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ASYMPTOTIC ANALYSIS FOR GREEN FUNCTIONS OF
AHARONOV-BOHM HAMILTONIAN WITH APPLICATION
TO RESONANCE WIDTHS IN MAGNETIC SCATTERING

HipbEo TAMURA

ABSTRACT. The Aharonov—Bohm Hamiltonian is the energy operator
which governs quantum particles moving in a solenoidal field in two di-
mensions. We analyze asymptotic properties of its Green function with
spectral parameters in the unphysical sheet. As an application, we dis-
cuss the lower bound on resonance widths for scattering by two magnetic
fields with compact supports at large separation. The bound is evalu-
ated in terms of backward scattering amplitudes by a single magnetic
field. A special emphasis is placed on analyzing how a trajectory os-
cillating between two magnetic fields gives rise to resonances near the
real axis, as the distance between two supports goes to infinity. We also
refer to the relation to the semiclassical resonance theory for scattering
by two solenoidal fields.

1. Introduction

In the present paper we develop an asymptotic analysis for the Green
functions of magnetic Schrodinger operators with spectral parameters in
the unphysical sheet (the lower half plane of the complex plane C). As an
application, we study the scattering by two magnetic fields with compact
supports at large separation in two dimensions, and we analyze how a tra-
jectory oscillating between two magnetic fields gives rise to resonances near
the real axis when the distance between two supports goes to infinity. We
give a sharp lower bound on resonance widths in terms of backward scat-
tering amplitudes by a single magnetic field. We restrict ourselves to the
two dimensional case throughout the whole exposition. This is the most in-
teresting case in magnetic scattering. It is due to the topological feature of
dimension two that vector potentials associated with fields compactly sup-
ported do not necessarily have compact support but they generally fall off
slowly at infinity.

We shall formulate the problem more precisely. We write
2
(1.1) H(A) = (=iV = A)? =) " (=i0; —a;)*, 0;=0/0u;
j=1
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for the magnetic Schrodinger operator with vector potential A = (aj,as2) :
R? — R?. The magnetic field b : R?> — R associated with the potential A
is defined by

b(a:) =V X A(:L’) = 81&2 — 82a1
and the magnetic flux of b is defined by
1
T om
where the integration with no domain attached is taken over the whole space.
We often use this abbreviation.

a b(x)dz,

The Aharonov—Bohm Hamiltonian in the title is the energy operator
which governs quantum particles moving in a solenoidal field (point-like
field) in two dimensions. This model was employed by Aharonov and Bohm
([4]) in 1959 in order to convince us theoretically that a magnetic poten-
tial itself has a direct significance in quantum mechanics. This phenome-
non unexplainable from a classical mechanical point of view is now called
the Aharonov-Bohm effect, which is known as one of the most remarkable
quantum phenomena. The first half of this work is devoted to studying as-
ymptotic properties of the Green function with spectral parameters in the
unphysical sheet for the Aharonov—Bohm Hamiltonian. We now consider
the operator

(1.2) Kup = H(a®), a € R,
where ® : R — R? is defined by
(13)  @@) = (—aa/lof 2 /|of?) = (~0s log |x],0 log |z .

The potential above defines the point—like field
V x ® = (0,01 1og |x| + 0202 log |z|) = Alog |x| = 27w (x)

with center at the origin, and the real parameter o denotes the magnetic flux
of potential a®. The symmetric operator Kap defined over C§° (R*\ {0})
is not necessarily essentially self-adjoint in the space L? = L?(R?) because
of the strong singularity at the origin of ®. We know ([1, 8]) that it is a
symmetric operator with type (2,2) of deficiency indices. The self-adjoint
extension is realized by imposing a boundary condition at the origin. Its
Friedrichs extension has the domain

(1.4) D= {u€L2 : (—iV — a®)?u e L?, |1'}m lu(z)] <oo},

z|—0
where (—iV — a®)?u is understood in D’ (R*\ {0}) (in the sense of dis-

tribution). We denote by the same notation K4p this self-adjoint realiza-
tion. The operator Kap is often called the Aharonov—-Bohm Hamiltonian
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in physics literatures, and the scattering by a solenoidal field is known as
one of the exactly solvable quantum systems. We make a quick review on
it in section 2. In particular, the scattering amplitude fap(w — 6; F) for
the scattering from the initial direction w € S to the final one 6 at energy
E > 0 is explicitly calculated as

1/2 ' .
(15) fAB(W — 0’ E) — <2) €Z7T/4E—1/4 Sin(aﬂ_)ez[a](g_w) €

T 1 — ei(0—w)’

1(0—w)

where the Gauss notation [a] denotes the greatest integer not exceeding «
and the coordinates over the unit circle S' are identified with the azimuth
angles from the positive x; axis. We denote by

Gap(Q) = (Kap — Q) ' L2 = L3(R?*) — L%, Im( >0,

the resolvent of Kap and by Gap(z, y; () the Green function (integral kernel)
of Ga((). The resolvent Gap(() can be seen to be analytically continued
over the lower half of the complex plane, and Gap(¢) with Im ¢ < 0 is well

defined as an operator from L2 to L2 _, where L2, and L% denote the

spaces of square integrable functions with compact support and of locally
square integrable functions over R?, respectively. We write y(x;w) = v(&;w)
for the azimuth angle from w € S to 2 = z/|z| and use the notation - to
denote the scalar product in R2. Then the first main theorem is formulated
as follows.

Theorem 1.1. Let £ > 0 and 7y > 0 be fixed and let A > 1 be large
enough. Assume that ¢ = E —in satisfies 0 < n < 1o (log \) /\. Set k = ¢1/2
with Imk < 0 and

(1.6) o(E) = (87) V2 Ap1/4,
If x and y fulfill
AMe< o[ <ed, Ae<ly|<ceh, AMe<|z—y|[<cA

for some ¢ > 1, and if & and g satisfies & -y > 0, then Gap(z, y; () takes the
following asymptotic form

GAB (:U7 Y; C) = C(E)|£L’ - y|—1/2€ik|x—y\ (eia(’y(i;—g})—ﬂ') + elN(xv Y ga A))
+ c(B) (|zlly) /% e* el (fap(—j — &5 B) + ean (@, 55¢, N)
+ o\™), A — oo,
for any N > 1, where the remainder terms e;y and esy obey
(1.7) |00 e | + |00 ean| < Crumnv (log A)? A1 Inl=Iml

uniformly in x, y and (.
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We prove the theorem in section 3 and derive a similar asymptotic formula
for magnetic Schrodinger operators with smooth fields of compact support
in section 4. We add a brief comment on the asymptotic formula in the
above theorem. The first term on the right side describes the free trajectory
which goes from y to x directly without being scattered at the origin, while
the second term comes from the scattering trajectory which starts from y
and arrives at x after scattered at the origin.

The second half of the work is devoted to studying the resonance problem
in magnetic scattering as an application of Theorem 1.1. The resonance is
usually defined as a pole of resolvent when it is analytically continued from
the upper half of the complex plane over the lower—half plane. We can obtain
a sharp bound on resonance widths (imaginary parts of poles) in scattering
by two magnetic fields with compact supports at large separation. Let

b€ C°(R2— R), o — (27r)1/bj(ac) de, j=1,2,

be given two magnetic fields with fluxes oy and a9, and let

Aj(z) € C*°(R?* - R?), VxAi=b, j=12,
be the vector potentials associated with b;. Then we consider the operator
(1.8)  Hy= H(A4) = H(A1q+ Azg), Aju(x) = Aj(z —d;), d; € R%.

The second aim is to evaluate the resonance width asymptotically when the
distance |d| = |da — d1| between the two centers d; and dy goes to infinity.
The obtained result is formulated in terms of backward scattering amplitude
fj(w — —w; E) for the Schrodinger operator H; = H(A;) with potential A;.
We should note that vector potentials are not uniquely determined for given
magnetic fields, but it is easily seen that Schrodinger operators with the
same magnetic field are unitarily equivalent to one another. We are now in
a position to state the second main theorem.

Theorem 1.2. Let the notation be as above and let £ > 0 be fixed. Set
d = d/|d| for d = d2 — dy. Assume that at least one of two fluxes a; and
oo is an integer. Then, for any € > 0 small enough, there exists d.(E) > 1
large enough such that ( = E — in with

1/2
|d|

is not a resonance of Hy for |d| > d.(E).

0<n< {10g\d\—log‘fl(—dﬁd;E)fz(dﬁ—J;E)‘ —6}

We prove the theorem in sections 5 and 6. We can obtain the precise
information on the distribution near the real axis of resonances in the course
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of the proof. In fact, we can establish

o2ik|d| o R R
(1.9) T fil(—=d = d:E)fo(d —» —d: E) =1, k=(¢"? Imk<0,
as the relation which determines the location of resonance approximately.
We have to say a word on the assumption that at least one of two fluxes
is an integer. Unfortunately, the proof makes essential use of this technical
assumption. However, the argument used for proving the theorem is helpful
as the first step toward the general case without such a restrictive assump-
tion, and the idea seems to have a room to be improved for this purpose.
We make a further comment on this matter in the last section (section 7).
Our aim is to study in an elementary way as far as possible how resonances
near the real axis are generated by classical trajectories oscillating between
two scatters at large separation.

We also explain the motivation of this work in section 7. The original mo-
tivation lies in the semiclassical theory for quantum resonances in magnetic
scattering by two solenoidal fields. We consider

(1.10) H, = (—ihV—0)*, 0<h<1,

where U = a1 ®(x — p1) + a2®(z — p2). This Hamiltonian governs the move-
ment of particles in two solenoidal fields 2ra;d(x—p1) and 2ragd(x—p2), and
it becomes self-adjoint under the boundary conditions lim,_, |0 [u(z)] <
oo at centers p; and ps. By a simple gauge transformation, the operator
turns out to be unitarily equivalent to

(1.11) Hy=H(P,), Ug=p@—di)+ ped(x—d),

where d;j = p;/h and B; = «;/h — [a;j/h]. Thus the problem is reduced to
the case where the distance

|d| = |d2 — di] = [p2 —p1|/h > 1

between two centers d; and ds is sufficiently large. In the special case that
at least one of a1/h and ao/h is an integer, H, further becomes unitarily
equivalent to a Hamiltonian with a single solenoidal field, and hence H, has
no resonances (see section 2). The classical system of particles moving in
two solenoidal fields has closed trajectories oscillating between centers of
fields. For this reason, we are interested in the case without the technical
assumption to see how such trapped trajectories give rise to resonances
near the real axis. In the previous works ([16, 25]), we have developed the
semiclassical asymptotic analysis for scattering quantities such as amplitudes
and spectral shift functions for the operator H} above to study the relation
between the Aharonov—Bohm effect in quantum mechanics and the trapping
phenomenon in classical mechanics. The resonance problem remains open.
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The resonance problem is one of the most active fields in scattering theory
at present. There are a large number of works devoted to the semiclassical
theory on resonances near the real axis generated by closed classical trajec-
tories. An extensive list of references can be found in the book [12], and the
paper by [22] is an excellent exposition on this subject. In particular, the
semiclassical problem of shape resonances has been studied in detail, and
upper or lower bounds on the resonance width and its asymptotic expansion
in h have been obtained by many authors [6, 7, 9, 10, 11, 18] under various
assumptions. Theorem 1.2 above gives a new type of lower bound in which
backward scattering amplitudes are involved.

2. Scattering theory for Aharonov—-Bohm Hamiltonian

We here make a quick review on the scattering by a solenoidal field. As
stated in section 1, the scattering by such a field is known as one of the
exactly solvable models in quantum mechanics. We refer to [1, 2, 4, 8, 15, 21]
for more detailed expositions.

We begin by calculating the eigenfunction to the problem

Kapyp = E ¢, é}go ()] < oo,

with energy E > 0 as an eigenvalue for the self-adjoint operator Kap defined
by (1.2) with domain (1.4). The operator is rotationally invariant. To do
this, we work in the polar coordinate system (r,6). Let U be the unitary
mapping defined by

(Uw)(r,0) = r/?u(rd) : L* — L*((0,00);dr) @ L*(SY).

If we write ), for the summation ranging over all integers {, then U enables
us to decompose K 4p into the partial wave expansion

(2.1) Kap ~UKapU*=>_ & (kjap®Id),
l
where Id is the identity operator and

kl7AB:—aE+(V2—1/4)T_2, VvV = |l—O¢|,

is self-adjoint in the space L?((0,00);dr) under the boundary condition
lim, o7~ Y2u(r)| < oo at 7 = 0. We again write v(x;w) for the azimuth
angle from w € S! to & = z/|z| and use the notation - to denote the scalar
product in R?. Then the outgoing eigenfunction ¢ AB(7;w, E) with w as
an incident direction at energy E > 0 is calculated as

(2.2)  gpaB(riw, B) =Y exp(—ivm/2) exp(ily(z; —w))J,(E'/?|x])
l
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with v = |l — «, where J,,(2) denotes the Bessel function of order p. The
eigenfunction ¢ ap behaves like

pran(:iw, B) ~ golwiw, B) = exp (iB"/% - w)

as |z| — oo in the direction —w (r = —|z|w), and the difference ¢ 1o — o
satisfies the outgoing radiation condition at infinity. On the other hand, the
incoming eigenfunction ¢_ap(z;w, E) is given by

(2.3) o_ap(z;w, E) = Z exp(ivm/2) exp(ily(z; w))J, (EY?|z)),
l

which behaves like ¢_ap ~ @o(z;w, F) as |z| — oo in the direction w.

We decompose ¢ ap into the sum
P+AB(T;w, E) = gin (25w, E) + ¢sc(z;w, E)

of incident and scattering waves to calculate the scattering amplitude
through the asymptotic behavior at infinity of scattering wave @g.. The
idea is due to Takabayashi ([19]). We set 0 = o(z;w) = y(z;w) — 7. Then
we have
pias =Y e V2N (B a)), v=]l-al
l

If we further make use of the formula e_i“”/QJu(z'w) = I,(w) for the Bessel
function
1 " w cos € : > —w cosh p—
(24) I(w)=— e cos(u&) d¢ — sin(pm) e PTHP dp
0 0

™

with Rew > 0 ([26, p.181]), then ¢4 ap takes the form

Zeila / e_i\/EmCOS&COS(VE) d¢
0

l

(2.5) YIAB =

A= 2

00

E :ezla sin(wr) / ezx/E|:1:|coshpe—z/p dp.
0

l

We now take the incident wave i, as

SDin<~T;W7 E) _ elaUQO()(JJ;w, E) _ ezaaezx/ﬁ|m|cosw(x;w) _ ezaae—Z\/E|x|coso"

which is different from the usual plane wave ¢o(x;w, E). The modified factor
e'*? appears because of the long—range property of the potential ®(x) defined
by (1.3). Since the azimuth angle v(x;w) fulfills the relation

(2.6) Vy(aiw) = (—a2/|zf? 21/|2?) = (x),
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the factor may be interpreted as the change of phase

0
/l ad®(y) - dy =« / (d/ds)y(z + sw;w)ds = a(y(z;w) — 7) = ao(z;w)

—0o0
which the potential a® causes to the particle moving in the direction w
according to the Aharonov-Bohm effect, where I, = {y =2 + sw}. The
incident wave admits the Fourier expansion

Pin = i Zez‘la /7T piok—ivElx| cos€ ,—~il€ de
2 ; r

_ l Zeila / e—i\/E|x|cos§COS(V§) de,
T 0
l
and this, together with (2.5), yields

2.
1 . oo
Yse(T;w, E) = —— Z ello sin(v) / ¢iVElz|coshp —vp dp.
T 0
l

We compute the series

Z el VP sin(vmr) = + el7e="P sin(vrr)
l

I<[a] 1>[a]+1

1+ e t0ePp 1+ e toep

—ap (,io ,p [o] ap (,io ,—p [o]
_ smm)(—l)[“]{e e, e iere) }

for |o| < . Thus we have

Pse = _sin(om) (_1)[a] ei[a]a /OO ei\/E|:L‘|COShp e—ép dp

m oo 1+ e e P
with 8 = a — [a]. We apply the stationary phase method to the integral
on the right side. Since @) = i(V(@w)=m) — _¢i(0=w) by jdentifying
0 = z/|z| = & € S! with azimuth angle 0, we see that s, obeys

pse(w;w, B) = fan(w — &3 E)eVEll[712 4 o[ 71/2), || — oo,

where fap(w — 0; F) is defined by (1.5) for 6 # w. The quantity fap(w —
0; F) is called the amplitude for the scattering from the initial direction
w € St to the final one 6 at energy E > 0. If, in particular, the magnetic
flux « is an integer, then the amplitude fap(w — 6; E) = 0.

We calculate the Green function Gap(z,y;() of resolvent Gap(() =
(Kap — ¢)~! with Im¢ > 0. Let k = ¢Y/2, Tmk > 0, and let kyap be as in
(2.1). Then the equation (kAo —()u = 0 has (T1/2JV(]{3T),T1/2HV(/€T))
with Wronskian 2i/7m as a pair of linearly independent solutions, where
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H,(z) = H,Sl)(z) denotes the Hankel function of the first kind. Thus
(k1aB — C)_l has the integral kernel

gan(r, p; Q) = (im/2) ' 2p 20, (k(r A p)) Hy (k(rV p)), v =[l-al,

where 7 A p = min (r, p) and r V p = max (r, p). Hence the Green function
of Gap(() in question is given by

2.7 Gas(z,y;¢ Ze”(e “Jy (k(|2 A lyD) Hy (k(lz] V Jy])

with = |z|0 and y = |y|w. This makes sense even for ¢ in the lower half of
the complex plane by analytic continuation. Then Gap(¢) with Im ¢ <0 is
well defined as an operator from L2, to LZ . If, in particular, ( = E > 0
is real, then it is known by the principle of limiting absorption that the
boundary value

GaB(E) = GA(E +i0) = hﬂf)lGAB(EHa) L2 L2, s> 1/2,
3

to the positive axis becomes a bounded operator form the weighted L? space
L2 = L* (R?% (z)* dx) to L2, where (z) = (1 + |x|2)1/2. Thus the operator
GaB(¢) does not have any poles, and we can say that the Aharonov—Bohm
Hamiltonian Kap has no resonances. We do not discuss the resonance at
Z€ero energy.

3. Green function of Aharonov—Bohm Hamiltonian

The present section is devoted to proving Theorem 1.1. The proof is done
by use of the stationary phase method. However phase functions are not
necessarily real valued, so that a little attention should be paid in applying
the method to oscillatory integrals. For brevity, we write G(x,y; () for the
Green function G4p(z,y;() defined by (2.7) with ( = E — in throughout
the section. Before going into the proof, we derive the basic representation
for G(x,y; (). The derivation is based on the following formula

1 [rfieo t  Z%4 22 Zz\ dt
H,UL(Z)J,L(z):E/0 exp{i— 5 }IM(7> - =12,

for the product of Bessel functions (26, p.439]), where the contour is taken
to be rectilinear with corner at x 4+ i0, k > 0 being fixed arbitrarily. We
apply this formula with Z = k (|z| V |y|) and z = &k (|z| A |y|) to obtain that

riieo t 22+ 27 Zz\ dt
220 Z -1 =
(3.1)  G(z,y;¢ E e’ / exp{2 57 }I,,( ; ) ;
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with v = |l — «, where 1) is defined by ¢ = 0 — w for x = (|z| cos b, |z|sin )
and y = (|y|cosw, |y|sinw) in the polar coordinates. We are now in a
position to prove Theorem 1.1.

Proof of Theorem 1.1. We fix M > 1 large enough and take

k= M?log \
in the contour of integral (3.1). We further take 0 < §, ¢ < 1 small enough.
Then we divide (3.1) into the sum of integrals over the following five intervals
by the partition of unity : (0) 0 <t < k and
(3.2) (1) 0<s<2X70 (2) A0 <5 < 2e),

(3) eA<s<2MA, (4) MA<s

for t = k+1s. We evaluate the integral over each interval. The leading term

comes from the integral over interval (3). By assumption, k? = ( = E — in
with 0 <7 <o (log\) /\. If t = k + is satisfies (1), (2) or (3), then

Z Er —
33 Re(ZF) =Re(§ ) lellyl = 5 lell > 0

for k as above.

(i) We first evaluate the integral

t 72?422 Zz\ dt

» W [l 2N ()

(@5:) = Ze TPl T t )
over the real interval (0, /i) and show that it obeys the bound O(A™N) for
any N > 1. We calculate the series >, ¢?¥I,,(Z2/t) in the integral. To do
this, we use the integral representation (2.4) for I,,(w) with Rew > 0. Since

Rew = E|x||ly|/t > 0 for w = Zz/t, (2.4) enables us to decompose the series
into the sum

(3.4) Z empl Z ezwffr v(w) + Z emp[sc u(

where I, (w) a,nd Ise,,(w) are defined by

1 | N
Ifr,u - - / e’ cos§ COS(I/g) dg, ISC’U = _SlIl(VT{') / e~ W coshp—vp dp
™ Jo 0

™

with v = |l — a. A simple calculation yields
1 g , ~
Ifr V(w) - / W cos £€za£€—zl§ df
’ 2 J_,
and hence we have

(3.5) Ifr Zezlwlﬁy(w) _ ewcosw zaﬂ” |¢| <,
l
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by the Fourier expansion, where ) = 6 — w is written as ¢ = v(&; —y) — .
On the other hand, the second series on the right side is computed as in the

same way as in section 2, and we see that the series is convergent to
. ~ s
(36)  Le(w) = SO ) / weoshp __ €7
— 00

—d
14 e-ie—p P

™

with 6 = a — [a], 0 < 8 < 1. By assumption, & - ¢ > 0. This implies that
—71/2 < =0 —w < m/2, and hence the denominator 1 4 e~*e™P never
vanishes even for p = 0. Thus Go(z,y; () is decomposed as

(3.7) Go(z,9;¢) = G o(2,y; C) + Gseo(2, 95 ),
where G o and Gy o are defined by

1 [ t 724 22 722\ dt
T » Y5 = P Ir
Gro(z,y;Q) 47T/0 eXP{2 57 } f ( ; >

t

1 [F t 724 2 Zz\ dt

Gsc ' Ys = - - — L. — ) —.
0@ y:6) 47r/0 eXp{2 ot } <t> /

By (3.5), we have

1 . K t  Z?—2Zzcosv + 22 dt
. _ o) _ —
(38) Gfr,O(xa Y; C) A7 € /O exp { 2 2t }

and
Z? —2Zzcostp + 22 =k o —y* = Cla —y*.
Thus it follows by assumption that

)
exp{z - MH =0 (AM2/2> exp(—cA?/t), ¢>0,

2 2t

for 0 < t < k. This shows that G o(z,y;¢) obeys O(A™Y). A similar
argument applies to Ggco(z,y;¢). We have

{ t  Z24+22  Zz
exp

L _ M?2/2 12
5 57 ; coshp}‘ O()\ )exp( cA°/t), ¢>0,

uniformly in p € R, so that Gs.o(z,y; () also obeys O(A™N).

The integral over interval (1) in (3.2) is controlled in exactly the same way
as above. The decomposition (3.7) holds true with interval (0, k) replaced
by (k + 10, & + i2A'7%), and also we have by (3.3) that

t  (lx —y[z t Z°+22 Zz 5
— 2 g A4 — = 7 =% cosh < (— )
exp{2 2 exp 5 5 : coshp exp | —cA

for t = k +1is with 0 < s < 2A17%. Hence the bound O(A~") is obtained for
the integral over interval (1) in (3.2).
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(7i) We show that the integral over interval (2) in (3.2) is negligible. The
integral admits a decomposition similar to (3.7) with interval (0, k) replaced
by (k4 iA7% Kk + i2e)). We may assume that the integrand vanishes in a
neighborhood of the end points of interval. We write the integrand of the
first term as

2
exp to Gz —ylP | _ ez (urivy2 _ N /2(urtiv) /2

2 2t
where

u(t) = —Re(¢/t)|z —y*, v(t) =s—Im((/t)]x -yl

Since 0 < 7 < no (log\) /A and kK = M?log XA with M > 1, Re((/t) and
Im(¢/t) behave like

Re(¢/t) = (Ek —ns) [ (k% + §°) ~ BEx/s* > 0
(3.9) Im(¢/t) = — (Es+nk)/ (/-@2 + 32) ~—F/s<0
for M179 < s < 2e\. We can take ¢ > 0 so small that 9,0 < —c¢ < 0.
As is easily seen, e" satisfies |00'e"| = O(]t|”™). Thus we make repeated
use of partial integration to obtain that the integral of the first term obeys

O(A™N) for any N > 1. We look at the second term in the decomposition.
The integrand has

t Z2 + 2'2 Zz M2/2 (utiv)/2
exp{§— o7 }exp{—T coshp}—/\ e
as an oscillatory term, where
u(t) = —Re(¢/t) (|=* + [y[*) — 2Re(¢/)[2||y| coshp
v(t) = s —Im(¢/t) (Jof* + |y[*) — 2Im(¢/t) |||y cosh p.

If we take account of (3.9), we can obtain the bound O(A~") uniformly in
p again by repeated use of partial integration.

(7i1) We shall show that the integral over interval (4) in (3.2) is also
negligible. The representation (2.4) does not make sense any longer, because
Re (Zz/t) is not necessarily nonnegative for t = k +is with s > M. To see
this, we use the other integral representation

e—i,uﬂ'/ 2

(3.10) I,(w) = /0 cos (u€ —iwsin&) d¢

™

6—73,u7r/2

(o.e]
Sin(mr)/ e~ twsinhp=pp gy - T <0,
0

which is obtained from formula I,(w) = e~*/2],(iw) ([26, p.176]). We
insert I,(Zz/t) into (3.1) and evaluate the integral for each [ with |I| < 2.
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The resulting integral is represented as a sum of three oscillatory integrals.
One of these integrals has the term

t 72422 Lz L 50
exp \ 5 57 exp | —i—=sinhp ), p>0.
We have taken k = M?log A with M > 1 and ( = E —in with 0 < n <
no (log A) /A. We write the above term in the form AMP[2(uti0)/2 yhere
u(t) = —Re(¢/t) (l2* + Iy[*) + 2 (Im(¢/t) — iRe(¢/t)) ||ly| sinhp

and v(t) = s — Im(¢/t) (|z|* + |y|°) with ¢t = k + is. Then Re(¢/t) and
Im({/t) behave like

Re(C/t) = (Ex — 5s) / (% + 52) ~ —n/s < 0

Im((/t) = — (Es+nk) [/ (k* +8°) ~ —E/s <0
as s — 0o. Thus we have 9,0 > ¢ > 0 and

05| = O(Jt|™™) (log A)™ e 18

for some L > 1 uniformly in z, y and p. Hence we can show by repeated use
of partial integration that the integral obeys the bound O(A~") uniformly
in [ with |I| < A\2. A similar argument applies to the other two integrals
having the terms

t 722422 Z
exp{g— +z }exp(:l:TZsinﬁ), 0< &<

2t
We consider only the term with (Zz/t)sin¢ and write it as AM?[2(utiv) /2,
where

u(t) = —Re(¢/t) (J21* + [y[*) +Re(2¢/1)|z[ly| siné
v(t) = s —Im(¢/t) (|2* + |yl*) + Im(2¢/t)|||y| sin €

with t = k 4+ is. Thus repeated use of partial integration again yields the
bound O(A™"). To see that the sum over | with |I| > A\? is negligible, we
make use of the representation formula ([26, p.172])

(3.11) L) =7, +(lf//22))r(1/2) /_1 e (1—p?)" " dp

for u > 0. Since |w| = |Zz/t] = O(\) and
™| = 0 (6|Re<</t>||x||y\) —0 (em> o lpl <1,

for some L > 1, it follows from the Stirling formula T'(y) ~ (27)/2e=#pur=(1/2)
for ;1 > 1 that the sum over [ with |I| > A\? makes no contribution. Thus we
have shown that the integral over interval (4) in (3.2) is negligible.
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(iv) The proof is completed in this step. We calculate the leading term
which comes from the integral over interval (3) in (3.2). Let go € C5°(0, 00)
be a nonnegative smooth cut—off function such that

supp go C (¢,2M), go=1 on [2e, M].

We now combine all the results obtained in steps (i) ~ (iii) to see that the
Green function G(x,y;() in question behaves like

G(z,y;¢) = Gu(2,4;¢) + Gee(7,:0) + OAY), A — o0,

where
. 0o 20 12
Gy = = e“w/ exp {E _ ke —y } go(s/A) d
G _ b OOeXp t_ k2 (| + |y?) I K2 2llyl\ go(s/A) J
“ar 2 2 s t ¢

with t = k + is, and Is.(w) is defined by (3.6).
We analyze the behavior as A\ — oo of Gg(x,y; (). If we make change of
variable s = pr with p = E'/2|z — y| ~ A, then Gy (z,y; () takes the form

Gi= = [ exp ipf(r) expla(r))g(r) dr
where f(7) = (7 +1/7) /2 and
i (B —y? p . _ go(pT/A)
a(T)_i( pT —IK —;—m), g(T)—ii‘H‘?/P'

We apply the stationary phase method ([13, Theorem 7.7.5]) to the integral
above. The stationary point is given by 7 = 1, so that

eI — exp(iEV2|w —y)), (pf"(1)/2mi) "2 = (2m) /2™ ET g — |72,

We calculate the leading term. The functions g(7) and a(7) take the follow-
ing values at the stationary point 7 =1 :

g(1) = e7% (1+ O((log )/ A)) = —i + O((log ) /A)
and
a(1) = (i/2) (K*|z — y?/ (p — ir) — p — i)
= (i/2{p((¢/E)/ (1 —ir/p) — 1) — ix}
= (i/2) {p (1 = in/E)(1 +ir/p + O((log \) /AQ 1) —ir}
= (i/2){p(1 —in/E + ir/p+ O((log \) 2/0%) —p — i}
= (n/2B"%) | = 4] + O((10g 1)/,
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because k? = ( = E — in and |z — y|?> = p?/E. Hence it follows that
ePfWea®) = exp(ik|z — y|) (1 + O((log A\)2/N)) .
Thus we have
G = c(BE)e™ |z — y| V2o (1 1 ey (2, 9; ¢, M) + ONN),

where ¢(F) is the constant defined by (1.6), and the remainder term ey
obeys e;n = O((log A)?/)). As a function of z and y, g(1) and a(1) satisfy

070y (9(1) + 1) = O((log WA~ I7I=Im)
and
opdy (a(1) = (n/2BY/2) [ = y) = O((log \)>A~1 el
This implies that ejn(x,y; ¢, A) fulfills (1.7).
Next we analyze the behavior of Gy (z,y;(). We recall the represen-

tation (3.6) for Iy (k?|z||y|/t) and make change of variable s = pr with
p=E"2(lx| + ly[). Then

Gu=1=Co [ [ explinf (o) explatr.)ar.p) dp,

where C, = — (sin(am) /7) e/lM@+™ and
f= T4 E(’$\2+|y|2)i+ E|x||y| coshp g e PP go(pT/A)
2 p? 27 P’ T 1+e ®WePir+k/p

i k2 E . . k? E
o= 5 (G = o) ol o) i )i (2 = 2 el cosh
pT — 1K PT pT —K  PT

with = a — [a]. We apply the stationary phase method to this integral in
the two variables (7,p). The stationary point is given by (7,p) = (1,0). We
have

exp(ipf(1,0)) = exp(iVE(|z| + [y]))

and the Hessian is calculated as
(et [pf"(1,0)/2mi]) % = (2mi) B2 TH 2]y 712

according to the notation in [13, Theorem 7.7.5]. The function g(7,p) takes
the values
it o i) o
9(1,0) = 57 (14 0((log A)/A)) = 5 (1 4+ O((log A)/A))

at (7,p) = (1,0) and we repeat the same computation as used for calculating
a(1) to obtain that

a(1,0) = (i/2) { (/ (p — i) = E/p) (2] + y])* — ir}
= ((/2{p((¢/B)] (1 —iK/p) = 1) — i}
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= (n/2B") (2] + y)) + O((log )*/ ).
Thus we have
L0 — expik(fa] + [y])) (1 -+ O((log A)?/N)

We recall the representation (1.5) for the amplitude fap(w — 6; E). Then

a direct computation yields

, et
1 — ei(¥+m)

K

47
and hence it follows that

Gse = c(B) (|2||y|) /2 =MD (fap(—j — & E) + ean) + O(AY),

where ean (2, y; (, A) satisfies (1.7). Thus G(z,y; () has been shown to take
the desired asymptotic form, and the proof is now complete. [

Co(2mi)E~Y = ¢(E) fap(—w — 0; E) = ¢(E) fap(—§ — &; E)

Theorem 3.1. Under the same notation as in Theorem 1.1, one has the
following statements :

(1) If z and y fulfill A/e < |z| < cA and 1/c < |y| < ¢ for some ¢ > 1,
then

Gag(z, ;) = c(B)e™ 2|2 {G_,p(y; 2, E) + esn(z, 4, A) } +O(AY),
where egy obeys ‘828;]1@3“ < Cpmn (log /\)2 A=l

(i) If x and y fulfill 1/c < |z| < cand A/e < |y| < ¢, then

Gan(x,y;¢) = c(BE)e™ ¥y 2 {o an(z; =3, E) + ean(z,4; ¢, M)} + O(A™N),

where ey obeys }828;”64]\;} < Crmn (log A)? A~ L=Iml

The proof uses the simple lemma below.

Lemma 3.1. Let w > 0. Then we can take L > 1 so large that
exp(—Lw) (Z IIu(w)|> =0(1),  |w| — oo
l

Proof. We have

|, (w)] ow"), v>1,

" 2I(v+ 1/2)

by (3.11), and also it is easy to see that exp(—Lw)w” < e ¥ (v/L)" for
v > 1. Thus the lemma follows from the Stirling formula. [

Proof of Theorem 3.1. The theorem is verified in almost the same way as
Theorem 1.1, so we give only a sketch for the proof.
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(1) We first consider the case (i) with |z| > |y|. Then Z = k|z|, z = k|y|
and G(z,y; () is represented as

1 T t (el Clyl? Clzllyl dt
oLy on [t AP\ (Ll de
A Zl: o P12 T2 TP t )

with Kk = M?log A\, M > 1. We again divide this integral into the sum of

integrals over the five intervals (0) ~ (4) as in the proof of Theorem 1.1.
The main contribution again comes from the integral over interval (3).

We first consider the integral over (0, ). If |x| > 1, then it follows from
Lemma 3.1 that

|exp(—Clz[*/4t)| (ZIL(GIEIIM/OI) =0(1)
l

is bounded uniformly in ¢, 0 < t < k. Hence the integral obeys the bound
O(A™). A similar argument applies to the integral over interval (1) in (3.2),
and we can show that this also obeys O(A™%).

The integrals over intervals (2) and (4) in (3.2) are controlled by repeated
use of partial integration. In particular, we can show in exactly the same
way as in the proof of Theorem 1.1 that the integral over interval (4) obeys
O(AN). We skip the proof for it.

We use the representation (2.4) for I, (w) with w = Zz/t to evaluate the
integral over interval (2). We insert I,(Zz/t) into the above representation
for G(z,y;() and evaluate the integral for each [. The resulting integral is
represented as a sum of two oscillatory integrals. One of the integrals has
the integrand

2
exp{% . §|2‘('i| }exp <C|xt||y| COS£> — )\MZ/Qe(u—H:'U)/Q, 0< § < T,

as an oscillatory term, where

u(t) = —Re(¢/t)|z]* + 2Re(¢ /1) |z][y| cos €

v(t) = s —Im(¢/t)|x[* + 2Im(¢ /1) y| cos €
with t = k +is. By (3.9), u(t) < 0 for M > 1, and Im(({/t) behaves like
Im({/t) ~ —E/s. Thus we have 0;v < —¢ < 0 for 0 < € < 1 uniformly in ¢,

which shows that the integral obeys O(A~") uniformly in I with |I| < A2.
The integrand of the other oscillatory integral has the term of the form

t Claf? Clz|[yl _\M2/2_(utiv)/2
exp{2 o7 exp " coshp | = A e ,

where
u(t) = —Re(¢/t)|x|* — 2Re(¢/t) |z |y| coshp
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v(t) = s — Im(¢/t)]|* — 2Im(¢/t)|z||y| coshp.

Similarly we have 0;v < —c¢ < 0 uniformly in p, and integration by parts
yields the bound O(A~") uniformly in I as above.

The sum over | with || > A? is controlled by the Stirling formula com-
bined with (3.11). Thus we see that the integral over interval (2) in (3.2) is
negligible.

We consider the integral over interval (3) in (3.2). Let go € C§5°(0,00)
be as in the proof of Theorem 1.1. We combine the results above to obtain
that G(z,y; () behaves like

G(z,y:Q) = G—(2,5;() + OA™™), A — oo,
for any N > 1, where
P [t PP By Blallyl 90(5/2)
_ = — - — — I
=1, eXp{2 ot }eXp( ot ) (w’ / > ;9
with ¢ = k 4 is, while I(p, w) is defined by

(3.12) I(p,w) = Zeilwly(w).
l

By (3.11), I(yp,w) is a smooth function in ¢ and w, provided that 1/c¢ <
lw| < ¢ for some ¢ > 1. If we make change of variable s = pr with p =
EY2|z| ~ X, then G_(x,y; () is represented as

[

G- =1 [ explinf(r)expla(ra(r)dr

™

where

{ 2| 2|2
f(r)= (7 +1/7) /2, a(T):§<’“|’ —B—m>

pT —IK T
K2yl ) g0(p7/A)
(k+ipT) ) iT+ K/p

g(T) = exp (—2

with w = (k?|z||y|) / (x +ipT). We apply the stationary phase method to
the integral. We have
I = exp(iEV?|z), (pf"(1)/2mi) "% = (2m) 2™/ B A 12

and

1Y, w)

a(1) = (n/2E"2) |2 + O((log \)*/ )

at the stationary point 7 = 1. Since I, (z/i) = e~*™/2.J,(z) by formula and
since
il — Gil0—w) _ i (@) _ o=il1(5i2)
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we have by (2.3) that
Z W, (2 /i) = Z e~ =2 1 (kly|) = B_ap(y; &, E)+O((log \)/A)
I !

for z = k|y|. Hence

9(1) = —i®_ap(y: 2, E) + O((log ) /A)
uniformly in y, 1/¢ < |y| < c¢. This yields the desired asymptotic form for
G(z,y; (), when x and y (|| > |y|) satisfy the assumptions.
(71) We move to statement (i7). If |z| < |y|, then Z = kly|, z = k|z|
and we have
G(z,y;¢) = Go(z,5:() + ONY),
where

1 S8 2 2 2 2 2
G, 7 exp{z_ k=ly| }eXp (_k || )I(1/),k |x||y|> go(s/A) is

A 2 2t 2t / /

and I (¢, w) is defined by (3.12). The function G4 (x,y; () has the represen-
tation

Gi= 1= [ explinf(r) expla(r)g(r) dr

after making change of variable s = pr with p = E/2|y|, where

i 21,12
FO=run /=g (-2 i),

2\ pr—ik T

_ Flzl* Y\ golpr/N)
9(r) = exp (_Z(m + ipT)) iT+K/p !

with w = (k*|z|y|) / (k + ipT). Since
Y ML (z)i) = M ED TR (k|z]) = pran(; —§, B) + O((log A) /)
I !

(¢, w)

for z = k|z|, the desired asymptotic form is obtained. This proves (ii) and
the proof is complete. [

We end the section by introducing a smooth non—negative cut—off function
Xo € C§°[0, 00) with the properties
(3.13) 0<xo0<1, supp xo C [0, 2], xo=1 on [0,1].

This function is frequently used in the future discussion without further
references.
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4. Green functions of magnetic Schrodinger operators

The aim of this section is to derive the asymptotic form of the Green
function corresponding to Theorems 1.1 and 3.1 for Schrodinger operators
with smooth magnetic fields of compact support. The main result here is
formulated as Theorem 4.1 below.

According to notation (1.1), we denote by H(A) the Schrédinger operator
with vector potential A = (a1,as) : R> — R?. Let

(4.1) bo € C(R — R),  a=(2r)" / b(x) da,

be a given magnetic field with flux «. For brevity, we assume that b, has sup-
port in {|z| < 1}. Then we can construct the potential A, € C*(R* — R?)
associated with b, in such a way that

(4.2) Ay(z) = a®(z), lz| > 2,

where ®(z) is defined by (1.3). See, for example, [24, section 2], for construc-
tion of such a potential. In general, magnetic potentials are not uniquely
determined for a given field, but Schrodinger operators with the same mag-
netic field become unitarily equivalent to one another through gauge trans-
formations. Hence it does not matter to the location of resonances whatever
potentials are chosen.

We now define
(4.3) K, = H(A,).

Then K, is self-adjoint in L? with domain D(K,) = H?(R?), H*(R?) being
the Sobolev space of order s. We further know ([14, 17, 20]) that K, has the
following spectral properties : (1) K, has no bound states ; (2) The spec-
trum of K, is absolutely continuous and the principle of limiting absorption
holds true ; (3) The wave operator exists and is asymptotically complete
for the pair (Hop, K,), Hy = —A being the free Hamiltonian. We denote by
Yta(r;w, E) and ¢_,(x;w, E) the outgoing and incoming eigenfunctions of
K, with w € S' as an incident direction at energy E > 0, respectively. The
amplitude f,(w — 0; E) for the scattering from the initial direction w to the
final one 6 at energy E' is defined through the asymptotic form

P = €O 00 (330, B) + folw — 6 B)eVEIl 2| 712 4 o(|2| 71/2)

as |z| — oo in the direction 8 (z = |x|6), where ¢o(x;w, E) = exp(i E'/?z-w)
and y(r;w) again denotes the azimuth angle from w to & = z/|x|. We
further denote by G (¢) = (K4 — Q)_l, Im(¢ > 0, the resolvent of K, and
by Go(x,y; () the Green function of G (¢). We often use the same notation
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G (C) to denote the resolvent obtained by analytic extension over the lower
half plane throughout the discussion in the sequel.

Lemma 4.1. Let £ > 0 be fixed. Then there exists a neighborhood of FE
in the complex plane where G (({) is analytic as a function with values in
operators from L2 to L2 . in the sense that vGy(¢)u : L? — L? is bounded

for u, v € C°(R?).

Proof. Let xo € C§°[0,00) be as in (3.13). We set u;(x) = xo(|x|/4) and
define Keom = H(Acom) with Acomn = u1Ay. Then the coefficients of the
differential operator Kcom — Hp have support in B = {|z| < 8}. Hence
the analytic perturbation theory of Fredholm implies that there exists a
neighborhood of F in the complex plane where the resolvent Geom(() =
(Keom — €)' is analytic as a function with values in operators from L2,
to LZ .. In fact,

(Keom — Ho)(Ho — )™t : L2

com

(B) — L?

com

(B)
acts as a compact operator, and Geom(() is represented as
Geom(¢) = (Ho = ¢) ™
— (Ho— )" (Id + (Keom — Ho)(Ho — ¢)™") ™ (Keom — Ho)(Ho — ¢) 7%,
where L2, (B) denotes the space of L? functions with support in B and the
topology in L2, (B) is identified with that in the space L?(B). If we set

com
ug = xo(|x|/2), then K, = Keom over the support of ug, and also it follows

from (4.2) that K, = Kap over the support of vg = 1 — ug. We calculate
(Ka — Q) (w0Geom(C) + v0GaB(¢)) = Id + A((),

-1

where
A(C) = [Kaa UO]Gcom(C> + [KABa UO]GAB(C)

and [X,Y] = XY — Y X denotes the commutator between two operators
X and Y. The operator A({) acts as a compact operator on L2 (Bo)
with By = {|z| < 4} and is analytic as a function with values in bounded

operators acting on L2, (Bp). Hence there exists an inverse
(Id + A(C))_l : Lgom(BO) - Lgom(BO)

for ¢ in a neighborhood of E by the analytic perturbation theory. Thus we
see that

Ga(¢) = (uoGeom(¢) + v0GaB(¢)) (Id+A(¢) ™" : Ligm(Bo) — Liye-

As stated above, K, = Kap on the support of vg. Hence a simple manipu-
lation yields

Ga(() = GalQuo+ (Ga(Q)vo — voGar(()) +v0GAB(C)
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= Ga(Quo + Ga(Q)vo, Ka]GaB(C) + voGaB().
Thus it follows that G (¢) : L2, — L?

com loc

of E in the complex plane. [

is well defined in a neighborhood

Lemma 4.2. Let ug = xo(|z|/2) and u; = xo(|z|/4). Denote by ( , ) the
L? scalar product. Then the amplitude f,(w — 6; E) has the representation

fa = faB + c(E) (Ga(E)[KaB, wolp+aB (s w, E), [Kas, w]o-as(: 6, E))
with fap = fap(w — 0; E), where ¢(F) is the constant defined by (1.6) and
Go(E) = Go(E +i0) = liﬁ)lG(E +ig): L2 — L*,, s>1/2.

g

Proof. Note that K, = Kap outside the support of ug. Hence we have

(4.4) Ora = (1 —up) piaB + Ga(E)[KaB, uolp+aB-
Similarly

0iaB = (1 —u1) pya + GaB(E)[KaB, u1]o1a-
and hence
(4.5) Ora = P+AB + U1P1a — GAB(E)[KAB, u1]@+a-

It follows from Theorem 3.1 (i) with A = r = |z| that the last term on the
right side of (4.5) behaves like

o(B) (pral;w, B), [Ka, w]p-an (0, B)) o] =21 4 o(|2[7/?)

as |z| — oo in the direction . We insert (4.4) into ¢4, on the right side.
Since

((1 — up)+aB, [u1, KaB]o—aB) = (Y4aB, [u1, KaBlp—aB) =0,

we obtain the desired relation. [
Theorem 4.1. Keep the same notation as in Theorems 1.1 and 3.1. Assume

¢=E—inwith0 <n<mn(log)) /X for A\> 1. Let k = ¢/2 with Im k < 0.
Then we have the following statements :

(i) If x and y fulfill
Me<la|<ed, Me<lyl<eh, Me<|e—y/<eA, &-§>0
for some ¢ > 1, then Gy (z,y; () takes the asymptotic form
Gala, ;€)= e(B)|e —y| /2ty {00 1 (a5 ) }

+ ¢(B) (|z||y) "2 e® D (£ (—g — & E) + pan(2,5;:¢,\)}
+ O(A™), A — 00,
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for any N > 1, where p;ny and pon obey
020 p1 x| + 8200 pan | < Crumav (log X)2 A1 Iml=Iml,
(¢i) If x and y fulfill A\/c < || < e and |y| < ¢ for some ¢ > 1, then

Ga(z,y:¢) = c(E)e™™ || 7V2{G_ (y: &, B) + psn(2,: ¢ N) } + OAY),

where p3n obeys |85351P3N‘ < CrmnN (log >\)2 )\—1—|n|'

Proof. We sometimes write Gap and G, for Gap(¢) and G(¢) throughout
the discussion in the proof.

(i) We set

uo(z) = xo(|z(/2), wi(z) =xo0(|z]/4), vo=1-wuo, vi=1-wu.

Let p, ¢ € R? (|p|, |¢| > 1) be points having the properties in the theorem.
If we further set wp(z) = xo(|z — p|), then wpvy = wp, and wpv1 = wy ;
similarly for wq = xo0(|z — ¢|). The operator K, coincides with Kap on the
support of v1. We compute

wpGawy = wpGapwg + wpGap (Kapv1 — v1K,) Gawy
= prABwq + prAB [ul, KAB]Gawq.

Since vg = 1 on the support of Vu; and since K, = Kap on the support of
vp, we repeat the above argument to get

wpGawy = wpGaApwg + wpGalut, Ka] (GAB + Go[KAB, uo|GAB) wy-
Note that
wpGaBlu1, KAB|GABwy = wpGauiwy — wpu1 Gagwy = 0
and hence we have
wpGowg = wpGawy + wpGa(ul, KaB|GoKaB, o] GABWy.

If we insert Go(¢) = Go(E) 4+ (Ga(¢) — Go(E)) into the operator on the
right side and if we apply Theorems 1.1 and 3.1 to the operator

prABwq + prAB [Ula KAB]Ga (E) [KABa UO]GABwqa

then it follows from Lemma 4.2 that the integral kernel of this operator has
the desired asymptotic form at points p and ¢ fixed arbitrarily. Since

[u1, KAB] (Ga(¢) — Ga(E)) [KaB,uo] : L — L?, (= E —in,

is bounded by elliptic estimates and since its norm obeys O ((log A)/\) by
continuity (Lemma 4.1), the integral kernel of the operator

prAB[U17 KAB] (Ga(C) - Ga(E>) [KABa UO]GABwq

is dealt with as a remainder term. Thus statement (¢) is proved.
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(ii) Let p € R?, |p| > 1, be again fixed. We use the notation ug, u;, vo,
v1 and w, with the same meaning as ascribed above. We further set us =
xo(]z|/8) and vy = 1 — ug. For brevity, we assume that |y| < 2. Then we
compute

wpGaty = wpvaGauy = wplve, Golug = wpGaluz, KoGaug
wp (GAB + GAB[Ka, v1]Ga) [u2, Ko)Gaug
= prAB (Ul + [Ka,vl]Ga) [UQ, Ka]Gauo.
We replace G, = G4(¢) on the right side by G,(FE) to derive the leading
term. As is easily seen,

(46) (’Ul + GZ(E)[’U;[, Ka]) @_AB — P—a

and uoG,,(E)[Kqa,u2lp—a = uop—q. These relations, together with Theo-
rem 3.1 (7), yield the desired asymptotic form for the integral kernel of the
operator w,Gqaug, and the proof of (i7) is complete. [

We end the section by deriving the representation for the backward scat-
tering amplitude f,(w — —w;F) with integer flux a as a special case of
Lemma 4.2. This is used in proving Theorem 1.2.

Lemma 4.3. Keep the same notation as in Lemma 4.2. Assume that the
flux « is an integer. Then one has

falw— —w; E) =
_C(E)e_iav(_W) ([u(b HO]QOO('; W, E)7 e—ia’y(~)g0_a(‘; —W, E)) )
where g(z;w, E) = exp(iE'/?z - w) and v(z) denotes the azimuth angle
from the positive x; axis.
Proof. We make use of relation (2.6). If « is an integer, then we have
Kap = H(a®) = exp(iay(z; —w))Hp exp(—iay(x; —w))

and fap(w — 0; E) = 0. The outgoing eigenfunction ¢4 ap(x;w, E) is writ-
ten as
oiaB(Tyw, E) = eio"y(x;_w)goo(sc;w, E).
In fact, o yaB(z;w, F) behaves like po(z;w, E) at infinity in the direction
—w. We represent the commutator [Kap, up] in Lemma 4.2 as
(KB, uo] = — exp(iay(x; —w))[uo, Ho] exp(—iary(z; —w))
and the incoming eigenfunction ¢_,(z; —w, F) as (4.6). Hence

GZ(E)[KAB,Ul]SD—AB =P —V1P_AB, Ul = 1— .
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Since ' ®7(#i~w) — iV(®)g=i7(=) for o integer and since [Hp, uplvy = 0 as
an operator, the proof is completed by inserting these relations into the
representation in Lemma 4.2. [

5. Schrodinger operators with two fields at large separation

We prove Theorem 1.2 in the present and next sections. We first set up
the problem in a more convenient form. Let

b, by € CF° (R2 — R), supp by, suppb, C {|z| < 1},

be given two magnetic fields with fluxes o and pu, respectively. Then we
make the main assumption that

(5.1) [ € Z is an integer.

As stated in the previous section, we can construct the corresponding po-
tentials

Ao, Ay €C®(R* > R?), VxAy=by VxA,=b,
in such a way that
(5.2 Aolw) = ad(),  Au(x) = pd()
over {|z| > 2}, where ®(x) is defined by (1.3). If we set Ag,(z) = A,(z —d)
for d € R? with |d| > 1, then the operator Hy in (1.8) takes the form
(5.3 Hy= H(Aa + Agy),

and it has the magnetic field b, (z) + b, (2 — d) with two compact supports
at large separation. The main result here is formulated at the end of the
section as Proposition 5.1, which gives a sufficient condition for a region in
the lower half of the complex plane to be free of resonances of Hy.

We write R((; H) for the resolvent (H — ¢)™%, Im¢ > 0, of a self-adjoint
operator H. We also use the same notation R((; H) to denote the operator
obtained by analytic continuation over the lower half plane. According to
notation (1.1), we define the following operators

(5.4) K, = H(A.), K, =H(A,), Kq, = H(Ag,)
and denote their resolvents by

Ga(C) = R(G; Ka),  Gu(Q) = R(G Ky),  Gau(C) = R(G; Kap)-

These operators are all self-adjoint with the same domain H 2(R2), and it
follows from Lemma 4.1 that G ({) is analytically continued over the lower
half plane as a meromorphic function with values in operators from L 0

L2 ; similarly for G,(¢) and Gg,(C).

loc

2
com t
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We now recall that «(x) denotes the azimuth angle from the positive z
axis. By assumption (5.1), exp(ig,) with g,(z) = py(z) is well defined as a
single valued function, although g, () itself is not necessarily a single valued
function. We set g4, = g,(x — d) and define the operator

(5'5) Hyo = H<Aa + vydu) = eXp<i9du>Koz eXp(_igdu)a

which is self-adjoint in L? under the boundary condition ‘ li§|n lu(z)| < o0
z—d|—0

at point x = d. If we take account of relation (2.6), then
(56) H,;, = Hy on {‘.I — d‘ > 2},

because Vgq, = Ag, there by (5.2). We further introduce another auxiliary
operator. Let g, € C°(R? — R) be a bounded function such that

(5.7) go(x) = ay(z;—d)  on {|z—d| <|d|/2}.
Then we define the self-adjoint operator

(5.8) Hay = H(Vga + Adgu) = exp(iga) Kay exp(—iga)
with domain H2(R?). By (5.2) again, we have

(5.9) Hg, = Hy on {|lz—d| < |d|/2}.

It follows from (5.5) that

(5.10) Ria(C) = R((; Haa) = exp(igau)Ga(C) exp(—igau),
and similarly we have

(5.11) R (€) = R(C; Hay) = exp(iga)Gap(C) exp(—iga)

for the resolvent of Hg,. Thus Rg(¢) and Rg,(¢) are also analytically
continued over the lower half plane as a meromorphic function with values
in operators from L2 to L2 by Lemma 4.1.

We take the spectral parameter ¢ as
(=FE—in, 0<n<mnlogld)/|dl,
in the lower half plane, £ > 0 and 79 > 0 being fixed, and we sometimes
write G, for G, (), skipping the dependence on ¢ throughout the discussion
in the sequel. We set
ug = xol|z —d|/2), vg =1—uy

for the cut—off function xo with property (3.13). Then (5.6) and (5.9) enable
us to compute

(Hq — ¢) (ugRgy + vaRa) = Id + Xg,

where

Xa(¢) = [Ha, ug)Ray + [Hg, va) Raa
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Since Vug and Vv, have the same support in Qg = {|z — d| < 4}, we can
regard X4(¢) as an operator acting on L2 (Qy). If

Id + Xd(C) : Lgom(Qd) — Lgom(Qd)

is shown to be invertible, then R((; Hy) is represented as

R(C? Hd) = (ude,u(C) + UdeOé(C)) (Id + Xd(C))_l : Lgom(Qd) - L120c'

Thus we see that the resolvent R((; Hy) in question is continued over the
lower half plane as a meromorphic function with values in operators from

L%, to L . This is shown in the same way as in the proof of Lemma 4.1

by taking the difference between R((; Hg) and Rgn ().

We represent X;(() as a sum of two operators. To do this, we define

(5.12) Hgy = H(Vgq) = exp(igq)Ho exp(—igq),

with g4 = ga + gdu, and we denote by Rgo(¢) = R((; Hgo) the resolvent of
the self-adjoint operator Hyy with the same domain as Hy,. By (5.7), Hgg
equals

Hgo = H(VQa + ngu) = H(Aa + deu) = Hga
over {|z —d| < |d|/2}. If we set
wq(z) = xo(4|lr —d|/|d]),
then wg =1 on Q4 = {|x — d| < 4}, and we have
[Hq,vi)Rao = [Ha,vd|Rao + [Ha, Vi) Rao (WaHao — Haawa) Rao
= [Hg,vd|Rao + [Ha, va)Raa|wd, Hao) Rao

as an operator acting on L2 _(€). Thus X,4(¢) is decomposed into the sum
Xa(¢) = Yy(¢) + Z4(¢), and we have the relation

(Ha — Q) (uagRay + vaRaa) = Id + Yaq + Zg,
where the two operators
Yi(¢) = [Ha, ua)Ray + [Ha, valRao,  Z4(C) = [Ha, va] Ria|[wa, Hao) Rao
act on L2, ().
We shall show that
Id+Ya(C) : Leom(Qa) = Leom(Q)

is invertible. We make use of (5.8) and (5.9) to calculate the two commuta-
tors in the operator Y;(() as follows :

[Ha, ug] = exp(iga)[Kau, ud] exp(—iga)
[Hg, va] = [ug, Ha] = exp(iga)[Kay, va] exp(—iga)-
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We denote by K49 = H(Vgqg,) the self-adjoint operator with the same
domain as Hygy = H(Vgg4). Then the resolvent Ryo(¢) = R((; Hyg) is repre-
sented as

(5.13) Rao(¢) = exp(i9a)Gao(C) exp(—iga)
with Ga0(¢) = R((; Kq0), and hence it follows from (5.11) that
Id+Y4(¢) = exp(iga) (Id + [Kap, va)Gay + [Kau, va)Gao) exp(—iga)-
Since K, = H(Aqyu) = H(Vga,) = Kqo on the support of v, we have
(Kap — ¢) (waGay + vaGao) = Id + [Kay, uq)Gay + [Kap, v4]Gao-

This relation implies that the resolvent Gg,(¢) = R((; Kq,) is represented
as

(5.14)  Gap = (waGay + vaGao) (1d + Ky, ua)Gay + [Kay, va]Gao) ™"
and the inverse (Id + Yy) ™! takes the form
(5.15)  (Id+Yy) ™' = e (Id + [Kap, ug) Gy + [ Ky, va)Gao) ' €79
Thus we have the relation
Id+ Xy =1d+Yy+ Zy = (1d+ Zy (Id+Yd)—1) (Id+Yy).
We now recall the representation for Z;(¢) and calculate the operator
Zq(Id +Yy)™" = [Ha, v4) Raa[wa, Haol Rao (1d + Yg) ™"
acting on L2, (Q4). We see by (5.13) and (5.15) that

Rdo(Id + Yd)—l - eigaGdo (Id + [de ud]Gdu + [de Ud]Gdo)_l e~ 90
If we write
exp(iga)Gao = exp(iga) (ua + va) Gao,

then [wg, Hgolvg = [wqg, Hqo] and [wg, Hgglug = 0, and hence it follows from
(5.14) that

[wa, Hao] Rao (Id + Ya) ™" = [wa, Hao) exp(iga) Gy exp(—iga)-
Thus we have
(5.16)  Zy(Id+Yy) ' = [Hg,vg)Raalwa, Hyol exp(iga)Gay exp(—iga)-

We calculate the two commutators in the above representation. The opera-
tor H, coincides with

Hg=H(Ay + Agy) = H(Ao + Vga,) = exp(igau) Ko exp(—igau)
on the support of vy, and also K, equals

K, = H(Aa) = H(VQa) = eXP(igoz)HO exp(—iga)
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on the support of ug. Thus we have
[Hg,vq) = exp(igau) [ Ka, va] exp(—igau)
= exp(igdu)|[ua, Kol exp(—igqu) = exp(igq)ud, Ho) exp(—iga),
where g, is defined in (5.12). The other commutator [wq, Hgo] equals
[wa, Haol = [wa, H(Vga)] = exp(iga)[wa, Ho] exp(—iga).
We insert the expression (5.10) for R4, (¢) into (5.16) to obtain
Id+ Zg(Id+Yy) ™" = exp(iga) (Id + Ty) exp(—iga),
where
T4(C) = [uq, Ho] exp(—iga)Ga exp(iga)[wa, Ho] exp(—igau)Gayu exp(igay)-
Summing up the result obtained above, we can get the following proposition.
Proposition 5.1. Let ( = F —in with 0 < n < np (log|d|) /|d| and let
Ta(C) : Lion(Qa) = Liow(Qa),  Qa = {|lz —d| <4},

be as above. If Id 4+ T;(¢) has a bounded inverse, then ( is not a resonance
of Hd.

6. Resonance widths in scattering by two separated fields

In this section we prove Theorem 1.2 after reformulating it under the
setting in the previous section.

Theorem 6.1. Let Hy, K, and K, be asin (5.3) and (5.4), and let fo(w —
6; E) and f,(w — 6; E) denote the scattering amplitude at energy £ > 0 for
K, and K, respectively. Assume that the flux p of K, is an integer. Then,
for any € > 0 small enough, there exists d.(E) > 1 such that ( = F —in
with
1/2
0<n< % {log|d| —log

is not a resonance of Hy for d > d.(F).

fal=d = & E)f(d — —d: E)| — €}

Proof. We assume throughout the proof that { = E — in is taken as in the
theorem for £ > 0 fixed arbitrarily. Then it follows that

oi2k|d|

—_— <1
d|

(6.1) fol—d = &; E) f,(d — —d; E)

strictly for Im k = Im ¢/2 < 0. By Proposition 5.1, it suffices to show that
Id + Tu(C) : Liom () = Liom(Qa),  Qa = {lz —d| <4},
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has a bounded inverse. The proof is done by dividing it into four steps.
(1) We begin by recalling that T4(() is defined by

Ta(¢) = [ua, Ho] exp(—iga)Ga exp(iga)[wa, Ho) exp(—igay) Gay exp(igau),
where ug(x) = xo(|zr — d|/2). We analyze the behavior as |d| — oo of
the integral kernel Ty(z,y; () of Ty(() for (x,y) € Q4 x Q4. We denote by
Go(z,y;(), Gu(z,y;¢) and Gg,(z,y; ) the integral kernels of the resolvents
Ga(¢), Gu(¢) and Gg,(¢) for the self-adjoint operators defined in (5.4),

respectively. Since wq(x) = xo(4|z — d|/|d|), Vwg has support in
Qa = {ld|/4 < |z —d| <|d|/2}.
Thus Ty(z,y; () takes the form
Ta(w,y:¢) = [ug, Hol {exp(—iga(x)) Fu(z,y; () } exp(igau(y)),

where
Fy :/ Golz,q; C)eigo‘(q)[wd,Ho] {eiigd“(q)Gdu(%yé C)} dq.
Qq

We only consider the leading term in the asymptotic behavior of Ty(z, y; ()
without referring to any contribution from remainder terms, which is seen
to be at most of order O ((log|d|)2/|d|). If z € Qg and ¢ € Qq, then it
follows from Theorem 4.1 (i) with A\ = |d| that G,(z, ¢; () behaves like

Go ~ c(E)e OV &=0)=7) 5 _ g|=1/2¢tkle—dl
+ o(B) (|llg)) ™2 M £ (g — & )
Since Gau(q,y;¢) = Gulq — d,y — d; (), we also have
Gdu ~ C(E)eik|q_d||q - d|_1/2¢—,u(y - d7 quv E)a qc Qd7 Yy < Qda
by Theorem 4.1 (i), where ¢q = q/—\d = (¢ — d)/|q — d| and ¢_,, is the
incoming eigenfunction of K, = H(A,). Thus Fy(x,y; z) behaves like
Fa(x,y;¢) ~ Fao(z,y; Q) + Fan(z, y;:¢),  |d| — oo,

where

Fyp = C(E)Q/ eikle=algikla=dlgian(®:=) | _ ¢ |=1/2h (¢, y) dg

Qd
EﬂszVMVU%Wﬂ/‘JW%WWMQAQBPﬁ—MﬁEMA%wd%
Qd

while hg4(q,y) is defined by
(62) hd(Qa y) = eiga(q)e—ik|q—d| [wd7 HO]eiMq_d'Td(q’ y)

with ,
ta(q,y) = e 9 D|g —d|"?%_ (y — d; 4a, E).
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We assert that Fjyy obeys

(6.3) Fao(z,y;¢) = O(ld| ™)
for any N > 1 and that Fjy; behaves like
(6.4) Far(,y: ) ~ oapo(e — d; —d, EYp_,(y — d; ~d; E)
uniformly in ¢ and in z, y € @4, where

o2ik|d o , , )
(6.5) o4 = (E) fol—d — d; E)e' T e #7(=d)

di
is bounded uniformly in |d| > 1.
(2) To prove (6.3), we consider the oscillatory integral

Lao(,y; C) =/Q eitli=elgthla=dleion@=0)|q — 4| =1?hy(q, y) dg
d

and show that

(6.6) Lao(,y:Q) = (ld| ™),

which implies (6.3) immediately. Since wq(q) = xo0(4|q — d|/|d|), the com-
mutator [wg, Ho| takes the form

[wa, Ho] = 2Vwg - V + O(|d|™*) ~ 8ld| ™ xq (4lg — dI/ld]) (4a - V).
Hence hq(q,y) fulfills 9;hq(q,y) = O (\d|_1_|m|) and behaves like
(6.7) ha(a.y) ~ 8iE'?|d| " xp(4lq — dl/|d])e' D ra(q, )

uniformly in y € Q4. Since |q — z| = O(]d|) and |¢ — d| = O(]d|), we also
have that eik|q_w|eik|q_d|’ =0 (|d|L) for some L > 1. Note that

‘V(|q—x|—|—|q—d|)‘ S>>0
for x € Q4. Thus (6.6) follows by repeated use of partial integration.

(3) The main body of the proof is occupied by showing (6.4). We analyze
the behavior of the oscillatory integral

Lo (z,y;¢) = / ethlaletkla=dl|q| =12 ¢ (—G — #; E)ha(q,y) dg.

Qq

To do this, we work in the polar coordinate system (r,#) with point d at
center, where r = |¢ — d| and 6 = ~(q — d; —d) denotes the azimuth angle
from —d to ¢g. Then

Jal = (|dP? + v = 2|dlr cos8)'/* = |d] (1 + p* ~ 2pcos6) /?
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by making the change of variable r = |d|p, and the integral takes the form

) 2w
Iy = ]d|2/ {/ eldlv(p0)giale0) g 0) dg} pdp,
0

0

where ¥(p, §) = E'/? ((1 + p? — 2pcos 0)1/2 - p) and

alp, 0) = i(k — EY)jd| (14 p* = 2pcos6)/* + p)

(6.8) 9(p,0) = |g| 2 fa(—G — &; E)ha(q,y)

with ¢ = (¢ — d) + d = |d|pdq + d. Since q € Qq, p ranges over the interval
1/4 < p < 1/2, and a(p,0) obeys |a(p,d)] = O (log|d|). We apply the
stationary phase method to the integral with respect to 6 in the brackets.
There are two stationary points § = 0 and 6 = 7. If § = 7, then

Yip,m)=E2(2p+1),  (9/0p)d(p,0) =2E"* >0,

and hence we see by repeated use of partial integral in variable p that the
contribution from the stationary point 8§ = m is negligible. Thus we have
only to consider the case when the stationary point is attained at § = 0. At
that point, 1) satisfies

D a00) — il (. 0) = (9/08)20(p.0) = B2 (p/ (1~ p)).

The second relation implies
N—1/2 . _ _
(14" (p.0)/2mi) /2 = (2m) /2 explin /)B4 (1 = p)/p)"/2 |2
We look at the value at 6 = 0 of g(p,6) defined by (6.8). We see that § = d
and gy = q—d = —d at 6 = 0, so that we have exp(iga(q)) = exp(iam) and
exp(—igau(q)) = exp(—ipy(q — d)) = exp(—ipy(—d))
Ja(=4 — & E) = fa(~d = & E), p-u(y—di4s, E) = oy — d; —d, E).
We also have
gl 2 = 1d| TP = p) T g —d|T R = Jd TP
at 6 = 0. We further note that
4xo(4lq — d|/|d]) = 4xo(4p) = (d/dp) x0(4p)

and hence / 4x6(4p)dp = —1 = e~ ™. Thus it follows from (6.7) that the

0
leading term of the integral I (z,y; () under consideration takes the form

ikld .

1/2 —in/41/4 iam  —i —d 7 AL — .
|d|1/2 (87T) € / E / € € al )fOé(_dH x7E)SO—,u(y_d7 _da E)v
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which, together with (1.6), implies that I (x,y; () behaves like
etkld] fa(—ci — I, F)
I~ 375
|d|*/ c(E)
If x € Qq, then
E=d+0(ld™"),  J27V2=1d " (1+0(d ™)

eiaﬂ-e_iu’Y(_Cz)a—u((y - d; _dv E)

and

ezk\x\ _ 673k:|d\ez'k:(a:—al)-d (1 + O(|d|_l))
¢Mlgo(z — dyd, E) (1+ O ((log|d])/|d])) -
Hence (6.4) follows at once.

(4) The proof is completed in this step. We combine the results obtained
in steps (2) and (3) to see that Ty(z,y; () takes the asymptotic form

Ta(w,y; ¢) = Tao(,y; ¢) + O /1d|)O((log d])*/[d]) + O(ld| ™)
as |d| — oo, where
pi2kld]

d|
% ([ua, Holo(w — dsd, B)) x (e#70=Dg_,(y - d ~d; 1))
If we write ug(z) = up(x — d) with ug(z) = xo(|z|/2), then the integral

uq, Holoo(x — d; d, E ei‘”(m*d)ﬁ, z—d;—d; E)dz
m

Tao(, 5 ¢) = fal—d — d; B)e(E)e~ (=) «

coincides with the L? scalar product
(fuo, Holpo(:d, B), e #7105 —~d; E)

after making change of variable x — d — x. We now apply Lemma 4.3.
Then the integral operator Tyo(¢) : L2, () — L2,,,(Qq) with the kernel

com com
Tao(z,y; () above is an operator of rank one and has

ci2k|d]
|d|

as a nontrivial eigenvalue. Hence we see from (6.1) that Id + T4(¢) has a
bounded inverse. Thus the proof is now complete. [

fa(—d — d&:E) f(d — —d; E)

7. Semiclassical theory in scattering by two solenoidal fields

In this last section, we discuss the relation to the semiclassical theory for

quantum resonances in scattering by two solenoidal fields. Let Hp, 0 < h <
1, be the operator defined by (1.10), which is self-adjoint in L? = L?(R?)
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under the boundary conditions limy, |0 [u(z)| < oo at centers p and ps
of two solenoidal fields 2w 6(x — p1) and 2wagd(z — p2). We define the two
unitary operators

(Uif) () = ™ f(h7z),  (Uaf) (z) = exp(ign(2)) f ()

acting on L?, where

gn(x) = [ar/hly(z — dv) + [ao/hly(x — d2),  dj = pj/h.

The function gp(x) satisfies
Vg, = [al/h]q)(:c - dl) + [ag/h]fb(:c - dg)

by (2.6), and exp(ign(x)) is well defined as a single valued function. Hence
Hj, is unitarily transformed to the operator Hy = (U U3)" Hy, (U U3), which
takes the form Hy = H(VU,) defined by (1.11), where 3; = a;j/h — [a;/h].
Thus the semiclassical resonance theory in scattering by two solenoidal fields
is reduced to the resonance problem for the magnetic Schrodinger operator
with two solenoidal fields with centers at large separation. If, in particular,
at least one of a1 /h and ag/h is an integer, then Hy has a single solenoidal
field, and hence Hj has no resonance. The interesting case is when (3; and
Ba satisty 0 < (31, B2 < 1 strictly.

We now assume that neither a;/h nor as/h is an integer. By (1.5), the
backward scattering amplitude by the field 27 3;0(z) at energy E > 0 is
calculated as

filw— —w)=— (27‘(‘)_1/2 '™/ (—1)les /] Sin(ozﬂr/h)E*l/4
for j =1, 2, because [§;] = 0 for 8; = oj/h — [j/h] and
0—w) — gim — _q ei(e—w)/ (1 _ ez’(&—w)) — _1/2
at # = —w. Thus the product of two backward amplitudes fl(—cf — cf) and
fa(d — —d) takes the explicit form
f1 % fo = (2m) " i(=1)lea/RlFle2/ Ml gin (o 7 /) sin(agm /R) B2

for d = d/|d| with d = dy —d;. Then Theorem 1.2 with d = p/h, p = pa —p1,
suggests that : For any & > 0 small enough, there exists h.(E) < 1 such
that ( = E — in with

E'/2p, Ip| sin(ay7/h) sin(agm/h)]
1 log — —1 —€7.
(7.1) 0<n< 7 { og—~ —log Y 6}
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is not a resonance of Hy for h < ho(FE). The argument used in the proof
suggests that the location of resonance ¢ in the unphysical sheet is approx-
imately determined by the relation (see (1.9))

1

2ik|p|/h
o € -1
2

p| ’

This makes a complement to the general result due to Martinez [18], which
asserts that for any M > 1, there exists hps(E) such that ( = E — in with
n < —Mhlogh is not a resonance for 0 < h < hp(FE), provided that F is in
the nontrapping energy range.

(—1)lea/PHle2/ Ml gin (o 7 /) sin(aor /h) E~ 2R k=2

We end the paper by considering what is difficult in proving the semi-
classical bound (7.1) on resonance widths in the general case. To see this,
we return to the proof of Theorem 6.1. The essence of the proof lies in
the fact that the coefficients of the difference between the original operator
Hy = H(As + Agy) and the approximate operator Hgy = H(Aq + Vgau)
with gq, = pwy(x — d) have compact support. If ; is not an integer, this
is not the case. In fact, the gauge transformation does not work, because
exp(ipy(x—d)) is not a single valued function. We now introduce a function
gu € C*(R?> — R) in such a way that

gu(@) = pr(z;d)  on {lal > 130 {|a - dl > 5}

for § > 0 small enough, and we set gq, = gu(x — d). If, for example, we
take Hyy = H (Aa + Vgq,) as an approximate operator, then the difference
between H,; and I:Ida has support in a conic neighborhood of direction d
with point d at center, so that the support extends at infinity. Since the
Green function of resolvent G (¢) = R((; Ko), Ko = H(A,), with spectral
parameters in the unphysical sheet grows exponentially at infinity, we can
not control the operator

(Ha— Hao ) R(C: Haa) = (Ha = Haa ) exp(iga,)Ga(C) exp(~ifia).

This is an essential difficulty in the case that u is not an integer. However,
this difficulty seems to be overcome by the complex scaling method initiated
by [3, 5] and further developed by [23] (see [12] also). We intend to discuss
the matter in details elsewhere. As stated in section 1, our purpose here is
to make an elementary study of resonances without such a method.
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