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INTRODUCTION

Theoretical investigations of the market exchange from the game-
theoretic point of view has two representative approaches. One is
the cooperative market exchange model. In the celebrated game-the-
oretic formulation of the Edgeworth’s conjecture by the work of
Debreu and Scarf[l], exchange economy without the price mecha-
nism is considered and in this economy, exchange is understood as
a redistribution of resources among the traders in a way, starting
from the initial allocation, increases at least one trader’s utility
without diminishing the other traders’ utilities, and competition is
regarded as the process of eliminating dominated allocations by con-
tracting and recontracting. In this cooperative market game, the
solution concept is the core which is not improved upon by any co-
alitional redistribution of resources. They does not consider the
price-mediated exchange economy and rather they derive theoretical
justifications of the Edgeworth’s Law in the form : as the number
of participants approaches infinity, the core allocation coincides

with the one of competitive equilibrium. After their work, cooper-
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ative market game models, in most cases, virtually ignore the as-
pect of price-mediated exchange.

The other is the noncooperative market  exchange model which
was motivated and suggested by the works of Shapley [3] and
Shapley and Shubik [4]. Recently, in succession to these works,
several interesting papers are posed, e.g., Schmeidler [2] and
Wilson [5]etc. Their contentions commonly focus upon the critique
for the theoretical lacuna of the standard Walrasian model : the
essential nature of the Walrasian theoretical explanation consists
in the treatment of the coordination of activities at the level of
market, however, the explanation of the market itself is incomplete,
that is, the process or rules by which prices are determined is not
explicit. They analyze the market exchange from the noncoopera-
tive game-theoretic point of view with explicitly treating the effect
of agents’ bidding behaviour upon the market price formation.

In this article, we will formulate the noncooperative bidding game
in the monetary exchange economy. We will consider a pure mone-
tary exchange economy : we suppose that any trade must be an ex-
change of money against some other commodity. The j-th market is
the one in which the commodity j is exchanged against money. In
each .market each agent submits his price and net trade offer. Every
trade is carried out among the members who bid the same price in
a manner that anyone is not forced to trade beyond his wishes. We
assume that each agent’s characteristics such as his preference and
endowment are known to him only and there is no way for any agent
to observe his characteristics, however we assume that every agent

has a complete market information such as the list of net trade
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vector and the list of price vector bade by every agent. By these
formulation we will examine the properties of the solution concepts
of this game, and we give an interpretation of the Walras equilib-
rium from the viewpoint of a noncooperative game with explicitly
treating the effect of each agent’s bidding behaviour upon the mar-

ket price formation.
I. Analytical Framework

Let &= { (Zey = wi),c.,,‘]}denote an exchange economy with a
finite set of consumers I= {ili =1,2,..., n} and a set of commod-
ities J= [j|j=0,1;2, R m} The commodity 0 is called money,
which is a medium of exchange and is in itself a consumable com-
modity. - Z;C R™' denotes consumer i’s feasible set of net trade
(excess demand) vector, >, denotes his preference ordering, and
w, denotes his initial endowment of commodities. Concerning lto the
characteristics of each consumer we assume the following;

Assumption 1: Z,is closed, convex and has a lower bound for
= and 0 € Z,,

Assumption 2: initial endowment vector @, is positive, and

Assumption 3: preference ordering >; is strictly convex,monotone
and continuous and it is a complete preordering. Furthurmore the
indifference surface is smooth on Z.

We will consider the economy which is characterized by the fol-
lowing theoretical hypotheses.

[H-1] We consider a pure monetary exchange economy; we suppose
that any trade must be an exchange of money against some other

commodity. So there are m markets and the j-th market is the one
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in which the commodity j is exchanged against the commodity 0
(money) .
[H-2]We denote consumer i's strategy vector by s; and suppose
that s,= (p’ z,). p'= (pi, 1, pi, 1,..., pi 1) ER ™ denotes the price
vector bade by the consumer i , where p: is the price of commod-
ity j which is measured in terms of commodity 0. In the j-th mar-
ket, the consumer i submits the pair of (p!, I) gl 2, (j) = (24,
z0(j)), where z,; denotes his net trade of commodity ;j and z;,(j)
denotes his net trade of commodity O in the j-th market. Concern-
ing to the pair of (p}, 1) and z.(j) we suppose that the consumer i
must satisfy the condition pjz¢,+z,-,,(j) =0. We define z,= (z4,
zill), zu, 20@),...,2m zw(m)) ER*™ Hence the consumer i's
strategy set S; is defined by

Si={s:= (p2) | (Vj %0): (p' 20), (Vj %0): (pi2i+2u(j) =0) }.
[H-3]The trading rule in the j-th market is characterized by the
mapping f, ;f, : (s)ier > (21(j)) e,  where (s).csis the list of

strategies and 2z?(j)= (2%, 2%(j)) is consumer s realized net

trade vector in the j-th market. In the following we denote
fj= 250j). The trading rule which is considered here is sum-
marized by the following characteristics of the mapping f,: for

any consumer k and any j-th market, when the list of strategies
(s)ie;=s is given,
Lilif #{ilpi=p]}=1, fj(s)=0,
Lii] if # {i|p§=pf}22, we define the set S (p;) = {ilpf=pf},
and then, (Vi€ SCHpD)): (F(s) =2.0) = (245, 2:0())),
(VIELCE@) : (f1(s) = = (Dres20/Lser®) 2:03)),
where S = {ief(p;)lz'izie J(pl'.‘)z,,-éO} and it denotes the set
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of consumers who belong to the short side of the j-th market at
the price pj, and L= {iej(pf)lziIZiE J(p")ztj>0} and it de-
notes the set of consumers who belong to the long side of the j-th,
market at the price p). That is, we suppose that in any j-th
market every trade is carried out among the members who bid the
same. price and in which any consumer i who belongs to the short
side of the market can carry out his trading offer z,(;), but any
agent who belongs to the long side of the market is forced to trade
28(j) *2,(j). We define the mapping f= II fi, where f: (s))e,—
(2{)ic; and we denote the i-th elemerjlt of this mapping as
ff=z0€ R*™ ‘

[H-4] We suppose that each consumeér receives the whole of the
market information such as the list of price vectors bade by every
agent, the list of net trade offer, and the list of realized net trade
of every consumer. Furthermore we suppose that every consumer
knows the trading rule. However, we assume that each consumer’s
characteristics such as his preference and endowment are known to
him only and there is no way for any consumer to observe his char-
acteristics. So we suppose that every trading is carried out in

the noncooperative game manner.

I. On the trading Rule

In this section we will consider the property of the trading rule
f. Before the analysis we will define the following mappings J, 7

for any consumer i, and the mapping 7:

mapping 0:2z,~>0(2,), where z;= (zu, 2w0(l), zu, 200(2),..., 2im
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zi0(m)) ER*™ and

&z = (zn, 2i,-., 2w 2. T200(j)) €R™,

mapping 7:z,(j)—7(2:(j)), where 2,(j) = (z4, 2i,(j)) and
Yz(j) =10, 0,..., z, 0,..., 0,2,,(j)) €ER™', and

mapping T:p7(p), where p= (p1, 1, pa,- 1,..., pm, 1) € R2™ and
m(p) = (p1, P2y--., .p,,., 1)e R®Y

Definition 1: The trading rule f is called reasonable if it sat-
isfies the following conditions : for any consumer i
(i1 if (Vj*0): (¥(z:(j)) €Z), and, 8(z,) €Z,, then (z{) €Z,,
it ] if (Vj %0): (H2:(j)) + @, 2,@) and 8(z) + @, >, @,

" then 8(2f) + w, >, w,,
[iii] 7(p) 8(2%) =0, and
[iv] 2., 8(20) =0.

The condition [i] implies that the outcome given by the trading
rule f is feasible, when the consumer submits a feasible net trade.
The condition [iii] means the budgetary feasibility of the outcome.
The condition [ii] is called an individual rationality, that is, any
consumer will not be worse off after the trade when he plans to
be better off by the trade. The condition [iv] implies the balance
of the outcome. These four conditions may be the natural require-
ments for the trading rule in the price-mediated exchange economy.
Schmeidler’s model [2] is not reasonable in the sense of Defini-
tion 1, because it may violate the requirement [i], i.e., the feasi-
bility of the outcome. Hence his model is not a satisfactory de-

scription of the price-mediated exchange economy. Here we can
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show that the our trading rule is reasonable.
Proposition 1: The trading rule f is reasonable.

Proof: At first, it is trivial that the trading rule f satisfies
the condition [iv].  Next, by noting the definition of the trading
rule, it follows that
(VI€I) : (VjF*0) : (27(j) = (2§, 25,(j)) = & (24, zi0(j)), where
& is a real number such that 0< & =<1.  From the definition of
mappings O and ¥, we have &(z%) =Z.,='."0’,)’(zz(j)).

When (vVj=#0):(e5=0) for some consumer i, his outcome 9(z%) =0.
Then it is easily shown that conditions [i], [ii], and [iii] are all
satisfied for this consumer i When (3j%0): (& *0), we define
@=d/), md. Then it follows that oS <1, ) Té=1, and
5(2?)/2,.T“}ZZ,-:T&EY(ZEU)), that is, 5(2?)/2, Td is a convex
linear combination of ¥(z;(j)). From this fact and }he convexity of
the set Z, and the convexity of the preference >, it is easily ver-
ified that the trading rule f satisfies the conditions [i] and [ii].
Finally, from the definition of the strategy set S; we have
(Vj*0): (pjzi;+ 2:0(j) =0), hence from the definition of the trad-
ing rule we have (Vj¥*0): (pjzf,+ 2{,0(j) =0). So it follows that
m(p) 0 (2% = Zj.j"(pj-z‘}j+ 2%,(7)) =0. These considerations com-

plete the proof. Il

M. Walras Equilibrium as Nash Equilibrium

In usual the solution concept of the noncooperative game is a

Nash equilibrium. In this section we will examine the relation of
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the equilibrium of our game and a Walras equilibrium.

Definition 2: When the list of strategies (s¥).c,=s* is given,
si(s*) is called a Nash strategy of consumer k, if the following
condition is satisfied:

(Vsx€8,) : (O(f(sh(s*), sk ) + @x20(f (sx, 5% ) +@i)),
where s, denotes the list of strategies of n-1 consumers other

than consumer k.

Definition 3: The list of strategies (s¥),c,=s* is called a
Nash equilibrium if (Vi€I): (sf(s*)=s;). We call the list of strat-
egies (s7) ;= s" a nontrivial Nash equilibrium if (sik) er=s%

is a Nash equilibrium and (Vj*0): (3i€]) : (f ( 0).

Definition 4:The list of strategies (s¥).c,=s* is called a non-
trivial Walras equilibrium if the following conditions are satisfied:
[i] (Vi€D:(st=(p, z;) and O(f'(s*)) =z,(n(p))),
[ii] (Vj*0):(3i€]) : (3,,(n(p)) *0),
where %, (m(p)) is consumer i's Walrasian net trade vector at the
price vector 7(p) = (p\, ps-..,Pm 1), that is, we define the budget
set B,= [ziéR"“‘ln(pm:o, 3,€Z2,}» then z(x(p))E€B: and
(Vz,€B,) : (3:(7(p) ) + @, 21 2,4+ @y).

Let l3(j) denote the set of price vectors p(j) = (p,, 1) which
prevail in the j-th market and enable someone to trade. We define
“the set Pby P=[(p(j)); l (Vi%0): (p() €PGN],
where (p(j))j+o= (p1,1,p2,1,...,Pn 1) €ER™

Definition 5: We call the state of the economy regular at P if
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the following conditions are satisfied for any consumer k and in any
Jj-th market : for any pEIS which is chosen by the consumer &,

if 2,;(7(p)) >0, then |2l #(p(j))2i;|> 2, (x(p))

if 2y (7(p)) <O, then X g(,(;)) % > |2, ()],
where #(p(j)) denotes the set of consumers who bid the price vec-
tor p(j) corresponding to the price vector pEp which is chosen by

the consumer k, and z;;=min (z;;, 0), zi,=max(z;, 0).

Definition 6: The list of strategies (s¥),c,=s* is called a
nontrivial and regular Nash equilibrium, if s* is a nontrivial Nash
equilibrium and the state of the economy corresponding to s* is

regular.

Remark: When the economy consnsts of a few consumers, in general,
the regular property may be v1olated The economy which sat-
isfies the regular property may be the one which consiste of nu-
merous consumers, each consumer’s transaction is sufficiently
small relative to the aggregate volume of transaction and there ex-
ists a similarity of bidding behaviour between consumers.

Lemma 1: At a nontrivial and regular Nash equilibrium there

prevails unique price vector.

Proof : Let the list of strategies (s¥) /= s* be a nontrivial
and regular Nash equilibrium. Then from Definition 3 we have
(VJj¥ 0) : (Fi€D) : (ff (s . Hence in each market there prevail
price vectors which enable someone to trade. Let P(j) be the set
of all price vectors p(j) = (p;, I) which prevail in the j-th market

and enable someone to trade. We define the set P by
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—[ )); ol (Vj*0): (p (j) EP()) |. When consumer i bids the
price vector pGP and calculates his Walrasian net trade vector
z2,(n(p) ) = (%4, Zi2,.-., Zim Z10), then in any j-th market there
exist enough aggregate volume of net trade to achieve Z,;, because
(s}")[e_,= s* is a nontrivial and regular Nash equilibrium.  Then,
by noting the definition of the tradin;; rule consumer i can select
(24, 2:0(j) ) whose outcome coincides with (2, Z:0(j)), where
2,0(j) = —p;Z,. Hence we have
(Vi€D): (VpEP) : (.= (p, 2.)): (6(f (s1r s%)) = Z, (x(p))).

We must note this fact. |

We must show that #13-":1. We prove it by reductio ad absurdum.
Let peﬁ and define the set S = {i]pi=p}. Suppose that
(3kEI): (k€s). Let p"*p denote the price vector bade by con-
sumer k and p"EIS. Then the set {3(2)|7I’(p) 0(z) =0} is divided
by the set {8(z)|7(p*) &(z) =0} into

[8(2)|7(p) 8(2) =0, =(p*) (z) 20} and

[8(2)m(p) 8(2) =0, =(p*)&(2) =0].

Now ) _ic, 8(f'(s*)) =0, because of the fact that ) .c, f' (s*) =0.
Then it follows that (3i€1): (x(p")8(f*(s*) 0).
(a) When #(p*)8(f (s*)) <0,
we have z,(7(p*)) + w,>,0(f (s*) + ®,. However, from the above
remark we have
(Vi€D : (VpEP) : (Is,= (p, 2): (6(f (54, s*.)) = zZi(m(p))).
This cotradicts the supposition of s*.
(b) When 7(p*)8(f' (s*)) =0, it follows that
(HzER”’*‘):(ﬂ'(p)z=0 m(p¥)2<0, z+ @;20). Then we can find
a scalar B> 0 such that 7(p*)(z2+ B7(p)) =0. Hence we have

— 86 —
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p)(z+Pm(p)) >0 and 7(p*)(2+ Br(p)) =0.
From the Assumption 3 of the preference ordering we have
(31€(0,1)) : (tz-t Pr(p)) + (L-DE( (M) + @, >, 8(f (%) +w,).
This result contradicts the supposition that (s¥) ., is a nontrivial

Nash equilibrium. This completes the proof. |

Theorem 1: In our noncooperative bidding game the nonirivial
and regular Nash equilibrium coincides with the nontrivial Walras

equilibrium.

Proof: (Nash equilibrium—Walras equilibrium) ; Let the list
of strategies (s¥).c:=s* be a nontrivial and regular Nash equilib-
rium. From Lemma I, we know that there prevails unique price
vector. Hence we can denote (Vi€D : (s*=(p, 2z*))

From the definition of nontrivial Nash equilibrium it follows that
(Vj*0): (3i€D:(f; (s *) %0). Then from the regular property and
the definition of the trading rule we have
(\7;1'61) ((8(f (s*)) =z, (m(p))). We know the fact that
2ieif'(s*)=0. Hence we have
Z,-E,B(f'(s*))=Zieuie(ﬁ(p)) =0. This result implies that unique
pre;/ailing price vector 7(p) is a Walrasian equilibrium one. Fur-
thermore from the supposition that (Vj¥ 0): (Fi€D): (ff (s*) *0) it
follows directly that (Vj*0) :(3i€]): (2 (x(p)) *¥0).
(Walras equilibrium— Nash equilibrium) ; Let the list of strategies
(s¥) ,c;= s* be a nontrivial Walras equilibrium. We denote

= (p, z}) for any consumer i Then from the definition of

nontrivial Walras equilibrium it follows that
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(Vi€D): (6(f (s*) = 2:(x(p))) and (Vj):(Fi€D): (5,;(x(p)) *0).
We denote consumer i's Nash strategy for s* by s; (s*) = (p’, 27).

From the definition of the trading rule it is trivial that
(Vi€I): (p’=p). Furthermore each consumer achieves his Walras-
ian net trade, that is, (Vi€I): (0(f'(s*) =2 (7m(p))). Hence
we have (Vi€l): (2¥(s*) =z¥).

These results imply that (Vi€I): (s¥(s*) =s¥). Finally, from
the supposition that (Vj): (3i€1): (3;;(7(p)) ¥ 0) it follows direct-
ly that (Vj):(3i€): (f;(s*) #£0). This completes the proof. I

N. Concluding Remark

In this article, we have formulated the noncooperative bidding
game with explicitly treating the effect of each agent’s bidding be-
haviour upon the market price formation. We considered the mone-
tary exchange economy, which is different from Shapley [3] and
Shapley and Shubik [4], and constructed a reasonable trading rule.
Then we examined the relation between the noncooperative solution
and the Walras equilibrium. By noting the Remark the result of
Theorem 1 may support the usual interpretation of the Walras equi-
librium. Suppose the replica economy which consists of a suffi-
ciently large number of consumers of the same type and suppose
that each agent of the same type bids the same price vector (sim:
ilarilty of the bidding behaviour). Then this economy satisfies the
regular property of Definition 5 and the Theorem 1 can be applied.

We must also consider the cases where coalitional behaviours
are allowed and the number of market participants is few. This is

an interesting investigation but it remains with future one.
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