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ON AZUMAYA’S EXACT RINGS

Victor P. CAMILILO, Kent R. FULLER and JoeL K. HAACK
With best wishes to Professor Hisao Tominaga for his 60th birthday

Azumaya [2] and Morita [8] proved that there is a duality between the
finitely generated left modules over a ring R and the finitely generated right
modules over some ring S if and only if R is left artinian and the indecompos-
able injective left R-modules are all finitely generated. To this day there are
no known examples of artinian rings with indecomposable injective modules
having the correct composition lengths that do not have self duality, i.e., a
duality between their categories of finitely generated left and right modules ;
and there are very few (besides artin algebras, quasi-Frobenius rings and
serial rings [13], [14]) that are actually known to possess such a duality. In
this paper we consider Azumaya’s exact rings and his conjecture that they
have self duality [3].

Azumaya [3] called a ring R exact in case R is left artinian and has a
composition series of two-sided ideals

gRe=L>L>2>1,=0

such that for each i = 1,..., n every left endomorphism of I,_,/I; is given by
right multiplication by an element of R. As he observed, commutative artinian
rings (well known to have self duality) are exact. He proved that this notion
is left-right symmetric, that indecomposable injective modules do have the
correct composition lengths (i.e., c(Re/Je) = c(E(eR/eJ)), e = ¢’ € R)
over exact rings, and that Nakayama's serial (or generalized uniserial) rings
and split algebras are exact rings.

After adapting Azumaya’s exactness to bimodules, we prove in Section 1
that exactness is a Morita invariant for rings. Thus in subsequent work on
the subject we need only consider basic rings. In Section 2 we present sev-
eral characterizations of exact rings; for example, an artin ring is exact
whenever it is exact modulo the square of its radical. One consequence of
these is that any artinian ring R with R/rad(R) a finite dimensional algebra
over an algebraically closed field is an exact ring. In the remaining section, we
verify Azumaya’s conjecture for certain trivial extensions of semisimple rings.

We freely use the terminology of [1]. Also we will always denote the
Jacobson radical of a ring R by J.

We are indebted to Steve Landsburg for Examples 2.9 and 3.3.
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1. Exact bimodules and Morita equivalence. Azumaya’s argument [3]
showing that his notion of exactness is left-right symmetric in fact serves to
prove the following result on bimodules over rings that are semilocal (i. e.,
artinian modulo their radical).

1.1. Proposition. Let R and S be semilocal rings and let 2Ms be a
bimodule with composition series

HMS :Mo >ﬂ’]1 > e > AMn: 0

of bi-submodules. Then the following are equivalent :
(a) &M has a composition series and for each i =1,.... n

End (M;_./M;) consists of multiplications by elements of S ;
(b) M,_../M; is a balanced R-S bimodule for eachi = 1,.... n;
(c) Ms has a composition series and for eachi = 1,..., n

End (M;_./M.s) consists of multiplications by elements of R.

If the bimodule M s has a composition series
RMS = Mo > Ml > b > Mn =

we shall indicate R and S modulo the left and right annihilators of M by R =
R/anng(M) and S =S/anns(M), and we shall write R, and S; for Rand S
modulo the left and right annihilators of M,_,/M;. As Azumaya noted, if R
and S are semilocal then R; and S, are simple artinian ; and Proposition 1.1
follows from the observation that if xM,_ /M, is finitely generated and S; =
End(xM;_,/M.) canonically, then M;_,/M, is a progenerator over both R; and
S..

We shall say that a bimodule that has a composition series whose compo-
sition factors are balanced is an exact bimodule and that R is an exact ring in
case the regular bimodule Ry is exact. Thus the rings that Azumaya studied
in [3] (and the ones that we shall be principally concerned with) are exact
artinian rings. According to the Jordan-Holder Theorem any (two-sided) com-
position factor of an exact bimodule is balanced, and if K < yMs then M is
an exact R-S bimodule iff K and M/ K are.

As we shall see, exact bimodules are useful tools in the study of exact
rings. First, however, we note that they are preserved by Morita equivalence.

1.2. Lemma. IfF: R-Mod = S§-Mod is an equivalence of caiegories
and #My is exact then so is the canonically induced bimodule sF(M) r.
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Proof. The equivalence F induces an isomorphism between the lattices
of submodules of M and s F(M) under which R-T submodules of M correspond
to S-T submodules of F(M). Thus we may assume that xM, is (simple and)
balanced, so that ;M is a balanced R-module. But then by [9] or [4], sF(M)
is a balanced S-module ; and since x M7 is balanced, so is s F(M)r.

Now it is a simple matter to show that exactness is preserved under
Morita equivalence of rings.

1.3. Theorem. If R is an exact ring then so is every ring that is Morita
equivalent to R.

Proof. Suppose that S is Morita equivalent to R. Then (see[1, Section
22]) there is a balanced bimodule sP; (with sP and Px progenerators) such
that (sP®x—) : R-Mod & S-Mod and Homg(s P&, —) : Mod-R = Mod-S are

category equivalences. If R is an exact ring then by Lemma 1.2, sPz = (sP
Rr R:) is exact and so is sSs = Homg(s Pr, s Pr).

This last proof shows that over exact rings progenerators are exact, It
follows that so are finitely generated projective modules, as we shall see after
the next lemma.

1.4. Lemma. LetxMs be an exact bimodule. If e is an idempotent in S
such that Me ¥+ O then gMeese is an exact bimodule.

Proof. Let
RMS = 1"10 > 11’11 > e > M,. =90

be a composition series for xMs and suppose that e is an idempotent in S with
Me #+ 0. Then choosing iy < +*» < ix so that M;,e are the distinct members
of Mie,..., Mze we obtain a composition series

iMeese = Mie > Mye> =+ > Mye= 0
for kMeese with each
Mij-le/Ml:je = (Mij-,/AMt;)e

as R-eSe bimodules. Thus we need only show that if xMs is simple and ba-
lanced then the simple bimodule Meese is also balanced. If xMs is balanced
then multiplication by the elements of S comprises the endomorphism ring of
«M so M is a balanced module ; and if ;Ms is simple then MeS = M and
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anni(Se) = 0, i.e., the direct summand zMe of oM generates and cogenerates
#M, so by [1, 14.1] iMe is balanced. Therefore, if :Ms is simple and bal-
anced then so is RMeese.

1.5. Corollary. If R is an exact ring then any finitely generated projec-
tive module x P is an exact R-End(x P) bimodule.

Proof. Let zF be a finitely generated free module with RF = P @ P,
let S = End(;F’) and let e be an idempotent in S with P = Fe. Then by The-
orem 1.3 S is an exact ring, by Lemma 1.2 zFs = F®s S is exact, and by
Lemma 1.4 ;Pena,r) is exact since End( P) = eSe canonically.

2. Exact artinian rings. In this section we turn to Azumaya’s exact
artinian rings, obtaining several characterizations. Azumaya [3] proved that
split finite dimensional algebras and artinian serial rings are exact. We apply
our characterizations to extend these results and to show that any artinian
ring R such that R/J is a finite dimensional algebra over an algebraically
closed field is an exact ring.

Henceforth, we shall assume all rings under consideration to be artinian ;
so if xMs is a simple bimodule then R and S are simple artinian, and a ring
R is basic in case R/J is a direct sum of division rings.

2.1. Lemma. Let Rand S be basic rings. Then a simple bimodule M
is balanced if and only if :M and Ms are simple moduies, i. e., dim(zM) =
1 =dim(Ms).

Proof. (=) If End(M) = S and End(Ms) = R are division rings then
#M and Ms must be (indecomposable and hence) one dimensional.

(<) Suppose that #M and Ms are one dimensional vector spaces. Let
T = End(zM). Then T is a division ring and End(M;) = R is too, so M; =
Tr. Now the right multiplication map p: S = T is an injective ring homo-
morphism and yields Ms = T5. But then dim(Ts) = dim(Ms) = 1, so-p is
surjective and zMs is balanced.

Theorem 1.3 allows us to restrict our attention to basic rings when con-
sidering exact artinian rings. We shall now use this fact to show that exact
rings possess a property that is well known to be shared by serial rings and
split algebras— if they are indecomposable their simple modules have
isomorphic endomorphism rings.
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2.2. Proposition. If R is an indecomposable exact artinian ring then
R/ J is isomorphic to a direct sum of mairix rings over the same division ring.

Proof. Assume that R is basic and exact. If e and fare primitive idem-
potents in R such that eRf # 0 then there must be a simple subquotient xMz =
I,_,/ I, of R such that M= eMf <+ 0. But then ezeM7z7 is simple and balanced,
and so one dimensional on each side by Lemma 2.1. Clearly now eRe = fRf.
Thus by the Block Decomposition Theorem [1, 7.9] R/Jis a direct sum of
pairwise isomorphic division rings.

Azumaya [3, Theorem 2] proved that exact rings satisfy condition (b) of
the following theorem.

2.3. Theorem. The following statements about an artinian ring R are
equivalent :

(a) R is exact;

(b) Every left and every right indecomposable projective R-module has
a composition series whose lerms are stable under endomorphisms ;

(c) rReere and ereeRr are exact bimodules for every primitive idem-
potent e in R.

Proof. Assume that R is basic.

(a)=>(c) By Lemma 1.4.

(c)=>(b) IfgReere is exact, then by Lemma 2.1 a composition series
for this bimodule must have factors that are left simple, and so must be a
composition series for zRe with terms stable under endomorphisms.

(b)=>(a) Assuming (b) we see that if e is a primitive idempotent in
R then every composition factor of the bimodule rReere is simple on the left.
But since R is basic, if K < I are ideals of R such that I/K is a composition
factor of xRy, there is a primitive idempotent ¢ in R with

I/K=(I/K)e = Ie/Ke,

and the latter is a composition factor of s Reere. Thus I/ K is left, and similarly
right, simple over R, so R is exact by Lemma 2.1.

Over a serial ring every submodule of an indecomposable projective module
is clearly stable under endomorphisms, and by Theorem 2.3 any artinian ring
satisfying this condition (e.g., one whose indecomposable projective modules
have distributive submodule lattices [12]) is an exact ring.

One of Nakayama’s first observations about serial rings [11] was that R
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is serial if R/J*?is. Employing part of the following lemma we shall show that
an analogous result holds for exact rings.

2.4, Lemma. IfxLs, sMr and :Nr are exact (resp., simple balanced)
bimodules, then so are

S(M®R N)T and SHOmR(L, N)T
provided they are not zero.

PTOOf. Let sMR=Mo>M1>'">Mm=O and nstNo>Nl>
=+ > N, = 0 be composition series. If Mn_i @i Np_: + 0 then since Ris
semilocal anng(Nn-,) = anng(Mn-1), and since

(sMm_1 ®%_) : R-Mod = 5-Mod

is an equivalence, Mn_, Q& Nuy = Ma_) @7 Ny, is an exact (and simple)
S-T-bimodule by Lemma 1.2. Now assuming, inductively, that s(Mn_: Q&
N/Nn_\)r is exact or zero and considering the exact sequence of S-7T-homo-
morphisms

Mn_, @z Nooa 2 Mpos Qe N> Mp_y @i N/Npy = 0

we see that s(M,_, @ N); is exact or zero. Induction on m now shows that
s(M®x N): is exact or zero. Similarly, one argues that sHomz(L, N); is
exact or zero.

2.5. Theorem. If R is an artinian ring such that R/J*? is exact then so
is R.

Proof. There is an R-R-epimorphism
J/J? ® JI:/JI:+1 - JIH»I/]-IHZ - 0

with (a+J?) ® (b+J**') = ab+ J***. Thus by induction and Lemma 2.4,
if the first upper Loewy factor J/.J? is exact then so are all the rest, and so
is R.

If R is a split algebra over a field K then for each primitive idempotent
e in R, eRe = eKe+ eJe. Thus Azumaya’s observation that split algebras
are exact is immediate from the following corollary of Theorems 1.3 and 2.5.

2.6. Corollary. An artinian ring R is exact if and only if for each prim-
itive idempotent e in R, the one-sided R-modules Je/J’e and eJ/ eJ* have com-
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position series whose terms are also eRe-subspaces.

Now we turn, for the moment, to rings with radical squared zero. At
this juncture it should be noted that if C and D are division rings then by
Lemma 2.1 a bi-vector space ¢V, is exact if and only if it has a (left or,
equivalently, right) basis v,,..., v, (which we call an exact basis) such that

Zf:l Cv:= Z:c=1 viD (K= 1,..., n),

2.7. Proposition. An artinian ring R with J* = 0 is exact if and only
if for each pair of primitive idempotents e and f in R, the bi-vector space
zreeldf 7Ry 1S exact or zero.

Proof. Necessity is by Lemma 1.4. For sufficiency, assume that R is
basic. Then eJf = ReJf is just the Re/Je-homogeneous component of Jf, so
by hypothesis rJf777, being the two-sided direct sum of its homogeneous com-
ponents, is exact. Now with a similar observation about e/ we see by Theo-
rem 2.3 that R is exact.

The most intriguing aspect of exact rings is Azumaya's conjecture that
they have self duality. From this point of view split algebras (or any artin
algebras) are, of course, not very interesting. However, our next result
provides a large class of exact rings that are not artin algebras.

2.8. Theorem. If R is an artinian ring such that R/J is a finite di-
mensional algebra over an algebraically closed field then R is an exact ring.

Proof. By Theorem 2.5 we may assume that J? = 0, and by hypothesis
we may also assume that eRe/eJe = K, an algebraically closed field, for each
primitive idempotent e in R. Then by Proposition 2.7 it will suffice to prove
that any bi-vector space ¢V that is finite dimensional on each side is exact.
We do this by induction on n = dim(xV) : Suppose V = Kv and dim(Vy) is
finite. Then vk= f(k)v (k € K) defines a field homomorphism f: K= K. If
a; € Kand aiv,..., anv form a dependent set of vectors in Vy then for some
k; € K (not all zero) we have

0= 2}11 avki = (2.75—-1 a;f(k:))v

S0 a;,***, an are dependent in K over f(K). Thus dim(,nK) is finite, so since
K is algebraically closed f(K) = K. Therefore vK = Kv, as desired. Now
suppose that dim(xV') = n. Then since the right multiplication functions o(% )
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(k€ K) form a commutative set of linear transformations of V there is,
according to [6, page 134, Theorem 7], a basis wi,..., v, relative to which
the matrix of every p(k ) is lower triangular. Thus for each k in K there are
a;; in K such that

vk = anwn
vk = anwv + anv

vk = amuvit anve + 0 + apnvn.

Then Kv.K € Kv,, so by what we have just shown Kv; = v,K; and by induc-
tion «Wx = V/Kv, is exact. But then v, together with a set of representa-
tives of an exact basis for (W, form an exact basis for V.

Like split algebras, the rings of Theorem 2.8 have basic rings that are
commutative modulo their radical. Also Azumaya [3] proved that exact rings
have the property that their left and right Cartan matrices are transposes of
each other. These two conditions are not enough to insure exactness.

2.9. Example. Let ?: C = C be an automorphism of the complex num-
bers such that (R) £ R [7, page 157, Exercise 5]. Let gV g be the bi-vector
space with gV = gC with ordinary multiplication, and right multiplication
defined by vr = v?(r) in C. Then dim(grV) = dim(Vg) = 2, but gVg is not
exact. For if $(r) = a+ bi with b # 0, then the matrix of right multiplica-
tion by r with respect to the basis 1, i of gV is

l a bJ
—b a
which has no real eigenvalue. Thus, right multiplication (by ) holds no 1-
dimensional subspace of gV invariant. Now the trivial extension R= R X V

is commutative modulo its radical and has identical left and right Cartan ma-
trices [3], but R is not exact.

3. Split exact trivial extensions of semisimple rings. According to Azu-
maya [2] and Morita [8] an artinian ring R has self duality if and only if it has
a finitely generated injective cogenerator z E whose endomorphism ring is iso-
morphic to R. If R is basic then z E must be the minimal cogenerator in R-Mod.

A ring R with ideal X and subring S such that X* =0 and R= S ® Xis
called a trivial extension of S by X. The usual notation for this is R = S X
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X. If sXs is a bimodule then one constructs such a ring from SX X with
multiplication (s, x)(t, y) = (st. sy+xt).

Let S be a semisimple ring. Then sS is an injective cogenerator with
End(sS) = S, so according to Mueller’s [10, Theorem 10], if sXs is both
left and right finitely generated then R = S X X has self duality if and only
if sHoms(sX, sS) is finitely generated and there is an isomorphism

R = S X Homs(sHoms(X, sS),sS).

It is not difficult to see that this is equivalent to the existence of an auto-
morphism § of S and a #-semilinear S-S-bimodule isomorphism

sHoms(s X, sS )s = sHoms(Xs, Ss)s.

In the proof that follows, we shall actually find an ordinary isomorphism bet-
ween these bimodules.
A bimodule =Ms such that

sHOIﬂR(RM, &R )R = sHOms(Ms, Ss)n

is said to satisfy the duality condition.

A trivial extension of a semisimple ring is Morita equivalent to a ring R =
S X J (its basic ring) with S = D, ® -+ ® D, a direct sum of division rings
whose identity elements e; € D, form a basic set of idempotents for R ; of
course J is the radical of R. Here, each e;Je; is an ideal of R, J = @B eies,

sHoms(sJ, sS )s = @u sHOmni(nieiJef, D,-Dt)s
and
sHOl’l‘ls(Js, Ss)s = EBU sHomm(ezJej Djs Dm;)s-

Thus. to show that R has self duality it would suffice to prove that the
pede;p; satisfy the duality condition.

We call a bimodule split exact in case it is a finite direct sum of simple
balanced bimodules. Thus by Lemma 2.1 a bi-vector space ¢V, is split exact
in case it has a basis vi,.... vn such that

C‘V[ == 'VzD(iz 1,..., 7?.).

3.1. Lemma. FEvery split exact bi-vector space satisfies the duality
condition.

PTOOf. If cVD = V1 DD Vn then HOmc(cV, cC) = Homc (th CC)
® --+ ® Homc(cVar, cC) as D-C bi-vector spaces, etc. Thus we may assume
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that ¢V, is one dimensional on each side. Let x € V such that Cx=V =
xD, and for each ¥ in Homc(cV, cC) let

h(y) € Homy(Vy, Dp)
be the unique D-map with
x(h(y)(x)) = 7(x)x.
Then, checking that k() is the unique map in Hom,(Vy, Dy) such that
v(h(y)(w)) = y(»)w
for all v, win V, we see that
h: Home(cV, cC) = Homy(Vp, D»)
is a D-C-isomorphism.

An artinian ring R is called split exact in case each of its upper Loewy
factors J*'/J* is a split exact R-R-bimodule. All of the results of the pre-
ceding sections except Theorem 2.8 have analogues for split exact rings. In
particular R is split exact if and only if zzze(J/J?) f777is a split exact bi-vector
space for each pair of primitive idempotents e, f, in R. (It follows that split
algebras and serial rings, for example, are split exact.) Thus by Lemma 3.1
and the discussion preceding it we have

3.2. Proposition. Every split exact trivial extension of a semisimple
ring has self duality.

Even over a field, exact bi-vector spaces need not be split exact.

3.3. Example. Let Fbe a field and let K = F(X) be the field of rational

functions over F with formal derivative ( ). Let V= KXK with scalar
multiplications

k(a, b) = (ka, kb) and (@, b)k = (ak+ bk, bk)

and standard basis v; = (1, 0), v, = (0,1). Then xVx is a bi-vector space
with

Kvl - ‘V[K a]’ld K’V1+K’V2 = ’V1K+'V2K

so xVy is exact. However, it is not hard to show that Kv, is its only proper
bi-subspace, so vV is not split exact. In particular KX V is an exact ring
that is not split exact.
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A. H. Schofield has pointed out to us that if 1V, is a bivector space finite
dimensional over fields K and L, then sV, satisfies the duality condition. In-
deed, he ovserved that this follows because the subring R of End(V;) generated
by the K and L scalar multiplications is a commutative finite dimensional alge-
bra over both K and L (R < End(xV )°® N End(V.)), and so the K and L duals
are isomorphic on R-mod. Thus all trivial extensions of commutative semisim-
ple rings (in particular rings of Examples 2.9 and 3.3) have self duality.
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