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ON SEPARABLE POLYNOMIALS AND FROBENIUS
POLYNOMIALS IN SKEW POLYNOMIAL RINGS. II

SuUIcHI IKEHATA

Throughout this paper, B will mean a ring with 1, ¢ an automorphism
of B, and D a p-derivation of B (i.e. an additive endomorphism such that
D(ab) = D(a)o(b)+aD(b)(a, bE B)). Let R = B[X:0,D] be the skew
polynomial ring in which the multiplication is given by aX = Xp(a)+ D(a)
(a€ B). In particular, we set B[X;0]= B[X:0,0], B[X:D]= B[X:1,D],
and as usual, B[X]= B[X;1.0]. By Rw. we denote the set of all monic
polynomials g in R with gR = Rg. A polynomial g in Ry is called to be
separable if R/gR is a separable extension of B. Let f be a polynomial
in B[X:0)w) (resp. B[X;Dl) whose coefficients are p-invariant. As was
shown in [3], if the derivative f* of f is invertible in R modulo fR. then
f is separable in R. In this case, f is called a @-separable (resp. D-sepa-
rable) polynomial. Such polynomials are applicable to Galois theory of
skew polynomials.

In this paper, we shall give some sufficient conditions for a separable
polynomial to be p-separable (resp. D-separable). The study contains
some generalizations of the results of [ 3 ].

We shall use the following conventions:

Z = the center of B, C(A) = the center of a ring of A.

B?={a€ B|p(a) =a}, B? ={a€ B| D(a) = 0).

u, = the right multiplication effected by « € B.

I, = the inner derivation effected by #« € B; [.(a) = au— ua.

o* : B[X;p0] — B[X;p] is the ring automorphism defined by o*(3}; Xd;)

= EiX{p(di‘)-

D* : B[X;D]— B[X;D] is the inner derivation defined by D*(2; X" d,)

= 3. X:D(d,).

1. G-separable polynomials. In this section. we assume that R =
B[X:p) and f is in Ry N B?[X] of degree m. First, we shall define the
discriminant of /. As was shown in {3, Remark 1.3], f is in C(B?)[X].
The C(B*)-module C(B*)X]/fC(B*)[X] has a free basis {1, x, -+, x™1}
where x = X+ fC(B”)[X]. Let x; be the projection of C(B?)[X]/fC(B”)[X]
on to the coefficients of x?. The trace map ¢ is defined by #(2) = 375! 7:(zx?)
(z€ C(B”)[X])/fC(B*)[X]). Then the discriminant 8(f) is defined by
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8(f) = det || t(x*x) || (0= k ! < m—1). By [4, Theorem 2.1] and [3,
Theorem 2.1]. we see that f is @-separable if and only if 8(f) is invertible
in B.

Now, we shall begin our study with the following

Lemma 1.1. ad(f) = 8(f)p™" Na) for all a € B.

Proof. For k=20, we set x*=x""1bp_1+x" 2bpzt+ -+ +xbi+bo

- (b;€ C(B?). Then, we have X*= X" 'bp_1+ - + Xbi+ by (mod fR).

Since aX* = X*p*(a) (a € B), it follows that ab; = b:0* (a) and so,

ar{x*) = 7(x®)p*(a) (0 < i< m—1). Since {(x¥) =275 m(x™*¥), we
obtain at(x?) = t(x*)p*(a). Then the assertion is now easy.

In the rest of this section, we assume that f = X"+ X" 'ap1+ - +
Xa,+ ao is a separable plynomial. Then by [3. Theorem A], there exists
yE R with deg y < m such that " (a)y = ya (a € B) and 273 Y;yX’
=1 (mod fR), where Y;= X" 14+ X" 2q, + - + Xa;s2+a;+1. Under
this situation, we shall prove the following

Lemma 1.2. Assume that u € B° and au = uo™(a) (or o™a)u =
ua) (a € B) with a positive integer n. Then

F(ZRbp**(y)u) = (ZE=bo* (¥)u)f = nu (mod fR).
Proof. Since # € B and au = up"™(a), we have uy = yu and yu =

up**(y) = p**(y)u. Hence o*(Zibo**(y)u) = Zizbp**(y)u.  Since
Y; € C(B°[X] ([3, Lemma 1.2]) and /' = 273 Y, X", it follows that

nu = 275 Yi(Z b o**(v)u) X
= (2528 o**(v)u) = (2328 o**(»)u)f (mod fR).

This completes the proof.

Corollary 1.3.
(f e p**(y)a: = (2R o**(v)f)a; = (m—1)a: (mod fR),
for 0£i< m—1.

Proof. Since f € R N B[ X], we have aa; = a;p™ (a) (a € B) and
ola;) = a; by [3, Lemma 1.3 a)].

Now, we shall prove the following theorem which contains a general-
jzation of [3, Theorem 2.2] and a partially generalization of [5, Theorem
2.7].
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Theorem 1.4. Let f=X"+X"'an1+ - +Xai+as be in Ro N
B?(X). Assume that f is separable. If there holds one of the following
conditions (1)—(6). then f is p-separable :

(1) There exists a regular element u in B and a positive integer n
such that au = up™(a) (or wa = p™@)u) (@ € B), and n is invertible in B.

(2) m(m—1) is invertible in B.

(3) Both ao and a\ arve regular elements (i.e., non-zero divisors) in B.

(4) am-1 is a regular element in B.

(3) p|Z =1z and m—1 is invertible in B.

(5 ol Z =17 and m is in the Jacobson radical rad(B) of B.

(6) 0lZ =1z and a) is in rad(B).

Moreover, if (2) is satisfied then every separable polynomial in Ry N
B[ X] is p-separable.

Proof. Case (1). Since au = up™(a) (a € B), we have p™(«) = u and
ap“(u) = p(u)p™(a). We set here v = up(u) --- 0" "(u). Then p(v) = v.
Since v is regular in B, so is in R/fR. Hence by Lemma 1.2, /* is invert-
ible in R modulo fR. Thus, f is g-separable.

Cases (2) and (3). By [1. Lemma 1], there exist ¢ 8 € B such that
apa+a 18 =1. By Corollary 1.3, there exist 2;, 22 & R such that mao=
f'z1a0 and (m—1)a, = f z2a; (mod fR). Therefore, if both gy and @, are
regular elements in B, f’ is invertible in R modulo fR. Next, we assume
that #m(#» —1) is invertible in B. Then £ is invertible in £ modulo fR since

m(m—1) = fF(m—1)z1aa+mzaB) (mod fR).

Moreover, 8(f) is invertible in B and ad(f) = 8(f)e™ ™ Y(a) (a € B) by
Lemma 1.1. Therefore, every separable polynomial in Ry N B°[X] is
o-separable by case (1).
Case (4). It is obvious by Corollary 1.3.
Cases (5), (5") and (6). Obviously, (3’) implies (5).
We put here vy = X" lcp1+ - + Xe1+co. Then we have
P YiyX = 219 Vi X 0¥ (y)
= 25”:7)1(25”5}X"d;,-+1)0*j(}’)
= aqy+ 20 3 0o 2B X a1 07(cu).

Comparing the constant terms modulo fR of the both sides, we have
1= aico+ 203 280 2% bu+nau+lﬁj(cﬂ).

where b, is the constant term of X* modulo fR and a»=1. It is obvious
that @bysn = busup***(a@), aau-1 = avp™ VY a) and p" '**(a)cs = cua
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(a€ B). Hence buiuay10°(cu) €E Z. Since bysn, av1 € B and p| Z =14,
we have byiuays0(cu) = busrausica. Then we obtain

1= aico+ 203 289 (v+1)buse@uriCr.

Moreover, one will easily see that by+x =0 (v+px < m—1) and b,+u € aoB
(v+u=m). Since (v+1)aoay«) = masays —(m—(v+1)avs1a0, it follows
from Corollary 1.3 that there exists z € R such that 1 = a;ce+ 2 (mod
/R). Now, if a; is in rad(B) then f is invertible in R modulo fR. Next,
if m—1 is invertible in B, then.m—1= (m—1)a,co+(m—1)fz (mod /R),
and whence, f' is invertible in R modulo fR by Corollary 1.3 again. This
completes the proof.

As an immediate consequence of Theorem 1.4, we have the following

Corollary 1.5. Assume that B is an algebra over a field of character-
istic zero. Then, every separable polynomial which is in Ry N B[ X] is
o-separable.

Corresponding to [2, Theorem], we have the following

Corollary 1.6. Assume that B is of prime chavacteristic p > 0 and
ol Z =1z, Then a monic polynomial g = X°+ Xb,+by in R s separable
if and only if by is invertible in B.

Proof. First, we consider the case p = 2. Then we have o(bs) = bo
by [3, Lemma 1.3]. Hence, if g is separable then it is in B°[X] by [3,
Proposition 3.1]. Moreover, if b, is invertible in B, then b, = bi'bf =
bitbo(h) = p(b)), and so g€ B?’[X]. Thus, the assertion follows from
Theorem 1.4 and [3, Theorem 2.1]. Next, we consider the case p > 2.
Then we have g € B{X] by [3. Remark 1.4]. Hence the assertion follows
from Theorem 1.4 and [3, Theorem 2.1].

2. D-separable polynomials. In this section, we assume that R =
B[X:D]. The following theorem is a sharpening of [3, Theorems 2.7 and
4.4].

Theorem 2.1. If there holds one of the following conditions (1) and
(2). then every separable polynomial in B[X;Dlw is D-separable.

(1) (bn)an+(bn—l)an_]+ e +(b1)rD = ]bo lUith some bi e BD
(0 = 7 £ n) where by is tnvertible in B.

(2) B[X:Dlo contains at least one D-separable polynomial.
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Proof. Let f be a separable polynomial of degree m. Then by [3. The-
orem A] there exists ¥y € R with deg y < m such that ay = va (¢ € B) and
SEF YiyX =1 (mod fR), where Y; = X" 14+ X™ 724, |+ - + Xa,.z
+ i1

Case (1). Since b; € B2 (0 £ i = n), we have (bp),D*"+ - +(by),D*
= J#. Hence

0 = vbo—boy = 2%, D*i(J’)b:’ = D*(2?=1 D*i_](}')bi)-

We put here ¥ = 22, D*'(y)b;. Then Xu= uX and Yiu = uY; ([3.
Lemma 1.2]). Therefore, noting 224" Y;D*(y) X’ = 0 (mod fR). we have

b = 275 YA(Z R D* - (y)b) X
=270 YiuX' = fu = uf (mod fR).

Thus, f is invertible.

Case (2). Let g= X"+X"'dy\+ - +Xd+dy be D-separable
polynomial in ®. Then by [3. Theorem 2.1], g’ is invertible in C(B?)[X]
modulo gC(B?)[X]. Therefore, there exists an element # = 2% Xic; in
C(BP?)[X] such that g2 =1 (mod gC(B?)[X]). Comparing the constant
terms modulo gC(BP)[X] of the both sides. we have

1 =33 250 (k+Dhseidrrici,
where /1, € C(B?) is the constant term of X* modulo gC(B?)[X]. Now,
by [3, Lemma 1.6], we have
dka—adk = 2?:;;4.1(5)[)»_’2((1)(19 (de B) and d, € BP,

We set here v = 22 ,.1())D**"%*"(y)d,. Then, by making use of the
same methods as in the proof of (1), we see that Xv = ¢vX and Yiv = ¢vY..
Therefore, we obtain

(k4+1)dr-1 = 2750 Yi(Z 2o e (B)D* %Y (y)d.) X’
= f'v = vf (mod fR).

Since 1 = 22323 (B+1)dr+1hryici, we conclude that f is invertible in
R modulo fR. This completes the proof.

REFERENCES

. IKEHATA: On a theorem of Y. Miyashita, Math. J. Okayama Univ. 21 (1979), 49—52.

. IKEHATA: A note on separable polynomials in skew polynomial rings of derivation
type, Math. J. Okayama Univ. 22 (1980), 59—60.

[3] S.IKEHATA: On separable polynomials and Frobenius polynomials in skew polynomial

rings, Math. J. Okayama Univ. 22 (1980), 115—129.

[
(

ww;m

1]
2]

Produced by The Berkeley Electronic Press, 1983



Mathematical Journal of Okayama University, Vol. 25[1983], Iss. 1, Art. 5

28 S. IKEHATA

[4] T. NaGaHARA: Onseparable polynomials over a commutative rings I1, Math. J. Okayama
Univ. 15 (1972), 149—162.

[5] T.NAGAHARA: On separable polynomials of degree 2 in skew polynomial rings, Math.
J. Okayama Univ. 19 (1976), 65—95.

[6] T.NAGAHARA: A note on separable polynomials in skew polynomial rings of automor-
phism type, Math. J. Okayama Univ. 22 (1980), 73—76,

DEPERTMENT OF MATHEATICS
OKAYAMA UNIVERSITY

(Received November 11, 1982)

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 25/iss1/5



