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A COMMUTATIVITY THEOREM FOR
s-UNITAL RINGS. II

MoTtosHl HONGAN

Throughout the present paper, R will represent a ring with center C.
Let / denote the Jacobson radical of R, and D the commutator ideal of R.
Given x, v in R, we set [x,y] = xy—yx as usual. If x. y are elements of
a multiplicative group, we write (x.y) = x 'y xw.
We consider the following properties :
Ps1: Given elements x;, -+, xs in R, there exists a positive integer =
such that [x?x7] =0=[xF"' x7*!] for all i j
Q21 For each pair of elements x, y in R there exists a positive
integer n such that (xy)" = (yx)" and (xy)"**! = (yx)"*.
Obviously, the hypotheses (i) and (ii) in [1. Theorem 2] imply P
for any s, and Q2 is equivalent to the hypothesis 2) in [3, Theorem]. The
present objective is to prove tactfully the next commutativity theorem
which includes essentially [1. Theorem 2] as well as (3, Theorem].

Theorem 1. Let R be an s-unital ring. Then the following are equiva-
lent -

1) R is commutative.

2) R satisfies Ps.

3) R satisfies Q.

In preparation for proving Theorem 1, we state the following

Lemma 1 (cf. [1, Theorem 1]). Let n be a positive integer, and let
a, b be elements of a group. If (a*.b") = (a*(ab)*) = (b*(ab)*) =1 for
k=mn n+l, then (a,b) = 1.
Proof. ab = (ab)**'(ab)™"
— (a—(n+l)bn+1(ab)n+lb—(n+l)an+l)(anb—n(ab)nbna—n)—l
— (a—(n+1) bn+1ab—nan+l)n+l(anb—nabnﬂa‘n)—n
= (bn+la—nb—nan+1)n+l(b—nan+lbn+1a-n)—n

= (ba)" Y (ba)™" = ba.

Corollary 1. Let R be a ring with.1. If R satisfies Pa then J is a
commulative ideal containing D ; in particular J> S C and D? < JD] = 0.
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Proof. Since the unit group of R is commutative by Lemma 1, it is
easy to see that J is commutative, and /2 < C. Obviously, Py is inherited
by homomorphic images of £. So, to see that D € J, it suffices to show
that every primitive ring R satisfying Pz is commutative. Since Fas
implies that the idempotents are central, Jacobson’'s density theorem shows
that R must be a division ring and hence is commutative by Lemma 1.

We are now ready to complete the proof of Theorem 1.

Proof of Theorem 1. It suffices to show that each of 2) and 3) implies
1). According to [2, Proposition 1], we may (and shall) assume that R
has 1. In the subsequent proof, we shall use frequently the following well-
known results: Let x, y € R, and let s, ¢ be positive integers.

(1) If [x[xy]]=0 then [x5y] = sx5 Y x.v].

(O) If x5y =0=(x+1)'y then y =0.

2)=1). Leta</ and x, y € R. By hypothesis there exist positive
integers », k& such that

[xPx#]= 0= [af* ' x8*'] for all x1, x2E€ {a+1, v. y+1, v+a y+1+a}
and
[yty#] = 0= [y vf*] for all 1, y2 € {x, x+1, ». y+1}.

Since J2 € C by Corollary 1, we readily obtain »[a.y*] = [(a+1)"3"] =0
and (n+1)[a,v*'] =0. Furthermore,

nyzn[a,y] — nay2n+l_nyn+layn

p— le=0;,lyn—Uayﬂ+l/+l _Eg=onyn—b+layn+!/

= n[ZPooy™ v ay? y ]

=nl(y+a)" y*]=0.
Similarly, we have n{y+1)?"[a,y] =0. By (II), from those above, #[a.y]
=0=w#n[lav+1] follows, and hence [ay*'|= nlay**']+lay™]=
(n+1D[ay?']=0. Then

2n+l1] — qn+l n__ a2n+l
[ay?m*!] = y"+lay"—y?"+'a
— 23;&y2n—yayp+l_23;6y2n—u+layu
= y[y". 2y v lay”]y
= y[y"(y+a)]ly=0.
This together with [a,y"*'] =0 implies
y2n+l[a,y] =y2n+l[a‘y]+[a’y2n+l]y — [a'yz(nﬂ)] =0.

Similarly, (v +1)?**[a,v] = 0. Thus, again by (II), [a,¥] = 0, which shows
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that / € C. Since D € J < C by Corollary 1, (1) gives k2x* 1y*~xy] =
kx®Vx,y*] = [x*y*]=0. Then k*xy]=0 again by (II). Similarly,
(B+1)*[x,y] = 0. Since 4% and (£+1)® are relatively prime, we conclude
that [x.y] =0.

3)= 1). Let U be the unit group of R. If # € U and x € R, then
there exists a positive integer m such that (2~ 1+ xu)” = x™ and (2!~ x2e )™}
= x™*! and so

x™xu] = wluam u— (' x™u)x) = w{(u  x)™ — (o xu) " x)
= u(x™'—x"x)=10;

similarly (x+1)"[x.2] =0 with some m'. Thus, by (), [xu]=0,
namely U & C. Now, it is easy to see that / € C and every idempotent
of R is central. Since @z is inherited by any homomorphic image of R,
the argument used in the proof of Corollary 1 enables us to see that R/J
is commutative.

Now, let x, ¥ be arbitrary element of £. We claim that if (xy)” =
(yx)™ and (xy)™*!' = (3x)™*! then (xy)* = (yx)* for all £ = m. In fact,

(xy)™xy = (xy)™*! = ()™ = (yx)"yx = (xy)"yx,

and so (xy)%xy = (xy)%yx for all £ = m. Thus, (xy)* = (yx)* vields (xy)**'
= (yx)**1. In view of this claim, we can find a positive integer » such
that

(x1x2)% = (x2x1)% for all k= n and x1, x2 € {x, x+1. y, y+1}.
Noting that y*x"—(yx)"E€ J S C, we get
yaty]=[y"x"y] = [(3x)"y] = y(xy)"— y(yx)" = 0,

and similarly (y+1)?[x?y]=0. Hence, [x"y]=0 by (II), and similarly
[x"*'.y]=0. From those above, we obtain x"[x.y] =[x"*! y]—[x".y]x =0,
and similarly (x+1)"[x,y] =0. We conclude therefore, again by (II), that
[x.v] = 0.

The results presented invite the conjecture that every s-unital ring
satisfying Pi3 must be commutative.
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