string

0296 for k=1:Nx

0297 invTransX = ['2/(’ num2str(hx(k),15) ’)*(x-’' num2str(points(k),15) ")-1'1;
0298 x0str = maple(’eval’,points(k));

0299 x0strPlus = maple(’eval’,points(k+1));

0300 xeq = ['x=' x0str '..’ x0strPlus];

0301 % loop over system index

0302 for i=1:m

0303 % loop over order of basis

0304 for j=0:N(i,k)

0305 Ind = Ind + 1;

0306 if (j==0)

0307 Ufunc(k,i) = {[’(’ num2str(U(Ind),15) '*’ num2str(sqrt((2*j+1)/2),15)
0308 "% (' maple('P’,0,invTransX) '))’1};

0309 else

0310 Ufunc(k,i) = {[char(Ufunc(k,i)) ’'+(’ num2str(U(Ind),15) ...
0311 7% num2str(sqrt((2*j+1)/2),15) '*(’' maple(’'P’,j,invTransX) "))’'1};
0312 end

0313 end

0314

0315 % evaluation on grid for visualization

0316 ffunc = ModString(char(Ufunc(k,i)));

0317 x = X(k,1l:PointsPerInterval(k)+1);

0318 z=eval (ffunc);

0319 if (size(z)==[1 1])

0320 sX = size(x);

0321 v(k,i,1:PointsPerInterval(k)+1l) = z*ones(sx(l),sx(2));

0322 else

0323 v(k,i,1l:PointsPerInterval(k)+1)

Z;
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0324 end

0325

0326 if (exact)

0327 % L2norm

0328 maple([’'func:=(x)->’ num2str(sigma,15) '~.5%((’ char(uexact(i,1l))...
0329 ")=(" char(Ufunc(k,i)) "))"2"'1);
0330 nstr = maple(’'int’,'func(x)’,xeq);
0331 Lnorm2(k,i) = str2num(nstr);

0332 Lnorm2All = Lnorm2All + Lnorm2(k,i);
0333 end

0334 end

0335 if (exact)

0336 % DG part of norm

0337 Lhandles.Ufunc = Ufunc;

0338 Lhandles.k = k;

0339 DGnorm2 (k) = DGnormld(Lhandles);

0340 DGnorm2All = DGnorm2All + DGnorm2(k);
0341 if k<Nx

0342 Lnorm2(k+1,:) = zeros(l,m);

0343 DGnorm2 (k+1) = 0;

0344 end

0345 end

0346 end

0347 figure(1l)

0348 clf;

0349

0350 %% visualization
0351 vv = zeros(1l,PointsPerInterval(k)+1);
0352 for i=1l:m

0353 subplot(m,1,i)

0354 for k=1:Nx

0355 vv = zeros(l,PointsPerInterval(k)+1l);
0356 vv(l,1l:PointsPerInterval(k)+1)=v(k,i,l:PointsPerInterval(k)+1);
0357 plot(X(k,l:PointsPerInterval(k)+1),vv)
0358 hold on;

0359 end

0360 end

0361

0362 save Ufunctions Ufunc

0363

0364 if (exact)

0365 Norm(1l) = sqrt(Lnorm2All);

0366 Norm(2) = sqrt(DGnorm2All);

0367 Norm(3) = sqrt(Lnorm2All+DGnorm2All);
0368 Norm
0369 norm=sqrt (DGnorm2+sum(Lnorm2’));

0370 end



