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RADIAL HEAT OPERATORS ON
JACOBI-LIKE FORMS

MinHo LEE

Abstract

We consider a differential operator DX λ associated to an integer λ acting on the space of for-
mal power series, which may be regarded as the heat operator with respect to the radial coordinate
in the 2λ-dimensional space for λ > 0. We show that DX λ carries Jacobilike forms of weight λ to
ones of weight λ+2 and obtain the formula for the m-fold composite (DX λ )[m] of such operators.
We then determine the corresponding operators on modular series and as well as on automorphic
pseudodifferential operators.
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RADIAL HEAT OPERATORS ON JACOBI-LIKE FORMS

Min Ho LEE

Abstract. We consider a differential operator DX

λ associated to an
integer λ acting on the space of formal power series, which may be
regarded as the heat operator with respect to the radial coordinate in
the 2λ-dimensional space for λ > 0. We show that DX

λ carries Jacobi-
like forms of weight λ to ones of weight λ+2 and obtain the formula for
the m-fold composite (DX

λ )[m] of such operators. We then determine the
corresponding operators on modular series and as well as on automorphic
pseudodifferential operators.

1. Introduction

Jacobi forms were systematically introduced by Eichler and Zagier in [4],
and, since then, they have been studied extensively in connection with var-
ious topics in number theory. Jacobi-like forms are formal power series,
whose coefficients are holomorphic functions on the Poincaré upper half
plane H, satisfying a certain transformation formula with respect to an ac-
tion of a discrete subgroup Γ of SL(2,R). This formula is essentially one of
the two equations that must be satisfied by Jacobi forms. The coefficients
of a Jacobi-like form are closely linked to modular forms for Γ. For exam-
ple, they may be regarded as special types of quasimodular forms, which
generalize modular forms (see e.g. [6, Section 17.1]). Furthermore, there is
a one-to-one correspondence between the space of Jacobi-like forms and the
space of certain sequences of modular forms. This isomorphism is obtained
by expressing each coefficient of a Jacobi-like form as a linear combination
of derivatives of modular forms in the corresponding sequence (see [2] and
[7]).

Modular series are certain formal power series whose coefficients are mod-
ular forms, and they can be defined by slightly modifying the transformation
formula for Jacobi-like forms. To each sequence of modular forms corre-
sponding to a Jacobi-like form, a modular series is naturally associated by
using the terms of the sequence as the coefficients of a formal power series.
Then the above-mentioned correspondence between Jacobi-like forms and
sequences of modular forms can be interpreted as an isomorphism between
the space of Jacobi-like forms and that of modular series.
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28 M.H. LEE

Pseudodifferential operators are formal Laurent series in the formal in-
verse ∂−1 of the derivative operator ∂ whose coefficients are complex-valued
functions, and they have been studied in numerous papers over the years in
connection with a wide variety of problems in pure and applied mathematics.
For example, they play a crucial role in the theory of nonlinear integrable
partial differential equations, also known as soliton equations (see e.g. [3]).
When the coefficients are holomorphic functions on H, the usual linear frac-
tional operation of SL(2,R) on H induces an action of SL(2,R) on the
space of pseudodifferential operators. Automorphic pseudodifferential op-
erators are elements of this space that are invariant under the action of a
discrete subgroup Γ of SL(2,R). It is known (cf. [2]) that there is a one-to-
one correspondence between automorphic pseudodifferential operators and
Jacobi-like forms.

The above descriptions suggest that the spaces of Jacobi-like forms, mod-
ular series, and automorphic pseudodifferential operators are isomorphic to
one another. In this paper we consider a differential operator DX

λ associated
to an integer λ acting on the space of formal power series, which may be
regarded as the heat operator with respect to the radial coordinate in the
2λ-dimensional space for λ > 0. We show that DX

λ carries Jacobi-like forms
of weight λ to ones of weight λ + 2 and obtain the formula for the m-fold
composite (DX

λ )[m] of such operators. We then determine the operators on
the spaces of modular series and automorphic pseudodifferential operators
corresponding to (DX

λ )[m].

2. Jacobi-like forms and modular series

In this section we review some basic properties of Jacobi-like forms and
modular series. In particular, we describe an isomorphism between the space
of Jacobi-like forms and and that of modular series.

Let H be the Poincaré upper half plane on which the group SL(2,R) acts
as usual by linear fractional transformations. Thus we may write

γz =
az + b

cz + d

for all z ∈ H and γ =
(

a b
c d

)
∈ SL(2,R). For the same z and γ, we set

(2.1) J(γ, z) = cz + d, K(γ, z) = cJ(γ, z)−1 =
c

cz + d
.

If f : H → C is a function, for γ ∈ SL(2,R) and w ∈ Z we denote by f |w γ
the function on H defined by

(f |w γ)(z) = J(γ, z)−wf(γz)
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RADIAL HEAT OPERATORS ON JACOBI-LIKE FORMS 29

for all z ∈ H. Throughout this paper we fix a discrete subgroup Γ of
SL(2,R).

Definition 2.1. Given an integer w, a modular form of weight w for Γ is a
holomorphic function f : H → C satisfying

f |w γ = f

for all γ ∈ Γ. We denote by Mw(Γ) the space of modular forms of weight w
for Γ.

Remark 2.2. We have modified the usual definition of modular forms by
suppressing the finiteness condition at the cusps. This allows, for example,
the consideration of modular forms of negative weight.

Let R denote the ring of holomorphic functions on H, and let R[[X]]
be the complex algebra of formal power series in X with coefficients in R.
Given a formal power series Φ(z,X) ∈ R[[X]], an integer λ, and an element
γ ∈ SL(2,R), we set

(2.2) (Φ |Jλ γ)(z,X) = J(γ, z)−λe−K(γ,z)XΦ(γz,J(γ, z)−2X),

(2.3) (Φ |Mλ γ)(z,X) = J(γ, z)−λΦ(γz,J(γ, z)−2X)

for all z ∈ H. If γ′ is another element of Γ, it can be shown that

Φ |Jλ (γγ′) = (Φ |Jλ γ) |Jλ γ′, Φ |Mλ (γγ′) = (Φ |Mλ γ) |Mλ γ′;

hence the operations |Jλ and |Mλ determine right actions of SL(2,R) on R[[X]].

Definition 2.3. Let Φ(z,X) be a formal power series belonging to R[[X]],
and let λ be an integer.

(i) Φ(z,X) is a Jacobi-like form for Γ of weight λ if it satisfies

(Φ |Jλ γ)(z,X) = Φ(z,X)

for all z ∈ H and γ ∈ Γ. We denote by Jλ(Γ) the space of all Jacobi-like
forms for Γ of weight λ

(ii) Φ(z,X) is a modular series for Γ of weight λ if it satisfies

(2.4) (Φ |Mλ γ)(z,X) = Φ(z,X)

for all z ∈ H and γ ∈ Γ. We denote by Mλ(Γ) the space of all modular
series for Γ of weight λ.

Remark 2.4. Modular series may be regarded as special types of Jacobi-like
forms in the following sense. In addition to the weight, we may also introduce
an index to a Jacobi-like form, so that a Jacobi-like form of weight λ and
index µ ∈ C is defined by using the operation

(Φ |Jλ,µ γ)(z,X) = J(γ, z)−λe−µK(γ,z)XΦ(γz,J(γ, z)−2X)

3
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30 M.H. LEE

for γ ∈ Γ instead of (2.3). Then Jacobi-like forms of index 1 are simply
Jacobi-like forms in the sense of Definition 2.3. On the other hand, modular
series for Γ of weight λ are Jacobi-like forms of weight λ and index 0.

If δ is a nonnegative integer, we set

R[[X]]δ = XδR[[X]],

so that an element Φ(z,X) ∈ R[[X]]δ can be written in the form

(2.5) Φ(z,X) =

∞∑

k=0

φk(z)X
k+δ

with φk ∈ R for each k ≥ 0. Similarly, we denote by Jλ(Γ)δ and Mλ(Γ)δ
the subspaces of Jλ(Γ) and Mλ(Γ), respectively, defined by

(2.6) Jλ(Γ)δ = Jλ(Γ) ∩R[[X]]δ , Mλ(Γ)δ = Mλ(Γ) ∩R[[X]]δ .

Lemma 2.5. The formal power series Φ(z,X) in (2.5) is a modular series

belonging to Mλ(Γ)δ if and only if

φk ∈M2k+2δ+λ(Γ)

for each k ≥ 0.

Proof. This follows easily from (2.3), (2.4) and Definition 2.1. �

Proposition 2.6. Let δ and λ be integers with δ ≥ 0, and consider the

formal power series

(2.7) Φ(z,X) =

∞∑

k=0

φk(z)X
k+δ ∈ R[[X]]δ .

Then the following conditions are equivalent:

(i) The formal power series Φ(z,X) is a Jacobi-like form belonging to

Jλ(Γ)δ.

(ii) The coefficients of Φ(z,X) satisfy

(φk |2k+2δ+λ γ)(z) =
k∑

r=0

1

r!
K(γ, z)rφk−r(z)

for all k ≥ 0 and γ ∈ Γ.

(iii) Each coefficient of Φ(z,X) can be written in the form

(2.8) φk =

k∑

r=0

1

r!(2k + 2δ + λ− r − 1)!
f

(r)
k+δ−r

for k ≥ 0, where fℓ is a modular form belonging to M2ℓ+λ(Γ) for each ℓ ≥ δ.

4
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Proof. This is a slight generalization of a part of Proposition 2 in [2] and
can be proved by modifying the proof of that proposition. For example, the
proof of similar statements for a more general case of vector-valued Jacobi-
like forms can be found in Theorem 2.6 in [5]. �

Lemma 2.7. The system of relations (2.8) between the coefficients of the

Jacobi-like form Φ(z,X) and the corresponding modular forms can be written

in the form

(2.9) fk = (2k + λ− 1)

k−δ∑

r=0

(−1)r
(2k + λ− r − 2)!

r!
φ

(r)
k−δ−r ∈M2k+λ(Γ)

for all k ≥ δ.

Proof. This also extends another result contained in Proposition 2 in [2] and
can be proved in a manner similar to the proof of that proposition. See, for
example, [5, Theorem 2.8] for a detailed proof for the case of vector-valued
Jacobi-like forms. �

Corollary 2.8. There is a canonical isomorphism between the complex vec-

tor spaces Jλ(Γ)δ and Mλ(Γ)δ.

Proof. If Φ(z,X) is a Jacobi-like form in Jλ(Γ)δ given by (2.7), we set

Ξλ(Φ(z,X)) =
∞∑

k=δ

fk(z)X
k =

∞∑

ℓ=0

fℓ+δ(z)X
ℓ+δ ,

where fk is as in (2.9) for all k ≥ δ. Then Ξλ(Φ(z,X)) ∈ Mλ(Γ)δ by Lemma
2.5, and it follows from Proposition 2.6 and Lemma 2.7 that the resulting
linear map

(2.10) Ξλ : Jλ(Γ)δ → Mλ(Γ)δ

is an isomorphism. �

3. Radial heat operators

In this section we introduce radial heat operators on the space R[[X]] of
formal power series over R. We show that these operators carry Jacobi-like
forms to Jacobi-like forms and determine the image of a Jacobi-like form
under the composite of a finite number of such operators. Similar operators
were considered for Jacobi forms by Eichler and Zagier in [4].

Given a positive integer m, let x1, . . . , xm be the coordinate functions on
the Euclidean space R

m. Then we recall that the Laplace operator ∆ on
R

m is given by

(3.1) ∆ =
m∑

i=1

∂2

∂x2
i

.
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32 M.H. LEE

If an additional coordinate function t is introduced, then the associated heat
operator D can be written as

(3.2) D =
∂

∂t
− ∆ =

∂

∂t
−

m∑

i=1

∂2

∂x2
i

.

Remark 3.1. If t represents time and T = T (t, x1, . . . , xm) denotes the
temperature as a function of time and space for heat propagation in an
isotropic and homogeneous medium in the m-dimensional space R

m, the
function T satisfies the heat equation

∂T

∂t
− κ

m∑

i=1

∂2T

∂x2
i

= 0,

where the constant κ depends on the thermal conductivity, the density and
the heat capacity of the medium. By rescaling t we see that the above heat
equation can be written as

DT = 0,

where D is as in (3.2).

Lemma 3.2. Let r = (x2
1 + · · · + x2

m)1/2 be the radial coordinate function

on the Euclidean space R
m. Then the radial part ∆̃ of the Laplace operator

∆ in (3.1) can be written in the form

(3.3) ∆̃ =
m− 1

r

∂

∂r
+

∂2

∂r2
.

Proof. This can be proved easily by a simple change of variables. �

The operator ∆̃ in (3.3) may be called the radial Laplace operator on the
m-dimensional space R

m. Similarly, the associated differential operator

(3.4) D̃ =
∂

∂t
− ∆̃ =

∂

∂t
− m− 1

r

∂

∂r
+

∂2

∂r2

is the radial heat operator on R
m.

We are now interested in such operators on R[[X]], where R[[X]] be the
complex algebra of formal power series in X with coefficients in the space
R of holomorphic functions on H as in Section 2.

Definition 3.3. Given an integer λ, the associated radial heat operator on
R[[X]] is the formal differential operator DX

λ given by

(3.5) DX
λ =

∂

∂z
− λ

∂

∂X
−X

∂2

∂X2
.

6
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Remark 3.4. (i) Let f be a modular form belonging to M2δ+λ(Γ), so that
Ff (z,X) = f(z)Xδ is a modular series belonging to Mλ(Γ). If Ξλ is the
isomorphism in (2.10), it can be shown that

Ξ−1
λ (Ff (z,X)) =

∞∑

k=0

f (k)(z)

k!(k + λ+ 2δ − 1)!
Xk+δ ∈ Jλ(Γ)δ.

It was pointed out by Zagier in [7] that this Jacobi-like form satisfies the
differential equation DX

λ Φ = 0.

(ii) The name, radial heat operator, of DX
λ in Definition 3.3 can be justified

as follows. We consider the variable w = 2
√
X , so that we have

∂

∂w
=

1

∂w/∂X

∂

∂X
=

√
X

∂

∂X
,

∂2

∂w2
=

√
X

∂

∂X

(√
X

∂

∂X

)
=

1

2

∂

∂X
+X

∂2

∂X2
.

Hence we obtain

DX
λ =

∂

∂z
− 2λ

w

∂

∂w
−

( ∂2

∂w2
− 1

w

∂

∂w

)

=
∂

∂z
− 2λ− 1

w

∂

∂w
− ∂2

∂w2
.

By comparing this with D̃ in (3.4) we see that DX
λ is the usual radial heat

operator on the 2λ-dimensional space, assuming that λ > 0.

Proposition 3.5. Given an integer λ and a formal power series Φ(z,X) ∈
R[[X]], we have

(3.6) DX
λ (Φ |Jλ γ)(z,X) = (DX

λ (Φ) |Jλ+2 γ)(z,X)

for all γ ∈ SL(2,R) and z ∈ H, where Φ |Jλ γ is as in (2.2). In particular,

we have

(3.7) DX
λ (Jλ(Γ)) ⊂ Jλ+2(Γ),

and therefore DX
λ induces the complex linear map

(3.8) DX
λ : Jλ(Γ) → Jλ+2(Γ)

of Jacobi-like forms.

Proof. Let γ be an element of SL(2,R) whose (2, 1)-entry is c, so that

∂

∂z
J(γ, z) = c = J(γ, z)K(γ, z),

7
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34 M.H. LEE

where J(γ, z) and K(γ, z) are as in (2.1). Given a formal power series
Φ(z,X) ∈ R[[X]], using (2.2), we see that

∂

∂z
(Φ |Jλ γ)(z,X)

= −λcJ(γ, z)−λ−1e−K(γ,z)XΦ(γz,J(γ, z)−2X)

+ J(γ, z)−λ
K(γ, z)2Xe−K(γ,z)XΦ(γz,J(γ, z)−2X)

+ J(γ, z)−λe−K(γ,z)XJ(γ, z)−2 ∂Φ

∂z
(γz,J(γ, z)−2X)

+ J(γ, z)−λe−K(γ,z)X(−2c)J(γ, z)−3X
∂Φ

∂z
(γz,J(γ, z)−2X),

∂

∂X
(Φ |Jλ γ)(z,X)

= J(γ, z)−λ−2e−K(γ,z)X

×
(
−cJ(γ, z)Φ(γz,J(γ, z)−2X) +

∂Φ

∂X
(γz,J(γ, z)−2X)

)
,

∂2

∂X2
(Φ |Jλ γ)(z,X)

= J(γ, z)−λ−2e−K(γ,z)X

(
c2Φ(γz,J(γ, z)−2X)

− 2K(γ, z)
∂Φ

∂X
(γz,J(γ, z)−2X)

+ J(γ, z)−2 ∂
2Φ

∂X2
(γz,J(γ, z)−2X)

)
.

From these relations and (3.5) we obtain

DX
λ (Φ |Jλ γ)(z,X)

=
∂

∂z
(Φ |Jλ γ)(z,X) − λ

∂

∂X
(Φ |Jλ γ)(z,X) −X

∂2

∂X2
(Φ |Jλ γ)(z,X)

= J(γ, z)−λ−2e−K(γ,z)X

(
∂Φ

∂z
(γz,J(γ, z)−2X) − λ

∂Φ

∂X
(γz,J(γ, z)−2X)

− J(γ, z)−2X
∂2Φ

∂X2
(γz,J(γ, z)−2X)

)
.

Thus it follows that

(DX
λ (Φ |Jλ γ))(z,X) = J(γ, z)−λ−2e−K(γ,z)X(DX

λ Φ)(γz,J(γ, z)−2X)

= (DX
λ (Φ) |Jλ+2 γ)(z,X),

8
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which verifies (3.6). On the other hand, if Φ(z,X) ∈ R[[X]] is a Jacobi-like
form belonging to Jλ(Γ), then from (3.6) we obtain

DX
λ (Φ)(z,X) = DX

λ (Φ |Jλ γ)(z,X) = (DX
λ (Φ) |Jλ+2 γ)(z,X)

for all γ ∈ Γ; hence (3.7) follows. �

Given a positive integer m, we denote by

(3.9) (DX
λ )[m] = DX

γ+2m−2 ◦ · · · ◦ DX
λ+2 ◦ DX

λ : Jλ(Γ) → Jλ+2m(Γ)

the composite of m linear maps of the form (3.8). The next theorem deter-
mines an explicit formula for this map.

Theorem 3.6. Let Φ(z,X) =
∑

∞

k=0 φk(z)X
k+δ be a Jacobi-like form be-

longing to Jλ(Γ)δ with δ ≥ 0. Then its image under the map (DX
λ )[m] in

(3.9) can be written in the form

(3.10) (DX
λ )[m](Φ(z,X))) =

∞∑

k=0

φm,k(z)X
k+δ−m,

where φm,k = 0 for k < m− δ and

(3.11) φm,k =

m∑

j=0

(−1)j
(
m

j

)
(k + δ −m+ j)!

(k + δ −m)!

(k + δ + λ+ j − 2)!

(k + δ + λ− 2)!
φ

(m−j)
k−m+j

for k ≥ m− δ; here we assume that φℓ = 0 if ℓ < 0.

Proof. We shall verify that the relation (3.10) with φm,k as in (3.11) by

using induction on m. Let Φ(z,X) =
∑

∞

k=0 φk(z)X
k+δ ∈ Jλ(Γ)δ be as

given. Then from (3.5) and (3.11) we obtain

(DX
λ Φ)(z,X) =

∞∑

k=0

φ′k(z)X
k+δ − λ

∞∑

k=0

(k + δ)φk(z)Xk+δ−1

−
∞∑

k=0

(k + δ)(k + δ − 1)φk(z)Xk+δ−1

=

∞∑

k=0

(
φ′k−1(z) − (k + δ)(k + δ + λ− 1)φk(z)

)
Xk+δ−1

=

∞∑

k=0

φ1,k(z)X
k+δ−1,

which proves the case for m = 1. We now assume that (3.10) and (3.11)
hold for a positive integer m. Then by applying DX

λ to (3.10) we see that

9
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36 M.H. LEE

the coefficient φm+1,k of the series

(DX
λ )[m+1](Φ(z,X)) =

∞∑

k=0

φm+1,k(z)X
k+δ−m−1 ∈ Jλ+2m+2(Γ)

can be written in the form

φm+1,k = φ′m,k−1 − (k + δ −m)(k + δ −m+ (λ+ 2m) − 1)φm,k

= φ′m,k−1 − (k + δ −m)(k + δ + λ+m− 1)φm,k

for each k ≥ 0. From this and (3.11) we obtain

φm+1,k =

m∑

j=0

(−1)j
(
m

j

)
(k + δ −m+ j − 1)!

(k + δ −m− 1)!

× (k + δ + λ+ j − 3)!

(k + δ + λ− 3)!
φ

(m−j+1)
k−m−1+j

− (k + δ −m)(k + δ + λ+m− 1)

×
m∑

j=0

(−1)j
(
m

j

)
(k + δ −m+ j)!

(k + δ −m)!

× (k + δ + λ+ j − 2)!

(k + δ + λ− 2)!
φ

(m−j)
k−m+j

=
m∑

j=0

(−1)j
(
m

j

)
(k + δ −m+ j − 1)!

(k + δ −m− 1)!

× (k + δ + λ+ j − 3)!

(k + δ + λ− 3)!
φ

(m−j+1)
k−m−1+j

+
m+1∑

j=1

(−1)j
(

m

j − 1

)
(k + δ −m+ j − 1)!

(k + δ −m− 1)!

× (k + δ + λ+ j − 3)!

(k + δ + λ− 3)!
φ

(m−j+1)
k−m−1+j

+ (m+ 1)

m+1∑

j=1

(−1)j
(

m

j − 1

)
(k + δ −m+ j − 1)!

(k + δ −m− 1)!

× (k + δ + λ+ j − 3)!

(k + δ + λ− 2)!
φ

(m−j+1)
k−m−1+j.

10
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Using this and the identities
(
m

j

)
+

(
m

j − 1

)
=

(
m+ 1

j

)
, (m+ 1)

(
m

j − 1

)
= j

(
m+ 1

j

)
,

we see that

φm+1,k =
m+1∑

j=0

(−1)j
(
m+ 1

j

)
(k + δ −m+ j − 1)!

(k + δ −m− 1)!

(
(k + δ + λ− 2) + j

)

× (k + δ + λ+ j − 3)!

(k + δ + λ− 2)!
φ

(m−j+1)
k−m−1+j

=
m+1∑

j=0

(−1)j
(
m+ 1

j

)
(k + δ −m+ j − 1)!

(k + δ −m− 1)!

× (k + δ + λ+ j − 2)!

(k + δ + λ− 2)!
φ

(m−j+1)
k−m−1+j ,

which is simply (3.11) with m replaced by m+1; hence the theorem follows.
�

Let Φ(z,X) =
∑

∞

k=0 φk(z)X
k+δ ∈ Jλ(Γ)δ and assume that m ≥ δ, so

that (3.10) can be written in the form

(3.12) (DX
λ )[m](Φ(z,X)) =

∞∑

k=m−δ

φm,k(z)X
k+δ−m.

Since (DX
λ )[m] belongs to Jλ+2m(Γ), we see that its initial coefficient φm,m−δ

is a modular form belonging to Mλ+2m(Γ). On the other hand, if Ξλ :
Jλ(Γ)δ → Mλ(Γ)δ is the isomorphism in (2.10) and

(3.13) Ξλ(Φ(z,X)) =

∞∑

ℓ=δ

fΦ,ℓ(z)X
ℓ,

then for each m ≥ δ the coefficient fΦ,m is also a modular form belonging
to M2m+λ(Γ). The next corollary shows that it is a constant multiple of
φm,m−δ .

Corollary 3.7. Let φm,k and fΦ,ℓ be as in (3.12) and (3.13), respectively.

Then we have

φm,m−δ =
(−1)mm!

(m+ λ− 2)!(2m + λ− 1)
fΦ,m

for each positive integer m ≥ δ.
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Proof. Given m ≥ δ, from (2.9) we see that the modular form fΦ,m ∈
M2m+λ(Γ) can be written as

(3.14) fΦ,m = (2m+ λ− 1)
m−δ∑

r=0

(−1)r
(2m+ λ− r − 2)!

r!
φ

(r)
m−δ−r

On the other hand, by (3.11) the initial term φm,m−δ of (DX
λ )[m](Φ(z,X))

in (3.12) is given by

φm,m−δ =

m∑

j=0

(−1)j
(
m

j

)
j!(m+ λ+ j − 2)!

(m+ λ− 2)!
φ

(m−j)
j−δ

=

m∑

r=0

(−1)m−r

(
m

r

)
(m− r)!(2m+ λ− r − 2)!

(m+ λ− 2)!
φ

(r)
m−δ−r,

where we changed the index from j to r = m − j. Using this and the fact
that φm−δ−r = 0 for r > m− δ, we obtain

φm,m−δ =
(−1)mm!

(m+ λ− 2)!

m−δ∑

r=0

(−1)r
(2m+ λ− r − 2)!

r!
φ

(r)
m−δ−r.

Hence the corollary follows by comparing this with (3.14). �

4. Modular series

Let Mλ(Γ) be the space of modular series in Definition 2.3, which is
isomorphic to the space Jλ(Γ) of Jacobi-like forms. In this section we discuss
operators on Mλ(Γ) that are compatible with the composite of a finite
number of heat operators on Jλ(Γ) studied in Section 3.

Let F (z,X) ∈ R[[X]]δ with δ ≥ 0 be a formal power series of the form

F (z,X) =

∞∑

k=δ

fk(z)X
k

with fk ∈ R for each k ≥ δ. Given a positive integer m, let

(DX
λ )[m] : Jλ(Γ) → Jλ+2m(Γ)

be as in (3.9), and set

(4.1) (DM
λ )[m](F (z,X)) =

∞∑

k=δ−m

f̂k(z)X
k

12
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for all z ∈ H, where f̂k is an element of R such that

f̂k

(2k + λ+ 2m− 1)
=

m∑

j=0

k∑

u=δ−m

u−δ+j∑

ℓ=0

(−1)j+k−u

(
m

j

)
(u+ j)!

ℓ!u!(k − u)!

(4.2)

× (k + u+ 2m+ λ− 2)!

(2u+ 2j + λ− ℓ− 1)!

× (u+m+ λ+ j − 2)!

(u+m+ λ− 2)!
f

(k+m−u−j+ℓ)
u+j−ℓ

for each k ≥ δ −m. Thus the formula (4.1) determines a linear endomor-
phism

(DM
λ )[m] : R[[X]]δ → R[[X]]δ

of the space of formal power series over R.

Theorem 4.1. If F (z,X) is a modular series belonging to Mλ(Γ)δ, then

we have

(DM
λ )[m](F (z,X)) ∈ M2m+λ(Γ)δ

for each m ≥ 1. Furthermore, if (DM
λ )[m] : Mλ(Γ)δ → M2m+λ(Γ) is the

induced linear map on modular series, the diagram

(4.3)

Jλ(Γ)δ
(DX

λ
)[m]

−−−−−→ J2m+λ(Γ)

Ξλ

y
yΞ2m+λ

Mλ(Γ)δ
(DM

λ
)[m]

−−−−−→ M2m+λ(Γ)

commutes, where Ξλ and Ξ2m+λ are the isomorphisms in (2.10) and (DX
λ )[m]

is as in (3.9).

Proof. Given a modular series F (z,X) =
∑

∞

k=δ fk(z)X
k belonging

to Mλ(Γ)δ, the corresponding Jacobi-like form in Jλ(Γ)δ is given by

Ξ−1
λ (F (z,X)) =

∞∑

k=0

φk(z)X
k+δ ,

where φk is as in (2.8) for each k ≥ 0. Then we have

((DX
λ )[m] ◦ Ξ−1

λ )(F (z,X)) =

∞∑

k=0

φm,k(z)X
k+δ−m,

13
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where φm,k is given by (3.11) for k ≥ δ −m and φm,k = 0 for k < δ −m. If
we set

(Ξ2m+λ ◦ (DX
λ )[m] ◦ Ξ−1

λ )(F (z,X)) =

∞∑

k=δ−m

f̃k(z)X
k,

then from (2.9) and (3.11), for each k ≥ δ −m, we obtain

f̃k

(2k + 2m+ λ− 1)

=
k−δ+m∑

r=0

(−1)r
(2k + λ+ 2m− r − 2)!

r!
φ

(r)
m,k−δ+m−r

=
k−δ+m∑

r=0

m∑

j=0

(−1)j+r (2k + 2m+ λ− r − 2)!(k − r + j)!

r!(k − r)!

×
(
m

j

)
(k +m− r + λ+ j − 2)!

(k +m− r + λ− 2)!
φ

(m+r−j)
k−δ−r+j,

which is a modular form belonging to M2k+2m+λ(Γ). We now set

(DM
λ )[m](F (z,X)) = (Ξ2m+λ ◦ (DX

λ )[m] ◦ Ξ−1
λ )(F (z,X)).

Then clearly the formal power series (DM
λ )[m](F (z,X)) is a modular series

belonging to M2m+λ(Γ) and the diagram (4.3) commutes. On the other
hand, by using (2.8) we have

φ
(m+r−j)
k−δ−r+j =

k−δ−r+j∑

ℓ=0

1

ℓ!(2k − 2r + 2j + λ− ℓ− 1)!
f

(m−j+r+ℓ)
k+j−r−ℓ .

Hence we obtain

f̃k

(2k + 2m+ λ− 1)
=

m∑

j=0

k−δ+m∑

r=0

k−δ−r+j∑

ℓ=0

(
m

j

)

× (−1)j+r(2k + 2m+ λ− r − 2)!(k − r + j)!

ℓ!(2k − 2r + 2j + λ− ℓ− 1)!r!(k − r)!

× (k +m− r + λ+ j − 2)!

(k +m− r + λ− 2)!
f

(m−j+r+ℓ)
k+j−r−ℓ .

Changing the index r to u = k − r, we obtain the formula (4.2); hence the
proof of the theorem is complete. �
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5. Pseudodifferential operators

As was discussed in the previous sections, the spaces Jλ(Γ) and Mλ(Γ)
of Jacobi-like forms and modular series are isomorphic to each other. In
this section we consider another space isomorphic to each of those spaces
consisting of some pseudodifferential operators. We determine the operator
on this new space corresponding to the linear maps (DX

λ )[m] and (DM
λ )[m] in

(4.3).
If R is the ring of holomorphic functions on H as above, a pseudodifferen-

tial operator over R is a formal Laurent series in the formal inverse ∂−1 of ∂
with coefficients in R of the form

∑u
k=−∞

hk(z)∂
k with u ∈ Z and hk ∈ R.

We denote by ΨDO the set of all pseudodifferential operators over R. Then
the group SL(2,R) acts on ΨDO on the right by

( u∑

k=−∞

hk(z)∂
k

)
· γ =

u∑

k=−∞

hk(γz)(J(γ, z)2∂)k

for all γ ∈ SL(2,R), where J(γ, z) is as in (2.1).

Definition 5.1. Given a discrete subgroup Γ of SL(2,R), an automorphic

pseudodifferential operator for Γ is a pseudodifferential operator that is in-
variant under the action of each element of Γ. We denote by ΨDOΓ the
subspace of ΨDO consisting of all automorphic pseudodifferential operators
for Γ.

Given an integer α we denote by ΨDOα the subspace of ΨDO consisting
of the pseudodifferential operators of the form

∞∑

k=0

ψk(z)∂
α−k

with ψk ∈ R. We also set

ΨDOΓ
α = ΨDOΓ ∩ ΨDOα.

Proposition 5.2. Let Φ(z,X) =
∑

∞

k=0 φk(z)X
k+δ ∈ R[[X]]δ for some non-

negative integer δ. Then, given an integer η, the given formal power series

Φ(z,X) is a Jacobi-like form belonging to J2η(Γ)δ if and only if the pseudo-

differential operator Ψ(z, ∂) ∈ ΨDO given by

Ψ(z, ∂) =

∞∑

k=0

(−1)k+δ+η(k + δ + η)!(k + δ + η − 1)!φk(z)∂−k−δ−η

is an automorphic pseudodifferential operator belonging to ΨDOΓ
−δ−η.

Proof. This can be proved by modifying the proof of one of the results
contained in [2, Proposition 2]. �
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The above proposition implies the existence of an isomorphism between
the space of Jacobi-like forms and that of automorphic pseudodifferential
operators as described below. Given a formal power series

Φ(z,X) =
∞∑

k=0

φk(z)X
k+δ ∈ R[[X]]δ

and a pseudodifferential operator

Ψ(z, ∂) =

∞∑

k=0

ψk(z)∂
−k−ε ∈ ΨDO−ε

with δ, ε ≥ 0, we set

L∂
η(Φ(z,X)) =

∞∑

k=0

(−1)k+δ+η(k + δ + η)!(5.1)

× (k + δ + η − 1)!φk(z)∂−k−δ−η ,

(5.2) LX
η (Ψ(z, ∂)) =

∞∑

k=0

(−1)k+εψk(z)

(k + ε)!(k + ε− 1)!
Xk+ε−η.

Then it can be easily seen that

LX
η (L∂

η(Φ(z,X))) = Φ(z,X), L∂
η(LX

η (Ψ(z, ∂))) = Ψ(z, ∂).

Thus, using Proposition 5.2, we see that the resulting linear maps

L∂
η : J2η(Γ)δ → ΨDOΓ

−δ−η, LX
η : ΨDOΓ

−ε → J2η(Γ)ε−η

are isomorphisms.
If ε, η ∈ Z with η ≥ 0, we define the linear map D∂

2η : ΨDO−ε → ΨDO−ε

by

D∂
2η(Ψ(z, ∂)) = −

∞∑

k=0

(
(k + ε)(k + ε− 1)ψ′

k−1(z)(5.3)

+ (k + ε− η)(k + ε+ η − 1)ψk

)
∂−k−ε

for Ψ(z, ∂) =
∑

∞

k=0 ψk(z)∂
−k−ε ∈ ΨDO−ε. If m is a positive integer, we

also denote by

(D∂
2η)

[m] = D∂
2η ◦ · · · ◦ D∂

2η : ΨDO−ε → ΨDO−ε

the composite of m copies of D∂
2η .
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Theorem 5.3. Let DX
2η : J2η(Γ)δ → J2η+2(Γ)δ−1 be the radial heat operator

given by (3.5), and let Φ(z,X) ∈ J2η(Γ). Then we have

(5.4) D∂
2η(L∂

η(Φ(z,X))) = L∂
η+1(DX

2η(Φ(z,X))).

More generally, we have

(5.5) (D∂
2η)

[m](L∂
η(Φ(z,X))) = L∂

η+m((DX
2η)

[m](Φ(z,X)))

for each positive integer m, where (DX
2η)

[m] is as in (3.9).

Proof. Let Φ(z,X) =
∑

∞

k=0 φk(z)X
k+δ ∈ J2η(Γ)δ , so that

DX
2η(Φ(z,X)) =

∞∑

k=0

(
φ′k−1(z) − (k + δ)(k + δ + 2η − 1)φk(z)

)
Xk+δ−1

with φ−1 = 0 is a Jacobi-like form belonging to J2η+2(Γ). From this and
(5.1) we obtain

(L∂
η+1 ◦ DX

2η)(Φ(z,X))

=

∞∑

k=0

(−1)k+δ+η(k + δ + η)!(k + δ + η − 1)!

×
(
φ′k−1(z) − (k + δ)(k + δ + 2η − 1)φk(z)

)
∂−k−δ−η.

On the other hand, we have

L∂
η(Φ(z,X)) =

∞∑

k=0

(−1)k+δ+η(k + δ + η)!(k + δ + η − 1)!φk(z)∂
−k−δ−η .

Combining this with (5.3), we see that

(D∂
2η ◦ L∂

η)(Φ(z,X))

= −
∞∑

k=0

(
(−1)k+δ+η−1(k + δ + η)!(k + δ + η − 1)!φ′k−1(z)

+ (−1)k+δ+η(k + δ)(k + δ + 2η − 1)

× (k + δ + η)!(k + δ + η − 1)!φk(z)
)
∂−k−δ−η

=

∞∑

k=0

(−1)k+δ+η(k + δ + η)!(k + δ + η − 1)!

×
(
φ′k−1(z) − (k + δ)(k + δ + 2η − 1)φk(z)

)
∂−k−δ−η;

hence we obtain (5.4). Then (5.5) follows easily from this by induction. �
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Remark 5.4. In [1] the heat operator DX
λ for λ = 1/2 was studied. Note

that this operator does not send Jacobi-like forms to Jacobi-like forms. In
the same paper, an isomorphism L∂ : R[[X]] → ΨDO was considered whose
formula is the same as the one for L∂

λ in (5.1) with λ = 0, and a linear

endomorphism of ΨDO compatible with DX
1/2 under this isomorphism was

constructed. Such a map can also be obtained for an integer λ by setting

D̃∂
λ = ∂ − λI,

where I : ΨDO → ΨDO be the formal integration operator with respect to
the symbol ∂, that is, an operator given by

I
( ∞∑

k=0

φk(z)∂
−k−δ

)
=

∞∑

k=0

φk(z)

1 − k − δ
∂−k−δ+1.

Then it can be shown that

L∂ ◦ DX
λ = D̃∂

λ ◦ L∂

for each nonnegative integer λ. Given a positive integer m and a pseudodif-
ferential operator Ψ(z, ∂) =

∑
∞

k=0 ψk(z)∂
−k−δ , it can also be shown that

(5.6) (D̃∂
λ)[m](Ψ(z, ∂)) =

∞∑

k=0

ψm,k(z)∂
−k−δ+m,

where (D̃∂
λ)[m] is the m-fold composition of D̃∂

λ and

ψm,k =

m∑

j=0

(
m

j

)
(k + δ + λ+ j − 2)!

(k + δ + λ− 2)!

(k + δ −m− 1)!

(k + δ −m+ j − 1)!
ψ

(m−j)
k−m+j

for each k ≥ 0.

Theorem 5.5. Let Ψ(z, ∂) be an automorphic pseudodifferential operator

of the form

Ψ(z, ∂) =
∞∑

k=0

ψk(z)∂
−k−ε ∈ ΨDOΓ

−ε

with ε ≥ 0. Given integers m ≥ 1 and η ≥ 0, we have

(D∂
2η)

[m](Ψ(z, ∂)) =

∞∑

k=0

ψm,k(z)∂
k+ε−η−m,
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where ψm,k = 0 for k < m− ε+ η and

ψm,k =
m∑

j=0

(
m

j

)
(k + ε− η −m+ j)!

(k + ε− η −m)!

(k + ε+ η + j − 2)!

(k + ε+ η − 2)!

×
(−1)mε!(ε − 1)!ψ

(m−j)
k−m+j

(k −m+ j + ε)!(k −m+ j + ε− 1)!

for k ≥ m− δ with ψℓ = 0 for ℓ < 0.

Proof. By (5.2) the Jacobi-like form LX
η (Ψ(z, ∂)) ∈ J2η(Γ)ε−η is given by

LX
η (Ψ(z, ∂)) =

∞∑

k=0

(−1)k+εψk(z)

(k + ε)!(k + ε− 1)!
Xk+ε−η.

Using (3.10) and (3.11), we see that

(DX
λ )[m](LX

η (Ψ(z, ∂))) =
∞∑

k=0

ψm,k(z)∂
−k−ε,

where ψm,k = 0 for k < m− ε+ η and

ψm,k =
m∑

j=0

(−1)j
(
m

j

)
(k + ε− η −m+ j)!

(k + ε− η −m)!

(k + ε+ η + j − 2)!

(k + ε+ η − 2)!

×
(−1)k−m+j+εψ

(m−j)
k−m+j

(k −m+ j + ε)!(k −m+ j + ε− 1)!

for k ≥ m − δ, assuming that ψℓ = 0 for ℓ < 0. From this and (5.1) we
obtain

(D∂
2η)

[m](Ψ(z, ∂))) = (L∂
η+m ◦ (DX

λ )[m] ◦ LX
η )(Ψ(z, ∂))

=
∞∑

k=0

(−1)k+εε!(ε− 1)!ψm,k(z)∂−k−ε;

hence the theorem follows. �
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