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SOME REMARKS ON WEAKLY REGULAR MODULES

Tsucuo MABUCHI and YAasuyuki HIRANO

Let A be a ring with 1, and M a right A-module. In [7] M is defined
to be locally projective, if for any m & M there exist m; € M and f; € Homa
(M.A) such that m = 3%, mfi(m). Following the first author [4], we
call M a weakly regular module if M satisfies one of the following equiva-
lent conditions: 1) For any m € M there exist s; € Enda(M) and f; €
Homa(M.A) such that m = 2%, si(m)fi(m): 2) M, is locally projective
and every Enda(M)-A-submodule of M is ideal pure; 3) M, is locally
projective and 77 = TI2? for each left ideal [ of A, where T denotes the
trace ideal of Ma.

In this paper we shall first consider the weak regularity of certain
scalar extensions of weakly regular modules. We shall show that if Ma
is weakly regular and B is a finite normalizing, separable extension of A
such that B, is flat, then M Q4B is weakly regular. We shall also prove
that if G is a locally finite group and M, is a weakly regular module without
|gl-torsion for all g € G, then the right A[G]-module M ®.A[G] is weakly
regular. In the latter part of this paper, we deal with submodules, factor
modules, extensions and direct products of weakly regular modules.

Throughout the paper, A will denote an associative ring with 1, and
all the modules considered will be unital. Unadorned & means &4, unless
otherwise stated.

Noting that every locally projective module is flat (see [7]), as a
combination of [4, Theorem 7] and [1, Lemmas 19.1 and 19.18], we readily
obtain the following

Lemma 1. Let M be a right A-module and let S =End s(M). Then
the jfollowing arve equivalent :

1) My is weakly regular.

2) My is locally projective and M{N, s flat for each S-A-submodule
N of M.

3) My s locally projective and for every S-A-submodule N of M the
functor Homs(M/N, ): S-Mod— A-Mod preserves injectives.

Let B be a ring extension of A. If the mapping 2}, x; Qy; — 25 x;v;5
from B ® B to B splits as an B-B-homomorphism, we say B/A is a sepa-
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rable extension. A ring extension B/A is a finite normalizing extension if
and only if there exist finitely many elements b, -+, b, in B such that
B=2>%, Ab; and Ab; = b;A for all i.

Lemma 2. Let B/A be a separable extension, and M a right B-module.
If My s flat, then so is Mp.

Proof. 1t is easy to see that M @ Bp is flat. By hypothesis, B is iso-
morphic to a B-B-direct summand of B® B. Hence M(= M ®zB) is
isomorphic to a direct summand of M @ B(=M Q3B ® B), which implies
that M3 is flat.

We are now in a position to prove the first main theorem.

Theorem 1. Let B/A be a finite normalizing, separable extension such
that Ba is flat. If Ma is weakly rvegular, then so is M @ Bs.

Proof. It is clear that M @ Bg is locally projective. Let B=2>%; Ab;
and Ab; = b;A for all . We set S =Enda(M) and T = Ends(M @ B).
We shall first show that (M @ B)/N, is flat for each T-B-submodule N of
M ® B. Since M ® B, is flat, it suffices to show that (M ® B)a N N € Na
for all a€ A (see [1, Lemma 19.18]). By induction on 4 we shall show
that if (m1 ® b1+ o +mk ® bk)a € N then (7711 ® b1+ R ® bk)a S
Na. Suppose that (e, @ b1}a € N. Then bja = a'b; with some @' € A.
Since M, is weakly regular, we can write »a’ = 2; si{(mia’)fi(mia’) with
some s;€ S and f; € Homa(M.A). Then we see that m) ® ba=
Sisikma)fi{(ma’) ® b = 2 (s: ® 1)y ® by)acia € Na, where fi(m1)b,
=bic;, c; € A. Now, assume that £ > 1 and our assertion is true for 2—1.
Choose s; € S and ¢; € A such that m, ® bea = 225 (s5® 1)(mx Q bra)cia.
Setting vy =3 (s;®@1)(m; R b+ - +mr @ bp)ac; E N, we get v =
(m @ b+ - +m. ® bp—y)aE N. Since we can write v =m| & b+
s k-1 @ by with some m; € M, by induction hypothesis, there exists
2z € N such that v = za. Hence (m ® b1+ - + 1, ® br)a = (y+2)a €
Na. This completes our induction. Thus (M @ B)/N, is flat, and so
Lemma 2 proves that it is a flat B-module. Therefore, M ® Bjg is weakly
regular by Lemma 1.

Obviously, Mat,(A) is a finite normalizing, separable extensionof A. For
any monic polynomial f in A[ X ] with Af = fA. itis known that A[ X]/A[X]f
is separable over A if and only if the derivative f* of f is invertible in A[X]
modulo A[X]f (see, e.g. [6, Theorem 1.8]). Hence we have the following
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Corollary 1. Let M4 be a weakly regular module.

(1) For any positive integer n, M @ Mat,(A) is a weakly regular
Mat,(A)-module.

(2) Let f be a monic polynomial in A|X] such that Af = fA and
the derivative f' of f is invertible in A[X] modulo A[X]f. and let B =
A[X|/A[X]f. Then M @ Bg is weakly regular.

It is well known that a group ring B = A[G] of a finite group G is
separable over A if and only if the order of G is invertible in 4 (see, e.g.
[5. Corollary 1, p.128]). Hence. if M, is weakly regular and the order of G
is invertible in A then M @ Bjp is weakly regular by Theorem 1. This
result will be generalized as follows :

Theorem 2. Let Ma be a weakly regular module, and G a locally
finite group. If M has no |g|-torsion for all g € G, then the A[G]-module
M ® AlG] is weakly regular.

In preparation for the proof of Theorem 2, we establish the following
two lemmas which generalize [2, Propositions 2.1 and 2.2].

Lemma 3. Let 0> N—>M— L—0 be an exact sequence of right
A-modules, and M* = Homs(M,A). If Ma is locally projective, then the
Jfollowing are equivalent :

1) L, is flat.

2) ue NM*u) for all u € N.

Proof 1)=2). If uE€N, then u €N N MM*(u) = NM*(u) by
[1, Lemma 19.18].

2)= 1). Let I be an arbitrary left ideal of A. If # € N N MI, then
M*(u) S M*(MI)< I, and so u< NM*(u) < NI. Hence, again by
[1. Lemma 19.18], L is flat.

Lemma 4. Let 0> N—M— L—0 be an exact sequence of right
A-modules. If M is locally projective, then the following are equivalent :

1) LA iS ﬂ(li.
2) Given any u € L, there exists 8 € Homas(M.N) such that 0(u) = u.
3) Given any wu, -+, un € N, theve exists 8 € Homa(M.N) such that

Hu;)=u; 1<i<n).

Proof 1)= 2). Let u€ N. By Lemma 3, we can represent « =
2, mifi{2) with some m; € N and f; € M*. Then 222, m;f; is a desired
map.
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2) = 3). We proceed by induction on #; assume that #» > 1 and 3)
holds for # < n. Choose 8, EHoma(M,N) such that 8,(u») = u». and let
v; = u;i—Ou(2t;) (1 <7< n—1). Then by induction hypothesis, there exists
¢ € Homa(M,N) such that §'(¢;) = v; (1 €7 < n—1). Itiseasy to see that
&'+ 0,— 86, has the desired property.

2)=1). Let uE€ N. Since M is locally projective, we can write
u=2% c;hu) with some ¢; €M and h; € M*. By hypothesis, there
exists @ € Homs(M.N) such that 8(u«) = z. Thus we obtain u = 0(u) =
2y 0(c)hiu), and hence L is flat by Lemma 3.

Proof of Theorem 2. Let x be an arbitrary element in M ® A[G].
Then we may write x= m; & g1+ - +m, ® gn with some m; E M and
& € G. Since G is locally finite, g1, ---. g» generate a finite subgroup H
of G. As was seen in the proof of Theorem 1, (M ® A[H])/Na is flat for
each Endam(M ® A[H))-A[H]-submodule N of M @ A[H]. Since M, is
weakly regular, for any m € M there exist s; € End4(M) and f; € Hom
(M.A) such that

|Hlm = Z; sd|HIm)f(|HIm) = |H? 2 si(m)fim).

Since M has no |H|-torsion, we obtain m = |H| 3, s:(m)fi(m). Therefore,
the right multiplication by |H| is an automorphism of Ma. Hence this
map induces an automorphism of (M ® A[H]). Now, let y be an arbitrary
element in N. By Lemma 4, there exists an A-homomorphism 8 : M ® A[H]
— N such that 8(yk) = yh for all h€ H. Then the map § : M Q A[H]
— N defined by

0(2) = |H|"' D pen 6(2h)h

is an A[H]-homomorphism with 8(y) =y. Hence (M ® A[H])/Naum is
flat again by Lemma 4, and therefore weakly regular by Lemma 1. Thus
there exist s; € Endam(M ® A[H]) and f; € Homam(M & A[H]A[H])
such that x = X; s:(x)fi(x). Identifying M ® A[G] with M @ A[H] Qaum
A[G], we get x =3; (5;Q 1)(x)(/; ®1)(x) where s;®1E Endaiei(M ® A[G])
and /;® 1€ Homuc)(M & A[G],A[G]). This completes the proof.

In the rest of this paper, we consider the weak regularity of submodules,

factor modules, extensions and of direct products of weakly regular modules.

Theorem 3. (1) Lef My be a weakly regular module, and N an A-
submdoule of M.
(i) If N is ideal pure, then it is weakly regular.
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(ii) If M/Na is locally projective, then it is weakly regulay.

(2) Let 0— NEMm A L— 0 be an exact sequence of right A-modules.
If M is locally projective and both N and L are weakly regular, then M is
weakly regular.

Proof. (1) (i) Since M/N, is flat by [1, Lemma 19.18], for each
m € N there exists § € Homa(M,N) such that §(m) = m (Lemma 4). On
the other hand, since M, is weakly regular, there exist s; € Enda(M) and
f: € Homa(M,L) such that m = 3; si(m)fi(m). Setting h;=0s;| N €
Enda(N) and f{ = f; | N € Homa(N.A), we get m = X; h:{(m)fi(m). This
shows that N4 is weakly regular.

(ii) Let v: M— L = M/N be the natural homomorphism. Take an
arbitrary element z in L. Then, L4 being locally projective, there exist
¥ € Homu(L,M) such that vy(u) = u. Since M, is weakly regular, there
exist s; € Enda(M) and f; € Homa(M,A) such that ¥(z) = 2; s;¥ () f: ¥ ().
Then, we have u = v¥(u) = 2 vs:¥(u)f;¥(u) where s:¢ € Eoda(L) and
f:¥ € Hom (L, A).

(2) Let m be an arbitrary element in M: Since L is weakly regular
and M is locally projective, we see that 8(m) = X; s:8(m)f:8(m) with some
s; € Enda(L) and f; € Homa(L,A) and that Bs{(m) = s;8(m) with some
s; € Enda(M). Then we have m' = m—2; si(m)f;B(m) € Ker 3 = Im «.
Since N'=1Im a is weakly regular there exist € Enda(N’) and 4; €
Hom4(N",A) such that m' = 23; t;(m)h,{m’). On the other hand, by Lemma
4, there exists 8 € Homa(M,N) such that 8(m’) =m’. Hence we have

m =2 silm)f:B(m)+2; t:0(m)h;0(mw’) € Enda(M)(m)Hom 4(M,A)(sm)

where £;8 € Ends(M) and %4;0 € Homa(M.A). This shows that M, is
weakly regular.

Corollary 2. Let Ma be a locally projective module. If M =2)e1 M;
with weakly regular A-submodules M;, then M itself is weakly regular.

Proof By [4, Proposition 3.2)], the external direct sum E = @;c; M;
is weakly regular. Hence, the homomorphic image M of E is weakly
regular by Theorem 3 (1) (ii).

Following [7], we say A is strongly left coherent if and only if any
direct product of (locally) projective right A-modules is locally projective.
For example, every left Noetherian ring is strongly left coherent. We
conclude this paper with the following.
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Theorem 4. Let A be a commutative strongly cohevent ring. Then
any divect product of weakly regular A-modules is weakly regulav.

Proof. Let (M| A€ A} be a set of weakly regular A-modules, and set
M = Tlsea Ms. Let m = (m,) be an arbitrary element in M. By [7, Theorem
4.2], there exist fi, -**, fn € M* such that M*(m) = 2%, Afi(m). Since
M; is weakly regular and M¥(m,) S M*(m), for each A€ A we can find
st € Enda(My) such that m = 2%, s¥(mi) fi(m). Now, setting s; = (s} €
End.(M), we have m =32, s:(m)f(m). This shows that M, is weakly
regular.
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