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Math. J. Okayama Univ. 40 (1998), 99-111 [2000]
A GENERATION OF THE HOPF CONSTRUCTION

TOSHIYUKI SHIMIZU

Introduction. Let I" be a co-Hopf space. For any space X, we define the I'-
suspension space of X by '’X =T AX. Foranymap f: X - Y, amapf:TX —
I'Y is induced. It is called the I'-suspension map of f. If I' = S'(1-sphere), then
I'X = ¥X is the usual suspension space and I'f = £f : ¥X — XYY is the usual
suspension map.

It is known that there are various definitions of the Hopf construction. For exam-
ple I. M. James provides one of the definitions by using the difference element d( -, -)
in [4] and M. Arkowitz and P. Silberbush study six different types of elements which
are called the Hopf-type constructions in [1]. K. A.Hardie and A.V.Jansen define
the Hopf construction c(f,g) € [E™t"* W, £Z] (we call it the Hopf construction
with a space W) based on the definition by James in [2] when there is a pairing
p: 8™ x 8" —» ZW with axes f : S™ — ZW and g : S® — ZW. On the other
hand, N. Oda defines the [-Hopf construction in [6]. If ' = S, then it is one of the
Hopf-type constructions. In this paper, we introduce a concept of the skew pairing
pw (X XY)AW — Z withaxes f: XAW - Zandg: Y AW — Z and we
define the I'-Hopf construction with a space W by

IV (uw) =Tpw o (vAlw) € (X AY)AW,TZ]

for any skew pairing pw, where v is the element in Proposition 1.1. This generalizes
the I'-Hopf construction by Oda. Throughout this paper, the space W is any space
except otherwise stated explicitly.

In §1, we begin by studying fundamental properties of the I"-Hopf construction
with a space W. We next study the Hopf invariant. Let Z be a connected CW-
complex and H : [£A4,XZ] — [EA, X(Z A Z)] the Hopf invariant. Then we have the
following results.

Theorem 1.11 Let v € [E(X AY),E(X x Y)] be the element of Proposition 1.1
and B: (X xY)AW — £Z any map. If W is a co-Hopf space, then we have

H(Bo(vAlw))=H(B)o(vAlw).
Theorem 1.13 Suppose that there is a skew pairing pw : (X X Y)AW = Z. If W
is a co-Hopf space, then H(JY (upw)) = 0.

In §2, we define an element c(a) for any skew pairing a : (X x Y)AW — Z, as
follows

cla) = p(a)o (v A lw) € [E(X AY) AW, EZ).
99
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The element c¢(a) is a generalization of the Hopf construction with a space W. Let
Z« be the reduced product space of a connected CW-complex Z. Then we have
the following result.

Theorem 2.2 If we are given two skew pairings o, B : (X X Y)AW — Z, with
the same azes f : X AW — Z and g: Y AW — Z,, then the following relation
holds.

c(a) — ¢(B) = cla — B).

Foranymapsa : X AW — Z, and B8 : Y AW — Zy, we define two skew

pairings M, M : (X xY)AW — Zy by
M =(ao (p1 Alw)) + (Bo (p2 Alw)),
and

M =(Bo(p2 Alw)) + (ao (p1 Alw)).

Using the isomorphism ¢ : [A,Z,] — [EA,XZ] (cf. (2.3) of [9]), we have the
following results.

Theorem 2.5 For any maps a: X AW - Zy, and B: Y AW — Z,,, we have
o(M)=0 and c(M)= - [p(a), ()]s -
Here [-, -]¥ denotes the generalized Hardie-Jansen product (cf. [8]).
Let |
T XANYAWAW S XAWAY AW

be the natural homeomorphism interchanging the second and third factors of the
smash products. Let g: X xY — X AY be the identification map. Let x : W —
W A W be the reduced diagonal map.

Theorem 2.6 We define a skew pairing M = (io fo(pi Alw)) + (iogo(p2 Alw))
for any maps f: X AW — Z and g: Y AW — Z. Then we have

H(¢(M)) = E(f Ag)o Er o (lzxay AX) o (Bg A lw)

and hence

H(p(M))o(vAlw) =Z(f Ag)oEro (lgxay A X)-

The auther would like to express his thanks to the referee for various improve-
ments of this paper.
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1. I-HOPF CONSTRUCTION WITH A SPACE W FOR A SKEW PAIRING

We work in the category of compactly generated Hausdorff spaces with nonde-
generate base point * [10]. All maps and homotopies are base point preserving. For
any spaces X and Y, the space X x Y is the product space and X VY is the wedge
sum (one-point union). The space X VY is the subset of the space X xY. Let X AY
be the smash product which is the identification space X x Y/X VY. Let [4, Z]
be the set of homotopy classes of maps from A to Z. For any elements a and 3 in
[A, Z], we define the following maps: if A is a co-Hopf space with co-multiplication
v:A— AV A, then we define

a+pB=Vzo(aVBov:A—Z
where Vz : ZVZ — Z is the folding map; or if Z is a Hopf space with multiplication
i Zx Z— Z, then we define

a+B=po(axflolyg:A—>2Z

where Ag: A = A x A is the diagonal map.

We shall recall the definition of pairings in [5]. A map p: X xY — Z is said
to be a pairing with azes f : X - Z and g : Y — Z if the following diagram is
homotopy commutative:

Xxy —*£ Z

J

XvY

Vz

ZNZ

fvg
where j: X VY — X x Y is the inclusion map.

Now let I' be a co-grouplike space, namely an associative co-Hopf space with
an inverse. Then I'X is also a co-grouplike space. Let j; : X — X VY and
jo: Y — X VY be the inclusions, and let p; : X XY = X andps : X XY —= Y the
projections. We define a map

p=TG1op1) + T(jaop): (X xY)>T(XVY).

Let ¢ : X xY — X AY be the identification map. Then we have the following results.

Proposition 1.1. (Proposition 2.1, Theorem 2,4 and Proposition 2.6 in [6]) There
is a unique elemenet v € [[(X AY),I(X x Y)] such that

(I) 'UOFq 4" FjOp'—_ 1F(XXY) in [F(XXY),P(X XY)].
And these p and v satisfy the following relations:

(I) poTj=1lrxvy) n[D(XVY),DXVY)]

(I) Tgowv=Ipxay) in([T(XAY),I(XAY)].

(IV) pov=x w[[(XAY)I(XVY)].
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Suppose that there is a pairing g : X XY — Z. Then the I'-Hopf construction is
the element

Jr(u) € [[(X AY),T'Z]

defined by Jp(p) = Tpow in [6]. If ' = S'(1-sphere), then the I'-Hopf construction
is one of the Hopf-type constructions in [1].

Let txaw : WAX — X AW be the switching map defined by tx aw (wAz) = zAw
for any elements £ € X and w € W, where z A w is an elements in X AW. It is a
natural homeomorphim. The inverse map of txaw is denoted by (txaw)™' = twax.
For any map f : X — Yand the I'-suspension map I'txaw : [(WAX) = T(XAW),
we have

Ttyaw o (TWf) = (Cf A lw) o Ttxaw-

Let us define p = TW (jyopy) + TW(jaop2) :TW(X xY) - TW(X VY). Then
we have a unique element ¢ € [[W(X AY),I'W (X x Y)] such that

90TWq + TWjo p = lrw(xxy)

by Proposition 1.1. (We use 'V instead of I'.)

Lemma 1.2. For the elements
veE[N(XAY), (X x Y)] and d€ TW(XAY),TW(X x Y)),

the following diagram is homotopy commutative.
TWA(XAY) —— TW A (X x Y)

Ltxav)aw Tt xxv)aw

uAlw

NXAY)AW —T(X xXY)AW
Proof. We have I't (xayyaw © TWq = (g A 1w ) o (Tt(x xy)aw) and

Tt xxyysw o TWjop
= (I Alw) o Ttxvyyaw © (CW(j1 o p1) + TW (jz o p2))
= (I'j A lw) o {(Ttxvyyaw o TW (51 0 p1))
+ (Ct(xvy)aw o TW (G2 0 p2))}
= ([ Alw) o {(T((G1 o ;) A Lw) o Tt x xv)aw)
+ (T((j2 © p2) A lw) o Tt xxcv)aw) }
= (T7 A lw) o {T((j1 o p1) A lw) + T((j2 0 p2) A lw)} o T xxy)aw
=(TjAlw)o(pAlw) ot xxy)aw-

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 40/issl/14
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Therefore by the relation
(Ctxxyyaw) "o (v Alw) o (Cg A lw) o (Tt xxy)aw)

+ (Ttxxy)aw) 7 o (T3 Alw) o (p A L) o (Ttxxy)aw)

= (Ptixxyyaw) o Legxxyyaw © (Ctxxy)aw ),
we have

{(Ttxxyyaw) ™ o (A 1w) o (Tt xayv)aw)} o TWq + TWjo p = lrw(xxy)-
Since ¥ is a unique element which satisfies
’[) ol"W’q ‘i‘ FVVj Of) = ]-FW(XXY)’

we have (I‘t(Xxy)/\W)"1 o (v Alw)o (Ct(xay)aw) = ©. Hence we have the result.

Proposition 1.3. If we are given a pairing p: X XY — Z, then we have
Ttzaw o Jew (1) = {Jr() A lw} o Tt xayyaw-
Proof. By Lemma 1.2, we have

Ttzaw o Jrw(p) = TtzawoTl'Wpod

= D(pAlw)oTtxxy)aw oD

= T(pAlw)o(vAlw)o Tt xav)aw
{(Trov) Alw} o Tt xay)aw
= {Jr(p) Alw} o Tt xay)aw-

Now we call a map uw : (X XY)AW — Z a skew pairing with azesf : XAW = Z
and g : Y AW — Z when the following diagram is homotopy commutative:

I

(X xY)AW il - Z
iNlw Vz

ZNvZ

(XVY)AW= (X AW) V(Y AW) —

If W = 8% = {~1,1}, then a skew pairing pw is an ordinary pairing p: X xY — Z.

Let Z% = map*(W, Z) be the space of base point preserving maps from W to Z

with compact-open topology. Let W be a fixed space. For any space A and Z, let
bw : [AANW,Z] — [4,Z"]

be the adjoint map. A map pw : (X X Y) AW — Z is a skew pairing with axes
f:XAW > Zandg:Y AW — Z if and only if a map fw(uw) : X xY — ZW
is an ordinary pairing with axes 8y (f) : X = Z% and 8w (g) : Y — ZW.

Let X denote the loop space, that is, x5 = map*(S!, X). Let us assume
that Z is a connected CW-complex. Let Z, be the reduced product space and
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¢ : Zy — QXZ the homotopy equivalence proved by James [3]. We define an
isomorphism ¢ by
G, b5
¢:[A, Zs] = [4,9EZ] = [ZA,XZ].

Suppose that there is a skew pairing pw : (S™ x S?) AW — Z with axes
f:E™W - Zand g:Z"W — Z. Let M : (S x S*") AW — Zy be a skew pairing
defined by M = (io f o (p1 Alw)) + (iogo(p2 Alw)). Then in [2], Hardie and
Jansen define a Hopf construction ¢(f,g) € [E™"T1W,EX] (we call it the Hopf
construction with a space W) by

puw : (ST xSHAW > Z
with axes f and g

c(f,9) = { ¢(9ﬁ} (d(gw(M), Ow (io #W))))

where d(6w (M), 8w (i o uw)) is the difference element of 8y (M) and Ow (i o pw)
defined by James in [4].

When we are given a skew pairing uw : (X x Y)AW — Z, we give the following
definition, using the element v € [['(X AY),['(X x Y] in Proposition 1.1.

Definition 1.4. If we are given a skew pairing uw : (X X Y) AW — Z, we define
a I'-Hopf construction with a space W by

JW (uw) =Tuw o (A ly) € [(X AY) AW, TZ].

If W = 8% then J¥ (uw) is the I-Hopf construction Jr(g). If we are given a
pairing : X X Y — Z, then we have J¥ (1 A 1w) = Jr(u) A lw.

Lemma 1.5. (Theorem (8.7) and (8.8) of Chapter X in [10]) Let X be a co-Hopf
space. For any elements o and 8 in [X,Y], and v in A, B], we have

YA+ B)=vAa+vAB, (a+ B)Ay=aAy+ BAq.

Proposition 1.6. If we are given a skew pairing pw : (X X YYAW — Z, then we
have

(i) J¥(Bopw) =TBo ¥ (uw)

(@) J&¥ (pw o (v x 8) A lw)) = J&¥ (uw) o T(Y AS) Al

where 3:Z 5 2',v: X' > X and 6 : Y’ > Y are any maps.

Proof. (i) We have

It (Bopw) =T(Bo pw) o (v Alw) =TBoluw o (v Alw) =T o J{ (uw).
(i) Let o' =T(j{op}) + T'(jhophy) where ji : X' = X' VY, j,:Y' = X' VY’ are
the inclusions and p} : X' x Y' = X', p} : X' x Y' — Y’ are the projections. Then

there exists an element v’ € [['(X’ AY’),[(X’' x Y')] such that v/ oT'q' + I'j' 0 p' =
Ip(x’xy') by Proposition 1.1, where j' : X'VY' — X' x Y is the inclusion map and

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 40/issl/14
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¢ : X'xY' = X'AY’ is the identification map. By Proposition 2.5 of [6], we have

I (w0 (¥ < 8) Alw)) = Tluw o ((vx8) Alw))o (v Alw)

= Fp,vv o (P(’}’ X 5) A lw) o ('U’ A ].LV)
= Tpweo (v Alw)o(D(yAd) Alwy)
= J¥(uw) oT(y A6) A lw.

Proposition 1.7. If we are given a skew pairing pw : (X xY)AW — Z with azes

f: XAW o Zandg: Y AW — Z, then we have

IV (uw) o (g Alw) = Tpw = (Tf o (Tp1 Alw) + Tgo (Tpa A lw)).
Proof. We have

I (pw) o (Tg A 1w)

=Tpuwo(vAlw)o(lgAlw)

=Tuw o (Ipxxy)aw — (Tiop) Alw)

=Tuw — Tpwo (TjAlw)o(pAlw)

=Tuw — T(Vzo (fVg))o((T(1op1) + Tz 0p2)) Alw)

=Tuw — {T(Vzo(fVg)o(ii Alw)o(p1Alw))
+ T(Vzo(fVg)o(jaAlw)o(p2 Alw))}

=Tpuw — (Tf o (Cpr Alw) + Cgo (Tp2 A lw)).

Let pw = ((jiAlw)o(p1Alw)) + T((jaAlw)o(p2 Alw)). We see pw = pAlw

by the definitions of p and pw. Then by the same reason as Proposition 1.1, we
have a unique element vy € [['(X AY) AW, [(X x Y) A W] which satisfies

vw o (TgAlw) + (T Alw) o pw = Ipxxy)aw-

Lemma 1.8. For the elements v € [[(X AY),['(X xY)] and vw € [(X AY) A
W,T'(X x Y) A W], we have the following relation ;

v Alw = vw.

Proof. From (I) of Proposition 1.1, we have

(voTqg+ Tjop)Alw = lpxxy)Alw
(voTQ)Alw + (Tjop) Alw = lpxxy)aw
(vAlw)o(CgAlw) + TiAlw)opw = Ipxxy)aw

Hence, v o (Tg A 1) = (v A lw) o (T'g A 1w) in the homotopy set [[(X x Y) A
W, (X x Y) A W]. Since (I'q A 1w)* is a monomorphism, we have the result.

Remark 1.9. If W is a co-grouplike space, then vy = I'v' for some v’ € [(X AY) A
W,(X x Y) A W).
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Let b : (Z2,Z) = (Z A Z,*) be the shrinking map and hy : Zoo = (Z A Z)o
the combinatorial extension of hj in [3]. Then we define the Hopf invariant by
H=¢o(h),0¢7 1

(A, Zoo] —2 L [4(Z A Z)0o]
[ @
[£4,£2] —— [S4,5(Z A 2)].

We see this in (2.7) of [9] if Z is a sphere. In general, H : [¥A,EZ] — [EA,X(ZAZ))]
is not a homomorphism, since hy is not a Hopf map. If A is a co-Hopf space, then
the Hopf invariant H is a homomorphism. The following results are known.

Proposition 1.10. (cf. Proposition 2.2 in [9]) Leta: A = B, 8: £B — ¥Z,
v:XA>XZ and 6 : Z — Z' be any maps. Then we have

(i) H(BoXa) = H(B) o Xa.

(i) H(Xb6ovy)=2X(6 Ad)o H(y).

Theorem 1.11. Let v € [E(X AY),Z(X X Y)] be the element of Proposition 1.1
and B: (X xY)AW — £Z any map. If W is a co-Hopf space, then we have

H(Bo(vAlw))=H(B)o(vAlw).
Proof. Since W is a co-Hopf space, the Hopf invariant
H:[B(X xY)AW,22] — [S(X x Y) AW, Z(Z A Z)]
is a homomorphism. Then we have
H(Bo(vAlw))o (EgA lw)
=H(Bo(vAlw)o (XgAlw))
=H(Bo (lz(XxY) ~ Tjop)Alw)) by (I) of Proposition 1.1.
= H(Bolgxxy)aw) — H(Bo ((Ejop) Alw))
=H(B) - H(Bo(Zjo (21 op) + T(jaop2)) Alw))
=H(B) — (H(Bo (Z(jojiop) Alw)) + H(Bo (S(j o j2 0p2) Alw)))
=H(B) - (H(B) o (Z(jojrop) Alw) + H(B) o (S(j 0 j2 0 p2) Alw)))
= H(B) o (lgxxyyaw — (ZiA1w) o (E(1 o p1) A lw) + (E(J2 0 p2) A 1w)))
= H(B) o (lg(xxy)yaw — (ZF Alw)o (pAlw))
=H(B)o (vAlw)o (XgAlw).

Since (X¥g A 1w)* is a monomorphism, we have the result.

Remark 1.12. If W is a co-grouplike space, then the proof is simplified making
use of (i) of Proposition 1.10, since v Al is a suspension element by Remark 1.9.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 40/issl/14
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Theorem 1.13. Suppose that there is a skew pairing pw : (X X Y)AW — Z. If
W is a co-Hopf space, then H(J¥ (pw)) = 0.

Proof. By Theorem 1.11, we have
H(J§ (uw)) = H(EZpw o (vA lw)) = H(Spw) o (v A lw) = 0.

Hence, we have the result.

2. A HOPF CONSTRUCTION INDUCED BY A SKEW PAIRING

In this section we define a generalized Hopf construction c¢(a) induced by a skew
pairing of the type a: (X x Y) AW — Z. Suppose that there is a skew pairing
a: (X xY)AW — Zy. Then we define an element

cla) =d(a)o(vAlw) € [E(XAY)AW,EZ].

For a skew pairing pw : (X X Y) AW — Z and the inclusion map i : Z — Z,
we have c¢(i o pw) = Jg (pw). The following proposition is proved by the method
similar to the proof of Proposition 1.7.

Proposition 2.1. If we are given a skew pairing a : (X X Y)AW — Z, with azes
F:XAW = Zy and g: Y AW — Z, then we have

c(@) o (ZgAlw) = ¢(a) = {#(f) o (Tp1 A lw) + &(g) o (Zp2 A 1w)}-

Theorem 2.2. If we are given two skew pairings a, B : (X X Y) AW — Zy, with
the same azes f : X AW — Zoo and g : Y AW — Z,, then the following relation
holds.

e(a) = o(B) = cla + ).
Proof. Since the space Z is a Hopf space, we have an exact sequence:
0 — (X AY) AW, Zoo] ") (X x Y) AW, Zoo] V2% (X VY) AW, Zoo] — 0

by Lemma 1.3.5. in [11]. Then we have an element v € [(X AY) AW, Zy] such
that &« — B =0 (g A lw). Then by Proposition 2.1, we have

(c(a) = ¢(B)) o (Bg A lw)

= {¢(a) = (¢(f) o (Zp1 Alw) + ¢(g) o (Sp2 A lw))}
2 {e(B) = (¢(f) o (Zp1 Alw) + ¢(g) o (Tp2 A 1w))}

= ¢(a) — ¢(B)
= ¢(a — B)
=¢(yo(gAlw)) = d(7) o (EgAlw)
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and

cla = B)o(BZgAlw) = dla - B)o(vAlw)o(ZgAlw)
= d(vo(gAlw))o(vAlw)o(EgAlwy)
= ¢(7)o((Egov)Alw)o(EgAlw)
= ¢(v)o(ZgAlwy) by (III) of Proposition 1.1.

Since (X¥g A lw)* is a monomorphism, we have the result.

Corollary 2.3. If we are given two skew pairings pw, py : (X XY)AW — Z
with the same azes, then we have the following relation.

I¥ (uw) — JE (W) = clio pw — io ).

Proof. Since c(iopw) = J¥ (uw) and c(ioply,) = JZ (1}y,), we have the result.

Corollary 2.4. If we are given two pairings p, p' : X XY — Z with the same azes,
then we have the following relation.

Js(p) = Js(@) =cliop —iop').

For any elements a € [I'X,Z] and B8 € [I'Y, Z], [~Whitehead product [a, 8]r
is defined in [7]. Now we recall that for any elements a € [[[X AW, Z] and 8 €
[CY AW, Z], the generalized Hardie-Jansen product [a, 8]} € [[(X AY) AW, Z] is
defined by 65! (8w (), 8w (B)]r) in [8]. It is characterized by a relation

[, B o (Tg A 1w)
=ao(lpiAlw) + Bo(TpaAlw) = ao (Lo Alw) = Bo(Tp2 A lw)

which is a commutator of a o (I'py A 1) and 8o (I'p2 A 1) by Corollary 1.14 in
[8]. If W = 59, then this product [a,8]¥ is the I-Whitehead product.

For any maps & : X AW — Zy and B : Y AW — Z, we define two skew
pairings M, M : (X xY)AW — Zy by

M =(ao(p1 A lw)) + (B0 (p2 A 1w)),
and

M =(Bo(p2 A lw)) + (o (p1 Alw)).

Then the skew pairings M and M have the axes a : X AW — Z, and
B:YAW = Z.
Theorem 2.5. For any maps a: X AW = Z and B:Y AW = Zy, we have

c(M)=0 and c(M)= = [¢(c),d(B)]¥.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 40/issl/14 10
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Proof. By Proposition 2.1, we have

c(M)o(EgAlw) (M) - (¢(a) o (Zp1 Alw) + ¢(B) o (Ep2 A lw))
d(M) — {¢(ao (p1 Alw)) + ¢(Bo (p2 Alw))}

(

(M

= ¢(M) - ¢{(ao (p Alw)) + (Bo (p2 Alw))}
= ¢

c(M)o(SqAlw) = ¢(M) = (¢(a)o (Ep1 Alw) + ¢(B) o (Spa A lw))
= (¢(8) o (Zp2 Alw) + ¢(a) o (Tp1 Alw))
= (#(a) o (Ep1 A lw) + ¢(B) o (Tp2 A 1w))
= ¢(B) o (Ep2 A lw) + ¢(a) o (Tp1 A lw)
= ¢(B) o (Epa A lw) — ¢(a) o (Ep1 A 1w)
= < [#(a),$(B)F o (ZgAlw).

Since (g A 1w )* is a monomorphism, we have the results.

) — (M) =0.

We remark that for any maps o : S™ = Z, and 8 : S™ — Z, (and hence W = §°
in this case), I.M.James proves the relation ¢(d(M,M)) = ( — 1)™[¢(a), d(0)]s
in Theorem 6.1 of [4]. Now let f : X —+ Z and g : Y — Z be any maps. By
Theorem 2.5(W = 8% a =io f, B =iog), we have c(M) = — [Zf,Zg]g for a
pairing M = (iogops) + (io fop:1). Hence c(M) is the generalization of ¢(d(M, M)).

We define a natural map o : (X x Y)AW = (X AW) x (Y AW) by

U((x)y) /\w)=(p1(:1:,y) /\w,pz(:v,y) Aw)z(:c/\w,y Aw) (.’B € X, Y€ Ywe W)

Then the skew pairing M = (a0 (p1 A lw)) + (80 (p2 A 1lw)) is expressed by
M=mo(axfB)oc: (X XY)AW 5 Z.
Let x : W — W AW be the reduced diagonal map and let
T: XAYAWAW S XAWAY AW

be the natural homeomorphism interchanging the second and third factors of the
smash products. We suppose that there is a skew pairing pw : (S" x S?)AW — Z
with axes f : Z™W — Z and g : ¥"W — Z. For the Hopf construction by Hardie
and Jansen in [2], they prove the following relation (Theorem 2.4 in {2)):
H(c(f,9)) = £E(f Ag) o E™ iy

Here we determine the Hopf invariant of ¢(M) for a skew pairing M = (io fo(p1 A
1w)) + (iogo(p2 Alw)).
Theorem 2.6. We define a skew pairing M = (io fo(p1Alw)) + (togo(p2Alw))
forany maps f: X AW - Z andg:Y ANW — Z. Then we have

H(¢(M)) = Z(f Ag)oEro(lexay Ax) e (ZgAlw)
and hence

H(¢(M))o(vAlw)=E(fAg)oZTo(lgxay AX)-
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Proof. The following diagram is commutative.

(XxV)AW —Z ~ (XAW)x (Y AW) L2 L zx72 . 7 2,
m Jm

anlw q Za - Zo
T

(XAY)AW TR (XAW)A(Y AW) e (ZA2Z) — (ZN2Z)s

Then by the diagram above, we have
H(¢p(M)) = ¢(hao M)
= @hao((icfo(pr Alw)) + (iogo(p2Alw))))
¢(haomo (i xi)o (f x g)oo)
= @(io(fAg)oTo(lxay AX)o(¢A1lw))
= E(f /\g) oXYTo (lgx,\y A X) o (Zq AN lw)
Corollary 2.7. If W = S® in Theorem 2.6, then for M = (io f op;) + (0 gops)
we have
H(¢(M)) = %(f Ag)oXq, and hence H(¢(M))ov = Z(f Ag).
Corollary 2.8. Leti; : X = X xY and i3:Y — X x Y be the inclusions. Then
we have
H(Zj o p) = H(S(ivop1) + Bliz © p2)) = Bli1 Aiz) 0 g
Proof. We have
Tjop = ZEjo(E(jiop1) + L(j2 0 pa))
= Z(irop) + Z(iz 0 po)
= ¢(ioijop;) + ¢(ioizopy)
= ¢((ioi1op1) + (i01d20p2)).
Then we see that (ioiyop;) + (i0oigopy) : X XY — (X X Y)q is a pairing. Here
we put f = i; and g = 72 in Corollary 2.7. Then we have the result.
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