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ON JACOBSON’S CONJECTURE

Yasvuyuki HIRANO, Hiroaxi KOMATSU and Isao MOGAMI

Throughout, R will represent a ring (not necessarily with unity ), and J
the Jacobson radical of R. R is called right (resp. left) weakly Noetherian if
for any ideal A of R and for any x € R there exists a positive integer n such
that x™"A = x ™A (resp. Ax " = Ax™ ") for all m = n, where x™ "4 = {r €
R|x"r € Al(resp. Ax™ " = |r € R| rx" € A 1); R is called weakly Noether-
ian if R is both right and left weakly Noetherian. R is called a right (resp.
left ) duo ring if every right (resp. left) ideal of R is two-sided ; R is called
a duo ring if R is a right and left duo ring. Finally, R is called right bounded
if every essential right ideal of R contains a (two-sided ) ideal of R which is
essential as a right ideal ; R is called right fully bounded if each prime factor
ring of R is right bounded. Given x € R, we denote by I, the ideal (1—x )R+
R(1—x)+R(1—x)R, where 1 is used formally. An ideal A of R is called
a (right ) WA R-ideal if for each a € A there exist positive integers m, n such
that A™ N I3 C I7A. Needless to say, every ideal of R having the right AR-
property is a WAR-ideal.

We say that R satisfies the Jacobson’s conjecture if (3., J" = 0. All
weakly Noetherian, duo rings with unity satisfy the Jacobson’s conjecture ([4,
Corollary 2]), and all (right and left) Noetherian, right fully bounded rings
with unity also satisfy Jacobson’s conjecture ([3, Theorem 3.7], see also [2,
Theorem 7.5]). In the present paper, we shall prove two theorems which de-
duce the results mentioned just above.

Now, we shall begin our study with the next easy lemma.

Lemma 1. Suppose that RI = IR = I for every ideal I of R. Let A and
B be ideals of R with A+B = R, and m a positive integer. Then the follow-
ing are equivalent :

1) A™BC BA (resp. AB™ C BA).

2) A™BC BA™ (resp. AB™ C B™A).

3) A™ N B= BA™ (resp. B® N A= B™A).

4) A" N BC BA(resp. B" N AC BA).

Proof. Obviously, 2)=> 3)=>4) = 1).
1) = 2). Since R= A™ + B and A™*"™"B C BA™"', we get A"B =
(A +B)A™"B= A™*""B{ BA"BC BA™'+ BA™B = BA™(A+B) = BA™.
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Corollary 1. Suppose that RI = IR = I for every ideal Iof R. If A is
an ideal of R, then the following are equivalent :
1) For each a € A there exist positive integers m, n such that A"I; C

n
A
afl.
2) For each a € A there exists a positive integer m such that A1 C
IZA™.
3) For each a € A there exists a positive integer m such that A™ N I
— mAm
= [P A",

4) A isa WAR-ideal.

Lemma 2. Let R be a right (resp. left) weakly Noetherian, right (resp.
left) duo ring. Then, for any finitely generated ideal A and for any ideal B of
R, there exists a positive integer n such that A" N B C AB(resp. A" N BC
BA).

Proof. Asis easily seen, there exists an ideal V of R which is maximal
with respect to the property that V N\ B C AB. Noting that (AB+V) N B=
AB, we see that AB4+V = V, namely ABC V. Let a be an arbitrary ele-
ment of A. Then there exists a positive integer k such that ¢ *V =a "V for
all A = k. We set W = a*R+ V, and choose an arbitrary 5 € W N B. Then
b= a*x+v with some x€ Rand v € V. Since a"*'x+av=abe ABC V,
we have ¢**'x € V, and therefore a*x € V. Hence b is in V, whence it fol-
lows that b€ VN BC AB, namely WN BC AB. Now, by the maximality
of Vwe get W=V, and hence ¢**' € V. Then, as is easily seen, there ex-
ists a positive integer n such that A™ C V, and hence A™ N BC AB.

Corollary 2. Let R be a ring with a.c.c. for ideals such that RI = IR =
I for every ideal I of R. If R is a right or left duo ring, then every ideal A of
R is a WAR-ideal.

Proof. Let Bbe an ideal of R with A+B= R. If R is a right (resp.
left ) duo ring, then there exists a positive integer m such that AB®" C B" N A
C BA (resp. A"BC A™ N BC BA), by Lemma 2. Hence, by Lemma 1,
AB™ C B™A (resp. A™BC BA™).

Lemma 3. Let R be a ring with unity in which every (right) primitive
ideal is maximal, and M a unital right R-module of finite length. If A is a
WAR-ideal of R with MA = M, then M(1—c) = O for some c € A.
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Proof. By hypothesis, M has a composition series 0 =M, S M, < -
G M, = M, and the primitive ideal P, = Anng(M,/M,_,) is maximal (i = 1,
2.....t). Letusset Q= P, N P, NN P;. Then Q" C Anngz(M ). Since
R/Q is a finite direct sum of simple rings, there exists an ideal B of R such
that A+ B=Rand AN BC Q. Writel = a+b,ac Aandbec B. Then
I, C B. Since A is a WAR-ideal, there exists a positive integer m such that
A™I® C I?A™ (Corollary 1). Hence MIF = MA™I3 C M(IZA™)' C MQ"
= 0, whence I™ C Anng(M ) follows. Since A+I%* = R, this implies that
A+Anny(M) = R. Hence M(1—c¢) = 0 for some ¢ € A.

Theorem 1 (cf. [4, Corollary 1]). Let R be a weakly Noetherian duo
ring. If A is a finitely generated ideal of R, then (-, A= |re R | r(1—¢)
=0 for some ceE Al=1lreR| (1—c)r=0 for somece Al; in par-
ticular, (Nr=1 AMA = A(N5=1 A") = a1 A% and 3=, J" = 0.

Proof. If r = rc(or r = cr) for some ¢ € A then r € (5=, A". Con-
versely. suppose that r € (5=, A". By Lemma 2, there exists a positive in-
teger msuchthat re A" N (r) CA-(r) N (r)-A= Ar N rA.

Theorem 2. Let R be a Noetherian, right fully bounded ring with unity,
and M a finitely generated unital right R-module. If A is a WAR-ideal of R
then Na-y MA* = lue M | u(1—c) = O for some c € A |; in particular,
(Ma=s MAMA = M7=y MA™ and (5-1 MJ" = 0.

Proof. 1t suffices to show that u € uA for every u € (7-1 MA™. In view
of [5. Remark, p.329], every primitive factor ring of R is Artinian simple,
and so every primitive ideal of R is maximal. As is well known, there exists
a family { Ml ae 4 of submodules of M with M/M, subdirectly irreducible such
that (NaeaMr = uA. Since M/M, is Artinian by [2, Theorem 7.10]. there
exists a positive integer ma such that (MA™A4+M,)/ M\ = (MA™ '+ M,)/ M.
Now, by Lemma 3, we can find ca € A such that u(1—¢i) € MA™1—c¢,) C
M;,. Since ucy € uA C M,, this proves that u € M, for all A, and henceu €
uA.

Combining Theorem 2 with [1, Theorem 9], we readily obtain

Corollary 3. Let R be a Noetherian Pl-ring with unity, and M a finitely
generated unital right R-module. Then, for any WAR-ideal A of R, (\n-1 MA™
=lueM|u(l—c) =0 for somecec Al
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Corollary 4. Let R be a left Noetherian, right duo ring with unity. and M
a finitely generated unital right R-module. Then, for any ideal A of R,
Ma-t MA"=lue M| u(l—c) =0 for somece Al

Proof. Obviously, R is Noetherian and right fully bounded. Since A is
a WAR-ideal by Corollary 2, the assertion is clear by Theorem 2.

Remark 1. Let A be a polycentral ideal of a ring R with unity, namely
suppose that there exists a finite number of elements c,, c;...., cn in A such
that A = Reiy+ Re, + -+ Ren, ¢ is central, and for any r € R, re;—cir €
Re,+++Re;_, (i = 2,3,..., n). For any ideal B of R, we have ABC BA
+Rei+++++Rcn_y, whence AB* C BA+Rc,+---+ Ren_, follows, and eventu-
ally AB" C BA. If A+ B = R, then AB®" C B"A by Lemma 1. This proves
that every polycentral ideal of R is a WAR-ideal. In case R is right Noether-
ian, every polycentral ideal of R has the right AR-property, by [2, Theorem
11.7].
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