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ON ARITHMETICAL FUNCTIONS ASSOCIATED
WITH HIGHER ORDER DIVISORS

J. CHIDAMBARASWAMY and R. SSTARAMACHANDRARAO®

1. Introduction. A positive integer d is said to be a divisor of the
first order of the integer » if d is a divisor of n. We write d|;» to denote
that ¢ is a first order divisor of #. By (@, b)1 we mean the largest divisor
of a which is a first order divisor of 5. Clearly, this is simply the G.C.D.

of a and b. We say d is a second order divisor of #, written d |27, if (g d )1

=1. Clearly. the second order divisors of 7 are simply the unitary divisors
of n.
Similarly, for » > 2, we say d is an rth order divisor of #, written d|,#,

if (% d)r_l=1. By (a. b), we mean the largest divisor of @ which is an
rth order divisor of b. Clearly,
(@, b)y=max {c|cha. c|,b}.

Motivated by the concept of semi-unitary divisors introduced by the first
author [ 3] and that of bi-unitary divisor introduced by D. Suryanarayana
[9], Alladi [1] recently introduced the notion of the rth order divisors.
Among other things, he obtained asymptotic formulae for the summatory
functions of (%), ¢-(n), orx(n) and o¥x(n) defined respectively by

B=21 . é= T 1

l<asgn
(amn)r=1

_ _ n \*
aalm)= 3 d* ota(m)=3 (2"
He proved that

(1.1) gx r(n)=A,xlog x+ O(x),

1.2) 2 ¢r(n)=Brx*+ O(x%2*¢), for each € >0,
(13) 2 0na(m)=Crax*1+0(x*+17)

and

(1.4) 0% u(n) =Dy px®t 1+ O(x"+112),

nsx

*) On leave from Andhra University, Waltair, India.
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where £2>1 is an integer and A,, By, Crx and D, are certain positive

constants. .
The purpose of this paper is to obtain the above asymptotic formulae

with substantially better estimates for the error terms. In fact, we prove

(1.1)* "ZS}x tr(n)=Arxlog x+Arx+ O0(x'"?)
(1.2)* n%}x ¢r(n)=B,x?+ O(x log? x),
Cre

(1.3)* ( 1 ) ngx Gr.k(n)=k+1xk+l+Ek(x)
O(xmextLd)y f 0 < k=1
O(x'*¢), for each € > 0, if =1,

{(l—k)Cr,_kx+ O(xmax@1+) for —1k <0
(1—&)Cr-rx+0(x%), for each € >0, for k=—1

where Ek(x)={

(2) 2 one(m)=

n<x

L* (1) 3 otaln) =Sopa 1+ Fulx)
O(xmextLey if >0, k1
O(x'*¢), for each € >0, if £=1;
(2) 2 oFe(m)=(1—£&)Cr-rx+ Gilx)

n<x

where ,Fk(x)={

O(log x), if k< —1;
where Gk(x)={0(x””), if0O>k>—1;
O(x®), for each € >0, if k=—1
where A;, A7, By, Cr.» are given by (3.7), (3.8), (4.7) and (5.4) of this paper.
We remark that our methods are entirely different from those of Alladi
and are simpler and direct. Also our expressions for the constants A,, By
etc. are more explicit.

2. Preliminaries. Let {F,}, =0, 1, 2, --- be the Fibonacci sequence

given by

2.1) Fo=0, Fi=1, Fp=Fy_1+Fnsfor n>2;

and /(y) and /*(y) be respectively the smallest integer >y and = y.
Further, let

22) f,(x)=z(FPc;1 x) for 7 =1 (mod 2),

(2.3) fr(Jc)=l"‘(FF#;l x) for » =0 (mod 2).
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Alladi proved that (cf. [1], Theorem 1), if n=f[l b¥ is the canonical

representation of # as a product of prime powers, and if a?=!_I=sIl ¥ divides
n, then d|,#» if and only if

Bi=0or fla) < Bi<an, 1<i<s;
further, he proved (cf. [1], (2.7), Theorem 3, and (2.8)) that

S
(2.4) rr(n)=l_l;[I (ati—fr(a)+2);
- S 1
(2.5) ¢r(n)=ni=ﬂl (1— W),
and for real &
(2.6) Jr-k(n)z f[] (1+p{_¢fr(di)+p£3(fr(ai)+l)+ vee +p£za:)_
We shall also need the Mobius function u(#), Euler totient function

¢(n), and ox(n)= 2 d*® TFor s>1, let {(s)= : % It is well known

that (cf. [6], Theorems 280, 287, 288, 289 and 291)

27) §(s)=1I (1—:1%) s>1;
(2.8) Pl 7—5 s> 1;
(29) 5 el o5y,
(2.10) ot CONRESY
) 5 EB_r(9r(s—h), s> max (1, k+D).

Lemma 2.1 (cf. [6], Theorem 320, and p. 272).
3 r(n)=xlogx+2y—1x+ O(x%

n<x

where y is the Euler’s constant and 1/4 < 8 < 1/2.

Remark 2.1. We shall need the above only with 8 < 1/2.
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Lemma 2.2 (cf. [6], Theorem 330).
2
P ¢(71)=——3;1 + O(x log x).
n=x

Lemma 2.3 (cf. [2], Section 3.6).

N L(k+1) O(xlog x), #f k=1,
(212) ngx Gk(n) k+1 xk+]+ O(xmax(l.k))’ lf 0 < k#l

213 3 a,,(n)zc(l—k)x+{8§fiﬁ;w) f}f’j;zq

Lemma 2.4 (cf. [7], Section 157: q=2).
Z, um=0{2 ).
Lemma 2.5. If g(n) is muitiplicative and I;[ {’2,0 lg(p™|} converges,
then "Z:)I g(n) converges absolutely and
Z =TI (2 e(m).

This is well known.

Lemma 2.6.
f(1)=1 Jor all r;
1 Jor r=1,
fr(2)—{2 Jor r 2 2:
1 for r=1,
fr(3)=(3 Jor r=2,
2 Jor v = 3.

Progf. Follows easily from (2.1), (2.2) and (2.3).

Lemma 2.7. For each prime p,

o(p)=2 Jor all v
3, Jor r=1,

2y :
o (#%) {2, Jor r=12:
4, Jor r=1

(%) =42, Jor r=2,
3, Jor r= 3.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 25/iss2/13
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Proof. Follows easily from (2.4) and Lemma 2.6.

Finally, we shall be using Vinogradov's notation. We recall f < g
means the same as f(x)=0(g(x)).

3. Proof of (1.1)*. Clearly Lemma 2.1 gives (1.1)* in case »=1 and
we refer to Gioia and Vaidya [5] for the case »=2. Solet » = 3. Clearly
7r(n) is multiplicative and (1) < r(»#)=0(»¢) for all € >0. Hence the

series il r-(n)n=% converges absolutely for each s >1 and so can be
expanded into an infinite product of Euler type (cf. [6] Theorem 286).
Thus by Lemma 2.8 and (2.10)

rr(n) | N
25 =1 ll+ps+pzs+p“+ }

e (e 1)

=g(s)1] {1—52—s+;,%—s+---}

ns

say. Also

n=1  ns

(32) =(& £y % L )

say. Now by Lemma 2.5, we infer that nZ_‘.l T (n)n¢ converges absolutely

for s > 1/3 and as such for each ¢ >0, and as n— o

J_”l o(1).

11378

Hence by the Theorem of partial summation (cf. [ 6 ], Theorem 421)
2 1T () =0(x'2+e).
nsx

Consequently by (3.2) and Lemma 2.4
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nzs:x S(n)="§‘,x d’?:n 'U(d) T(a)

_ IT(8)(x/ &)\
_é‘gt T(9) sz #d) < sgx log 2x/8)?
-3 1T(n>|<x/n>5“2 /)72

rex log 2x/n)?

xl/2

51]2 2 J 5(“2)|<< (10g 2x)2

(3.3) (log 2x)

112 ©
since 7~ is increasing and the series 2 L(S’Q converges absolutely
(log 2x) =t owm

for s > 1/3.
Again, by partial summation, it is easily seen that

(3.4) z S (k)

nsx M x"log? x )’

and

(3.5) zS(n)logn=O< 1 )

e n x2log x/°

Also by (3.2),
= |S(n)| < P l(d)] | T(8)]

d?8=n
| T(3)|
= 8% |T(3)| ds%ﬁ 1< x'?2 sgx 512
=0(x"),

since the series nE JTI converges. Again by partial summation, we have
for any 6 <1/2
(3.6) b IS(")I ( 12-6)

nsx

Now by (3.1), Lemma 2.1, Remark 2.1, (3.4), (3.5) and (3.6)
2 oln)= =, o(d)S(8)= = .S(8) PIR{CH

-3 s0($)n 510 ()+o((5))
=x{log x+ (27— 1)}{ J—l = M}
{ {n)logn (n}log n}+0( = ]i(g)[)

nsx N
=A.x log x-l—Arx + O(x'?)

n>x
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where
- S(n) _ _1V & ™
3.7) Ar=2 50 =1 {(1 p)(mzﬁo G >}
and
(3.8) Ap=@y—1) N3 _ 5 S(n)log n
n=1 7N n=1 n

and this proves (1.1)* in case » = 3.

4. Proof of (1.2)*. Lemma 2.1 gives (1.2)* for »=1 and we refer to
E. Cohen [4] for the case »=2. Let then » = 3. Since ¢,(n) < x for all

n, the series il %37—1) converges absolutely for all s > 2. Also since ¢,(#n)
n=

is multiplicative, we have by Euler’s infinite product factorization theorem
and Lemma 2.5,

3 o {1+ 3 4580
=47 o [+ & 5 0-7)0-5) ]
= cssl) I {Hmz:’l ¢1>"'sm} I {1 (-1 2 p”'s}
=ﬁ§(—s)1)1}[_1 ,,?:; ¢ (p™)—(p— 1)(¢r(1)+ + ¢, (p™" ‘)J]
(&.1) = (f(s)l h3) )

say. Now, using (2.5) we obtain, after some calculation

2 M (1+ Z‘. p”’s) where
(4.2) am=1+(p—1)(l)"' 1- frim— l)+pm 2—fy(m— 2)+ _I_pl-fr(l))_pm—fr(m).

Now, since &y=0, e2=a3=p—1, we have

=Ty Un_p (14 5 L) 11 (1-)
=1 {1t Bt + B, enhins)
(4'3) =21 K71(8—722

say. Using the fact that f;(@) = a/2, we have from (4.2) ‘that for m =>4
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|Gm— pam—s] < (p—1) :’2_2' pEIE L p(p—1) ';213 ph=rh)

m=1 m=3 ,

<p B PP 2 P

2 (m+2){2
/)l 2_

C heing a positive absolute constant. Hence the infinite product defining
the series in (4.3) converges absolutely at least for s > 7/8. Thus

(4.4) ﬂ’i"—l —0(1)

7/8+e

< C (m-+1)2

for each fixed € >0. Now by (4.3),

so that
Uln)= 3 dV(e).
: d%é=n

Consequently, from (4.4),
‘ _ V(I _
Slumisz vl 3 a=o(x 3 V)=o)

and hence by partial summation

(4.5) nsx L‘(n_[ O(log x).
) U ( N_
(4.6) ngx 2 ( X )

Now, by (4.1) and (2.9).

and so

¢(n)= = Ud)$(s).
Hence, by Lemma 2.2, (4.5) and (4.6), we have
¢:(m)= 2 Uld)¢(8)=Z% U(d) 52y #0)
-z U(d){3" $°+0(7] og )}

7[ ds<x

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 25/iss2/13
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=B,x%+ 0(x log® x)

where

N Yo

n

This completes the proof of (1.2)*.

5. Proofs of (1.3)* and (1.4)*. Clearly o,.(7) is a multiplicative
function of # and orx(#)=0(nMX&0+€) for each € > 0. Hence by Euler’s
infinite product factorization theorem. (2.6) and (2.11) we have for s >

max (& 0)+1,
b ar;:(sn) Il J;U a,_pk’(né)”')}
=8{(s)s(s—h) I1 [{2} M}(l—#Xl—i—:)]

and this after a simple calculation is

=£()(s—h) T] {1_52_’;+...}
(5.1) :i oln) $ Win)

oS on

say, where the series on the extreme right of (5.1) converges absolutely for
s >(%#+1)/2. Thus, for each € >0

(5.2) s Wl _o1),

nsx R

and by partial summation,
(5.3) Ex [W ()| = O(x\k+12+e),

Now (5.1) vields the identity
or(n)= 2 ox(d)W(9)
dé=n
and the proof of (1.3)* follows on the same lines as in Section 4, except
that now we make use of Lemma 2.3 and the needed results obtainable by

partial summation from (5.3).
Also (1.4)* follows from (1.3)* by partial summation and the observation

oFr(n)=n*o,_x(n).

The constant Cr.. for £ >0 is given by
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1V & Onep™
Cr= {(1-3 (&, 547}

We omit the details.
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