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THE CONVERSE OF BADRIKIAN’S THEOREM

YosniaKkl OKAZAKI and Yasuil TAKAHASHI

1. Introduction. Let E be a locally convex Hausdorff space and
E' be the topological dual of E. Denote by E§ the dual with the weak
* topology o(E’, E). Let u be a cylinder set measure on E’. Then u is
called a continuous cylinder set measure if the characteristic functional

fi(z) =/ e *dy(a), z € E

is continuous on E. '

A family {p4} of cylinder set measures on E’ is called equicontinuous
if the characteristic functionals {f1,(z)} are equicontinous on E. It is well-
known that if E is a nuclear space, then each equicontinuous family {p,}
is tight on E’, that is, for every € > 0 there exists o( E’, E)-compact set K
such that po(K) > 1 — € for every o (Badrikian’s theorem, see Badrikian
[2], p. 177). We consider the converse problem.

Problem. Let E be a locally convex Hausdorff space. Suppose that
each equicontinuous family {44} of cylinder set measures on FE’ is tight on
E%. Then is E nuclear? We shall prove the following affirmative answer.

Theorem. Let p be 0 < p < 2 and E be a barrelled space. If each
equicontinuous family of discrete p-stable cylinder set measures on E’' is
tight on E§, then E is nuclear.

2. Preliminaries. The cylinder set measure u on E’ is called a
continuous discrete p-stable cylinder set measure on E’ if the characterictic
functional fi(z) is given by ji(z) = exp(—||T(:r)||’;p), r € E,whereT: E —
£, is a continuous linear operator, £, = {(tx) : [|(ta)lle, = (23, [t2|P)1/? <
oo} and 0 < p £ 2. See Linde [6].

Let F', G be normed spaces and 0 < p < oo. A linear operator S :
F' — G'is called p-summing if for every {a,} C F' with £, [{z, a,}|? <
oo for every z € F, it holds that £32,||S(axs)||% < oo. Each p-summing
operator is g-summing for p < g. See Schwartz [11].

Let E be a locally convex Hausdorff space. For a closed absolutely
convex neighborhood U of 0, we set N(U) = {z € E: py(z) = 0} where
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pu(z) = inf{t > 0 : =z € tU}. Denote by z(U) the equivalence class
corresponding to z € E in the quotient space E(U) = E/N(U). E(U) is
a normed space with norm p[z(U)] = py(z) for z € E.

For a closed absolutely convex bounded subset A of F, we set E(A) =
{z € E: z € tA for some t > 0}. E(A) is a linear subspace of E. We put
the norm on E(A) by pa(z) =inf{t > 0: z € tA} for z € E(A).

For a neighborhoods U of 0 in E, the polar U° = {a € E': [z, a)| £
1 for every z € U} is weakly compact absolutely convex subset of E%.
The normed space E'(U°) is a Banach space and E(U) = E'(U°) by the
duality (z(U), a) = (=, a).

For zero neighborhoods U, V with V' C U/ we define a canonical map-
ping E(V, U): E(V) — E(U) by associating z({’) with z(V). For two
closed absolutely convex bounded subsets A and B with A C B, it holds
that E(A) C E(B) and the canonical mapping E(A, B): E(A) —» E(B)
is defined by E(A, B)(z) = z for z € E(A).

A locally convex Hausdorff space E is called nuclear if it has a fun-
damental system Up(FE) of zero neighborhoods which has the following
property (see Pietsch [8], 4.1.2):

For each U € Up(E) there exists V € Up(E) with V C U such
that the canonical mapping E'(U°, V°) : E/(U°) — E'(V°®) is
2-summing.

For the theory of locally convex space, we refer to Schaefer [10].

3. Converse of Badrikian’s theorem. We consider the converse
of Badrikian’s theorem as formulated in Section 1.

Lemma 1. Let E be a barrelled space, F be a Banach space and
0<p<2 Letw: E — F be a continuous linear mapping and 7’ :
F’" — FE' be the adjoint of m. Suppose that for each equicontinous family of
discrete p-stable cylinder set measures {u,} on F', the image {7'(uqs)} is
o(E’, E)-tight on E. Then there is a zero neighborhood U of E such that
for each continous discrete p-stable cylinder set measure p on F', n'(y) is

o(E'(U®), E(U))-Radon on E'(U°).

Remark 1. If the assumption of Lemma 1 is satisfied, then for every
continous p-stable cylinder set measure on F’, by the 0-1 law of the p-
stable measure (Dudley and Kanter [3]), there exists a zero neighborhood
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V = V(u) which depends on each g such that «'(u)(E/(V°)) = 1. This
lemma asserts that V' is independent of each continous p-stable cylinder
set measure u.

Proof. Let B = {T : T is a continous linear operator from F to ¢,
with norm ||T'|] £ 1}. Consider the equicontinous family {ur : T € B},
where f(y) = exp(—HT(y)H’;P), y € F. Then the family {#'(ur) :
T € B} is o(E', E)-tight. There exists a g(E’, E)-compact set I
such that inf{7'(ur)(K) : T € B} > 0. Since E is barrelled, there
exists a zero neighborhood U such that K C U°. By the 0-1 law
(Dudley and Kanter [3]), it follows that #'(u7)(E'(U°)) = 1 for every
T € B. For every continous p-stable cylinder set measure p on F’ with
a(y) = exp(—llS(y)ll?p), where §: F — £, is a continous linear operator,
we have 7'(u)(E'(U°)) = 1. In fact, for 1 with i,(y) = exp(—||51(y)||fp)
where S1(y) = S()/IIS]]s lIS1]l = 1, it holds that ='(u1)(E'(U°)) = 1.
Since m'(u)) is the image of 7'(x1) by the constant multiple: a — ||S]|a,
we have 7/(u)(E’(U°)) = 1. This proves the lemma.

Lemma 2. Let F, G be Banach spaces, v : G — F be a continous
linear mapping and ¢ : F' — G’ be the adjoint of ¥». Let 0 < p < 2 and
(a;) C F' be B2, {z, ai}|P < oo for every x € F. Let p be a continous dis-
crete p-stable cylinder set measure on F' with ji(z) = exp(—X2,[{z, a:)|P).
Suppose that the image ¥'(p) is 0(G', G)-Radon on G's. Then it holds that
250, /()15 < oo

Proof. We follow Linde [6], Cor. 6.5.2 and Maurey [7], Prop. 2b).
For every N let Ax, 7n be the cylinder set measures on G’ with

An(z) = exp(=Z1L (2, ¥'(an))P)
n(2) = exp(-E5lnyal(z, P (en))P), 2 € G.

Then we have Ax * Ty = ¥'(u), where * denotes the convolution. By the
manner same to Hoffmann-Jgrgensen [4], Th. 2.6, it holds that for every

g<p
Nl div(@ < K [ llaligdy'(n)a),

where K = 21797 for 0 < g < 1 and K = 1 for ¢ 2 1. Let {f.(w)} be a
sequence of independent identically distributed symmetric p-stable random
variables on a probability space (£, P) with the characteristic functional
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e~ I, Let g be fixed such that 0 < ¢ < p. For every N, we set
SN(w) = E;:r:lwl(an)fn(w)'

Sy is a random variable which values in a finite-dimensional subspace of
G’ and the distribution of Sy is An. If we set

Haw) = max ¥ (@) ol
then by Kwapien [5], Remark 1, it follows that
| Hxtwydp) s8¢t [ [ISx@)lIdPw)
=3¢ [ llallgdin(a)
where C = 1for 0 < ¢ < 1 and C = 297! for ¢ > 1. Consequently, we have
[ Hn()yaPw) 863K [ Jlallg e (w)(a).

Since ¢'(p) is a p-stable o(G’, G)-Radon measure on G’ and 0 < ¢q < p,
we have

L= [ llellgdd (@) < o0
(see de Acosta [1], Linde [6], Cor. 6.7.5). Thus we have
N w q' o) < 27"
|| e, 1@ fu()l I dP() < BC2KL < o0

for every ¥ =1, 2--.. Letting N — oo, we have

[ sup ¥/ (@n fal@)li dP () < oo.
k(3
Hence there exists R > 0 such that

P(w: sup||¢/(anfu(w))lle £ R)
o0
= [[{1 = Pw: |falw)l > R/II¥'(an)llc))} > O,
n=1
where we have used the independence of {f,(w)}. This implies that

Y P [fal@)l > R/ (@n)ller) < oo
n=1
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We remark that for every n,

[ 118 @) @ P) = 19/ (@)l [ 1fal)PdPL)
< 8C*KL,
that is, sup||#’(an)llr < oo. Furthermore, it is known that P(w :

[fa(w)] > ) ~17P as t — oo, so we obtain for sufficiently large R,

Plw: |fa@)l > R/||¢(an)lle’) ~ [1¥(anllG/ RP.

Hence it follows that £32,||¥'(an||%, < oo.

Lemma 3. Let F, G be Banach spaces and 0 < p < 2. Let ¢ :
G — F be a continous linear mapping and ¥’ : F' — G' be the adjoint of
¥. Suppose that for every continous discrete p-stable cylinder set measure
u on F', the image ¥'(u) is o(G’, G)-Radon. Then ¢’ : F' — G’ is

p-summing.

Proof. For each (a;) C F' with £2,[(y, a;)|? < oo for every y in
F, let 4 be a continous p-stable cylinder set measure on F’ satisfying
a(y) = exp(—Z2,{y, ai)|?). Then ¥'(p) is 6(G’, G)-Radon. By Lemma
2, it follows that £%2,||4'(a;)||%, < oo, which proves the assertion.

Theorem 1. Let E be a barrelled space and p be 0 < p < 2. Suppose
that each equicontinous family of discrete p-stable cylinder set measures
on Eg is o(E', E)-tight. Then E is nuclear.

Proof. Let {U,} be a fundamental system of zero neighborhoods
of E. Let a be arbitrarily fixed. For every continous linear operator
T: E(Us) — £, let ur be the corresponding continous discrete p-stable
cylinder set measure on E'(Ug) with jir(z) = exp(—||T(2)|[;,), z € E(Ua).
Let 7o : E'(US) — E’ be the canonical injection. Then by the assump-
tion, image 7, (ur) is o(E’, E)-Radon on E%. By Lemma 1, there exists
3 = B(a) with Ug C U, (depends only on a, not on each T') such that for
every continous p-stable cylinder set measure y on E'(U3), 7o(n) is Radon
on E'(U3). By Lemma 3, the canonical injection E'(Ug, Ug) is p-summing
and also 2-summing since p < 2. This completes the proof.

Remark 2. In Theorem 1, the barrelledness is essential. Let 75 be
the Sazonov topology on the infinite-dimensional Hilbert space H. Then
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Ts is not nuclear but each 7s-equicontinous family of cylinder set measures
is tight, see Sazonov [9).
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