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ON CP»XCPr
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KENJI HOKAMA

Introduction. In this paper we investigate an action by the circle
group S' on the product space of two complex projective spaces. We
introduce in § 1 two polynomials F and G from the equivariant coho-
mology ring under an action. We show that the number of common zero
points of F and G is equal to that of the connected components of the
fixed point set and the cohomology of the fixed point set is also deter-
mined by these two polynomials.

1. Let G be the circle group S', and X a complex projective
product space CP™X CP" with a G-action. Weuse F, F,, j=1, -, &,
for the fixed point set and its connected components. Let E,——Bs be
a universal principal G-bundle. We denote by Hi(X) the equivariant
cohomology ring of X with rational coefficient H*(X XEq; Q).

Lemma 1.1. H;(X)E Q [t’ «, ﬁ] /(F(t’ a, ﬂ): G(t: Qa, ﬁ))- F(w, X, y)=
2" —wp(w, x, ) and G(w, x, y)=y""—wp(w, x,y), where p and q are
homogeneous polynomials of degree m and n respectively.

Proof. Since G(=S8") actsfreely on XX E; we have a principal
S* bundle XX E;——> XXzE;. Let £ be the associated complex line
bundle with the total space XX E;X C'/S', where S' acts on C' by
the multiplication, and define » similarly with respect to the principal
bundle E;——>B;. Let = be the natural projection of X XsE,; onto Bg.
Now, we consider the exact sequence of Gysin:

—HYX ; Q—> HE(X)—> HE (X) —> H(X ;) —>,

where w is the Euler class of £. Since X is totally non-homologous to
zeroin X X¢E; we have H¥%X)=0 and =* is a monomorphism. Let
¢ be the Euler class of ». Then H*(Bs;; Q)=Q[t]. We may identify w
with ¢, since & is the induced bundle #*(y). Thus the above sequence
splits;

(A) 0—> H% (X) —> HE*(X ) —> H** (X ; Q)——> 0.
181

Produced by The Berkeley Electronic Press, 1974



Mathematical Journal of Okayama University, Vol. 17 [1974], Iss. 2, Art. 11

182 K. HOKAMA

Let @, b be a basis of H*(X;Q) such that ¢™*'=0 and 3"*'=0,
and take o, AEH}(X) satisfying ¢(ad)=a and ¢(3)=b. Then H(X)
is generated by #, « and 3. By (A) we have two relations F (¢, a, #)=0
and G{, «, 3)=0, where F(w,x, y)=2""—wp(w, x,y), Gw, x, y)=y"*
—wp(w,x,y) and w, ¥ and y are indeterminates. Let f(# a, 3)=0.
We must show that f(w, x, y)=AF(w, %, y)+BG(w, x, y) for some A, B
€Q[w, x,y]. We put

Fw, x, 9) =g.(x, y) 2™ +g,(x, 9) y" ' +wh(w, x, )+ k(x, ),

where %k has degree <\m with respect to x and <» with respect to .
Then, by (A), it follows that £#=0 and thus we have

F&a B)=t(ga, Hp¢, o, B)+g.e, B, a, B)+ 1, o, B)).

Since the cup product by ¢ is isomorphism, we have

&la, (), a, B)+gla, B, a, )+ (¢ a, §)=0.
It is shown by the induction with respect to deg f that

&% 9)p(w, z, ¥)+g2.(x, y)q (w, %, y)+k(w, x, ¥)
=A'F(w, z,9)+B'G(w, x,5), A',B'€Q[uw, x, y].

Thus, f—wA'F—wB'G=g,F +g,G, and hence f=AF-+BG, where
A=wA'+g, and B=wB'+g,. q.e.d.

In the above, it is further noticed that if we take other q, fe HYX)
such that H}(X)=Q[¢ a, 1/(F, G), where F=x"""—wp(w, x,y) and
G=3""'—wq(w, %, y), then we get a=Aa+Ct, 3=B3+Dt, F=F(w,
—Ct/A, y—Dt/B) and G=G(w, x— Cy/A, y—Dt/B).

Since X is totally non-homologous to zero in X X E; there is an
exact sequence :

(®B) 0—> H2(X)——> H(F)—> H*(X/ G, F; Q)—>0,

where j is the inclusion of F into X[1]. We let j*(a)=21%(a;+ Ci)
and j*(8)=%.,(b,+D;t), where a, bH*(F,; Q) and C, D, are
rational numbers. There is an integer N such that H(X/G, F; Q)=0
for i=>N. So from (B) and the fact that H%(F)=H*(B%; Q)QH*(F; Q),
we see that H*(F,; @) is generated by ¢, and b, We consider the
polynomials

F(w, x4 Cav, 3+ Djw) = Ph,(x, )w™*' + Pr(x, )+ + Pi(x, ¥),
G(w, x+ Caw, y +Dw) = Q. (2, Mw™ + Qi(x, )+ + Qi(x, ¥),
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where PL.,=F(1, C, D)), @, .= G(1, C, Dj), Pi=z"*" and Q{=y"*.
Since F(¢, a, ) =0 and G(t, «, 8) =0, we have Pl(a, b)) =0 and
Qi(a;, b;)=0 and in particular F(1,C,, D;)=0 and G(1,C,, D;)=0. We
denote by I, (SQ[x, y]) the ideal generated by P{ and Qf, i=1, -,
m; h=1,+, n. By the fact that j* is onto in high degrees it is clear
that (Ci, D) % (C;, D)) if i5j.

Proposition 1.2. H*(F,; Q)= Q[x, y1/1,.

Proof. If wemap x and y to @, and b; respectively, we have a
well-defined homomorphism from @[x, ¥]1/I; onto H*(F,; Q). Let f(x,»)
be a homogeous polynomial such that f(a;, b)) = 0. For i=~j, we put
Li=x—Cw if C,5C;, and L, =y— Dw otherwise. Put g(w, x, )
=f(x—Cuw, y— Dw)HL (w, x, y), where r >max (n,m)+1. Clearly

i*(glt, a, 8)=0 and thus we have g(f,«, 3)=0. Then, by Lemma 1.1,
g(w, x, )= AF(w, %, y) + BG(w, x, ) for some A,BE Q[w,x,5]. The
coefficient of the highest degree with respect to w in the polynomial
glw, x + Cw, y + Dyjw) is Cf(x, ¥), where C is a non-zero constant.
This implies f(x,y) € I,.

2. In this section we investigate the ideals I; by the method of
lifting actions. Let Y be the product space of spheres of S™*! and
S™*' and ¢ the natural projectionof ¥ onto X. Then ¢g: Y— X
is a principal T°=S'% S* bundle. By [3, 4] there is a lifted G-action
on Y, ie.,

(1) the G-action and T*-action on Y commute each other,

(2) the following diagram is commutative

GXY—>Y

Al !
GXX— X

The isotropy subgroup of G X 7T*-action on Y is a finite cyclic or
circle subgroup. Let T, ---, T, be the circle subgroups in the isotropy
subgroups. It is known that the fixed point set F(T; Y) has the
cohomology ring with rational coefficients which is isomorphic to that
of S¥*'x S%*' [1]. In particular, F(T, Y) is connected. Since
F(T,, Y), j=1,+-, h, are disjoint, it is clear that A=Fk and ¢(F(T},
Y))=F,; after suitable renumbering.

Lemma 2.1. The ideal I; is generated by homogeneous polynomials
fix, ) and g(x, ;v) of degree s;+1 and t;+ 1 respectively. Moreover,
dim H*(F;, Q)= (s;+ 1)t +1).
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Proof. We consider the spectral sequence of the principal T?
bundle F(F;, Y)—>F’/. The E, terms are as follows: Ef"*=H"(F;; Q)
@ HYT*? ; Q). By Proposition 1.2, H**(F’; @)= 0 and hence we have
d; =d,= -+ = (0. Thus we have the exact sequences:
© 0—> E¥*— 5 EiM— > EI*3 — 50, where 5% — 2, s, &
and s; + ¢ + 2.

Let a;, b, be generators of H*(F;; @) as in Proposition 1.2, and
a, b a basis of H(T?; Q) such that d,(a)= a,, d,(b)=25b,, We suppose
0<s;=<t, since the other cases are treated analogously. Let {<s,,
and suppose ai!, a$”%,, -+, bi' is a basisof E}*°. So, day? -, bj7?
are a basis of Ei*°, dim E} ™' = 2{ and dim E}**={— 1. By(C),
dim E#°= dim E}"*' — dim E} **=2{—(i—1)={+1, and thus «j, ---,
b; are a basis of E°. It is shown by the induction on ¢ that ajj, ---, bjj
are a basis of E¥r°. Since E¥i'= E%"'=H**'(F(T,Y);Q)=Q, we
have dim E¥*2* = dim Zi»'— 1, where Z3" = Ker di's', and dim
E¥i**° = dim E}r' — dim Z3'r'= 2(s;+1) —(s;+1)=s;+1. Thus there is
only one relation f(a, b,)=0 in Ej7**°, where f; is a homogeneous
polynomial of degree s;+1. Let s,+1<<i<t¢, Then by (C), dim E}**
=s,+ 1, and hence there are (§ — s;) relations in E7*°, i.e., fiai%"'
=0, -, fb%'=0. Similarly asin E}**°, dim E3**°=s,, and hence
we have only one relation g,(a;, b,) = 0 independent of f;a's% =0, -,
fb' % =0, where g, is a homogeneous polynomial of degree £,+1. Let
t+1<i<t;+s;. By (C), dim Ef**=s,+¢,—¢ Thus, there exist
2{—s,—1; relations in E3*°. It remains therefore to show that g;a;™"s'
=0, +oo, g7 =0, oo, fr@7 =0, -, fb;7% =0 are independent.
But this follows from the fact g, =0, figy% =0, -, fiby "1 =0 are
independent. Since H*(F,; Q)=X/"s Ei"* as ring, it is now clear
that dim H*(F;; Q) = (s; + 1) (¢, + 1), which completes the proof.

3. We recall here some facts concerning the intersection numbers
of plane algebraic curves [2]. Let F, G C[x,»], and P& C®. The
intersection number I(P, F N G) of F and G at P is characterized by
seven properties, and two of them are the following :

(1) KP,FNG)=IP,FN(G+AF)) for every A € C[x,y].

() I(P,FN G)=msF)mLG) with equality occuring if and only
if F and G have no tangent lines in common at P. my(F) is the multi-
plicity of F at P.

We note further that the polynomials F(w, x,y,) and G(w, x, ) in
Lemma 1. 1 have no irreducible components in common.

Theorem 3.1. There is a 1-1 correspondence between the common zero
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points P, of the polynomials F(w, z,y) and G(w, z,y) and the connected
components F; of the fixed point set F in CP™ X CP" in such a way
that dim H*(F; ; Q) coincides with the intersection number I(P;, F N G)
of F(w,x,5) and Gw,x,y) at P,

Proof. Since X is totally non-homologous to zero in X X¢E; we
k

obtain jZ dim H*(F; ; Q) = dim H*(X; Q) = (n+1)(m + 1) [1]. Let
-1

Pevy, £=1, -+, h, be the common zero points of F(1, x, y) and GQ, x, )

other than P,=(C,, D;), j=1, ---, k. Noting that there exist no common
zero points of F(w, x, ) and G(w, z, ) on the line w =0, Bezout’s

k+h
Theorem implies that ‘Z IP,FQ,x, )N G x,y)=nm=1)(m+1)
-1
[2]. To end the proof, it suffices to show that dim H*(F,; Q)< I(P,, F
1, x,9) N GQ, z, »)), since I(P;,, FNG)=1. We identify P, = (0, 0)
with the translation 2’ =x + C,, ¥' =y + D,, Then, by making use
of the notations in §1, we have

F = Pi(x,y) + - + Pi(x, 5),
G = Qh(x,y) + - + Qix, ¥),

where Pi(x, ) and Q{(x, y) are homogeneous polynomials of degree
m+1—4 and n + 1 — i respectively. Let P (x,y) and Q}(x,y) be
the first non-zero terms of F and G respectively. Then, we may
suppose that m +1—my<n +1—#n,. By Proposition 1. 2 Lemma 2. 1,
we have deg P, =deg f;=s; +1. If P, } Q) thendegg,=¢+1
< deg Q, and hence we have dim H*(F,; Q) = (s;, + 1) ¢, + 1) =
deg P, deg Q) = mpj(F)mpJ (G). Thusdim H* (F,; Q)<I(P;,, FNG)
by the property (II). Now, suppose P},| Q. Then Q] (x, )= R(x, »)
P} (x,9) for some homogeneous polynomial R & Q{x,y]. Now, we can
replace G by G=G—RF, since I, coincides with the ideal generated
by the homogenous parts of F and G and we have I(P, FNG)=I(P,
F N G) by the property (I). We put

E: Qu(x, y) + ‘ éu(xr y) #0 .

Then we have deg Q.= deg Q,, I P, Y Q. then we are finished, and
if not so, we continue the above process. This enables us to complete
the proof.

Finally, as can easily be seen, if we get the above two polynomials
F and G then the cohomology ring of the fixed point set of S'-space
CP™x CP" is completely determined by Proposition 1. 2 and Theorem 3. 1.
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