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Abstract

In this note, we study self-dual codes constructed from Hadamard matrices. We also give a
classification of self-dual codes over Fp constructed from Hadamard matrices of order n for any
prime p and n <12, and p < 17 and n = 16 and 20.
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SELF-DUAL CODES CONSTRUCTED FROM HADAMARD
MATRICES

MASAAKI HARADA

ABSTRACT. In this note, we study self-dual codes constructed from
Hadamard matrices. We also give a classification of self-dual codes over
F, constructed from Hadamard matrices of order n for any prime p and
n <12, and p € 17 and n = 16 and 20.

1. INTRODUCTION

A linear [n, k| code C over [y is a k-dimensional vector subspace of Iy,
where I, is the field with p elements, p prime. The elements of C are
called codewords and the Hamming weight wt(z) of a codeword z is the
number of its non-zero coordinates. The minimum weight mw(C) of C is
defined by min{wt(z) | 0 # z € C}. An [n, k,d] code is an [n, k| code with
minimum weight d. A matrix whose rows generate the code C is called
a generator matrix of C. Two codes C and C' over F,, are equivalent if
there exists an n by n monomial matrix P with entries from {0,1, -1}
such that C' = CP = {zP |z € C}. The dual code C+ of C is defined
as Ct = {z ¢ IF:I z-y =0forally € C}. C is self-dual if C = C*
and C is self-orthogonal if C C C*. The Hamming weight enumerator is
We(z,y) = 3. A;z" 'y where there are A; codewords in C of weight i.

A Hadamard matrix H of order n is an n by n matrix of + 1’s with HHT =
nl, where HT denotes the transpose of H and I, is the identity matrix of
order n. We say that two Hadamard matrices H; and Hs are equivalent if
there exist monomial matrices P and @ with entries from {0,1,—1} such
that Ho, = PH,Q. All Hadamard matrices of order up to 28 have been
classified (cf. [5] and the references given therein).

In this note, we study self-dual codes over F, constructed from Hadamard
matrices. In Section 2, we present a method for constructing self-dual codes
from Hadamard matrices and we give some properties for minimum weights
of such codes. In Section 3, we give a classification of self-dual codes over
F, constructed from Hadamard matrices of order n, for any prime p, and

n <12, and p < 17 and n = 16 and 20.
15
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2. BAsIC PROPERTIES

First we provide a method to construct self-dual codes from Hadamard
matrices.

Proposition 2.1. Let H,, be a Hadamard matriz of order n. Let o be an
element of Fp, such that a®+n =0 (mod p). Then the following two matrices

Gi=(%xal, H, ),
generate equivalent self-dual codes over Fp.

Proof. Follows from G4 - G} = 0 where GJ denotes the transpose of
Gy. O
Remark. This construction was mentioned in [1] and [7] for p = 3, in (6]
for p = 5 and in [8] for p = 7. These papers motivate us to study self-dual
codes over [, constructed from Hadamard matrices.

Cp(Hy) denotes the self-dual code over I, constructed from a Hadamard
matrix H,, by Proposition 2.1. For small n and p, «a satisfying the assumption
in Proposition 2.1 is listed in Table 1, where a blank means the non-existence
of a.

TABLE 1. Self-dual codes over ]Fp from Hadamard matrices

n 2 4 8 12 16 20
=5 1 2
p= 3 1
p=11|3 5
p=13 3 1 6
p=17|7 8 3 1

Now we investigate some basic properties of the codes Cp(H,) where
p > 5. First we consider properties of the minimum weight of Cp(Hy). As
mentioned in [6], an upper bound on the minimum weight mw(Cp(H,)) of
Cp(Hy) is obtained from the observation that a sum of any two rows of H,
has weight n/2. Thus we have

(1) mw(Cp(Hy)) <2+ n/2.

Similarly we have the following lemma for the weight of a sum of at most
three rows.

Lemma 2.2. Let G = ( al, , H, ) be the generator matriz of a self-
dual code Cp(Hy) (p = 5), 7i,7; and vy being any distinct rows of G. Let
8,7 and § be non-zero elements of Fp. Then

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 40/iss1/3
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(1)  wt(Br;) =1+n,
(2) wt(Bri+~rj) >2+n/2 and
(3)  wt(Bri+yr; +0m%) > 3+ 3n/4.

Proof. It is sufficient to prove (3). Let v(z) denote the right half of a
vector z. Without loss of generality we can assume that v(8r;), v(yr;) and
v(dry) take the following form:

v(ﬂri):(ﬁy"'aﬂ B,"”IB ﬂ"")ﬁ ﬂa"'aﬂ ))

'U(")’Tj):(")/,"-,’)’ YooY it R Tt | _77"'3_7)y

W(rk) = (8,18 —byee =8 By, 6 —b,ee,—0),
N—_— ~

S ~ S S

(a) ) (©) (d)

where each partition (a), (b), (c) and (d) consists of n/4 coordinates. If the
sum of a partition is the zero-vector then the sums of other three partitions
are nonzero-vectors. Thus we can prove (3). O

This lemma gives the following bound on the minimum weight of Cp(Hy,,).

Proposition 2.3. Let H, be a Hadamard matriz of order n. Let Cp(H,)
be the self-dual code from H, with p > 5. Then

(1) mw(Cp(Hn))=n/2+2, for2<n<12,
(2) mw(Cp(Hp))=8, forn=16 and
(3) 8 <mw(Cp(Hn)) <n/24+2, for20<n.

Proof. It follows from (1) and Lemma 2.2 that mw(Cp(Hz2)) = 3 and
mw(Cp(Hy)) = 4.

For n = 8 suppose that the minimum weight d < 5. Let z = (u(z),v(z))
be a codeword of weight d where u(z) and v(z) are vectors of IF:. Clearly
d = wt(u(z)) +wit(v(z)). Since the code is self-dual, the parity check matrix
P = ( —HgT , alg ) also generates the same code. Hence if wt(u(z)) = k
then the codeword z is a sum of k rows of G, moreover z is also a sum of
(d — k) rows of P. Thus it is sufficient to consider the weight of a sum of at
most two rows of G and P. Since Lemma 2.2 holds even for the parity check
matrix P, the weight of a sum of at most two rows of G or P is greater than
or equal to 6.

For n > 12 we show that mw(Cy(Hy,)) > 8. Similarly as in the case of
n = 8, a codeword of weight d < 7 can be expressed as a sum of at most
three rows of the generator matrix G or the parity check matrix P. The
weight of a sum of at most three rows of G or P is greater than or equal
to 8. Moreover when n = 16, any Hadamard matrix has a submatrix of the
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following form:

+H++ FHHE A
44+ +HH+ = -

tH++ ———— At ————

++++ - —— ———= ++++
where + and — denote 1 and —1, respectively. Thus there exists a codeword
of weight 8. O

3. CLASSIFICATION OF SELF-DUAL CoDES CONSTRUCTED FROM
HADAMARD MATRICES

In this section, we give a classification of self-dual codes over I, con-
structed from Hadamard matrices of order n for small n and p.

3.1. Lengths up to 24. Even if the following two lemmas may be triv-
ial, the lemmas are useful when we classify self-dual codes constructed by
Proposition 2.1 from Hadamard matrices of fixed order.

Lemma 3.1. Let C and C’ be linear [2n,n] codes over Fp whose generator
matrices are ( al, , A) and ( al, , AT ) respectively. If C is a self-dual
code then C and C' are equivalent.

Proof. Since C is self-dual, the parity check matrix P = ( —AT | al,, )
of C is also a generator matrix of C. The code with generator matrix P is
equivalent to C'. a

Lemma 3.2. Let H and H' be two equivalent Hadamard matrices of order
n. Then the self-dual codes over Fp constructed from H and H' by Proposi-

tion 2.1 are equivalent.

Proof. Since H is equivalent to H', H' = P- H - Q, where P and Q are
n by n monomial matrices of 0’s, 1’s and —1's. Thus we have

(al,, H)=(al,, P-H-Q)=P (al,, H)R,

where R = P01 0 is a 2n by 2n monomial matrix. Here O denotes
the n by n zero matrix. Therefore the two codes are equivalent. O
Thus it is sufficient to consider only codes constructed from inequivalent
Hadamard matrices.
It is known that there is a unique Hadamard matrix of order n for n =
4, 8, 12, up to equivalence. Thus Proposition 2.3 and Lemma 3.2 give the

following:

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 40/iss1/3
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Proposition 3.3. Let H,, be a Hadamard matriz of order n. If the matriz
( al, , Hp ) generates a self-dual code Cp(Hy) over F, where ais an
element of Fp. Then the code Cp(Hy) is a self-dual [2n,n,n/2+2] code when
n = 2,4,8 and 12. Moreover all self-dual codes with generator matrices of
the form ( al, , H, ) are equivalent.

3.2. Self-Dual [32, 16] Codes over 5. Here we consider self-dual [32, 16]
codes over F's constructed from Hadamard matrices of order 16. By Propo-
sition 2.1 the matrix ( 2116 , His ) generates a self-dual code of length 32.
Hall [2] proved that there are exactly five equivalence classes I,II,III, IV
and V of Hadamard matrices of order 16. We denote the Hadamard matri-
cesin classes I, II,111,1V and V by Hs 1, Hig,11, H16,111, Hi6,1v and Hyg v
respectively.

By Proposition 2.3 mw(Cs(Hi6)) = 8. The numbers of codewords of
weight 8 are 2240, 1216, 704, 448 and 448 in the codes Cs(H6,r), Cs(Hi6,11),
Cs(Hie 111), Cs(Hiye,rv) and Cs(Hyey) respectively. On the other hand
Hyg v and Hle,VT are equivalent. Thus it follows from Lemma 3.1 that
the two codes Cs(Hi6 rv) and Cs(Hye,v) are equivalent. Thus we have the
following proposition.

Proposition 3.4. Let Hig be o Hadamard matriz of order 16. Then the
matriz ( 2116 , Hig ) generates a self-dual [32,16,8] code over Fs. More-
over there ezist ezactly four inequivalent self-dual codes constructed from all
Hadamard matrices of order 16.

3.3. Self-Dual [40, 20] Codes over 7. Here we consider self-dual [40, 20]

codes over F7; derived from Hadamard matrices of order 20. There are

exactly three inequivalent Hadamard matrices of order 20 (cf. [3]). The

matrix ( Ig , Hao ) generates a self-dual code of length 40 by Proposition 2.1.
By Proposition 2.3 we have

8 S mw(C7(H20)) S 12.

Our computer search shows that the minimum weight is 12. Thus, in a
sense, any of the codes are optimal. The number of codewords of weight 12
is 18240 in each self-dual code.

In order to distinguish the three codes, we examine an equivalent invariant
described in [4]. Let C be a [2n,n,d] code. Let M = (m;;) be an A4 by
2n matrix whose rows are codewords of weight d in C where A; denotes the
number of codewords of weight ¢ in C. For an integer £ (1 < k < 2n), let
n(J1,--- »Jjx) be the number of 7 (1 < r < Ag) such that m,j, -+-m,j, #0
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for 1 <j; <--- < jr < 2n. We consider a set
S = {n(j1,...,jx)| for any distinct k¥ columns ji,...,Jjx }.

Let M(k) and m(k) be maximal and minimal numbers in S respectively.
Since two equivalent codes have the same S, these numbers are invariant
under the equivalence of codes. We have checked that the numbers M (3)
and m(3) are distinct for the three codes over F7 where the numbers are
given in Table 2.

TABLE 2. Self-dual codes over F;

Codes M (3) (maximal number) | m(3) (minimal number)
C7(Ha0,0) 600 240
C1(Hao.p) 780 300
Cr(Hzon) 600 300

Table 2 gives the following proposition.

Proposition 3.5. Let Hsy be a Hadamard matriz of order 20. Then the
matriz ( Iy , Hap ) generates a self-dual [40,20,12] code over F7. Moreover
there ezist exactly three inequivalent self-dual codes derived from Hadamard
matrices of order 20.

3.4. Self-Dual [32, 16] Codes over F;3 and [Fy7. Let us consider self-
dual [32,16] codes over i3 and Fy7 constructed from Hadamard matrices
of order 16.

The numbers of codewords of weight 8 are 6720, 3648,2112 and 1344 in the
codes C13(Hs,1), C13(Hie,11), C13(Hye,111) and Cy13(He,1v) respectively. In
addition, the numbers of codewords of weight 8 are 8960,4864,2816 and
1792 in the codes Ci7(Hig,1), Ci7(Hie,11), C17(Hie111) and Ci7(Hye1v)
respectively. Thus we have the following proposition.

Proposition 3.6. Let Hig be a Hadamard matriz of order 16. There exist
eractly four inequivalent self-dual [32,16,8] codes over Fi3 and Fi7 con-
structed from all Hadamard matrices of order 16.

It was shown in [4] that there are exactly three inequivalent ternary self-
dual codes constructed from Hadamard matrices of order 20. Therefore
we have classified all self-dual codes over I, constructed from Hadamard
matrices of order n for any p and n < 12, and p < 17 and n = 16 and 20.
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