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Copyright c©2001 by the authors. Mathematical Journal of Okayama University is produced by
The Berkeley Electronic Press (bepress). http://escholarship.lib.okayama-u.ac.jp/mjou



Skew Group Algebras and their Yoneda
Algebras

Roberto Martinez-villa

Abstract

Skew group algebras appear in connection with the study of singularities [1], [2]. It was
proved in [4], [6], [10] the preprojective algebra of an Euclidean diagram is Morita equivalent to
a skew group algebra of a polynomial algebra. In [7] we investigated the Yoneda algebra of a
selfinjective Koszul algebra and proved they have properties analogous to the commutative regular
algebras, we call such algebras generalized Auslander regular. The aim of the paper is to prove
that given a positively graded locally finite K-algebra Λ =

∑
&#x3AF;≥0 Λ&#x3AF ; and a finite

grading preserving group G of automorphisms of Λ, with characteristic K not dividing the order of
G, then G acts naturally on the Yoneda algebra Γ =⊕κ≥0&#x3000;ExtkΛ(Λ0,Λ0) and the skew
group algebra Γ*G is isomorphic to the Yoneda algebra Λ*G = ⊕κ≥0 ExtκΛ*G(Λ0*G,Λ0*G).
As an application we prove Λ is generalized Auslander regular if and only if Λ*G is generalized
Auslander regular and Λ is Koszul if and only if Λ*G is so.



Math. J. Okayama Univ. 43(2001), 1–16

SKEW GROUP ALGEBRAS AND THEIR YONEDA
ALGEBRAS

Dedicated to Helmut Lenzing on the occasion of the 60-th birthday

Roberto MARTÍNEZ-VILLA

Abstract. Skew group algebras appear in connection with the study
of singularities [1], [2]. It was proved in [4], [6], [10] the preprojective
algebra of an Euclidean diagram is Morita equivalent to a skew group
algebra of a polynomial algebra. In [7] we investigated the Yoneda al-
gebra of a selfinjective Koszul algebra and proved they have properties
analogous to the commutative regular algebras, we call such algebras
generalized Auslander regular. The aim of the paper is to prove that
given a positively graded locally finite K-algebra Λ =

P

i≥0

Λi and a finite

grading preserving group G of automorphisms of Λ, with characteristic
K not dividing the order of G, then G acts naturally on the Yoneda
algebra Γ =

L

k≥0

Extk
Λ(Λ0, Λ0) and the skew group algebra Γ ∗ G is iso-

morphic to the Yoneda algebra Λ ∗G =
L

k≥0

Extk
Λ∗G(Λ0 ∗G, Λ0 ∗G). As

an application we prove Λ is generalized Auslander regular if and only
if Λ ∗ G is generalized Auslander regular and Λ is Koszul if and only if
Λ ∗ G is so.

It was proved by H. Lenzing the indecomposable modules over a quiver
algebra KQ with K a field and Q an Euclidean diagram, are parametrized
by Klein curve singularities P1(C)/G arising from the action of polyhedral
groups on projective line.

The polyhedral groups are the finite subgroups of SL(2, C), [8] they act
naturally on C[x, y] sending homogeneous elements to homogeneous ele-
ments, for example the cyclic group

Zn =

{(
ξ 0
0 ξ−1

) ∣∣∣∣∣ ξ is a complex primitive n-th root of unity

}

acts on C[x, y] by x 7→ ξx, y 7→ ξ−1y. The coordinate ring of P1(C)/G is
C[x, y]G.

In general, given a positively graded locally finite K-algebra Λ =
⊕
j≥0

Λj ,

with Λ0 semisimple, ΛiΛj = Λi+j and G a finite group of grading preserving
K-automorphisms of Λ, we associate to them two K-algebras, the fixed ring
ΛG = {λ ∈ Λ | λg = λ for all g ∈ G} and the skew group algebra Λ ∗ G
defined as follows:

1
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2 R. MARTÍNEZ-VILLA

As a vector space Λ ∗ G = Λ
⊗
K

KG. For λ ∈ Λ and g ∈ G, we write

λg instead of λ
⊗
K

g, and multiplication is given by gλ = λgg, where the

element λg ∈ Λ denotes the image of λ under the automorphism g.
The algebra ΛG is the endomorphism ring of a finitely generated projective

Λ∗G-module, explicitly: given the idempotent e = 1/|G|
∑
g∈G

g of Λ∗G there

exists an isomorphisms e(Λ ∗ G)e ∼= ΛG [3].
Given a quiver Q and a field K the preprojective algebra is the K-algebra

KQ̂/I with quiver Q̂ with vertices Q̂0 = Q0 and arrows Q̂1 = Q1 ∪ Qop
1 ,

where Qop denotes the opposite quiver of Q. For any arrow α ∈ Q1 write α̂
for the corresponding arrow in the opposite quiver. The ideal I is generated
by relations

∑
αiα̂i and

∑
α̂iαi.

We have the following:

Theorem 1 (Lenzing [6], Reiten and Van den Bergh [10], Crawley
-Boevey [4]). The preprojective algebras Λ = CQ̂/I corresponding to an Eu-
clidean quiver Q are Morita equivalent to the skew group algebras C[x, y]∗G,
with G a polyhedral group.

In the example of the cyclic group Zn acting on C[x, y] given above the
skew group algebra C[x, y] ∗ Zn is the Mckay quiver [8] obtained as follows:

Let {S1, S2, . . . , Sn} be the irreducible representations of Zn, put a vertex
vi for each simple Si and mij arrows from vi to vj if V

⊗
C

Si =
⊕
j

mijSj ,

where V is the two dimensional representation given by (x, y)/(x, y)2. The
Mckay quiver is:

1 // 2244
2 //oo 3 //oo 4 //oo · · · //oo n − 1 //oo n.oo

In this paper we consider generalized Auslander regular algebras, they
constitute non commutative versions of the regular algebras and contain the
preprojective algebras. We will prove that given a positively graded algebra
Λ as above and a finite a group of automorphisms G, the skew group algebra
Λ ∗ G is generalized Auslander regular if and only if Λ is so.

Let M be a Λ∗G-module and V a KG-module. The vector space M
⊗
K

V

is a Λ∗G-module with action given by: λ.(m⊗v) = λm⊗v and g(m⊗v) =
gm ⊗ gv, for λ ∈ Λ, m ∈ M and g ∈ G.

Lemma 2. Let Λ =
⊕
j≥0

Λj be a positively graded, locally finite K-algebra

with Λ0 semisimple, ΛiΛj = Λi+j and K an algebraically closed field. Let

2
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SKEW GROUP ALGEBRAS AND THEIR YONEDA ALGEBRAS 3

G be a finite grading preserving group of automorphisms of Λ such that the
characteristic of K does not divide the order of G and Λ ∗G the skew group
algebra. Then the Λ ∗ G-simple modules are of the form: S

⊗
K

V with S a

simple Λ ∗ G submodule of Λ0 and V an irreducible KG-module.

Proof. The radical of Λ ∗ G is J ∗ G and J ∗ G(S
⊗
K

V ) = JS
⊗
K

V = 0,

then S
⊗
K

V is a Λ ∗G/J ∗G = Λ0 ∗G-module. By [9], Λ0 ∗G is semisimple,

therefore: S
⊗
K

V is semisimple. We need to prove S
⊗
K

V is indecomposable.

We have natural isomorphisms:

HomΛ∗G(S
⊗
K

V, S
⊗
K

V ) ∼= HomΛ(S
⊗
K

V, S
⊗
K

V )G

∼= HomK(V, HomΛ(S, S
⊗
K

V ))G

∼= HomKG(V, HomΛ(S, S
⊗
K

V )).

We have also natural isomorphisms:

HomΛ(S, S
⊗
K

V ) ∼= HomΛ/J(S, S
⊗
K

V )

∼= HomΛ/J(S, Λ/J)
⊗
Λ/J

S
⊗
K

V

∼= HomΛ/J(S, S)
⊗
K

V

∼= HomΛ(S, S)
⊗
K

V.

Then we have isomorphisms:

HomKG(V, HomΛ(S, S
⊗
K

V )) ∼= HomKG(V, V )
⊗
K

HomΛ(S, S)

∼= K ⊗ K ∼= K.

If S is a Λ∗G simple, then S is a Λ∗G/J ∗G ∼= Λ0∗G-module. Therefore: S

is isomorphic to a summand of Λ0∗G = Λ0⊗KG. Decomposing Λ0 =
t⊕

i=1
Si,

KG =
m⊕

j=1
Vj we obtain S is isomorphic to some module Si

⊗
K

Vj . ¤

3
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4 R. MARTÍNEZ-VILLA

Lemma 3. Let K be a field, G a finite group with characteristic of K not
dividing the order of G. Let M be a K-vector space with G-action. Denote
by MG = {m ∈ M | gm = m for all g ∈ G} the set of fixed points. Then
the fixed point functor ( )G : ModKG → ModKG is exact.

Proof. Let t : M → M be a K-linear map given by: t(M) = 1/|G|
∑
g∈G

gm.

Then it is clear t(M) = MG.

Let 0 → L
j−→ M

π−→ N → 0 be an exact sequence of G-modules and
G-maps. Then we have an exact commutative diagram:

0 // L //

t
²²

M //

t
²²

N //

t
²²

0

0 // L // M // N // 0,

which induces an exact diagram:

M
π //

t
²²

N //

t
²²

0

MG res π //

²²

NG

²²
0 0.

Therefore, res π is a map onto NG. It is clear MG ∩ L = LG. Hence;
0 → LG → MG → NG → 0 is exact. ¤

Lemma 4. Let Λ be a positively graded K-algebra, G a finite grading pre-
serving group of automorphisms of Λ. Let L, M and N be Λ ∗ G-modules.
Then the following statements hold :

i) The abelian group HomΛ(M,N) is a G-module with action g∗f(m) =
gf(g−1m).

ii) There is an equality HomΛ(M,N)G = HomΛ∗G(M,N).
iii) For all k ≥ 0 there is a natural action of G on Extk

Λ(M,N). If
x ∈ Extk

Λ(M,N) and y ∈ Exts
Λ(N,L), then g(y.x) = (gy).(gx).

Proof. i) Let g1, g2 be elements of G and f ∈ HomΛ(M,N). We have
identities: (g1.g2) ∗ f(m) = g1g2f(g−1

2 g−1
1 m) = g1(g2f(g−1

2 ))(g−1
1 m) = g1 ∗

(g2 ∗ f(m)).
ii) If f is an element of HomΛ(M,N)G, then g ∗ f = f for all g ∈ G, in

particular: g−1 ∗ f = f . It follows gf(m) = f(gm) and f ∈ HomΛ∗G(M,N).
If f is in HomΛ∗G(M,N), then g−1f(m) = f(g−1m). Therefore f(m) =
gf(g−1m), this is g ∗ f = f for all g ∈ G, hence; f ∈ HomΛ(M,N)G.

4
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SKEW GROUP ALGEBRAS AND THEIR YONEDA ALGEBRAS 5

iii) Let g be an element of G and M a Λ-module. Define the Λ-module
Mg−1

as follows: Mg−1
= M as K-vector space and for λ ∈ Λ and m ∈ M

we have λ ∗ m = λg−1
m.

If M is a G-module, then we have an isomorphism φg−1 : M → Mg−1
given

by φg−1(m) = g−1m. Then φg−1(λm) = g−1λm = λg−1
g−1m = λ ∗φg−1(m).

If M and N are G-modules and f : M → N is a Λ-map, then we have
the following commutative diagram:

Mg−1
fg−1

// Ng−1

M
g∗f //

φg−1

OO

N,

φg−1

OO

where fg−1
(x) = f(x) and fg−1

(λ∗x) = f(λg−1
x) = λg−1

f(x) = λ∗fg−1
(x).

Then φgf
g−1

φg−1(m) = gf(g−1m) = g ∗ f(m).
Let x ∈ Extk

Λ(M,N) be the extension:

0 → N
j−→ Ek

fk−→ Ek−1 → · · · → E1
f1−→ M → 0.

Define g.x as the extension:

0 → N
jg−1

φg−1

−−−−−−→ Eg−1

k

fg−1

k−−−→ Eg−1

k−1 → · · · → Eg−1

1

φgfg−1

1−−−−−→ M → 0.

Since ( )g is an exact functor we have: x ∼ y if and only if gx ∼ gy. We
have the following commutative diagram:

N
φh−1 //

φh−1g−1 &&LLLLLLLL Nh−1

φg−1
²²

Nh−1g−1
.

It follows (hg)(x) = h(gx). Hence; G acts on Extk
Λ(M,N). It is clear that

if x ∈ Extk
Λ(M,L) and y ∈ Exts

Λ(L,N), then g(yx) = (gy)(gx). ¤

Corollary 5. Let Λ be a positively graded K-algebra, G a finite grading
preserving group of automorphisms of Λ such that the characteristic of K

does not divide the order of the group G. Let 0 → L
f−→ M

π−→ N → 0 be an
exact sequence of G-modules and G-maps. Then for any G-module X the

5
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6 R. MARTÍNEZ-VILLA

long exact sequences:

0 → HomΛ(X,L) → HomΛ(X,M) → HomΛ(X,N)

→ Ext1Λ(X,L) → Ext1Λ(X,M) → · · · → Extk
Λ(X,M) → · · ·

0 → HomΛ(N,X) → HomΛ(M,X) → HomΛ(L,X)

→ Ext1Λ(N,X) → Ext1Λ(M,X) → · · · → Extk
Λ(M,X) → · · ·

are exact sequences of G-modules and G-maps.

Proof. Let 0 → L
j−→ Ek

tk−→ Ek−1 → · · · → E1
t1−→ X → 0 be an exact

sequence and f : L → M be a G-map. We have an induced exact sequence
y obtained from the commutative diagram:

x : 0 // L
j //

f
²²

Ek
tk //

²²

Ek−1 → · · · → E1
t1 // X //

1
²²

0

y : 0 // M
i // Fk

sk // Fk−1 → · · · → F1
s1 // X // 0.

Applying ( )g
−1

and composing with the natural isomorphisms we have a
commutative exact diagram:

gx : 0 // L
jφg−1

//

g∗f
²²

Eg−1

k

tk //

²²

Eg−1
k−1 → · · · → Eg−1

1

φgt1 // X //

1
²²

0

gy : 0 // M // F g−1

k
// F g−1

k−1 → · · · → F g−1

1

φgs1 // X // 0.

Then ExtkΛ(f,M)(x) = y. We have g Extk
Λ(f,M)(x) = gy = Extk

Λ(g ∗
f,M)(gx). Since g ∗ f = f , then ExtkΛ(f,M) is a G-map.

Let δ : Extk
Λ(X,N) → Extk+1

Λ (X,L) be the connecting map and x ∈
Extk

Λ(X,N), where x : 0 → N → Ek → Ek−1 → · · · → E1 → X → 0 and z
is the exact sequence:

0 → L
f−→ M

π−→ N → 0.

We have the following commutative exact diagram:

0 // L
f //

φg−1
²²

M
π //

φg−1
²²

N //

φg−1
²²

0

0 // Lg−1
f // Mg−1 π // Ng−1 // 0

with φg−1 isomorphisms. This implies gz = z. Then δ(gx) = zgx = gzgx =
g(zx) = gδ(x). Hence; δ is a G-map.

The proof for the second long exact sequence is by dual arguments. ¤

6
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SKEW GROUP ALGEBRAS AND THEIR YONEDA ALGEBRAS 7

Lemma 6. Let Λ be a positively graded K-algebra, G a finite grading pre-
serving group of automorphisms of Λ such that the characteristic of K does
not divide the order of the group G. Let X be a finitely generated graded
Λ ∗ G-module. Then X is projective if and only if X is projective as Λ-
module.

Proof. Assume the module X is projective as Λ∗G-module, this implies there
exists a graded Λ ∗ G-module Q such that X

⊕
Q ∼= (Λ ∗ G)n ∼= (

⊕
|G|

Λ)n.

Therefore: X is a projective Λ-module.
Assume X is projective as Λ-module. Let 0 → A → B → C → 0 be an

exact sequence of Λ ∗ G-modules. Then the sequence:

0 → HomΛ(X,A) → HomΛ(X,B) → HomΛ(X,C) → 0

is an exact sequence of G-modules. Applying the fixed point functor we
have an exact sequence:

0 → HomΛ(X,A)G → HomΛ(X,B)G → HomΛ(X,C)G → 0,

which is isomorphic to the sequence:

0 → HomΛ∗G(X,A) → HomΛ∗G(X,B) → HomΛ∗G(X,C) → 0.

It follows X is projective. ¤

Corollary 7. If Λ and G are as in the lemma, then Λ is a projective Λ ∗G-
module.

Lemma 8. Let G be a finite grading preserving group of automorphisms
of the K-algebra Λ and assume the characteristic of Λ does not divide the
order of the group G. Let P be a graded finitely generated projective Λ ∗ G-
module and N an arbitrary graded Λ ∗ G-module. Then we have a natural
isomorphism: θ : HomΛ(P,N)

⊗
K

W → HomΛ∗G(P
⊗
K

KG,N
⊗
K

W ) given

by θ(f ⊗ w)(p ⊗ g) = g ∗ f(p) ⊗ gw.

Proof. We have a natural isomorphism of K-vector spaces:

ψ : HomK(KG, HomΛ(P,N
⊗
K

W )) → HomΛ(P
⊗
K

KG,N
⊗
K

W )

given by ψ(γ)(p⊗g) = γ(g)(p). The map ψ is a G-map. We have equalities:
ψ(h ∗ γ)(p ⊗ g) = h ∗ γ(g)(p). But h ∗ γ(g) = (h.γ)(h−1g). Then,

[(h.γ)(h−1g)](p) = h(h−1g)(h−1p) = h(ψ(γ)(h−1p ⊗ h−1g)

= h(ψ(γ))(h−1(p ⊗ g) = (h ∗ ψ(γ)(p ⊗ g)

= ψ(h ⊗ γ)(p ⊗ g).

7
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8 R. MARTÍNEZ-VILLA

Hence ψ(h ∗ γ) = h ∗ ψ(γ). It follows ψ induces an isomorphisms:

ψ : HomK(KG, HomΛ(P,N
⊗
K

W ))G → HomΛ(P
⊗
K

KG,N
⊗
K

W )G

Hence an isomorphism:

ψ : HomKG(KG, HomΛ(P,N
⊗
K

W )) → HomΛ∗G(P
⊗
K

KG,N
⊗
K

W ).

Consider the natural isomorphisms:

σ1 : HomΛ(P,N)
⊗
K

W → HomΛ(P, Λ)
⊗
Λ

N
⊗
K

W,

σ2 : HomΛ(P, Λ)
⊗
Λ

N
⊗
K

W → HomΛ(P,N
⊗
K

W ),

where f ∈ HomΛ(P,N) we have the equality f(p) =
∑

fi(p)ni with fi ∈
HomΛ(P, Λ) and ni ∈ N . Then, σ1(f ⊗ w) =

∑
fi ⊗ ni ⊗ w and σ2(

∑
fi ⊗

ni ⊗ w)(p) =
∑

fi(p)ni ⊗ w = (
∑

fi(p)ni) ⊗ w = f(p) ⊗ w. Hence; σ(f ⊗
w)(p) = σ2σ1(f ⊗ w)(p) = f(p) ⊗ w. The map α : HomΛ(P,N

⊗
K

W ) →

HomKG(KG, HomΛ(P,N
⊗
K

W )) is the isomorphism α(f)(h) = h ∗ f . The

natural isomorphism θ is the composition ψασ. Then we have a chain of
equalities:

θ(h ⊗ w)(p ⊗ g) = ψασ(h ⊗ w)(p ⊗ g) = ψ(ασ(h ⊗ w))(p ⊗ g)

= ασ(h ⊗ w)(g)(p) = g ∗ σ(h ⊗ w)(g)(p)

= gσ(h ⊗ w)(g−1p) = g[h(g−1p) ⊗ w]

= ghg−1p ⊗ hw = g ∗ h(p) ⊗ gw. ¤

Proposition 9. Let G be a finite group of grading preserving automorphisms
of the K-algebra Λ such that the characteristic of K does not divide the order
of G. Let M be a graded Λ ∗ G-module with a graded projective resolution
consisting of finitely generated modules, N a graded Λ ∗G-module and W a
KG-module. Then for all k ≥ 0 we have a natural isomorphism:

θ̂ : Extk
Λ(M,N)

⊗
K

W → Extk
Λ∗G(M

⊗
K

KG,N
⊗
K

W ).

Proof. Let · · · → Pk
fk−→ Pk−1 → · · · → P0

f0−→ M → 0 be a Λ ∗ G-projective
resolution of M . By lemma 6, each Pj is a finitely generated projective
Λ-module. Tensoring with KG we have an exact sequence of Λ∗G-modules:

· · ·→ Pk
⊗
K

KG
fk⊗1−−−→ Pk−1

⊗
K

KG →· · ·→ P0
⊗
K

KG
f0⊗1−−−→ M

⊗
K

KG → 0.

8
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SKEW GROUP ALGEBRAS AND THEIR YONEDA ALGEBRAS 9

Each Pk
⊗
K

KG is isomorphic to
⊕
|G|

Pk as Λ-module, hence projective as Λ-

module. By lemma 6, Pk
⊗
K

KG is a finitely generated graded projective

Λ ∗ G-module. We have a complex:

0 → HomΛ(P0, N) → · · · → HomΛ(Pk, N) → HomΛ(Pk+1, N) → · · · .

Tensoring with W we obtain a complex:

0 →HomΛ(P0, N)
⊗
K

W →

· · · → HomΛ(Pk, N)
⊗
K

W → HomΛ(Pk+1, N)
⊗
K

W → · · · ,

whose k-th homology is Extk
Λ(M,N)

⊗
K

W . By the lemma, we have an

isomorphism of complexes:

0 −→ HomΛ(P0, N)
⊗
K

W −→
θ ²²

0 → HomΛ(P0
⊗
K

KG,N
⊗
K

W ) →

· · · −→ HomΛ(Pk, N)
⊗
K

W //

θ ²²

HomΛ(Pk+1, N)
⊗
K

W −→ · · ·
θ ²²

· · · → HomΛ(Pk
⊗
K

KG,N
⊗
K

W ) // HomΛ(Pk+1
⊗
K

KG,N
⊗
K

KW ) → · · · ,

which induces an isomorphism θ̂ of the homologies, therefore an isomor-
phism:

θ̂ : Extk
Λ(M,N)

⊗
K

W → Extk
Λ∗G(M

⊗
K

KG,N
⊗
K

W ). ¤

Theorem 10. Let Λ be a positively graded K-algebra, G a finite grading
preserving group of automorphisms of Λ with characteristic of K do not di-
viding the order of G. Let M be a graded Λ∗G-module with a graded projec-
tive resolution consisting of finitely generated modules Γ =

⊕
k≥0

Extk
Λ(M,M).

Then the skew group algebra Γ ∗ G is isomorphic as graded algebra to Γ̂ =⊕
k≥0

Extk
Λ∗G(M

⊗
K

KG,M
⊗
K

KG).

Proof. We need to prove isomorphism θ̂ preserves multiplication.
Let x ∈ Extk

Λ(M,N) and y ∈ Exts
Λ(M,N):

x = 0 → M → Ek → Ek−1 → · · · → E1 → M → 0,

y = 0 → M → Fs → Fs−1 → · · · → F1 → M → 0,

9
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10 R. MARTÍNEZ-VILLA

where the multiplication x ∗ y is the Yoneda product:

x ∗ y = y.x = 0 → M → Fs → Fs−1 → · · · → F1

→ Ek → Ek−1 → · · · → E1 → M → 0.

Let · · · → Pt
αt−→ Pt−1 → · · · → P0

α0−→ M → 0 be a Λ ∗ G-projective
resolution of M and Ωt(M) = Ker αt.

To the extension x corresponds a map f : Ωk(M) → M , to the extension
y a map h : Ωs(M) → M and to the Yoneda product y.x corresponds the
composition h.Ωk(f). We have the following commutative exact diagrams:

0 // Ωk(M) //

f
²²

Pk−1 → · · · →
fk

²²

P0
//

f0
²²

M //

1
²²

0

0 // M // Ek −→ · · · → E1
// M // 0,

0 // Ωk−s(M) //

Ωs(f)
²²

Pk+s−1

²²

→ · · · →
fk ²²

Pk
//

²²

Ωk(M) //

f
²²

0

0 // Ωs(M) //

h
²²

Ps−1

hs
²²

−→ · · · → P0
//

h1
²²

M //

1
²²

0

0 // M // Fs −→ · · · → F1
// M // 0.

We need to prove the following diagram:

Extk
Λ(M,M)

⊗
K

KG

θ̂ ²²

× Exts
Λ(M,M)

⊗
K

KG

θ̂ ²²
Extk

Λ∗G(M
⊗
K

KG,M
⊗
K

KG) × Exts
Λ∗G(M

⊗
K

KG,M
⊗
K

KG)

ν // Extk+s
Λ (M,M)

⊗
K

KG

θ̂ ²²
µ // Extk+s

Λ∗G(M
⊗
K

KG,M
⊗
K

KG)

with ν(x ⊗ g, y ⊗ t) = (x.g)(y.t) and µ the Yoneda product, commutes.
We have the following equalities:

(x.g)(y.t) = x.(gy.t) = x ∗ .gy ⊗ gt = gy.x ⊗ gt

and the following correspondences under the natural isomorphisms:

x ⊗ g → f ⊗ g, y ⊗ t → h ⊗ t.

10
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Then the following correspondences: θ̂(x⊗g) → θ(f⊗g), θ̂(y⊗t) → θ(h⊗t).
The maps θ(f ⊗ g), θ(h ⊗ t) induce exact commutative diagrams:

0 → Ωs(M)
⊗

KG //

θ(h⊗t)
²²

Ps−1
⊗

KG

²²

→· · ·→ P0
⊗

KG //

²²

M
⊗

KG → 0
1

²²
0 −→ M

⊗
KG // F̂s −−−→ · · · −−−→ F̂1

// M −→ 0,

0 → Ωk+s(M)
⊗

KG //

Ωsθ(f⊗g)
²²

Pk+s−1
⊗

KG →

²²
0 −→ ΩsM

⊗
KG // Ps

⊗
KG −→

· · · → Pk
⊗

KG //

²²

Ωk(M)
⊗

KG → 0
θ(f⊗g)

²²
· · · → P0

⊗
KG // M

⊗
KG −→ 0,

where the bottom rows are θ̂(y ⊗ t) and θ̂(x ⊗ g). We have the following
correspondence:

θ̂(y ⊗ t)θ̂(x ⊗ g) = θ̂(x ⊗ g) ∗ θ̂(y ⊗ t) → θ(h ⊗ t)Ωsθ(f ⊗ g).

We claim Ωsθ(f ⊗ g) = θ(Ωsf ⊗ g). We have commutative squares:

Pk+s−i
αk+s−i //

fk+s−i
²²

Pk+s−i−1

fk+s−i−1
²²

Ps−i
αs−i // Ps−i−1.

It is enough to prove the following square commute:

Pk+s−i
⊗

KG
αk+s−i⊗1

//

θ(fk+s−i⊗g)
²²

Pk+s−i−1
⊗

KG

θ(fk+s−i−1⊗g)
²²

Ps−i
⊗

KG
αs−i⊗1 // Ps−i−1

⊗
KG.

But we have the following chain of equalities:

θ(fk+s−i ⊗ g)αk+s−i ⊗ 1(p ⊗ t) = θ(fk+s−i ⊗ g)(αk+s−i(p) ⊗ t)

= t ∗ fk+s−i−1(αk+s−i(p) ⊗ gt) = tfk+s−i−1(t−1αk+s−i(p) ⊗ gt

= tfk+s−i−1(αk+s−i(t−1p) ⊗ gt = tαs−ifk+s−i(t−1p) ⊗ gt

= αs−i(tfk+s−i(t−1p) ⊗ gt = αs−it ∗ fk+s−i(p) ⊗ gt

= (αs−i ⊗ 1)(t ∗ fk+s−i(p) ⊗ gt) = (αs−i ⊗ 1)(θ(fk+s−i ⊗ g)(p ⊗ t).
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12 R. MARTÍNEZ-VILLA

We also have equalities:

θ(h ⊗ t)Ωsθ(f ⊗ g) = θ(h ⊗ t)θ(Ωsf ⊗ g)(m ⊗ l)

= θ(h ⊗ t)(l ∗ Ωsf(m) ⊗ lg) = lg ⊗ h(l ∗ Ωsf(m) ⊗ lgt)

= lg ⊗ h(lΩsf(l−1m) ⊗ lgt) = lgh(g−1l−1lΩsf(l−1m) ⊗ lgt)

= l(gh(g−1Ωsf(l−1m) ⊗ lgt) = l((g ∗ h)Ωsf(m) ⊗ lgt)

= θ(g ∗ hΩsf ⊗ gt)(m ⊗ l).

We have the following commutative diagrams with exact rows:

0 // ΩsM //

ϕ−1
h ²²

Ps−1

²²

→ · · · −→ Pk
//

²²

M //

ϕg−1

²²

0

0 // ΩsMg−1 //

h ²²

P g−1
s−1

²²

→ · · · → P g−1
k

//

²²

Mg−1 //

1
²²

0

0 // Mg−1 //

ϕg

²²

F g−1
s

²²

→ · · · → F g−1
1

//

²²

Mg−1 //

ϕg

²²

0

0 // M // F g−1
s → · · · → F g−1

1
// M // 0,

where the last raw is yg. Since ϕghϕg−1 = g ∗ h, then we have a correspon-
dence g ∗ h 7→ yg, and θ̂(x ⊗ g) ∗ θ̂(y ⊗ t) = θ̂(x ∗ yg, gt). ¤

Recall the following definitions from [7] and the references given there:

Definition 11. A positively graded K-algebra Λ =
⊕
j≥0

Λj such that each

Λj is finite dimensional over the field K and for each pair of integers i 6= j
we have equalities ΛiΛj = Λi+j , will be called a graded quiver algebra. By
J we denote the graded Jacobson radical J =

⊕
j≥1

Λj .

Let M be a finitely generated graded Λ-module, generated in highest
degree zero, we say M is a Koszul module if F (M) =

⊕
i≥0

Exti
Λ(M, Λ/J) is

generated in highest degree zero. We say Λ is Koszul if all graded simples
generated in degree zero are Koszul.

Definition 12. Let Λ be a graded quiver algebra, we say Λ is generalized
Auslander regular if the following statements are true:

i) The algebra Λ has finite, graded, small, global dimension n.
ii) All graded simples have projective dimension n.
iii) For any graded simple S, Extk

Λ(S, Λ) = 0 for 0 ≤ k < n.
iv) The functor Extn

Λ(−, Λ) induces a bijection between the Λ and the
Λop-graded simples.
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Lemma 13. Let Λ be a positively graded K-algebra, G a finite group of
grading preserving automorphisms of Λ with characteristic of K not dividing
the order of G. Then Λ ∗ G is generalized Auslander regular if and only if
Λ is generalized Auslander regular.

Proof. Assume Λ is generalized Auslander regular, M a Λ ∗ G-module
semisimple. Then Extk

Λ∗G(M
⊗
K

KG, Λ
⊗
K

KG) ∼= Extk
Λ(M, Λ)

⊗
K

KG for

all k 6= n. Then by hypothesis, Extn
Λ(M, Λ) is a semisimple Λ ∗ G-module.

Assume KG ∼=
n⊕

i=1
Vi, Vi an irreducible KG-module. Then

Extn
Λ∗G(M

⊗
K

KG, Λ ∗ G) =
m⊕

i=1
Extn

Λ∗G(M
⊗
K

Vi, Λ ∗ G)

and each Extn
Λ∗G(M

⊗
K

Vi, Λ ∗ G) is a semisimple Λ ∗ G-module.

Let T be a simple Λ ∗ G-module with minimal projective resolution:

0 → Pn → Pn−1 → · · · → P0 → T → 0.

Dualizing by ( )∗ = HomΛ∗G(−,Λ ∗ G) we have a complex:

(∗) 0 → P ∗
0 → P ∗

1 → · · · → P ∗
n → Extn

Λ∗G(T, Λ ∗ G) → 0

and Extk
Λ∗G(T

⊗
K

KG, Λ∗G) = Extk
Λ(T, Λ)

⊗
KG =

m⊕
i=1

Extk
Λ∗G(T

⊗
K

Vi, Λ ∗

G) = 0, imply Extk
Λ∗G(T

⊗
K

K, Λ ∗G) = 0 for all k 6= n and the sequence (∗)

is exact. Let S = Extn
Λ∗G(T, Λ ∗ G). Dualizing, we have an exact diagram:

0 // Pn
//

²²

Pn−1

²²

→ · · · → P0
//

²²

T //

²²

0

0 // P ∗∗
n

// P ∗∗
n−1 → · · · → P ∗∗

0
// T // 0.

Therefore: Extk
Λ∗G(S, Λ ∗ G) = 0 for all k 6= n. If S1

⊕
S2 = S, with S1, S2

non zero semisimple Λ ∗ G-modules, then Extk
Λ∗G(Si, Λ ∗ G) = 0 for i = 1, 2

and all k 6= n. If Extn
Λ∗G(Si, Λ ∗ G) = 0, then Si = 0, a contradiction.

Therefore: T ∼= Extn
Λ∗G(S1, Λ ∗ G)

⊕
Extn

Λ∗G(S2, Λ ∗ G), contradicting T is
simple.

Now if T1, T2 are simple Λ ∗ G-modules with Extn
Λ∗G(T1,Λ ∗ G) ∼=

Extn
Λ∗G(T2, Λ ∗ G) and projective resolutions:

0 → P ′
n → P ′

n−1 → · · · → P ′
0 → T1 → 0,

0 → P ′′
n → P ′′

n−1 → · · · → P ′′
0 → T2 → 0.
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14 R. MARTÍNEZ-VILLA

Dualizing, we have exact sequences:

0 → (P ′
0)

∗ → (P ′
1)

∗ → · · · → (P ′
n)∗ → Extn

Λ∗G(T1, Λ ∗ G) → 0,

0 → (P ′′
0 )∗ → (P ′′

1 )∗ → · · · → (P ′′
n )∗ → Extn

Λ∗G(T2, Λ ∗ G) → 0.

From the fact Extn
Λ∗G(T1,Λ∗G) ∼= Extn

Λ∗G(T2, Λ∗G) we have isomorphisms:
(P ′

j)
∗ ∼= (P ′′

j )∗, in particular (P ′
0)

∗ ∼= (P ′′
0 )∗. Then P ′

0
∼= P ′′

0 and T1
∼= T2.

Now assume Λ ∗ G is generalized Auslander regular, S ⊆ Λ0 a simple
Λ-module. The module T defined as T =

∑
g∈G

gS is a simple Λ ∗ G-module.

Then Extk
Λ∗G(T

⊗
K

KG, Λ∗G) ∼= Extk
Λ∗G(T, Λ)

⊗
K

KG. Decomposing KG =
m⊕

i=1
Vi where each Vi is irreducible and using the fact Extk

Λ(T, Λ)
⊗

KG =
m⊕

i=1
Extk

Λ∗G(T
⊗
K

Vi, Λ ∗ G), we obtain Extk
Λ∗G(T

⊗
K

Vi, Λ ∗ G) = 0 if k 6= n.

Therefore: Extk
Λ(T, Λ) = 0 for all k 6= n.

Since Extn
Λ(T, Λ)

⊗
KG =

m⊕
i=1

Extn
Λ∗G(T

⊗
K

Vi, Λ ∗ G), where Extn
Λ∗G(

T
⊗
K

Vi, Λ ∗ G) is a semisimple Λ ∗ G-module, then Extn
Λ(T, Λ)

⊗
KG is

a semisimple Λ-module. The module S is a submodule of the semisimple
Λ-module T , hence; a summand. It follows Extn

Λ(S, Λ) ⊆ Extn
Λ(T, Λ), hence

Extn
Λ(S, Λ) is a semisimple Λ-module.

Let 0 → Pn → Pn−1 → · · · → P0 → T → 0 be a minimal projective
resolution of the Λ-module S, dualizing with respect to Λ we have an exact
sequence:

0 → (P0)∗ → (P1)∗ → · · · → (Pn)∗ → Extn
Λ(S, Λ) → 0.

Dualizing again we have isomorphisms:

0 // Pn
//

²²

Pn−1

²²

→ · · · → P0
//

²²

S //

²²

0

0 // P ∗∗
n

// P ∗∗
n−1 → · · · → P ∗∗

0
// Extn

Λ(Extn
Λ(S, Λ), Λ) // 0.

It follows S ∼= Extn
Λ(Extn

Λ(S, Λ), Λ). If S is simple, then Extn
Λ(S, Λ) ∼=

S1
⊕

S2, S1 6= 0 6= S2. This implies S ∼= Extn
Λ(S1, Λ)

⊕
Extn

Λ(S2,Λ). If
Extn

Λ(Si, Λ) = 0, then Extk
Λ(Si, Λ) = 0 for all i, a contradiction. It follows

Extn
Λ(S, Λ) is simple. ¤

Theorem 14. Let G be a finite group of automorphisms of a graded K-
algebra Λ. Assume characteristic of the field K does not divide the order of
the group, let M be a finitely generated graded Λ∗G-module. Then M

⊗
K

KG
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is a Koszul Λ∗G-module if and only if M is a Koszul Λ-module. In particular
Λ is Koszul if and only if Λ ∗ G is Koszul.

Proof. We have a natural isomorphisms:

Extk
Λ∗G(M

⊗
K

KG, Λ ∗ G) ∼= Extk
Λ∗G(M, Λ)

⊗
K

KG

and

Extk
Λ∗G(M

⊗
K

KG, Λ0 ∗ G) Extj
Λ∗G(Λ0 ∗ G,Λ0 ∗ G)

∼= (Extk
Λ(M, Λ0)

⊗
K

KG)(Extj
Λ(Λ0,Λ0)

⊗
K

KG)

∼= Extk
Λ(M, Λ0) Extj

Λ(Λ0, Λ0)
⊗
K

KG.

Therefore, ExtkΛ∗G(M
⊗
K

KG, Λ0 ∗ G) Extj
Λ∗G(Λ0 ∗ G,Λ0 ∗ G) = Extk+j

Λ∗G(

M
⊗
K

KG, Λ0∗G) if and only if ExtkΛ(M, Λ0) Extj
Λ(Λ0, Λ0) = Extk+j

Λ (M, Λ0).

It follows M is Koszul if and only if M
⊗
K

KG is Koszul, in particular Λ is

Koszul if and only if Λ ∗ G is Koszul. ¤
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