View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Okayama University Scientific Achievement Repository

Mathematical Journal of Okayama
University

Volume 29, Issue 1 1987 Article 7
JANUARY 1987

On H-separable extensions in Azumaya
algebras

Hiroaki Okamoto* Hiroaki Komatsu®
Shiichi Ikehata*

*Okayama University
TOkayama University
tOkayama University

Copyright (©)1987 by the authors. Mathematical Journal of Okayama University is produced by
The Berkeley Electronic Press (bepress). http://escholarship.lib.okayama-u.ac.jp/mjou


https://core.ac.uk/display/12532464?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Okamoto et al.: On H-separable extensions in Azumaya al gebras

Math. J. Okayama Univ. 29 (1987), 103—107

ON H-SEPARABLE EXTENSIONS
IN AZUMAYA ALGEBRAS

Dedicated to Professor Hisao Tominaga on his 60th birthday
Hiroaki OKAMOTO, Hiroaki KOMATSU and Suiicur IKEHATA

Throughout the present paper, A/B will represent a ring extension with
common identity 1, C the center of A, and V,(B) the centralizer of B in A.
If an A-B-bimodule M is A-B-isomorphic to some A-B-direct summand of
a finite direct sum of copies of an A-B-bimodule N, we write M| ,N;.
Needless to say, +M|,A means that ,M is finitely generated projective.
Also, it is clear that ,By|szA,; (resp. yB|szA) if and only if B is B-B-
isomorphic (resp. B-isomorphic) to a direct summand of zA; (resp. zA). An
extension A/B is called a separable extension if the A-A-map A @ A-A

defined by x ® ¥y = xy (x, y € A) splits. It is clear that A/B is separable
if and only if ,A4].A4 @ A,. Following [7], A/B is called an H-separable

extension if ;4 ® A,|.A4; that is, if there exist v, € V,(B) and X, x;;
B
®}'H€(A@A)A:% Zlkak® by € A@A| aZ‘.kax® bk:2k0k® bra

foralla € Al (i=1, 2,....n) such that >, x; ® yyv;, =1 ® 1. Such
a system |v;, 2 x;; ® y,|, is called an H-system for the H-separable ex-
tension A/B. It is well known that any H-separable extension is a separable
extension (see, e.g., [2, Theorem2.2] or [6. (4)]), and that if A is an
Azumaya C-algebra then A/C is an H-separable extension (see, e.g., [7,
Proposition 1.1]).

The main purpose of this paper is to prove the following theorem.

Theorem 1. Let A be an Azumaya C-algebra, B a C-subalgebra of A,
and A = V(B).

(1) B is a separable C-algebra if and only if 4By|zAs. When this is
the case, A/B is an H-separable extension with V,(A) = B, and ;A is fi-
nitely generated projective.

(2) B is an Azumaya C-algebra if and only if gAg| zB,.

In preparation for proving Theorem 1, we state first the next lemma (see
[3, Proposition 4.7] and [7, Proposition 1.2]).
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Lemma 1. Let A/B be an H-separable extension, and A = V(B).
(1) Themap n: A @ A — Hom(zAg, sAp) defined by nlx ® y)(a) =

xay (x,y € A, a € A) is a A-A-isomorphism.
(2) If sB|,A then V,(A) = B.
(3) If sBg|sAs, then A is a separable C-algebra.

Proof. (1) Let {v,, X, x; ® y;}; be an H-system for A/B. Then
the map ¢: Hom( ;4. A5 — A@ A defined by ¢(g) = 2, 20, gla)yy ®

vi=2v:® 2 x,8(y:;) (g € Hom( A5, A4)) is the inverse map of 7(see
(6, p.296]).

(2) See [6, (5)].

(3) Assume that zBg|zAs. Then, by (1), A= Hom(,B,, Az | Hom
(s, 34, = A @ A as A-A-module. Hence A is a separable C-algebra.

Lemma 2. Let A be an Azumaya C-aigebra, and B a C-subalgebra of A.
Then A/B is H-separable if and only if (A @ A)* is a projective C-module.
Proof. We claim first that (4 @ A)"is a finitely generated C-module.
Since ,A @ A, A, we see that (A® A)* = Hom(,A4,, , AR A, is a
(54 Cc

finitely generated projective C-module. In virture of [1, p.52, Theorem
3-4], (A @ A)A = Hom(AA,h 1A @ A.-i) - Hom(AAA9 44 @ A\) = (A @A )A

is a C-epimorphism. Hence (A @ A)* is a finitely generated C-module.
Assume that A/B is H-separable: ,A @ A, 4As. Then (A @ A) =
Hom(,A,, .A @Aﬁ) |Hom(,A,, +A,) = C as C-module, that is, (A @A)"
is a finitely generated projective C-module. Conversely, assume that (A4 @A )4
is a projective C-module. Then, as was claimed above, (A @ A)*is a finitely
generated projective C-module: (A @ A)*|C¢. Since A @ A=(A @ A)d
@ A as A-A-bimodule by [1, p. 54, Corollary 3.6], we get ,A @ Ayl.A..

As a direct consequence of Lemma 2, we have the following corollary
which is interesting in itself.

Corollary 1. If A is an Artinian semisimple Azumaya C-algebra, then
A/Bis an H-separable extension for every C-subalgebra B of A. In particular,
if A is a finite dimensional ceniral simple C-algebra, then A/B is an H-sepa-
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rable extension for every C-subalgebra B of A.

Recently, K. Hirata proved the following ([4, Proposition 6]): Let A be
the group ring K[G] of a finite group G with a coefficient field K whose char-
acteristic does not divide the order of G. Let B be the group ring K[H] of a
subgroup H of G with the coefficient field K, and B' = V,(V(B)). Then A/B’
is an H-separable extension. As a matter of fact, this is immediate by Corol-
lary 1. ‘

We are now ready to complete the proof of Theorem 1.

Proof of Theorem1. (1) The only if part has been proved in [8, Prop-
osition 1.5]. Assume now that ;B,|345. Let m be an arbitrary maximal ideal
of C, A= A/mA, B= B/mB, and C = C/mC. Then 4 is a finite dimen-
sional central simple C-algebra, and B is a C-subalgebra of A such that
3B5]343. Hence, by Corollary 1, A/B is an H-separable extension. Then
D = V4(B) is a separable C-algebra with V3(D) = B, by Lemma 1. By [8,
Proposition 1.5], we have 3:D3|543. Since A/D is an H-separable extension
(Corollary 1), we see that V5(D) = B is a separable C-algebra, by Lemma
1(3). Hence by [1, p. 72, Theorem 7.1], B is a separable C-algebra. Since
BBBIBB@BB and ,A @ A,|sA4. we obtain 4A @ A, = ,A @ B@ A,lLA (%)

B @ B A, = ,A @ A,|.A,. Furthermore, noting that (A |.C (see, e. g.,
B

[1, p.52, Theorem 3.4]), we see that ;4 = ;BQ A|;BQ BQ A = ;B

B C B C

Al|sB @ C = B, that is, A is finitely generated projective. Now, V,(A) =

B is obvious by Lemma 1 (2).

(2) Assume that zAg|sBs. It is well known that pAg|zB; implies
sBs| 345 (see, e. g.. [3, Proposition 5.6]). Hence, by (1), B is a separable
C-algebra with V,(A) = B and A/B is H-separable. Then, by Lemma 1 (1),
A@ A = Hom( zA;, A |Hom(Bs, s4,) = Vi(B) = Aas A-A-module, that

is. A is an H-separable C-algebra. Since A is a finitely generated C-module
(see, e.g., [6, (3)]), Ais an Azumaya C-algebra, by [7, Corollary 1.2].
Since V{B) = V(B) N B= V,(B) N V(V(B)) = V{(A) =C, Bis an
Azumaya C-algebra. Conversely, assume that B is an Azumaya C-algebra.
Then by [1, p. 57, Theorem4.3]. A =B @ A and A is an Azumaya C-alge-

bra. Hence, we see that yA, = BB@ As|sBQ Cy = 4Bs.
[

The following corollary may be regarded as a sharpening of [4, Propo-
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sition 6].

Corollary 2. Let A be a separable ( faithful) R-algebra, B a separable
R-subalgebra of A, A= V(B), and B = V,(V(B)). Then A/B (resp.
A/A) is an H-separable extension and wA (resp. sA) is finitely generated
projective.

Proof. By [1, p.55, Theorem 3.8], A is an Azumaya C-algebra and C
is a separable R-algebra. Then BC is a separable R-algebra as a homo-
morphic image of B@ C, by [1, p. 43, Proposition1.6]. Then BC is a

separable C-algebra, by [1, p. 46, Proposition 1.12]. Since V,(BC) =
V{(B), our assertion follows from Theorem 1 (1) and [1, p.57. Theorem
4.3].

We shall conclude this paper with giving two examples of H-separable
extensions.

Examples. Let K be a field.
KKK
(1) Let A=DM,(K), and B=|0 0

K
K 0 |. Then A/Bis an H-separable
0

0 K
extension (Corollary 1) and V,(B) = C. As is easily seen, 54 is not projec-
tive, but Ay is projective. Needless to say, both ;A4 and A, are finitely
generated. In [9], H. Tominaga proved that if A/B is an H-separable exten-
sion and zA is projective, then A is finitely generated. This example shows
that the converse need not be true.

(2) Let A=M,(K), and B = a, b,c,d, e, € K. Then

a 0 b c
0ade
00ad0
000 a,
both ;A and Aj are finitely generated and A/B is an H-separable extension
with V,(B) = B. But, neither ;4 nor Ay is projective.
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