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Abstract

Skew group algebras appear in connection with the study of singularities [1], [2]. It was
proved in [4], [6], [10] the preprojective algebra of an Euclidean diagram is Morita equivalent to
a skew group algebra of a polynomial algebra. In [7] we investigated the Yoneda algebra of a
selfinjective Koszul algebra and proved they have properties analogous to the commutative regular
algebras, we call such algebras generalized Auslander regular. The aim of the paper is to prove
that given a positively graded locally finite K-algebra A = ) &#x3AF;>0 Ag 4534, and a finite
grading preserving group G of automorphisms of A, with characteristic K not dividing the order of
G, then G acts naturally on the Yoneda algebra I =Bk >0&#x3000;Ext* A(A0,A0) and the skew
group algebra ['*G is isomorphic to the Yoneda algebra A*G = $x>0 Extk A*5(A0*G,A0*G).
As an application we prove A is generalized Auslander regular if and only if A*G is generalized
Auslander regular and A is Koszul if and only if A*G is so.



Martinez-villa: Skew Group Algebras and their Y oneda Algebras

Math. J. Okayama Univ. 43(2001), 1-16

SKEW GROUP ALGEBRAS AND THEIR YONEDA
ALGEBRAS

Dedicated to Helmut Lenzing on the occasion of the 60-th birthday

ROBERTO MARTINEZ-VILLA

ABSTRACT. Skew group algebras appear in connection with the study
of singularities [1], [2]. It was proved in [4], [6], [10] the preprojective
algebra of an Euclidean diagram is Morita equivalent to a skew group
algebra of a polynomial algebra. In [7] we investigated the Yoneda al-
gebra of a selfinjective Koszul algebra and proved they have properties
analogous to the commutative regular algebras, we call such algebras
generalized Auslander regular. The aim of the paper is to prove that

given a positively graded locally finite K-algebra A = > A; and a finite
i>0

grading preserving group G of automorphisms of A, with characteristic

K not dividing the order of GG, then G acts naturally on the Yoneda

algebra I' = @ Ext} (Ao, Ag) and the skew group algebra I' * G is iso-
k>0

morphic to the Yoneda algebra A x G = @ Exth,o(Ao* G, Ao *G). As
k>0

an application we prove A is generalized Auslander regular if and only

if A G is generalized Auslander regular and A is Koszul if and only if

A x G is so.

It was proved by H. Lenzing the indecomposable modules over a quiver
algebra KQ with K a field and @) an Euclidean diagram, are parametrized
by Klein curve singularities P;(C)/G arising from the action of polyhedral
groups on projective line.

The polyhedral groups are the finite subgroups of SL(2,C), [8] they act
naturally on Cf[z,y] sending homogeneous elements to homogeneous ele-
ments, for example the cyclic group

Ly = (g 591> ¢ is a complex primitive n-th root of unity

acts on Clx,y] by = — &z, y — £ 'y. The coordinate ring of P;(C)/G is
Clz, y]%.

In general, given a positively graded locally finite K-algebra A = @ A;,

i>0

with Ag semisimple, A;A; = A;4; and G a finite group of grading presjerving
K-automorphisms of A, we associate to them two K-algebras, the fixed ring
A ={N e A| XN = )forallg € G} and the skew group algebra A * G
defined as follows:
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As a vector space A x G = AQ KG. For A € A and g € G, we write
K
Ag instead of A g, and multiplication is given by g\ = Mg, where the
K

element A9 € A denotes the image of A under the automorphism g.
The algebra A is the endomorphism ring of a finitely generated projective

AxG-module, explicitly: given the idempotent e = 1/|G| Y g of AxG there
geG

exists an isomorphisms e(A * G)e =2 AY [3].

Given a quiver ) and a field K the preprojective algebra is the K-algebra
KQ/I with quiver Q with vertices Qo = Qp and arrows Q7 = Q1 U Q7
where QQ°P denotes the opposite quiver of (). For any arrow a € Q1 write &
for the corresponding arrow in the opposite quiver. The ideal I is generated
by relations > a;&; and Y &;y.

We have the following:

Theorem 1 (Lenzing [6], Reiten and Van den Bergh [10], Crawley
-Boevey [4]). The preprojective algebras A = C’Q/I corresponding to an Fu-
clidean quiver Q are Morita equivalent to the skew group algebras C|x,y]*G,
with G a polyhedral group.

In the example of the cyclic group Z, acting on Cfz,y] given above the
skew group algebra C[z,y] * Z, is the Mckay quiver [8] obtained as follows:
Let {S1,S2,...,5,} be the irreducible representations of Z,, put a vertex
v; for each simple S; and m;; arrows from v; to v; if V.QS; = @ my;S;,
C J
where V is the two dimensional representation given by (z,y)/(x,y)%. The
Mckay quiver is:

1 2 3 4 n—1=—=mn.

w

In this paper we consider generalized Auslander regular algebras, they
constitute non commutative versions of the regular algebras and contain the
preprojective algebras. We will prove that given a positively graded algebra
A as above and a finite a group of automorphisms G, the skew group algebra
A % G is generalized Auslander regular if and only if A is so.

Let M be a AxG-module and V' a K G-module. The vector space M @V

K

is a A * G-module with action given by: A\.(m®v) = Am®uv and g(m®uv) =

gm ® gv, for A€ A, m € M and g € G.

Lemma 2. Let A = @ A; be a positively graded, locally finite K -algebra
Jj=>0

with Ag semisimple, A;A; = Ajyj and K an algebraically closed field. Let

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 43/iss1/6
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G be a finite grading preserving group of automorphisms of A such that the
characteristic of K does not divide the order of G and Ax G the skew group
algebra. Then the A * G-simple modules are of the form: SQV with S a

K
simple A x G submodule of Ag and V' an irreducible KG-module.

Proof. The radical of A G is J+* G and Jx G(SQV) = JSKQRQV = 0,
K K
then SQV isa AxG/J «G = Ag* G-module. By [9], Ag * G is semisimple,
K
therefore: S @ V is semisimple. We need to prove S ) V' is indecomposable.
K K

We have natural isomorphisms:
Homp,g(SQV,SQV) = Homp (SQV,SQRQ V)¢
K K K K
>~ Homp (V, Homy (S, S @ V)¢
K

=~ Homgg(V,Homy (S, SQ V)).
K

We have also natural isomorphisms:
HOII]A(S, S® V) = HOIIIA/J(S, S® V)
K K

= HomA/J(S,A/J) R SRV
AJJ K
~ Homy (S, 5) @ V
K

= Homy (S, 5) @ V.
K

Then we have isomorphisms:

Hong(V, HOHIA(S, S ® V)) = HOHIK(;(V, V) ®HOIHA(S, S)
K K

2K K=2K.
If S'is a AxG simple, then S'is a AxG/J*G = Ag* G-module. Therefore: S

t
is isomorphic to a summand of AgxG = Ag® KG. Decomposing Ag = € 5,
i=1

KG = @ V; we obtain S is isomorphic to some module S; @ V;. O
7=1 K
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Lemma 3. Let K be a field, G a finite group with characteristic of K not
dividing the order of G. Let M be a K -vector space with G-action. Denote
by MG = {m € M | gm = m for all g € G} the set of fized points. Then
the fized point functor ()¢ : Modgg — Modgq is exact.

Proof. Let t : M — M be a K-linear map given by: t(M) = 1/|G| > gm.
geG
Then it is clear (M) = MS.

Let 0 = L & M 5 N — 0 be an exact sequence of G-modules and
G-maps. Then we have an exact commutative diagram:

0 L M N 0

ook

0 L M N 0,

which induces an exact diagram:

™

M N 0
oo
MG —— NG
Vo
0 0.

Therefore, resw is a map onto N&. It is clear M N L = LY. Hence;
0— LY - M% — NC = 0 is exact. (|

Lemma 4. Let A be a positively graded K -algebra, G a finite grading pre-
serving group of automorphisms of A. Let L, M and N be A x G-modules.
Then the following statements hold:

i) The abelian group Homy (M, N) is a G-module with action g*f(m) =
gf(g~'m).
ii) There is an equality Homp (M, N)¢ = Homp.q(M, N).
iii) For all k > 0 there is a natural action of G on Extk(M,N). If
x € Extk (M, N) and y € Ext}(N, L), then g(y.x) = (gy).(gz).

Proof. i) Let g1, g2 be elements of G and f € Homy(M,N). We have
identities: (g1.g2) * f(m) = g1g2f (95 91 'm) = 91(92f (95 ")) (g1 'm) = g1 *
(92 % f(m)).

ii) If f is an element of Homy (M, N)%, then g * f = f for all g € G, in
particular: g~'* f = f. It follows gf(m) = f(gm) and f € Homp.q(M, N).
If fis in Homp.g(M, N), then g='f(m) = f(g~'m). Therefore f(m) =
gf(g~'m), thisis g* f = f for all g € G, hence; f € Homy (M, N)C.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 43/iss1/6
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iii) Let g be an element of G and M a A-module. Define the A-module
M9 as follows: M9 = M as K-vector space and for A € A and m € M
we have A m = A9 'm.

If M is a G-module, then we have an isomorphism ¢g-1 : M — M g ! given
by ¢,-1(m) = g~ 'm. Then ¢,-1(Am) = g~ Am = Mg im = M« Pg-1(m).

If M and N are G-modules and f : M — N is a A-map, then we have
the following commutative diagram:

Ae! L N9
T¢g—1 T(bg—l

gxf

M N,

where f97" (z) = f(z) and f9 (M) = f(N '2) = N f(z) = A= f9 (z).
Then ¢g /7 ¢y-1(m) = gf(97'm) = g  f(m).

Let z € Extk (M, N) be the extension:

o-NLe e  — . B Moo

Define g.z as the extension:

1 -1 —1
g
$y-1 -1 f7 1 1 g ff

y . 7
0— N - EY o Ay o KLU ) )

Since ()¢ is an exact functor we have: z ~ y if and only if gz ~ gy. We
have the following commutative diagram:

(bhfl
N —— ]\[h*1

<z>h_1g\_14 oo

Nh71971

It follows (hg)(z) = h(gx). Hence; G acts on Extk (M, N). Tt is clear that
if € Extk (M, L) and y € Ext} (L, N), then g(yz) = (gy)(gz). O

Corollary 5. Let A be a positively graded K-algebra, G a finite grading
preserving group of automorphisms of A such that the characteristic of K

does not divide the order of the group G. Let 0 — L oM TN =0 be an
exact sequence of G-modules and G-maps. Then for any G-module X the

Produced by The Berkeley Electronic Press, 2001
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long exact sequences:
0 — Homy (X, L) — Homp (X, M) — Homp (X, N)
— Ext{(X,L) —» Ext{(X, M) — - — Extk (X, M) — - ..
0 — Homp (V, X) — Homy (M, X) — Homy (L, X)
— Exth (N, X) — Ext}(M,X) — - — Extk (M, X) — - -
are exact sequences of G-modules and G-maps.
Proof. Let 0 » L L By % By — - — By % X — 0 be an exact

sequence and f: L — M be a G-map. We have an induced exact sequence
y obtained from the commutative diagram:

j t t
z: O L—2 E,—>FEy1—-—FE —>X—>0

I R

y: 0 M—=F-2>F - - x—>0.

Applying ( )g_1 and composing with the natural isomorphisms we have a
commutative exact diagram:

Jbg- _ _
gz - OHLAEgl s _1_>..._>Ei71@>)(4>0

- ]
\L 1 —1 ¢gs1

gy: OHMHFkg—lﬁFig:l_)“'—)Fiq HXHO.

Then Extk (f, M)(z) = y. We have gExtk(f,M)(z) = gy = Extk(g *
fy M)(gz). Since g * f = f, then Ext (f, M) is a G-map.

Let § : Extf(X,N) — ExtiH(X, L) be the connecting map and = €
Extf\(X,N), wherez :0 - N - E, - E._1 — -+ —>F —- X —-0and 2
is the exact sequence:

0-ILLMEI N o

We have the following commutative exact diagram:

0 [ N S 0
$,—1 \L ®,—1 \L $y—1 l/
0——=r9" —>f Mot T Nt 0

with ¢,-1 isomorphisms. This implies gz = 2. Then 0(g9x) = zgz = gzgr =
g(zx) = gd(z). Hence; ¢ is a G-map.
The proof for the second long exact sequence is by dual arguments. [J

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 43/iss1/6
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Lemma 6. Let A be a positively graded K -algebra, G a finite grading pre-
serving group of automorphisms of A such that the characteristic of K does
not divide the order of the group G. Let X be a finitely generated graded
A x G-module. Then X is projective if and only if X is projective as A-
module.

Proof. Assume the module X is projective as AxG-module, this implies there
exists a graded A * G-module @ such that X Q = (A« G)" = (P A)".
IG|
Therefore: X is a projective A-module.
Assume X is projective as A-module. Let 0 - A — B — C — 0 be an
exact sequence of A *x G-modules. Then the sequence:

0 — Homp (X, A) — Homy (X, B) — Homa(X,C) — 0

is an exact sequence of G-modules. Applying the fixed point functor we
have an exact sequence:

0 — Homy (X, A)¢ — Homy (X, B)Y — Homy (X, C)¢ — 0,
which is isomorphic to the sequence:
0 — Homp.q (X, A) — Homp.q(X, B) — Homp.q(X,C) — 0.
It follows X is projective. O

Corollary 7. If A and G are as in the lemma, then A is a projective Ax G-
module.

Lemma 8. Let G be a finite grading preserving group of automorphisms
of the K-algebra A and assume the characteristic of A does not divide the
order of the group G. Let P be a graded finitely generated projective A x G-
module and N an arbitrary graded A * G-module. Then we have a natural
isomorphism: 6 : Homp(P,N) QW — Homp.q(PQ KG,NQQW) given
K K K
by 0(f @ w)(p®g) = g* f(p) @ gw.
Proof. We have a natural isomorphism of K-vector spaces:

¥ Hompg (KG,Homp (P,N Q W)) — Homp (P Q KG,N QW)
K K K

given by ¥(7)(p®g) = v(g)(p). The map ¢ is a G-map. We have equalities:
PY(h*7)(p® g) = h*v(g)(p). But h*~(g) = (hy)(h~'g). Then,

[(hy) (R 9)](p) = h(h™ g)(h™'p) = h(¥(y)(h ' p@ h~'g)
h(Wp(1)(h (p® g) = (h*x (1) (p® g)
P(h@7)(p®g).

Produced by The Berkeley Electronic Press, 2001
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Hence 1 (h xv) = h *1(y). It follows v induces an isomorphisms:
¢ : Homg (KG, Homp (P, N @ W))¢ — Homp(PQ KG, N Q W)¢
K K K

Hence an isomorphism:

¢ : Homgg(KG,Homp (P,N @ W)) — Hompa.g(PQRQ KG,N Q W).
K K K

Consider the natural isomorphisms:
o1 : Homp (P, N) @ W — Homp(P,A) @ N Q@ W,
K A K

o2 : Homa(P,A) @ N Q@ W — Homp(P,NQ W),
A K K

where f € Homp (P, N) we have the equality f(p) = >_ fi(p)n; with f; €
Homp (P, A) and n; € N. Then, o1(f @ w) = > fi ®n; ®w and 02(>_ fi ®
ni @ w)(p) = 3 filp)ni @ w = (3 fi(p)ni) @ w = f(p) ® w. Hence; o(f @
w)(p) = o201(f ©@ w)(p) = f(p) ® w. The map « : Homp(P,N QW) —

K
Hompg (K G,Homp (P, N @ W)) is the isomorphism a(f)(h) = h* f. The
K
natural isomorphism 6 is the composition ®ao. Then we have a chain of
equalities:
0(h @ w)(p®@g) =vac(h@w)(p®g) =Y(ac(h@w))(p®g)
= ac(h®w)(g)(p) = g+ o(h @ w)(g)(p)
= go(h@w)(g~'p) = glh(g™"p) ® w]
= ghg™'p® hw = g * h(p) ® gw. O
Proposition 9. Let G be a finite group of grading preserving automorphisms
of the K -algebra A such that the characteristic of K does not divide the order
of G. Let M be a graded A * G-module with a graded projective resolution

consisting of finitely generated modules, N a graded A x G-module and W a
KG-module. Then for all k > 0 we have a natural isomorphism:

0:Extk(M,N)QW — Extk (MQKG,NQW).
K K K

Proof. Let --- — Py ELN P.1— - =B fo, M — 0 be a A x G-projective
resolution of M. By lemma 6, each P; is a finitely generated projective
A-module. Tensoring with KG we have an exact sequence of A x G-modules:

= PR RKG L P QKG - — BQKG L MQKG — 0.
K K K K

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 43/iss1/6
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Each P Q) KG is isomorphic to € P as A-module, hence projective as A-
K |G|
module. By lemma 6, P, Q) KG is a finitely generated graded projective
K

A x G-module. We have a complex:
0 — Homp (Py, N) — -+ — Homp (P, N) — Homp (P41, N) — - - .
Tensoring with W we obtain a complex:

0 — Homp (Po, N) QW —
K

- — Homp (P, N) @ W — Homp (Pps1, N) QW — -+,
K K

whose k-th homology is Extk (M, N)@W. By the lemma, we have an
K
isomorphism of complexes:

0 — Homy (Po, N)@W —
K

o\

0 — Homp (PhQKG, NQW) —
K K

- — Homp (P, N)Q@W Homyp (Pyy1, N) QW — - -
K K

o) o

.+ — Homp (P,QKG, NQW) — Homy (Pey 1 QKG, NQEKW) — - - - ,
K K K K

which induces an isomorphism 6 of the homologies, therefore an isomor-
phism:

0:Extk(M,N)QW — Extk .(MQKG,NQW). O
K K K

Theorem 10. Let A be a positively graded K-algebra, G a finite grading
preserving group of automorphisms of A with characteristic of K do not di-
viding the order of G. Let M be a graded A *xG-module with a graded projec-

tive resolution consisting of finitely generated modules T = € Ext]f\(M, M).
k>0

Then the skew group algebra I * G is isomorphic as graded algebra to I =

@D Exth, (M Q@KG, M Q KG).
k>0 K K

Proof. We need to prove isomorphism 6 preserves multiplication.
Let o € Extf (M, N) and y € Ext} (M, N):

2=0—-M—-E, - L1 —-—EFE —M—Q0,
y=0—-M—->Fy;—Fs 1 —---—F—M-—0,

Produced by The Berkeley Electronic Press, 2001
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where the multiplication x * y is the Yoneda product:

zxy=yr=0—-M—Fs —Fs_1— - — I
—-FE,—-FEq1—---—E —M—0.

Let - > B 5 Py — -+ 5P 2% M—0bea A * G-projective
resolution of M and Q'(M) = Ker ay.

To the extension x corresponds a map f : Qk(M ) — M, to the extension
y amap h: Q°(M) — M and to the Yoneda product y.z corresponds the
composition ~.QF(f). We have the following commutative exact diagrams:

0—Q¥M)—PF 1 — = P—>M—0

A

0 M E, — - —FE —M—0,

OHQk_s(M)HPk:-i-s—l —>"‘—’Pk4>Qk(M)4>O

() i) | s

0— QM) ——FP;1 — - — B M 0
h\L hS\L h1i/ 1
0 M F, —---—F M 0.

We need to prove the following diagram:

Extk (M, M)QKG X Ext{ (M, M)QKG
i, X o,
Ext’;*G(M%KG, M(%)KG) X Extf\*G(M%KQ M(?KG)

v

Exti (M, M\)QKG
R K
2
— > Exth T (MK G, MRKG)
K K

with v(z ® g,y ® t) = (x.9)(y.t) and p the Yoneda product, commutes.
We have the following equalities:

(z.9)(y-t) = z.(gy.t) =z * .9y ® gt = gy.x ® gt
and the following correspondences under the natural isomorphisms:

rTR®g—fRg, yt—ht.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 43/iss1/6
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Then the following correspondences: 0(z®g) — 0(f®g), (y@t) — 0(ht).
The maps 0(f ® g), #(h ® t) induce exact commutative diagrams:

0 VBMQQKG—P, 1 QKG - — PIQKG—>MQKG — 0

9(h®t)J/ i j/ 1$

0— MQKG £, 2 M — 0,

0— U (M)QKG — Prys—1 Q KG —
Q0(f29) | |
0— PMQKG P,QKG —

| o(ss9) |
= P QRQKG M@ KG — 0,

where the bottom rows are é(y ® t) and é(m ® g). We have the following
correspondence:

bly@t)i(z®g) =0z @ g)xb(y®t) — H(h@)Q0(f ® g).
We claim Q°0(f ® g) = 6(Q°f @ g). We have commutative squares:

Apts—i

Prys Prys—i1
fk-&-s—ii/ fk+s—i—1i/
Qg—j
Ps_; Ps_i 1.

It is enough to prove the following square commute:

At s—i®1
P i @ KG — Prys—i-1 Q@ KG
9(fk+sfi®g)\L 9({k+57¢71®9)¢
asfi®
P i@ KG P_i 1 @ KG.

But we have the following chain of equalities:
O(fits—i @ 9)thrs—i @ Lp @ 1) = O(frts—i @ g)(Uts—i(p) D)
=t % frrs—io1(Ohts—i(p) ® gt) = tfrqsio1(t ™ pps—i(p) ® gt
= tfrrsio1(Qhys—i(tT'D) @ gt = tas i frys—i(t™'p) @ gt
= a5 i(tforsi(t™'p) @ gt = asit * fryoi(p) ® gt
= (as—i @ 1)(t* frys—i(p) @ gt) = (05— @ 1)(O(frrs—i @ 9)(p @ 1),

Produced by The Berkeley Electronic Press, 2001 11
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We also have equalities:
Oh@t)0(fg) =0het)0(QLf®g)(ml)
=0(h@t)(1xQ°f(m) ®1lg) = lg @ h(l xQ°f(m) ® lgt)
=1lg@h(IQ°f(I7 m) @ Igt) = lgh(¢ 117 QL F(I71m) @ Igt)
= l(gh(g~ ' f(I""m) @ Igt) = I((g = h)S2 f(m) @ Igt)
=0(g*xhQ’f R gt)(m1).
We have the following commutative diagrams with exact rows:

0 Q*M Py — — Py M 0

) ¢ Lo

0—>Q8Mg*1 —>Psg__11 — e — P]g_l —)]\45]*1 — 0
2 ! ooy
0—M9 ' —=F ! = = F7 — ot —>0
SOgi/ \L \L APQ\L
0 M = s T —— M —0,

where the last raw is y9. Since @ghpg-1 = g * h, then we have a correspon-
dence g* h— 39, and 0(z ® g) * 0(y @ t) = O(z * y9, gt). O

Recall the following definitions from [7] and the references given there:

Definition 11. A positively graded K-algebra A = @@ A; such that each
Jj=0
A; is finite dimensional over the field K and for each pair of integers i # j
we have equalities AjA; = Ay, will be called a graded quiver algebra. By
J we denote the graded Jacobson radical J = @ A,;.
Jj=>1

Let M be a finitely generated graded A-module, generated in highest

degree zero, we say M is a Koszul module if F(M) = @ Ext)y (M,A/J) is
i>0

generated in highest degree zero. We say A is Koszul if all graded simples
generated in degree zero are Koszul.

Definition 12. Let A be a graded quiver algebra, we say A is generalized
Auslander regular if the following statements are true:
i) The algebra A has finite, graded, small, global dimension n.
ii) All graded simples have projective dimension n.
iii) For any graded simple S, Extk (S,A) =0 for 0 < k < n.
iv) The functor Ext}} (—, A) induces a bijection between the A and the
A°P-graded simples.
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Lemma 13. Let A be a positively graded K-algebra, G a finite group of
grading preserving automorphisms of A with characteristic of K not dividing
the order of G. Then A x G is generalized Auslander reqular if and only if
A is generalized Auslander reqular.

Proof. Assume A is generalized Auslander regular, M a A % G-module
semisimple. Then Ext}, (M Q@ KG,AQ KG) = Extk(M,A)® KG for
K K K

all k # n. Then by hypothesis, Ext} (M, A) is a semisimple A * G-module.
Assume KG = @ V;, V; an irreducible KG-module. Then

1=1

Ext?,o(MQKG, A+ G) = @ Extl,o(MQ Vi, AxG)
K =1 K

and each Ext}, (M Q Vi, A x G) is a semisimple A * G-module.
Let T be a simple I/§ * G-module with minimal projective resolution:
0—-P,—-FPr1—-—Fh—-T—0.
Dualizing by ( )* = Homp.g(—, A * G) we have a complex:
(%) 0—-PFPy—P —-— P —Exth,o(T,AxG) =0
and Ext} (T ® KG,A=0) = Bxt§ (T, A) @ KG = é";l Extf (T @ Vi, A+
i=

G) = 0, imply Extk, (T @ K,A+G) = 0 for all k # n and the sequence (*)
K

is exact. Let S = Ext}{, (T, A « G). Dualizing, we have an exact diagram:

0 —=Py—= Py == Py T —0
o |
0—>P;*—>P;i1 — e — 6"*—>T—>0.

Therefore: Extf\*G(S’,A xG)=0forall k #An. If S So =S, with S, Sy
non zero semisimple A * G-modules, then Ext§ - (S;, A+ G) =0 for i = 1,2
and all £ # n. If Ext}, (S, A*G) = 0, then S; = 0, a contradiction.
Therefore: T' = Ext}, (51, A * G) @ Ext}, (52, A * G), contradicting T is
simple.

Now if Ty, T are simple A * G-modules with Ext}, (T, A * G) =
Ext}, (T2, A * G) and projective resolutions:

O—>P7/l—>P7;_1—>---—>P6—>T1—>O,

O—>P7/L/—>P,/L'_1—>---—> 6’—>T2—>O.
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Dualizing, we have exact sequences:
0= (Fy)" = (P)" =+ = (P)" = ExtR,q(T1,A+G) =0,
0= (Fy)" = (PI)" = = (P))" = Extj,o(Ty, A+ G) — 0.

From the fact Ext}, (11, A+G) = Ext}, (T2, A*G) we have isomorphisms:
(P))* = (P/)*, in particular (Fy)* = (Fy)*. Then Py = Fy and Ty = T3
Now assume A *x (G is generalized Auslander regular, S C Ay a simple

A-module. The module T" defined as T'= »_ ¢S is a simple A * G-module.
geG

Then Ext}, (T Q® KG, A*G) = Extk (T, A) ® KG. Decomposing KG =
K K

@ V; where each V; is irreducible and using the fact Extk (T,A) Q@ KG =
z—l

@ExtA*G(T(@VZ,A * (), we obtain Extk o(TQ@V;, A xG) =0 if k # n.
i=1 K
Therefore: Ext AT, A) =0 for all k # n.

Since ExtR(T,A)Q KG = @ExtA*G(T(@VZ,A * (), where Ext}, . (
TRVi,AxG) is a semlslmple A * G- module then Ext} (T,A) Q KG is
K

a semisimple A-module. The module S is a submodule of the semisimple
A-module T', hence; a summand. It follows Ext (S, A) C Ext} (T, A), hence
Ext} (S, A) is a semisimple A-module.

Let 0 - P, - P,_1 — -+ — Py —» T — 0 be a minimal projective
resolution of the A-module S, dualizing with respect to A we have an exact
sequence:

0— (Po)"— (P1)" — - — (Pn)" — Ext}(S,A) — 0.

Dualizing again we have isomorphisms:

OHPn*)Pn—l _>HPO S 0

l i l l

It follows S = Ext}(ExtR(S,A),A). If S is simple, then Ext}(S,A) =
S1EP S2, S1 # 0 # Sp. This implies S = Ext}(S1,A) @ Ext}(S2,A). If
Ext?(S;, A) = 0, then Ext (S;, A) = 0 for all 4, a contradiction. Tt follows
Ext} (S, A) is simple. O

Theorem 14. Let G be a finite group of automorphisms of a graded K-
algebra A. Assume characteristic of the field K does not divide the order of

the group, let M be a finitely generated graded AxG-module. Then M Q) KG
K

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 43/iss1/6
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is a Koszul AxG-module if and only if M is a Koszul A-module. In particular
A is Koszul if and only if A x G is Koszul.

Proof. We have a natural isomorphisms:

Extk,o(M Q@ KG, A+ G) = Extk (M,A) Q KG
K K

and

Ext'};*G(M® KG, Ay xG) Extf\*G(Ao * G, \g x Q)
K
>~ (Bxtk (M, Ag) % KG)(Ext?\ (Ao, Ao) % KQG)

= Ext} (M, Ao) Ext), (Ao, Ao) ® KG.
K

Therefore, Ext§,o(M ® KG, Ag * G) Ext], (Ao * G, Ag x G) = Extht(
M Q@ KG, A*Q) if andKonly if Exth (M, Ag) Ext?, (Ao, Ao) = Exti™ (M, Ag).
It f(l)(llows M is Koszul if and only if M &) KG is Koszul, in particular A is
Koszul if and only if A * G is Koszul. “ O
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