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DEGREES OF SELF-MAPS

AKIrA SASAO

0. Introduction. As well-known, one of the basic problems in algebraic
topology is to determine the homology representation

H:[X, Y]— Hom(H«(X), Hi(Y))

where [ X, Y] denotes the set of homotopy classes of maps from X to Y.

In this paper we shall consider it for the case X = Y. Previously, Sullivan
and Quillen proved the famous theorem for X = HP* in [7] and C. A. Mcgibbon
determined the image of H for X = RP”, CP” and HP" in the stable case in [3].
Furthermore D. M. Davis investigated it for X = CP"*2/CP""!, the stunted
projective space in [1] and also S. Sasao and M. Nagaishi determined it for X
= HP? in [6]. In this paper we shall consider the case X = S"Ue"*2U e™**,
which is a generalization of Davis’s case and contains the following :

(1) The total spaces of S*bundles over S*.
(2) the Thom complexes of real n-vector bundles over a 2-cell complex S?U

e*, which contain the stunted complex projective spaces CP**2/CP”*"".

(3) the iterated suspension of (1) or (2).

Let X be a 3-cell complex of the form S”"Ue"?Ue"**, and e; be the
corresponding generator of H;(X) =~ Z for j = n, n+2, n+4. Then for each
self-map f € [ X, X], the endomorphism

H(f) = fi: H*(X)_’ H*(X)
is uniquely determined by a triple of degrees (di, d». ds) which is defined by
f*(e(n—ZH-Zj) — dje.i

for j =1,2,3. We call f a self-map of X of degrees (d\, ds, ds).

Hence our problem is reduced to characterize a triple of integers (d\, dz, ds)
which is a triple of degrees of a self-map of X. This note is organized as follows :
In §1, we shall consider the case # = 2, and investigate the case n» = 3, 4 in §2.
In §3, we shall treat the case #» > 4 which is belonging to the stable range, and
some examples shall be given in §4.

Remark. In a subsequent paper, we shall consider the kernel of H.

Here we state a part of our results.
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Theorem A. For X = S*Ue*Ué, there exists a self-map of X of degrees
(dy, do, da) if and only if the followings hold :
(0) If e*-e®#+ 0, Sg*(e') = 0, then d» = dt and ds = df mod hs(X).
(1) I ete®+0, Sq¥e') £ 0, e e+ 0, then d» = dt and ds = d3.
(2 If e*e® =+ 0, qu(e") +0,e*e* =0, then d» = df and ds = d\ mod 2.
(3) If e e?=0,e%e'+0,Sq%e*) =0, then ds = dide and ds = d, mod
hi(X).
4) If e*e?=0,e%e*+ 0, Sg¥e*) #+ 0, then ds = did» and ds = d> mod 2.
(5) If e*e®=e%e' =0, Sq¥e') =0, then ds = dy mod he(X).
6) If e’ e® = e%e' =0, Sq*(e*) + 0, then ds = d» mod 2.
Here + denotes the cup product in the cohomology ving and Sq is the Steenrod
squaring operation, and h.(X) denotes the image of the Hurewicz homomorphism
at dimension n.

Corollary E. For X = S"Ue™?Ue™* (5 < »), a triple of integers (d,
do, ds) is realizable by a self-map of X if and only if the followings hold :
(1) ds= dr mod 2 and 2ds = 2d, mod ha+o{ X) if Sq*(e"*?) == 0.
(2) da d] mod hn+4(X) Zf qu(€"+2) =0 and Sq ( ") = 0.
(3) dr=di mod2 and ds = dy mod hxss(X) if Sq*(e™*?) = 0 and Sq*(e™)
+ 0.

The author wishes to thank the referee for his profound criticism.

1. The case n = 2. Let X be a 3-cell complex of the form S?Ue*U e®. Let
a and b be integers and € € {0, 1}. Then we call X to be of type (a, b, €) if and
only if

e’ e? = aqe', e?e'=be®, and Sg¥e') = ee®

where e’ denotes the generator of H(X, Z) (or H(X, Z/2)). From now on in
this section, we assume that X is of type (a, b, ).

First we consider the sub-case

1.1 a=0(e e® e*=0) By the assumption we may consider that X has

a form X = (S?V S*)Ue® Then, the attaching class 8 for the cell ¢’ is the
following

8 = xtz(721m378) + ta(74) + b t2, 4]

where 7. denotes the Hopf class of m+1(S™).
Now define two maps S?V S*— S2V S* as follows :
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¢'k.t|82 = kCz and ¢k,£I54 = &4,
¢k.l|52 = ke and @rdS*' = L+ 227

Lemma 1. When b # 0, there exists a self-map of X of degrees (k, €, m) if
and only if m = k€ and m = £ mod 2.

Proof. By the standard argument we can easily know that there is a
self-map of X of degrees (%, ¢, m) if and only if ¢.(8) = mB or ¢ue(B) =
mf. Since two endomorphisms

@re. and us 2 w(SPV S — m(SEV SY)
are clearly given by

bre(B) = kxtenamana+ ememana+ buana+ kEb[ 62, t4),
Or,e(B) = kxeznensns+ Luans+ kEb| 2, t4) (1-D),

the condition is equivalent to mb = kéb, £ = m mod 2, and kxppsp =
mxnz2nsns mod bp27374. Then the assumption b #+ 0 completes the proof.

Now assume that b =0 and ¢ + 0. Then, from (1-1) we can obtain the
following :

Lemma 2. When ¢ =0 and b + 0, there is a self-map of X of degrees (k,
£.m) if and only if m = k€ and m = k mod h{(ZX), where 3 denotes the
suspension _functor.

Analogously we have

Lemma 3. When b = 0, there exists a self-map of X of degrees (k, ¢, m) if
and only if
(1) m=Fkmodhs(X) if e=0.
20 m=¢fmod2 ¥ e=+0.

1.2 2+ 0(ie e*e*+0). Let Aqbe the2 cell-complex S?U ¢! which has
a an: as the attaching class for the cell . First we quote the following ((2.13)
of [8]):
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Mathematical Journal of Okayama University, Vol. 34[1992], Iss. 1, Art. 21

208 A. SASAO
Lemma 4.

Z a =1 (mod 2)
m5(As) = Z+Z/4 a =2 (mod4)
Z+Z/2+2]2 a=0(mod4)

Let ¢»: Aa— Aa be a map of degrees (%, &), then other self-maps of A, of
degrees (%, £?) is only one, which is given by the composite

Pr: Aa—C’AaVS“—*Aa = ¢V 223 C

Let 3 be the attaching class for the cell e® of X and 4’ be the image of 8
by the pinching map A. — S* = A./S% Clearly 8’ is 0 or 7, which is determined
by Sg*(e*). Using the fact [, 7273] = 0, we can easily obtain the following :

$uB) = BBty and ¢i.(B) = ¢u(B)+ mnf’ (1-2)

where 7 is an element of m(S?), i.e. 0 or 727374

Lemma 5. If a =1 mod2, then we have ¢».(8) = ¢:.(8) = £*5.

Proof. Lemma 4 implies that ¥ and 8’ in the formula (1-2) is always 0.
Hence the proof is complete.

Next we investigate the case @ = 0 mod 2 (¢ #+ 0). First we prove

Lemma 6. For a = 2, we can choose ¢ satisfying ¢..(8) = £*B.

Proof We may regard A as the 4-skelton of the reduced product S3 of S?
in [2]. The map ke : S*— S? induces the map SZ — S% whose restriction on its
4-skelton is the desired map ¢», and ¢x.(@) = £°a holds for e, the attaching class
for the 6-cell of S2. On the other hand, from lemma 4 and the homotopy exact
sequence of the pair (4., S?) we can know that there is a class & of 75(A»)
satisfying j«(a) = [x, ¢2]-, where [ , ], denotes the relative Whitehead product
and s is the characteristic map for the cell ¢* of S. Since we have &*:e* = 3¢°
in H(SZ) (see [2]), the following relations hold

3as=a or 3@ = a+ .
Then we have

3¢k‘(a1) = q/m(a') = kaa’ = 3/23(?1 or
30rlar) = drl@)+kmamans = Bla+knpapsne = B(a+ mman) = 3R e

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 34/iss1/21
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¢’k.(ﬂ’1) = Fa.

Hence, for 8(€ m(A.)) with 8 = 0, it holds ¢».(8) = £°8. Moreover, if ' =
0, we obtain from the formula (1-2) that ¢..(8) = £°8 or ¢+.(8) = E3B. Thus the
proof is complete.,

Secondly, we prove the general case.

Lemma 7. If a =0 mod2, then there is a map ¢n: Aa— Aa satisfying
b:.(B) = KB for any B of m(Ad).

Proof. For 8 with 8" =+ 0, the proof follows from the formula (1-2). If &' =
0 we put @ = 2a’. Since, for any map ¢(1, a’) : Az — A: of degrees (1, @’), there
exists a map ¢« : Aa— Az which makes the following diagram commutative :

Aa = AZa
L
Aa

. A
Lo

¢(1, a) 1 40

) A

Then, the proof follows from the formula (1-1), lemma 6, and the restriction

#(1, a)|S? = the identity.

Proposition 1. For a * 0, a triple (d, d2, ds) is realizable by a self-map of
X if and only if the followings hold :
0) d»= k.
(1) If e=0, then ds = df mod he(X).
@2 Ife+t0and b+0, then ds = d?.
3 Ife*+0and b=0, then ds = d¥ mod 2.

Proof. (0) is easy by the assumption @ # 0. Using lemma 5 and 7, we may
take y = 0 in the formula (1-1). Then our desired condition is

mB = kB or mB = kB+wupnfb.

Thus the proof of (1), (2), and (3) follows from using that £’ is determined by
Sq*(e?).
Now we prove Theorem A. Namely, (3) follows from lemma 2. (4) follows

from lemma 1. (5) and (6) follow from lemma 3. The others follow from lemma
5 and proposition 1.

2. The case n = 3,4. The case can be divided into two ones by the formula
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Mathematical Journal of Okayama University, Vol. 34[1992], Iss. 1, Art. 21

210 A. SASAO

Sq*Sq® = Sq*Sq":
(1)  Sg*(e™*) # 0, then X = (S"V S™2)Ue™* because of Sg*(e”) = 0.
(2) Sq*(e™?) =0, then X = ™ US"Ue™*2
Let 8 be the attaching class for the (n+4)-cell of X. First we consider the
case (1). Define two maps ¢ and ¢z, as follows:

Do, Pre: STV STHE— Sy SR
¢k’ilsn = k‘n and ¢"@"lllsrm’2 = gln+2:
GidS™ = bt and  $pdS™2 = Linsat tanninsr.

Then we have

‘rbk,&(ﬁ) = (kéﬂ)*(Bl)"‘ ln+2([77n+2),
and ¢';at*(ﬂ) = (kcn)*(31)+ln77n7]n+l7]n+z+Cn+2(-€77n+2),

where 8 = Bi+ tne2lins2 (€ Tnas(S"V S5"2) = Zass(S™) + ma43(S5"*2)). Hence, a
triple (&, £, m) is realizable by a self-map of X if and only if the following
equality holds:

MPr1+ Mini2tinsz = mB = (ktn)xf1+ bins2nez MOd talinfinsrinsz. (2-1)
Lemma 8. For n = 3(Sg%(e°) = 0), there exists a self-map of X of degrees
(B, £, m) if and only if £ = m mod 2 and 2m = 2% mod h(X).

Proof. Since we can replace (£¢»)«(f1) with £B in the formula (2-1) we have
that £ = m mod 2 and (m—%)81 = 0 mod 737:7s. On the other hand, 737475 is
the only one element of order 2 in m(S®). Therefore the latter condition is
equivalent to 2(sm—£)B1 = 0. Thus the proof is completed by 28 = 25.

Lemma 9. For n =4 (Sq*e®) + 0), our conditions are as follows :
(1) If e**e* =0, then £ = m mod 2 and 2(m— k) = 0 mod hs(X).
(2 If et~e* + 0, then m = £, ¢ = m mod 2, and m = k mod hs(ZX).

Proof. Since 5 has a representation
B = xv+yEZw for some integers x and v,
where v denotes the Hopf map S’ — S* and w is the Blaker-Massey map, we get

(k) «(B1) = kb1 + k(k—1)/2[ e, ul H(B)
= krxv+{ky+E(E—1)x/2} 2.

Hence, the formula (2-1) is equivalent to
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mxv+myZw = krxv+({2ky+ k(k—1)x}/2)20w mod 7i7s7e.
Moreover this gives that

if x #0 (ie. e'+e*#0), then m = £* and (2my—2kyv—E(E—1)x}/2350w = 0
mod 74757, and that
if x =0 (ie. e*e* =0), then (m—k)yZw = 0 mod 7:757s.

Thus (1) is obtained from the same argument as lemma 8. Next, we consider the
case (2). From m = k* we have that

2my —2ky—k(k—1)x = (m—k)2y—k(k—D)x = k(E—1)(2y—x).

On the other hand, we know that 28, = (x —2y)v. Thus the proof of (2)
follows from k(k—1)28 = k(k—1)383.

Secondly, we prove the case Sg*(¢"*?) = 0. Let A be the subcomplex, S”
Ue™? of X and let ¢«(7) be the map defined by

¢k(7) = (k].AV}’)CA: ‘4_)AVSH+2—’A

for y € ma+2(A) where k14 denotes the k& time of the identity of A in the sense
of the suspension-addition and C. is the co-action map of A. Here we note that
(0) B = i«(B), where 7 is the inclusion S* — A.
(1) é&(7) is of degrees (k, b+ hara(X)).
2) ¢k(7)*(/3) = i*((k&n)*(ﬁl))-

Now consider the following diagram :

JTn—3(Sn) ‘l_*’ ”n+3(A)
(en)s | 1 (k1)
7[;1.4,.4(A, S") —a’ /Tn&S(S") _l:: ﬂ‘n+3(A)

Then, it is easy from @«(7)+«(8) = (£14)+(8) to obtain the following :

Lemma 10. There exists a self-map of X of degrees (k, £, m) if and only
if €=k mod hnioX) and m(8') = (ken)x(8’) mod d-image.

Remark. /i.42o(X) = Z if Sq*(e™) = 0 and hnso(X) = 2Z if Sq¥e”) +

Since (kw)«(B°) = kB (for n = 3), we have

Lemma 11. For n = 3, a triple (k. £, m) is realizable by a self-map of X
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if and only if £ = k mod hs(X) and m = k mod h(X).

If » =4 we can take xv+ 32w as 8 and use the formula,

(kea)x(B) = k(B)+{k(k—1)/2}x[ea, ca]. 2-2)

Lemma 12, If ¢*-e' = 0, then there is a self-map of X of degrees (k, £, m)
if and only if £ =k mod he(X) and m = k mod hs(X).

Proof. Since e'+e* = 0 is equivalent to x = 0, we have

(k)«(B) = k(B), ie (kla)«(B) =

from (2-2). Hence (m— k)(8) = 0, which completes the proof.

Lemma 13. If x + 0, then there is a self-map of X of degrees (k, ¢, m) if
and only if £ =k mod he(X), m = £, and m = k mod h(ZX).

Proof. First, we have m = £* from (2-2) and [4, ] = 2v+Zw. Then, it
holds #+{(m—£)(x—2¥)/2}Zw = 0, which gives

ix{(m—k)x—2y)v} = i{(m—R)3F} = (m—k)3B =0
from applying the suspension functor. Thus the proof is complete.

Now from lemmas 8, 9, 11, 12, and 13 we have

Theorem B. Let X be a complex of the form S*Ue*Ue’. Then a triple
(d\, da, da) is realizable by a self-map of X if and only if
V) If Sq¥e®) # 0, then ds = d». mod 2 and 2ds = 2d, mod hi(X).
2 If Sq%e®) = 0 and Sq*(e®) = 0, then ds = dy mod h(X).
() If Sg¥(e®) =0 and Sq*(e®) + 0, then ds = d\ mod hy(X) and d» = i
mod 2.

Theorem C. Let X be a complex of the form S*UebUe®. Then a triple
(dy, da, ds) is vealizable by a self-map of X if and only if
(1) I Sgue®) + 0 and e'~e* =0, then ds = d> mod 2 and 2ds = 2d, mod

he(X).

(2 If Sq¥e®) = 0and e*+e* + 0, then ds = domod 2, ds = df. and ds = d»
mod hg(ZX)

(3 If Sq¥(e®) = 0 and e*+e* = 0, then d» = di mod hs(X) and ds = dr mod
he(X).
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(4) If Sq¥(e®) = 0 and e*+e* + 0, then d» = dy mod he(X), ds = df, and ds
= dl mod hs(ZX).

3. The case X = 2X'. First we note that this case contains the case 5 <
n. Next, let Y be the complex X/S™ and let us consider maps from Y to X.

Lemma 4. If Sqg*(e™?) =0 in HX(X ; Z/2), then there exists a map from
Y to X with degrees (£, m) if and only if € = 0 mod hn+2(X) and m = 0 mod
IZn+4(X).

Proof. Since the assumption implies ¥ = S"*2V §"**, the proof is clear.
Lemma 15. If Sq*(e™?) =0, then there is a map from Y to X with
degrees (£, m) if and only if m = £ mod 2 and 2m = 0 mod /n+s(X).
Proof.  Since Sg*(e™*?) =+ 0 implies Sg*(e”) = 0, X has a decomposition
X — (Snv Sn+2)U en+4.

Let f: S**?— X be the map defined by f = ny+ €tnsz for ¥ € mp2(S™)
and 8 = "+ tu+27n+2 be the attaching class for the (12+44)-cell of X. Then, we
have

f*(”fl+2) = tn(y”ﬂ+2)+f£n+27?n+2.
Hence the proof follows from m83 = #mtnf + Mtn27ns2 = fu(Gns2),
ie. m= ¢ mod2 and mB = 0 mod ta?nn+1n+2.

Secondly, using the group structure of [ X, X] = [ZX’, X’] we have the
map k1x, which is of degrees (&, . k). Let g: X — X be a self-map of degrees
(k, £, m). Then the map g— klx is of degrees (0, £— &, m— k), and lemmas 14
and 15 give the following

Theorem D. Assume that X is a suspended space. Then a triple (d, ds, ds)
is realizable by a self-map of X if and only if
(1) If Sg¥(e™?) =0, then d> = dy mod hn+2(X) and ds = dy mod hnre( X).
(2) If Sq*(e"?) * 0, then d» = d\ mod 2 and 2ds = 2d, mod hnr+4(X).

Remark. If Sg*(e") =0, then hn+o(X) = Z, and if Sq*(e™) + 0, then
hn+2(X) = 2Z.
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4. Examples.

Example 1. Let X, be the space CP"*?/CP*! (1 < ). Then, using the
results in [5] and Sg*(e’) = ie’*" in H*(CP¥), we have that degrees of self-maps
of X, (d\, @, ds), is characterlized as follows :

(1) For3 =

if =1 mod 2, then d> = ¢, mod 2 and d5 = d) mod 24/(n+3, 24),

if # =0 mod 8, then d» = ds mod 2 and 2ds = 24, mod 96/(#, 48),

if w=2,4,6 mod 8, then &> = ¢s mod 2 and 2ds = 2d; mod 48/(#, 48),
where ( , ) denotes the greatest common diviser of integers.

Remark. These results also hold for the iterated-suspension 2°X,.

(2 Forn=2 ds=d-mod?2 and ds = di, i.e. (k, £*+2Z, k?), and for the
space 2°X; (1 < s) we have (d\. do, ds) = (k, k+2Z, k+12Z).

(3) Forn=1,(d, d» ds) = (k k° £°).and for °X; (1 < s) we have (d,, d»,
ds) = (k, k+2Z, k+6Z).

Example 2. Let X be the 6-skelton of the reduced product of S% Since it
is clear that °X is decomposed into S?**Vv S***Vv S%*° (1 < s) we can know
that

(1) For s =0, (d\, d>, ds) = (k, k?, £®),
(2) Forl < s, (d, do, ds) for any d, d» and ds.

Example 3. Let X, be the 2-sphere bundle over S* whose characteristic
class is » times of a generator (€ m(SO(3)) = Z). Then it is easy to see

e®e? = ye' and e*+e' = &°.
Furthermore the suspension XX, has a decomposition
ZNXT — SN+2U eN+4U eN+ﬁ
in which the attaching class A~ for the (N +6)-cell is given by
By = ix(EV (&) = i(r2V ' w) = rik (2 ')

where &, is the real vector bundle associated with X,.
On the other hand, it is easy to show that

Sa*(e®**) =0 (0 £ N) and Sg%(e”*?) = 0 for even #, = 0 for odd » (1 £ N).
Since Sg*(e**) = 0 implies that 7* is injective, we get

hneo(ZVX) = (7,12)Z.
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These facts give the following :
A triple (di, d», ds) is realizable by a self-map of Z¥X, if and only if
(1) Thecasel < N.
ds = di mod(»,12) if » = 0 mod 2,
d:=d mod2 and ds = dy mod(»,12) if » =1 mod2.
(2) The case N = 0.
da = d]dz lf Yy = 0.
de=dland ds =d? if r+0.

Example 4. Let Y. be the CW-complex S?Ue* which has a7, as the
attaching class for the cell ¢*. Assume5 < N and consider an N-dim real vector
bundle & over Y.. For simplicity we suppose that its Stiefel-Whitney class w2(&)
is trivial. Since w2(£€) = 0 implies that the restriction &S? is trivial, there is a
commutative diagram

§—¢
Lol
Ya = S4 = Ya/Sz

for some &'.

Then, from Sg*(e**?) = ae™** ([4]), we can know that the Thom complex
T(£) has a decomposition

T(é) — (Sh'VsN+2)U e]\'+4

in which 8 = tJ(£)+ tne2(@nn+2) (€ an+s(SY)+ mw+3(SY*?)). Thus, from
Theorem D, we have that a triple (d1, d2, @s) is realizable by a self-map of T°(£)
if and only if

(1) #f a=0mod2, then ds = d, mod(b, 24),

(2) if a=1mod?2, then ds = d> mod 2 and 2ds = 2d, mod(b, 12),
where 2be* = p\(€), the first Pontrijagin class of &.
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