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Abstract

We construct an explicit (from the transition function point of view) diffeomorphism between
the cartesian products with the 3-sphere of two 10-dimensional loop spaces that are not homotopy
equivalent to each other. Our method employs specific models for some S®- principal bundles over
S7 and relates the study of this type of noncancellation phenomena to commutators of groups. Our
formulas depend only on specifying homotopies of powers of commutators to constants.
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THE ROLE OF COMMUTATORS IN A
NON-CANCELLATION PHENOMENON

Tomas EpsoN BARROS AND ALcCIBIADES RIGAS

ABSTRACT. We construct an explicit (from the transition function point
of view) diffeomorphism between the cartesian products with the 3-
sphere of two 10-dimensional loop spaces that are not homotopy equiv-
alent to each other. Our method employs specific models for some S3-
principal bundles over S and relates the study of this type of non-
cancellation phenomena to commutators of groups. Our formulas de-
pend only on specifying homotopies of powers of commutators to con-
stants.

1. INTRODUCTION

The term non-cancellation phenomenon is used here in the following sense:

Differentiable manifolds M;, Ms and N are given to satisfy
(i) My x N is diffeomorphic to My x N;
(ii) My # My, where ~ means same homotopy type.

Charlap in 1965, furnished one of the early examples of such phenomenon
in [Ch], where M7, M; are flat riemannian manifolds and N = S*. Such an
example is obtained as a consequence of his classification for Z,-manifolds
(riemannian manifolds with holonomy group equal to Z,) with p prime.

In 1969, Hilton and Roitberg [HR2] considered the case where M; and
M, are total spaces of principal bundles and N the corresponding structural
group, more precisely, they consider principal S3-bundles over spheres S™.
The principal S3-bundles over S™ are classified by 7, (BS%) 2 m,_1(S%) (cf.
[St]). So, we have for each a € m,_1(S%) the corresponding S3-bundle
S3... B, 2% 87 classified by the adjoint ag € m,(BS?) of a. Given
o, € m—1(S?) let E,p be the principal S3-bundle over E, induced from
the bundle Ejg by the projection p, : E, — S™. We have in this way the
following commutative diagram:

S8 S8
Eop — Ep
I
B, Lo gn s pgs,
diagram 1
73
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Theorem 1 (Hilton-Roitberg [HR2]).

i) By~ Eg <= a=40;
ii) Let a € m,—1(S3) be an element of order k and 8 = la, | € Z. If
there exists I', ' = l mod k, such that

-1
(2)w 0Y3a =0 € my2(S?),
where w € 6(S3) is the generator, X3 is the 3-fold suspension of
then the bundle S® - - - E.p — E, is trivial.

We observe that by the construction of the induced bundle it follows easily
that E,3 = Eg,. This observation together with the above theorem give
the following example of non-cancellation phenomena:

Consider S3-bundles over S7, My = E,, where a = w € mg(S?) 2 Z15 is a
generator, and My = Eg with 3 = Ta. Since @w 0¥3a =2lwoX3a =0
by 79 (S?) = Z3, similarly as o = 73 we also have @w 0¥33=0. As E,

is the canonical S3-bundle Sp(2) over S7 we have now
(1) Sp(2) x 83 = E7, x 8% and Sp(2) # Fq,.

This example is also relevant in a different context:

Sp(2) and Ev,, are the only total spaces of principal S3-bundles over S7,
up to orientation, that admit a loop-space structure (cf. [HMR2], [CM] or
[Z]). This, together with the second part of (1), tells us that Sp(2) and Ex,
are H-spaces with distinct H-structures.

In the examples above M, My and N are at most 2-connected. In 1972
Hilton, Mislin and Roitberg [HMR1] provided examples of M, My and N
all arbitrarily highly connected.

These examples of non-cancellation phenomena are obtained by indirect
ways, that is, the diffeomorphism (1) is not explicitated.

Hilton and Roitberg ([HR1], [HR2]) consider the cellular decomposition
of the spaces E, (a € m,-1(5%)):

Ey=(S%Uye®)Ue™ =C, uets.
It is shown that under the same conditions in which we have E, x S% =
Eg x 83 we also have C, V S® ~ C3 vV S3 (where V denotes the one point

union) although, in general E, % Eg and C, % Cg. They suggest then a
more careful analysis of the diffeomorphism between E, x S® and Eg x S3.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 43/issl/2
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The subject of this paper is to analyse the example of Hilton-Roitberg
above, trying to give an idea of the complexity of the diffeomorphism be-
tween Sp(2) x S and Er, x S3.

To do this, we worked with the models for principal S3-bundles over
S™ denoted in [R] by P,. Such bundles are represented by 10-dimensional
submanifolds of Sp(n) and have transition functions g, : UNV — S3
relative to an open covering of S7 by just two sets U = {(‘;) €S a# 0} and

a . n a n—1 CL_ n—lan—l
V= {(b) €S b+ O}, given by g1y (b) = % and the method
used in [R] shows that

(2) g H 1 — The bundle P, is trivial and a global section
vu = can be constructed explicitly by means of H.

There exists a diffeomorphism 8 : % x 3 x (0,5) — U NV such that
gy © B(A, B,0) = B Y(AB)"~1A"~!. Thus, working in the group of ho-
motopy classes of maps [S? x 93, 53] we obtained that B®(AB)8A8 ~ 1 and
the implication (2) can be realized for n = 9, which coincides with the clas-
sification of the bundles P, given in [B2]. We use the same idea to construct
a diffeomorphism between Sp(2) x $2 and E7,, x S3. In this case the bundles
E,p are modeled through the P,’s via the pull-back construction providing
the principal S3-bundles lf’mm over P,, in such a way that the homotopy
classes of transition functions of these bundles are in one to one correspon-
dence with [S3 x S3 x §3,.93], so the method applied above works here but
the calculations are much more complicated.

The authors are indebted to Juno Mukai, Lucas M. Chaves, Norai Rocco

and Said Sidki for helpful discussions.

2. THE BUNDLES Pn AND Pn,m

Let M,, = M, (a,b,x1,x2,...,2,) € Sp(n) (n > 3) be given by

a —b|b|? x1
My=|b  bab  a,
0 a1+ b]? z3
a —bpPL(4)1 0
- |t babL(4)~t 0
Y7o alePL@)t —b zz |’
0 abaL(4)™! a 4
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where L(4) = /|a|* + |04, and for n > 5
—b|p[?
a Z(n) 0 0 0 0 0 x
b 1y 0 0 0 0 0 =z
0 = — 0 0 0 0 3
0 (Bppfee i 0 0 0 0
(ab)*afy— (ab)afn—
0 aiLjn) T %L;_z; T 0 0 0 0 x5
Lo R 0 0 0 0
n — . . . )
) @ Tapy  (@h)"Saf —'b o
0 E“_;L(nﬁ)“ : (“_)Ln; : . 2 0 0 0 zpy
" Safy  (ab)"~"af b
a_L(n)a il e lRPR % 0 0 s
0 (ab)™°afo (ab)”_6afo (ab)afo afo —b 0
N L(n) B Ly_4 e B Ls 7L2 Lq Ln—2
o (@b)""*ala]? (ab)"®ala|? (ab)?alal? (ablalal® ala|? _,
L(n) Loa " I Ly L ¥l
0 (ab)"3a (ab)"“a (ab)3a (ab)2a  (ab)a
L(n) Lop_4 e Ls Lo L1 a Ln
where
L} = |a* + o],

L2 = |a|** V(L1 LoLs ... Ly_1)* 4 |b?, k=2,3,4,...,n—4,
L(n)? = |a|*™ (L1 LyLs ... Ly_4)? + |b|*,
fO = ’a|47

Fio = alP* (L1 LoLs ... Ly_1)?, k=2,3,4,...,n—4.

The bundles S3 - - - Pn Pr, 7 are such that ]52 is the canonical S3-bundle
Sp(2) over 87 and for n > 2, P, = {M € Sp(n); M = My,(a,b,z1,...,x,),
for certain a,b,x; in H}, pn(Mp(a,b,21,...,2)) = (7) € S7 and S? acts
on P, by multiplication on the right over the last column. We have the

classification theorem.

Theorem 2 ([B2]). If w € m6(S3) is the preferred generator then

P, = Eap(nfl)wv

where p(n) = ("3') = ("El)n.

We calculate here the transition functions of the bundles P, over S7 and
of the bundles E,s over E, with respect to a certain open covering of S7
and FE, respectively containing just 2 open sets.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 43/issl/2
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Let §7 = {(2) € H?; aa + bb = 1} be the seven sphere and U, V the
open subsets defined by U = {(}) € ST;a #0}, V = {(}) € ST;b#0}.
Thus for n > 5, 5. Y (U) = {M,(a,b,y1,y2,...,yn) € Sp(n);a # 0} and
P (V) = {My(a,b, 21, 2, ...,2,) € Sp(n); b # 0}, where

y1 = —(ab)|a| *ys,
ly2| = ly2(a, b)| = |a|" " (L1Ly ... Ly_4)L(n)~",

yr = —(ab)* a2 (L, i1y Lnk - Ln—a) 2y, 3<k <n—2,

Yn—1 = —(ab)"2|a| 2" (L1 Ly ... Ly—a) 2o,

Yn = —(ab)" Ha| 2 V(L1Ly ... Ln_s) %ys,

21 = (@)™ 2b| 2D (L1 Ly . .. Ly_g)?2n,

29 = —(ba)" b2 V(Ly Ly . .. Ln_4)?zn,

2p = (ba)" 7 F|b| X" (Ly Ly ... Ly (4?20, 3<k <n—3,

are obtained solving the equations (coln) - (coli) =0 (i = 1,2,...,n — 1)
and using the fact that a # 0 and b # 0 in U and V respectively (cf. [R]).

We note that an element of p,,*(U) depends only on the values of a, b
and v, thus we can write M, (a,b, 1,92, ---,yn) = My(a,b,y2) € p, 1(U).
Similarly, p,*(V) depends only on the values of a, b and z,, then
Mn(av b7 Z15R2y 0, Zn) = Mn(av ba Zn) € ﬁ;l(v)

We define the partial sections Sit : U — p, 1 (U) over U and S% : V —
P, (V) over V by

a B —
S[T} <b> - Mn(aa b7 y2)) Y2 = &n 1(L1L2 e Ln_4)L(n) 17

Note that y2 and z,, are restricted only by their modules, i.e., they belong to
certain S3’s. Their values were chosen so that the transition function IV
can be factored through the S3 A S% = S6 (cf. §3).

fogpy :UNV — 53 is a transition function of the bundle P, with
respect to the open sets U and V, then

(3) S (Z) P <Z> e (Z) v(Z) cunv.

Produced by The Berkeley Electronic Press, 2001
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As the action of S® on P, is by multiplication from the right in the last
column, we have

a .
(4) Zig(}U(b) =y, t=1,2,...,n,

so, for example

n a
2ngdvu b

=y = —(ab)" Ma| 2" V(L1Ly ... Lp_y) 2@ Y (L1Ly ... Ly_4)L(n)"",

hence
—0"" N LyLy...Ly_4L(n)) g} a> - .
(L1 L 1L(m)) ng(b (L1La ... Ln-a)[a"=DL(n)’
thus Y 1) L
_n—=1/ in—-1\ n ay "—L(ab)"ra"

" (—b )9VU<b> = |a[2(n=1) ’

therefore
a\ _ b Y(ab)"tan !

5 v = '
(5) 9VU<b> (Jaf[b])2n=1)

Analogously we can define sections S& : U — ;ﬁlzl(U )and SE :V —
~ . a bk:—l CL(_) k—lak—l
P, (V) (k=2,3,4) in such a way that gf-p; (§) = W
tion function of P, with respect to the open sets U and V. Thus we have

Lemma 1. IfS7 = {(Z) € H;aa + bb = 1} is the 7-sphere and U, V are the
open subsets U = {(Z) €8 a# O} and V = {(Z) €S:b+ O} respectively,

is a transi-

then a transition function of the bundle S®--- P, — ST with respect to the
open sets U and V is the function g, : UNV — S3 given by (5) above.

We now apply an analogous procedure to obtain transition functions of
Eag. ) )

Let P, ., be the principal S3-bundle over P, induced from P,, by the
projection py, : P, — S7. So, we have the commutative diagram:

S3 53 S3
Pom P, Sp(2)
| J{ﬁm i
ﬁn ﬁn 57 @(mfl)’ﬂ S7

diagram 2

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 43/issl/2
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By the definition of the induced bundle we have ]5n7m = {(My, My,,) €
P, X Pp; pn(My) = pm(M,,)}. This provides a model for E,
where w € 74(S%) is the preferred generator

p(n—1w,p(m—1)w

Let us consider the open sets Up = 5,'(U) = {My(a,b,y2) € Pp;a # 0}
and V,, = 5,1 (V) = {M,(a,b, z,) € Pn,bgé()} For each k,t € Z such that
m—tkn+tk—

: is an integer, let us define partial sections sff U, — an

over U, and 3‘7 V, — Pmm over Vj, by

n

s (M (a,b,92)) = (My(a,b,y2), Min(a,b, Ya(k, 1)),
S (My(a,b,20)) = (M (a,b, 20), Mo (a,b, Zin(, 1)),

where
_m—tknyir—1 LiL L(’I’Z)tk
Ya(k,t) = (vha ) et Lm—4 ’
2(k,t) = (5 (L1L2 Lo )" L(m)
7 (k. t) = (—1)*+1(kp fk+fk1t(12 n—4 .
m( 9 ) ( ) (Zn t ) L1L2 Lm 4L( )
By using the expression of y, on page 77, if M, (a,b,y2) = My(a,b, z,) over
U, NV, then
6) 2= —(ab)" Ly, Lk (=1)E((ab)" Lyg)k
" |a|2(n71) (L1L2 cee Lnf4)2 " |a|2k(n71) (L1L2 C Ln,4)2k '

A transition function gy ¢ : U, NV, — S3 of an with respect to the
open sets U, and Vj, can be given solving the equation

(7) S8 (M)-Gnm et (M) = s (M), VM € Uy N V.

It follows from the expressions on page 77 that
—(ab)"™ " yha "= ) L ()
la|20m=U(L Ly ... Lyy—4)(L1Lo ... Ly_4)**L(m)’

Setting M,, = M, (a,b,y2) it follows from (7) that
9) Zm (K, t)gn,m,k,t(Mn) = Yin(k,t),

hence

®)  Ynlkt)=

(_1)tk+1(zk6m7tkri+tk71 )t (L1Ls. .. Ln,4L(n))kt
" LiLy...Ly—4L(m)

_ —(ab)™ " (yha" T ) L ()
a2 0(LiLy .. Ln-4)(L1L .. Ln—a)'*L(m)’

-gn,m,k,t(Mn)

Produced by The Berkeley Electronic Press, 2001
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using (6) we obtain

(=) (=1)*((ab)"y2)*b
(’a‘Qk m— 1)(L1L2 .L,_ )2k)
_(al;)m_l(ykam tk'n{ktk 1 )t

- |a]2(m—1)(L1L2 ce. Ln_4)2tk’
m—ktn+tk—1
t

m— tkn+tk 1

)t

9n,m,k,t (Mn)

thus, setting p = we have

(_1)2kt+1(|a’ |b‘)2kt(n_1) |y2 ’2kt |b|2pt
|a[2kt(n—1) m et (M)

— (6" (g2(ba)"~")*)" (ab) ™" (y5a")"

ja|2(m=1) ’

therefore

m— tkn+tk 1 k m—tkn+tk—1

(g2(ba)" M) (ab)™Myba™ )"
|ab|2(m=1)|y, |2tk :

Evidently, from the definition of the induced bundle we have that

pm— 1(ab)m 1= am— 1
(lal[b[)2m=1)

(10) gn,m,k,t(Mn) = (b

(11) gmm(Mn(aa b7y2)) = g?U Oﬁn( (a b 3/2))

is also a transition function of ]5n7m, which coincides with gy m.0,1-
We have in this way the following:

Lemma 2. Let n, m be integers greater than 1. If Up = {My(a,b,y2) €
Puia # 0}, Vi, = {My(a,b,2,) € Py;b # 0} then for all k,t € Z such that
w € Z the functions gpm k.t : U, NV, — S3 given by

m— tkn+tk 1 m—tkn+tk—1

(G2(ba)" ")) (ab)"M(yba )
|ab|2(m=1)|y, |2t

are equivalent transition functions (in the sense of equivalent COOTdipate

transformation, Lemma 2.10 from Steenrod [St]) of the bundle S®--- Py

— P,.

(b

gn,m,k,t(Mn(aa b, yQ)) =

3. TRIVIALIZATION OF 159

Here we construct a global section of Py up to a homotopy. To do this we
use some elementary results from the theory of nilpotent groups, which we
list below, and finally we show how this method can be applied to construct
a diffeomorphism between Sp(2) x S and E7, x S up to homotopies of
powers of commutators.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 43/issl/2
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Let T' be a multiplicative group, given elements x and y in I' we recall
that (cf. [Ha]) the commutator of x and y is defined by [z,y] = 2~y tay
and for x,y and z € I' we have the following properties:

1

P1: [‘T7y]_ = [y7 ]a
p2: [zy, 2] = [z, 2][[z, 2], y][y, 2],
p3: [z,y2] = [z, 2][z, y][[x, ], 2],

pa: xy = yxlx,y),
ps: 2y = [z y ya.
Given subsets X and Y of a group I', we define [X, Y] as the subgroup of
I generated by every [z,y] € T such that x € X and y € Y.
A group I' is called nilpotent of class < 7 if there are subgroups
g, I'1,..., T of I such that

(12) =02l 2T 2--- 2T, = {1},
(13) I'; is a normal subgroup of I, i =1,2,...,r,
(14) [Fi,F]QFHl, i:0,1,2,...,7“—1.

The series of subgroups (12) satisfying (13) and (14) is Called central se-
ries or central chain. Observe that (14) is equivalent to L - C center( Cil )s

in particular
(15) I" is nilpotent of class < r = I',_; C center(I").

If G2 and GG3 are nilpotent groups of classes < 2 and < 3 respectively
with central chains G2 =072 Q2 D Qe ={1} and G3 =Ty 2T DT2 D
I's = {1}, then the following formulas are easily obtained from properties
P1,-.-,P5"

N1: [z,9] ,x) =]

N2: [z, y]" = [z, y"] = |

y g, =[xy Va,y € G2,
[z, x

N3: (zy)" = y"[z,y
[ n

"yl Vz,y € G2 and Vn € Z,

[#Man Yo,y € G2, where p(n) = ("1') = %,
N4: [z,y"] = [z,y]"[[x, 4], y]#""V Va,y € G3and n € N,
N5: [z7,y] = [z, y]"[x, [y, 2]]#" Y Vz,y € G3 and n € N,
N6: Given z,y € G3 and n € Z we have
i) ifn >0
(zy)" =y [z~ [y, 2] [z, y), oD [, e,
i) ifn <0
(wy)® =y [y~ ety PO [y e e D e y T e,
n+2 (n+2)(n+1)n

where a(n) = ("} ) = 6 ;
N7: [z, y], 2lly, 2], 2l[[z, 2], 4] = 1 Va,y,2 € G3.

Remark 1. The function ¢ in N4, N5 and N6 is the same as that of N3.

Produced by The Berkeley Electronic Press, 2001
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To trivialize Py let us consider the diffeomorphisms o : UNV — §3 x §3 x
(0,2) and 8: 8% x 3 x (0,5) — UNV given by a(}) = (ﬁ—‘, %,COS*1 lal)
and (A, B,6) = (gfrfgg), which are mutual inverses (cf. [R]).

Let SP : U — pg (U) and S, : V. — py ' (V) be the sections given in

page 77 above (setting n = 9), that is,

St (5) = My(a,b,a*(L1LaLsLaLs)L(9) "),
Sy () = My(a,b, —b*(L1LaLsLsLsL(9))™1).

~ 8(ab)8a8
Py has as transition function g3, : UNV — S3, g7, (Z) = %-

We have that gi,;,06(4, B,0) = B3 (AB)®A%. As $3x$%x (0, %) ~ %% S?
it follows that [S% x S x (0,%), 5% = [S3 x $3, 53], where [X,Y] denotes
the set of homotopy classes of maps from X to Y.

For arbitrary positive integers n; (i = 1,2, ..., k) consider the group I' =
[S™ x §"2 x ... x S™ G] where S™ is the n;-dimensional sphere and G
is a topological group. For ¢ = 1,2,...,k let P; be the set of all points
in §™ x ... x §™ with at least k£ — ¢ coordinates equal to the base point
and I'; be the group of homotopy classes of maps f € I' such that f|p, is
nullhomotopic, then we have

Theorem 3 (G. W. Whitehead [W1]). The group [S™ x S™2 x ---x S™ @]
has the central chain T =Tg 21 DT9 D - DTy = {1} and

iy
F'l - H 71-n(I)(CTY)7
' |I|=i

where I C {1,2,3,...,k}, |[I| = cardinality of I and n(I) =) ;. n;.

If T' = [S3 x §3,83], then G = S3, k = 2, n; = ny = 3 and by the result
above I' is nilpotent of class < 2 and has a central chain I' =T'g D I'y D
I’y = {1} such that

— =277 d —2=T1=7Z4.
T, @ an T, 1 12

Remark 2. Recently M. Mimura and H. Oshima (cf. [MO]) described the
group structure of [S™ x S™, S¥, | for m,n, k € {1,3,7} and of [E,, E, ME)T)]
for a, 3 € m6(S?), where p,-(x,y) = xy[r,y]” and po(x,y) = ry are the usual
complex, quaternionic or Cayley multiplications and ,u(()r) is defined similarly
for convenient multiplications u(()o). Thus, for example [S? x S3, 93, o] is
the group generated by the projections pi,ps : S% x 83 — 3 and with
relations p1[p1, p2] = [p1, p2]p1, P2[p1,p2] = [P1, P2]P2s [p17p2]12 =1

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 43/issl/2
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Given f : 8% x §2 — S3 we denote by f : S% x §2 — S3 the map
f(z,y) = f(x,y) (quaternionic conjugation of f) and as in the remark above
pi 8% x 83 — 83 (i = 1,2) are the projections.

We know that, if f,g € T' = [S® x $3,53], then f.g is the homotopy
class of the product of f by g in S3 with this we observe that p; = pi_1
in I' ( = 1,2) and from N3 we have that (pip2)" = ﬁg[ﬁg,ﬁl}W(”)p? SO
p5(p192)" Pt = [p2, 1)?" in T.

We observe that pg_l(plﬁg)”_lﬁ?*l = gy © B, and so we conclude

(16) gir 0 B~ [p2, ;)P Y.

Thus, g?/U 0B~ [p2,1)%%, as [p2, p1] € T'1 = Z1 it follows that g?/U ol ~ 1.
Let F: 5% x 53 x [0, 5] — 5% be a smooth homotopy such that

F(A.B.O) B3(AB)®A% if 0 € [0, %]
T 1 if g € 3,71,
then S : S7 — Py given by
. Sy (%) if%gcos la] < %
S<b>: Sy (D) (Foa)(f) if & <cos™!la| <52
S35 (%) if 0 <costla| < &

is a global section of Pj. }
A diffeomorphism ® : S7 x S3 — Py is given by

a
<P<< >,V> = My(a, b, w1V, wav, wsv, wav, W5V, WeV, W7V, WYV, Wyl)

b

where
( (ba)7b8|b| (L  LoL3LyLs)L(9) ! if 37 <cos!|a|<T

wy =< —(ba)"b®|b| (L1 LaL3sLaLs)L(9) " (Foa)(}) if &5 <cos™!l|a|<52

(aE) 8\a| 2(L1L2L3L4L5) ( ) 1 1f0<COS 1]a\<12,

(ba)®0®|b| 16 (Ly LoL3LyLs)L(9)~" if 27 <cos™!|a| <

wy =4 (ba)*b®|b|1O(L1LoLsLyLs)L(9)(Foa)(}) if 5 <cos™! |a|<57r
(7,8( 1L2L3L4L5)L(9) 1 1f0<COS 1\a\<12,
—(ba)? kD3 |b|~2(9=k) 4L(L1'7“L9*(z+z)()9) if ‘%r <cos~!|a| < <z

9—(k+1)--45 -

=~ 3200 BB ooy i oo o<

~(ab) o[ 20D R s if 0<cos™" Ja| < 5
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for 3 <k <6,
—(ba)?b®|b|~*(L1 Lo L3L4LsL(9))~! if 27 <cos™!|a|<%
wy= (bc:L)Qbs\b] YL1LoLsLaLsL(9)) Y (Foa)(}) if 5 <cos™!|a|<2Z
—(ab)%a®|a|*2(L1LoL3LyLsL(9))~! 1f()<cos Ya| < E,
—(ba)b*|b| (L1 Lo Ls Ly Ls L(9)) ™" if 37 <cos![al <3
wg=1< —(ba)b®|b|72(L1LaL3L4L5L(9))~ 1(Foa)(Z) if & <cos™!|a|<22
(a5)7 8’@‘ 14 L1L2L3L4L5L<9)) lf0<COS 1 \a]< 123
—b3(L1LoL3LyLsL(9))~! if 22 <cos™!|a|< %

w9 = —bg(L1L2L3L4L5L(9))_1(F e} a) (Z) if % SCOS_1 \a| S %
—(ab)®a®|a|~19(L1 Ly L3 L4 LsL(9)) ™" if 0<cos™ |a| < &
The reasoning employed above shows us that if the transition function
gy is null-homotopic then the bundle P, is trivial.
Let us consider the following commutative diagram:
[P2:p1]
_—

S3 % §3 S3
/\\L . Tw
S0 =83 NS —= S5 A S%,
diagram 3

that is, w is defined here by w(A A B) = [B, A] = BABA.

Remark 3. It is well known that w defined above is a generator of 7(S%)
(cf. [J], [Mc] or remark 2). With the aid of this fact and (16) above we note

b1 (ab)n~Lan-1
(lalfbl)2(m=D
of P, are such that guy o B S3 x 83 — §3 all factor through S3 A S3
where (3 is the diffeomorphism between S% x S3 x (0, 5) and U NV given
above, that is, there exists wy, : S3 A S3 — 83 such that 9y © B =wpoA.
Moreover if the equivalence class of the transition function gy, classifies the
bundle ¢ then the homotopy class of w, in ms(S?) also classifies the same

bundle &. We have thus the following homotopy-commutative diagram:

that the transition functions g, : U NV — 53, Iy (Z) =

58 5 53 V0% o
b
S3 A 83— 53,

diagram 4

where w,(A A B) ~ [B, A]#(*=1),
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Remark 4. Recently Carlos E. Duran [D] has exhibited the following a
priori smooth formula for the Blakers-Massey element w : S% C Im(H) @

H— 5'3,
w(p) _ % exp(7rp)|“7| if u#0
u -1 ifu=0,
where exp(0p) = cos(6|p|) + sin(&\p|)|%‘.

4. THE DIFFEOMORPHISM Sp(2) x S3 = F7, x S3

Now we try writing explicitly (in terms of transition functions) a diffeo-
morphism Sp(2) x % = Er, x S following the same steps as above.

Lemma 3. There exists a diffeomorphism 6, : 5% x 5% x §3 x (0,%) —
fJnﬂ\?n foralln € IN, n > 2.

Proof. We define 6, as follows:

6n(A, B, C,0) = M, (cos0A,sin 0B, (cos™ 1 0) (Il ... 1,_4)l(n) "1 C),
where [, = L changing a by cosfA, b by sinfB (1 < k < n —4) and
[(n) = L(n) making the same changes. As examples we have
52(A, B,C,0)

_ (cosfA —sin@ABC
" \sin6B cos 0C ’

03(A, B,C,0)
cosfA —sin® 6B —cosfsinf\/1+ sin?ABC
= | sindB cosfsin?6BAB cos 0/ 1 + sin? 6C ,
0 cosf+/1 + sin? A —cos 1 @sindABC
d1(A, B,C,0)
cosfA —sin? t9Bl__1 0 —cos?fsinfABC1™1
sinfB sin20cos#BABI! 0 cos® GC’l__1
0 cos? GAI™! —sinfB  — cos 0 sin? 0(AB)*CI™t |~
0 cos?0sinABAI~Y  cosfA —sin®9(AB)3C1~!

where | = [(4) = \/sin® 0 + cos* 0.

We can easily verify then

- by .
6, (M, (a,b a 1
n (Mn(a,b,y2)) <|a\7 ok |y2|,COS |a)

and with this the Lemma is proved. O
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Lemma 4. Let f: 83 x 8% x 8% — 8% andp: 9% x % x 83 — 53 x 83
be continuous functions.
i) If f = caop, where ca(w,y) = [z,y] = 271y
fin [S? x 83 x S3,8%)] is a divisor of 12,
11) Iff =C30p, where 03(3:7?/) = [CL’, [J")y]] or [ya [xayﬂi then f ~ 1.

~lgy, then the order of

Proof. It is suffices to observe that, by Theorem 3 applied to the group
[S3 x §3,5%] we have that c represents a homotopy class of order 12, and
c3 >~ 1. [l

With this Lemma, we note that for z,y € G3 = [S? x S2 x §3,53] we
have

[yl =2y ey = ey y Laly =y Y[y

In a similar manner as in N1 we obtain

Lemma 5. Given x,y € G3 = [S3 x §3 x 53, 53], then

Lallly”

eyl =y 2] = [y, 27 = o7y 7).

With the aid of the last two lemmas we observe that N4, N5 and N6
applied to the group Gz = [S? x S3 x §3, 53] transform to Lemma 6 and
Theorem 4 bellow.

Lemma 6. Given x,y € G3 = [S3 x S x $3, 53], then

[z, 9]" = [2", 4] = [2,9"], ne Z
Proof. Forn > 0 the result follows directly from Nl and N5. If n < 0 we have
[z, y)" = [y, 2] " = [y "] = [y,27"], but [y 2] = [(y") "', 2] = [z,y"]
and [y, z™"] = [y, (™) ~!] = [2", y], hence the result follows. O
Theorem 4. Given z,y € G3 = [S3 x $3 x §3, 53], then

(zy)" = y" [z, y]?™a", n e Z

We observe that [S3 x §% x 53 x (0, %), 53] = [S3 x §% x 53, §3]. It follows
from Theorem 3 that I' = [S® x §3 x 5’3 , 53] is a nilpotent group of class
< 3 with central chain ' =T D T'; D I'y D I's = {1} such that

T T
L ZeZel, L2VHwoZyd&Z —=T,~27Zs
I Iy I's

We denote by A, B, C : S% x §3 x 5% x (0,5) — S? the projections
A(xy,29,23,0) = x1, B(x1,22,23,0) = 29, C(1,72,23,0) = 23, and by A,
B, C the quaternionic conjugates of A, B, C respectively. To simplify the

notation we set p = w and using the results above we obtain
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Theorem 5. The transition function gy m k.t 00n can be written as a product
of simple and double commutators, namely,

Gnm kit ©0p = [C, B [B, A]?[A, C|?[[B, C], A]f for certain ey, e, f € Z.
Proof.

9n,m,kt © on B _ _ _

= (BY(CBA ) (AB)m (O vy

= (CBAY)HB, (C(BAY A0 B (AR A%

(T. 4) [Ck, Ap]ap(t)ctk
= B (CBAY O (C(BAY B (AR A
(L. 4) [Ck: Ap]tp(t)ckt

~ [B C(BA)n 1]k<p(t)p(BA)tk(n 1)[07 (BA)nfl]Lp(tk)Cfthpt

(T. 4 and L. 6)
. ( )m lApt[ ]k t)pctlj ) .

~ [B ( )n 1]k<p( p[ (BA)nfl]go(tk)(BA)tk(nfl)Cthpt
(T. 4) (AB)m 1Apt[ ]kch )tk
~ [B, _(BA)TL l]kcp t)p[C7 (BA)nfl]go(tk)Cftk(BA)tk(nfl)
( A)tk(n 1) Ctk] pt(AB)m_lzzlpt[C, A]kgp(t)pctk:
~ [B (BA)n l]kap(t) [C_v (BA)TL—l]g&(tk)éth[(BA)tk(n—l)? C_vtk]
( A)tk n—1) Bpt( )m lApt[C’ A]k@(t)pctk

=~ (B, (BA)"][B, C][[B, C1, (BA))ketp[C, BAJP(R) 1)
(p3, p4 and L. 6) é k[ BA C] (tk)2(n— l)Bpt(BA)tk(n—l)[(BA)tk’(n—l)’ Bpt]

AB)m—1 Apt C, A ko(t )pctk
B, etn B, ), p AR
(15 and T. 4) [C, BAJ# o(tk)(n— I)Ctk[BA C](tk) (n 1)[(BA)tk(n 1) , BM]
Bpt(AB)ptApt [C A]kgo(t)pctk

—~
kel
=
—
—

~ (B, A](n Dke(t)p ?[B, (j]lw ?[[B, ] ](n Dke(t)
(p2, p3 and T. 4) [BA C]s@(tk (n— 1)Ctk[A B]tk( Dp: t[A B] (pt) C, A]lmp( itk
~ [B’A](n 1)k80(t)p[B,C]kap() [[B,C],A](n Dke(t)p

(p2 and p4) (1B, C([B, C], A][A, C«])<p(tk—1)(n—1)[;1, B]cp(pt)—l—tk(n—l)ptc_vtk
[C* [A, B]]tke@)+(th)?*(n—Vpt [ A)ke(t)pCrtk
~ B, CeOpe(th-D(n=1)[ 4 B]#(pt)+tk(n—1)pt—(n—1Dke(0p
(15 and L. 6) [C AJkeOp+eth=D)(n=D[[B, ], A](n—Dke(lp+e(tk—1)(n—1)
[C,[A, B]]tksa(pt)+(tk)2(n Dpt
~ C, B]k’so( Jp+p(th—1)(n— 1)[3 A]so(pt)+tk(n Dpt—(n—1)ke(t)p
(prand L. 6) 7 Ckep+e(th=1)(n— U[[B,C],A](” Dke(t)p+ep(th—1)(n—1)

[[A, B], C]~{tke(pt)+(th)* (n—1)pt}.

We showed thus that for k,t € Z such that % € Z, we have
9n,m k,t © On = [C> B]EI [B> A]62 [A7 0]61 [[Bv C]> A]eg HA> B]a C]_&la
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m—n-+p)tk m—kn+k)t +t(p+k)—1)tk(n—1
whereelz( 2:0)762:( 2)19’63:(17(1) )2)( )’64:

(2m—tp—1)t?pk m—tkn+tk—1
ey .

and p = p(m,n, k,t) =

Now if A : 83 x 82 x 83 — S3 A S3 A S3 = S? is the natural projection,
then [[B,C], A] = A*(w o ¥3w), where w is the generator of ms(S3) given in
Remark 3 above (cf. [B1]), and as w o 33w is a generator of mg(S%) = Z3 it
follows that [[B,C], A] in [S® x S x 53, 53] has order 3. The same occurs
with [[C, A], B] and [[A, B],C] and as none of them is nullhomotopic we
conclude with the aid of N7 that [[B,C], A] = [[C, 4], B] = [[A, B],C] in
[S3 x 83 x §3,83]. Thus we have finally

namk,t © O = [C, B]*'[B, A]?[A, C'[| B, C], A}/,
where f = e3 — ey4. ]

Remark 5. The choice of the partial sections S7; and S{; for the bundles
S3...P, — ST given in page 77 enabled us to write the homotopy class
of the corresponding transition functions as a power of a unique commu-
tator of weight 2. We would like to have partial sections for the bundles
S3 ... ﬁn,m — P, for which the homotopy class of the corresponding tran-
sition functions could be expressed as power of a unique commutator of
weight 3 as is suggested by the obstruction in the Hilton-Roitberg formula
(Theorem 1). This however, cannot be realized with our choice of transition
functions:

If we suppose that [C, B][B, A]®2[A,C]*[[B, C], A} ~ [[B,C], A]" for
some r then g = [C, B]*'[B, A]*?[A,C]** ~ [[B,C], A]® (s = r — f), and so
g € [I'1,T'] € I'y which implies that g|p, ~ 1 where P» = X; U Xy U X3,
X1 ={1} x 83 x 83, Xo = 83 x {1} x S3, X3 = §3 x 3 x {1} and this
implies g|x, ~ 1 (i = 1,2,3) in other words, [C, B]*!, [B, A]®?, [A,C] :
83 x 8% — 83 are all nullhomotopic, which gives e; = e3 = 0 mod 12 for
every m,n, k,t such that % € Z, but this is not true for example
ifm=5n=2k=1landt=2orm=14,n=23, k=2 and t = 13. We
do not know if there exist such transition functions.

It follows from Theorem 2 that Ey7 = ]523’14 and Er7p = 1314,23-
From Theorem 3 and Theorem 5 choosing £ = 19 and ¢t = 1 we have that
914,23,19,1 © 014 is homotopic to

(17) ([07 B]lQ)_Nl([B,A]12)2100([A, 0]12)_171([[3,C],A]3)174591 ~ 1.

Also, choosing k = 5 and t = —13 we obtain that go3 14,5, 130923 is homotopic
to

(18) ([C, B]12)325([B,A]IQ)_5772([A, 0]12)325([[3’ 0]7 A]3)—22437350 ~ 1.

Thus, following the same steps of the trivialization of Py, we can exhibit,
up to a homotopy of the above commutator powers to the constant 1, the
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diffeomorphisms
Py3 x S =Py314 and Py x S® = Plags.
Let H : 5% x 5% x 5% x[0,%

] — 3 be a smooth homotopy such that

H(A,B,C,0) = {

By remembering that s%’_ls

923,14,5,-13 © 023(A, B,C,0) if § € [0, §]
1

if 0 € [, 5].
: Upz — Pa314 and 851’2;13 : Vaz — Paz 14
are partial sections of ]523714 over [723 and 1723 respectively given by

sg P (Mas(a,b,y2)) = (Mas(a,b,y2), Mia(a, b, Ya(5, ~13))),
85‘7;;13(]\4—23(0/7 b7 223)) =

(Mgg(a,b,223),M14(a,b,214(5,—13))),
where
11113 L1Lo ... LigL(23)~%
Yo(5. —13) = (42 A—111)—13 2172 10
25,18 = A ) T, ) S L)
—65
Z1a(5,18) = (1) O,y ke Lol 2D

L1Ly...LyoL(14) ~
we can then construct a global section s23 14 : ]523 — ]523 14 given by

52
593,14(Mag) =

if % <cos7!la| < 5
213
Sy (Mas)(H 0 65') (M)

. —1 5
if {5 <cos™'|a| <55
if 0 <coslla| < 5%
Therefore, a diffeomorphism ®93 14 : ]523 x §% — ]523 14 is given by
®23,14(Mas(a, b, 1, 2,

. ,1'23), q)
= (M23((I, ba €1, X2,

. 71:23)7 M14(a7 ba Y14, Y24,

-5 Y149)),
where if § = 0(a) = cos™! |a| then
(ba)'2[b|=2*(L1 Lo. . .L19)*Z14 if 22 <<%
y1=q (ba)2[o|"**(L1La. . .L10)* Z1a-(H 003 ) (Mag) if 5 <0< 75
—(ab)[a|72Y; if0<g< I,
—(ba)'3[b|725(L1 Ls. . .L19)*Z14 if 22 <0<7%
yo=q —(ba)'|b|729(L1 Ly. . .L10)* Z1a.(Hoday' ) (Maz)  if {5 <0<5%
Y, if0<0<T,
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(ba) 4= F b2k (L1 Lo, . L1y (k12))*Z14 if 22 <H<Z
=q (@) 7R [BPURN(Ly Ly. . Ly (k12))? Z1a-(Hody3 ) (Mag) if {5 <0<35
—(ab)kflla\ﬂ(k’l) (L14—(k+1)L147k- . .L10)72Y2 if 0<0< %
for 3 <k <11,
(ba)?|b]~*Z14 if 22 <H<Z
y12=q (ba)’|b| ™ Z14.(H 003 ) (Ma3)  if 5<0<T5
( )11|6L‘ 22(L1L2 Llo)_2Y2 Ho<o< L 199
(bc_l)|b|72Z14 if 577r<(9§g
yi5=q (ba)|b| > Z14.(Hodyy' ) (M23) ~ if 5<0<T5
—(ab)'?|a|24(L1Ly. . .L10)2Y>s 1f0<9< z,
Z14 if % < 9 S g
y14=4 Z14.(Hod33")(Mas) if 75 <0<>2
—(a6)13|a\_26(L1L2. . .Llo)_QYQ if 0<6< 17r27

_ —64/,.5 7—111\—13 (L1La...L19L(23)) =55
Zig = (—1)""(a53b™ ) ((11:121:2...1510(/:(131)) ’

_ 5-—111\—13 L1L2..AL10L(23)_65
Yo = (230" ) T T - L)

Let now G : 5% x .$% x 53 x [0, Z] — S® be a smooth homotopy such that

g14,23,19,1 © 614(A, B, C,0) if 6 € [0, ]

G(A,B,C,0) = :
( ) {1 it0e[z,1].

Following the same steps of the construction of ®23 14 we have

1~9’1(M14(a>b, y2)) = (Mia(a, b, y2), Maz(a, b, Y2(19,1))),
‘1/91(M14(a b, 214)) = (Maa(a, b, z14), Maz(a, b, Z23(19,1)))

are partial sections of Pj4 23 over Uy4 and V74 respectively, where

~99s L1LoLs ... L1gL(14)
= 5(19,1)(a, b, yo) = ys®q—2» 12020
Y2(19,1) = I5(19,1)(a, b, y2) = y3"a (L1Ls.. L10)19L(23)7

7225 (L1Ly ... LigL(14))*
LiLsLs ... LigL(23)

Z93(19,1) = Z93(19,1)(a, b, 214) = —213b
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18



Barros and Rigas: The Role of Commutators in a Non-Cancellation Phenomenon

THE ROLE OF COMMUTATORS IN A NON-CANCELLATION PHENOMENON 91

If Miy = Mis(a,b,x1,29,...,214) € P4 then a global section, si1423 :
P14 — P14723 is given by

5y, (Ma) if 5% < cos~ o] <
1971 _ . -

s1a23(Mua) = ¢ s (Ma).(G o 514 )(Myy) if 55 < cos™!la| < 32
19,1 . .

g (M) if 0 < cos™' |a| < 5,

and a diffeomorphism ®1423 : Py x S3 — ]514723 is given by

with

=

TLk=

®(Myy(a,b,x1,29,. .., 714), )
= (Ms(a,b,x1,...,214), Maz(a,b,71.q,72.q, . .., T23.9))

(ba)*![b]~**(L1La. . .L19)* Z23 if 32 <cos™!|a|<%
(bﬁ)f1|b|_42(L1L2. . .L19)2223.(G o 61711)(M14) if 17l;2 §COS_1 |a| < %
—(ab)|a|72Ys if 0<cos™ |a| < 5,
—(ba)22‘b‘744(L1L2. . .L19)2223 if % <cos 1 |(L‘ S%
—(6)*2|p| (L L. . .Ln9)* Z3. (G 0 ST (Myg) if & <cos™!a| <32

__995 L1Lo...LigL(14 . _
ria 2% (LiLz_”Lii)l({)L()QS) if 0<cos™!a| < 15

(ba)23_k‘b’_2(23_k)(Lng. . .Lgl_k)2223
a)23—k _
Sty (L1 Lo« Loy —4)? Z23.(G 067 ) (M)

if 22 <cos™!|a|<3

if & <cos™!|a|<22

—(al_))k_1|a|_2(k_1) (L23—(k+1)L23—k- . .ng)_2y2 if 0 SCOS_1 |CL| < 1%

for 3 < k < 20,

|b] =4 Za3

(ba)?
ro1=4 (ba)2|b| " Z53.(G 0 67,1) (M14)

T22=

rog=

—(ab)*|a|~*°(Ly L. . .L1g) "2V
(ba)|b| > 223

(ba)‘_b’72223.(G o (51_41)(M14)
—(ab)21|a|_42(L1L2. . .ng)_ng

_ 195225 (L1Lo...L1oL(14))'°
14 L1L>...L19L(23)

Ql

if 75 <cos™!a| <32

if 0<cos™! [a| < 5,

if 22 <cos™!|a|<%
if f—zgcosfl la| < %r

if 0<cos™! [a| < 5,

if % <cos !la| < 5

—affp 2 (Ll Ll (G o 07 )(Maa) it F<cos ! [a <35

L1Lz. L1oL(23)

| —(ab)®|a| =4 (L1 L. . .L19) "2V
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219225 LiLs...L1gL(14)"9
Yo =1x5°a (L1L2...L10)19L(23)
L1Ls...L1gL(14))°
Zpy = — 19b 225 (L1L3...L19L(14))

L1Lo...L1oL(23)
We have with this

-1
~ ) ~ ~ P ~
3 P23,14 c 14,23 3
Py3 x §° —— P23714 — P14723 — Py x 57,

where ¢(Ma, Mi1) = (M1, Ma).

Remark 6. We also observe that the same procedure provides the trivial-
ization of the bundle P, 11, choosing k = 11 and t = 5.

ExoTic ACTIONS

Non-cancellation phenomena related to products M x G = N x G of non
equivalent spaces M and N by a group G can be seen as exotic actions of
the group on, say, M x G with quotient N. We have treated here two such
cases were G = S3. We showed precisely how the specific diffeomorphisms
and, equivalently, the corresponding exotic actions depend on the homotopy
commutativity of certain powers of commutators in S3.

In the case of the exotic actions treated above we have S® acting freely
on P x S3, where P can be considered as a parameter space on which S3
acts in a standard way and that parametrizes a complicated action of S on
itself, the second factor, so that the action on the product is free and the
quotient is not equivalent to P. Investigating properties of prospective P’s,
like for example, how small such a compact P can be, etc., seems like an
interesting way of looking at some classical questions.

On the other hand, specifying explicit homotopies between powers of com-
mutators and constants seems to be a problem of geometric nature [CR],
[RC].
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