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Abstract

The sequence space bvp consisting of all sequences (xk) such that (xk - xk-1) in the sequence
space Ip has recently been introduced by Basar and Altay [Ukrainian Math. J. 55(1)(2003), 136-
147]; where 1 < p < oo. In the present paper, the norm of the Cesaro operator C1 acting on
the sequence space bvp has been found and the fine spectrum of the Cesaro operator C1 over the
sequence space bvp has been determined, where 1 < p < oo.

KEYWORDS: Spectrum of an operator, Cesaro operator and the sequence space bvp



Akhmedov and Basar: The Fine Spectra of the Cesdro Operator C1 over the Sequence

Math. J. Okayama Univ. 50 (2008), 135-147

THE FINE SPECTRA OF THE CESARO OPERATOR ()
OVER THE SEQUENCE SPACE bv,, (1< p < o)

ALt M. AKHMEDOYV aAnxD FeEyzt BASAR

ABSTRACT. The sequence space bv,, consisting of all sequences () such
that (xr — xr—1) in the sequence space ¢, has recently been introduced
by Basar and Altay [Ukrainian Math. J. 55(1)(2003), 136-147]; where
1 < p < 0. In the present paper, the norm of the Cesaro operator C}
acting on the sequence space bv, has been found and the fine spectrum of
the Cesaro operator C: over the sequence space bup, has been determined,
where 1 < p < c0.

1. PRELIMINARIES, BACKGROUND AND NOTATION

Let X and Y be the Banach spaces and T : X — Y also be a bounded
linear operator. By R(T'), we denote the range of T, i.e.,

RT)={yeY :y=Tzx, x € X}.

By B(X), we also denote the set of all bounded linear operators on X into
itself. If X is any Banach space and T' € B(X) then the adjoint 7* of T is a
bounded linear operator on the dual X* of X defined by (7™ f)(z) = f(Tx)
for all f € X* and x € X with ||T|| = ||T*||. Also by Ker(T), we denote the
kernel of a bounded linear operator 7.

Let X # {0} be a non trivial complex normed space and T : D(T') — X
a linear operator defined on a subspace D(T') C X. We do not assume that
D(T) is dense in X, or that T has a closed graph {(z,Tz) : z € D(T)} C
X x X. We mean by the expression "1 is invertible” that there exists a
bounded linear operator S : R(T) — X for which ST = I on D(T') and
W = X: such that S = T~! is necessarily uniquely determined, and
linear; the boundedness of S means that 7" must be bounded below, in the
sense that there is & > 0 for which ||Tz|| > k||z|| for all z € D(T'). Associated
with each complex number « is the perturbed operator

T,=T —al,
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defined on the same domain D(T') as T. The spectrum o(T, X) consists of
those a € C for which T, is not invertible, and the resolvent is the mapping
from the complement o (7, X) of the spectrum into the algebra of bounded
linear operators on X defined by o +— T}, 1.

The name resolvent is appropriate, since 7, ! helps to solve the equation
To,r = y. Thus, 2 = T, 'y provided T, ! exists. More important, the
investigation of properties of T);! will be basic for an understanding of the
operator T itself. Naturally, many properties of T,, and T,; ! depend on «,
and spectral theory is concerned with those properties. For instance, we
shall be interested in the set of all a’s in the complex plane such that 7' 1
exists. Boundedness of T, ! is another property that will be essential. We
shall also ask for what a’s the domain of T, ! is dense in X, to name just
a few aspects. For our investigation of T', T,, and T 1 we need some basic
concepts in spectral theory which are given as follows (see [11, pp. 370-371]):

By a regular value o of a linear operator T' : D(T) — X is meant a
complex number such that

(R1) T, ! exists,

(R2) 1T, !is bounded,

(R3) T, !is defined on a set which is dense in X.

The resolvent set p(T, X) of T is the set of all regular values o of T'. Its
complement o(7, X) = C\p(T, X) in the complex plane C is called the
spectrum of T'. Furthermore, the spectrum o (7, X) is partitioned into the
following three disjoint sets:

The point (discrete) spectrum o,(T, X) is the set such that T, 1 does not
exist. Any such o € o,(T, X) is called an eigenvalue of T

The continuous spectrum o.(T, X) is the set such that T, ! exists and
satisfies (R3) but not (R2); that is 7,; ! is unbounded.

The residual spectrum o.(T, X) is the set such that T, ! exists (and may
be bounded or not) but not satisfy (R3); that is the domain of 7);! is not
dense in X.

To avoid trivial misunderstandings, let us say that some of the sets defined
above may be empty. This is an existence problem which we are going to
discuss. Indeed, it is well-known that in the finite dimensional case one has
(T, X)=0,(T, X) =0 and the spectrum o (7, X) coincides with the set
op(T, X).

By a sequence space, we understand a linear subspace of the space w =
CN of all complex sequences which contains ¢, the set of all finitely non-
zero sequences, where N = {0,1,2,...}. We write {, ¢ and c¢g for the
sequence spaces of all bounded, convergent and null sequences, respectively.
Also by ¢,, we denote the spaces of all p-absolutely summable sequences,
respectively; where 1 < p < co. bv is the space consisting of all sequences
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(k) such that (xp — zps1) in ¢ and bvg is the intersection of the spaces bv
and cg.

Let n,k € N and A = (a,x) be an infinite matrix of complex numbers
ank, and write

(1.1) (Az)p =Y ampay , (n € N,z € Dyo(A)),
k

where Dgyo(A) denotes the subspace of w consisting of x € w for which
the sum on the right side of (1.1) exists as a finite sum. For simplicity in
notation, here and in what follows, the summation without limits runs from
0 to co. More generally if 11 is a normed sequence space, we can write D, (A)
for the z € w for which the sum in (1.1) converges in the norm of u. We
shall write
(\:ip)={A:AC D,(4)}

for the space of those matrices which send the whole of the sequence space
A into the sequence space p in this sense. A sequence x is said to be A-
summable to « if Az converges to a which is called as the A-limit of x.
We shall assume throughout unless stated otherwise that p, ¢ > 1 with
p~14¢ ! =1 and use the convention that any term with negative subscript
is equal to naught.

We summarize the knowledge in the existing literature concerning with
the spectrum and the fine spectrum of the linear operators defined by some
particular limitation matrices over some sequence spaces. Wenger [18] ex-
amined the fine spectrum of the integer power of the Cesaro operator in c.
Reade [16] worked with the spectrum of the Cesaro operator in the sequence
space ¢g. Gonzalez [10] studied the fine spectrum of the Cesaro operator in
the sequence space ¢,. Okutoyi [15] computed the spectrum of the Cesaro
operator on the sequence space bv. Recently, Yildirim [19] worked with the
fine spectrum of the Rhally operators acting on the sequence spaces cg and
c. Lately, Coskun [8] studied the spectrum and fine spectrum for p-Cesaro
operator acting on the space ¢g. Akhmedov and Bagar [1, 2] have recently
determined, independently than that of Gonzalez [10], the fine spectrum of
the Cesaro operator in the sequence spaces cg, {~ and £,, by the different
way; respectively, where 1 < p < co. Quite recently, de Malafosse [14] and
Altay and Bagar [5] have respectively studied the spectrum and the fine
spectrum of the difference operator on the sequence spaces s, and ¢y, c;
where s, denotes the Banach space of all sequences x = (x}) normed by

|2k

R (r>0).
P (r>0)

s, = su
ke

Also, Akhmedov and Basar [3, 4], and Altay and Bagar [6] have determined
the fine spectrum with respect to Goldberg’s classification of the difference
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operator A and the generalized difference operator B(r, s) over the sequence
spaces £p, bv, and cp, c; respectively.

In this work, our purpose is to find the norm of the Cesaro operator
C1 € B(bvp) and to investigate the fine spectrum of the Cesaro operator C
on the sequence space bv, which is the natural continuation of Akhmedov
and Basar [4], and Altay and Basar [5, 6].

2. THE SPACE bv, OF SEQUENCES OF p-BOUNDED VARIATION

We wish to give some required knowledge about the sequence space bv,,.
In [7], the sequence space bv), is defined by

bvp:{x:(:ﬁk)Ew:Z’xk—xk_l‘p<oo}, (1 <p< o).

k

It was proved that bv, is a BK-space which is linearly isomorphic to the
space {;, and the inclusion bv, D ¢, strictly holds. The a-, 8- and ~-duals
of the space bv, are determined together with the fact that bvy is the only
Hilbert space among the spaces bv,. The continuous dual of the space bv,
is determined and given by the following lemma which is needed in proving
Theorem 3.2, below:

Lemma 2.1. [4, Theorem 2.3] Define the spaces di and d, consisting of all
sequences a = (ay) normed by

n
Jal, = sup |3 a] < o0
kneN | —

and

q\ 1/q
O

lalla, = | > 1> a; <oo, (1<q<o0).
k |j=k

Then, bvi and b, are isometrically isomorphic to dy and dg, respectively.

The basis of the space bv, is also constructed and given by the following
lemma:

Lemma 2.2. [7, Theorem 3.1] Define the sequence b*) = {b,&’“)}neN of the
elements of the space bv, for every fized k € N by

b(k): 0 , (TL<]<J)
n 1, (n>k)

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 50/issl/7
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Then the sequence {b(k)}keN is a basis for the space bv, and any x € bv, has
a unique representation of the form

=3 \bk
2{: k ’
k

where A\, = x — xp_1 for all k € N.

3. THE FINE SPECTRA OF THE CESARO OPERATOR C; OVER THE
SEQUENCE SPACE buy,

In this section, the fine spectra of the Cesaro operator C'; over the se-
quence space bv, has been examined. We shall begin with giving the basic
result concerning with the norm of Cesaro operator C; on the space bu,,.
The Cesaro operator (' is represented by the matrix

1 0 0 .. 0

1 1

= = 0 0

S S

3 3 3 0
Cl = . .

1 1 1 1

n+1 n+1 n+1 n+1

Theorem 3.1. Cy € B(bvy) with the norm ||C1 ||, :bv,) = 1-

Proof. Since the linearity and the boundedness of the operator C : bv, —
bu, is obvious, we omit the detail. Let us take any z = (x) € bv,. Then,
since one can observe that

:E0+:E1—|—"'+£L’k=_$0+$1+"'+l’k_1 p
k+1 k
(xp, —z0) + (@ — 1) + -+ (2 — 2p—-1) |P
k(k+1)

and the inequalities

|z —xo| < o —xpo1| +|TRo1 — Th—2| + -+ T2 — 21| + |21 — 20
|z — 1] < o — zp—1| | TE—1 — Tp—2| + -+ |z2 — 2]

o) — xp—2| < |ap — xp—1| + |Tho1 — T2

hold we see by using the following known inequalities

k p k
(zw) <Y ol s (2 1),
n=1

n=1
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and
nP k
<
(k+1)P ~— k+1

(1<n<k,p>1)

that
Tot+r1i+--+xK TotT1A- -+ Tp P
k+1 k
< (klzk — zp—1] + (k — D)|zp—1 — T—2| + - - + 2|z2 — 21| + |21 — 20|)?
< FICESG
< kP~ (kP|ag — xp—1|P + (k — 1)P|og—1 — Tp—2|" + - 4+ 2P|22 — 1|7 + |21 — 20|?)
= W (k1 1)P
_ EP |z — xk—1|" + (K — DP|zp—1 — zr—2|P + - + 2P|z2 — 21|P + |21 — 20|?
Rk 1 1)7
< Elzg —xp1|? + (k= D]ogp—1 —xp—2|P 4+ - + 2|z — 21|" + |21 — 207
- kE(k+1) '

Now, we obtain by applying the Application 1 of Knopp [12, p. 143] that

. p
D p j1J|xj Tj1]
G, < ol +Z e

= Z|$k—$k 1P = ||93||bvp

k

So,

1C12]lbw, < [l2]lbv,
which leads us to the consequence
(3'1) ||Cl||(bvp:bvp) <L
Now, let us consider the element

b = (1, 1, 1,...).
It is clear that

C1b© = p©)
and Hb(O)Hbvp = 1. Hence,
||Cl||(bvp:bvp) > ||Clb(0)||bvp = ||b(0)||bvp =1,

which yields the fact that
(32) ||Cl||(bvp:bvp) > 1
The inequality (3.1) together with the inequality (3.2) show that
(33) Hclu(bvp:bvp) =1
Thus, (3.3) completes the proof. O

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 50/issl/7
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Theorem 3.2. C} € B(d,) with the norm ||Ci“||(dq:dq) =1; where 1 < ¢ <
0.

Proof. Since dy = bv] and d, = bu; by Lemma 2.1 and [|CT| 4.4, =
1C1 (b, :bw,)» this is immediate by Theorem 3.1, where 1 < p < oo.
Theorem 3.3. o(Cy, bvy) = {a eC: |oz — %‘ < %}

Proof. To prove the theorem, it is enough to show that (C; — al)™! is
bounded for all a’s such that |o — 1/2| > 1/2. Suppose y = (yi) € buy.
Solving the equation (C7 — al)x = y for x in terms of y, we derive that

1
to = T,
-1 2
T A2t T
B 2c 2 3
Ty = —szl a0 —szzl 2o T3
1 n—1 - n+1 ] N n+1
= ”“kzzo( 2 jzllll—ja @ et T s Dat

Therefore, we have (C1 — al)~! = (e,) defined by

_lnfk . o
(n)+1 (H?Iliﬂﬁ)@nk L (0<k<n—-1)

— k
Enk % ’ (k = n)
0 : (k >mn)

Thus, it is seen by [17] that
ICy — el

if | — 1/2| > 1/2 which is equivalent to the fact that Re(1/a) < 1.
Furthermore, if p > 1 then

buy:buy

)<OO,

(3.4) |zy — 2p_1|P = |0 — xn_l\p_l Nrp — 1]
We can show that
(3.5) |Tn — Tp—1| — 0 ; (n — 00),
if Re(1/a) < 1. Indeed,
_1)" n+1 kj
Ln — Ip—-1= ( ) H n_lyO +

«
n-l—lk:ll—koz
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+1 -1 n
(_1)n+1 K k n—2 (_1)n k n—2
+ n-+1 1—l<:aa g1 n Hl—kaa Yo| +
k=2 k=1
n n-+1 n
1—(n+ 1)ayn 1—na’m -

If we use Lemma 7 in [16, p. 266] with the last relation then we have (3.5).
Thus, (3.4) and (3.5) yield that

Jer-an

<00,
(bup:bup)

if Re(1/a) < 1. This completes the proof. O

We should remark the reader from now on that the index p has differ-
ent meanings in the notation of the sequence spaces bvp, bu, and in the
point spectrums o,(A, bvy), 0,(A*, bvy) which occur in the following two
theorems.

Theorem 3.4. 0,(Cy, bvy) = {1}.

Proof. Suppose that Ciz = ax for  # 0 = (0, 0, 0,...) in bv,. Consider
the system of the linear equations
3\

ro — O
%3&'0 + %fm = an
1
( ) 30 + 371+ 3T2 = QT2
3.6 : |
1 1 1 1 _
R R == e

/
If z( is the non-zero term of the sequence x = (z,), then @ = 1 and we
obtain from (3.6) that xj = x¢ for any £ > 1. Hence, x = (x1) € bv, such
that x # 0 for p > 1.
If z,, is the first non-zero entry of the sequence x = (z,), then we find
that
1

Tng
ng +1
which yields the fact &« = 1/(ng + 1). Therefore, we also get by (3.6) that

(no + 1)(710 + 2) cee (no + k})
xﬂo-’-k - k! xno

== O{'Inoa

for any k > 1. Furthermore,

nb(ng +1)P---(no +k —1)P
|xno+k - xno+k—1|p = . (k}')p |xno |p

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 50/issl/7
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1
= — = (k4 1)P(k+2)P... E— 1) P
[(n() B 1)!]1?( + ) ( + ) (’n() + ) "ZCTLO‘ )
which shows that = ¢ bv, and this completes the proof. U

Prior to giving Theorem 3.6 we shall quote a lemma which is needed in
proving.

Lemma 3.5. [13, p. 115] All harmonic series ), n~% for a <1 are diver-
gent, and for a > 1, convergent.

Theorem 3.6. 0,(C}, bvi) = {a e C: |a— < itu{i}.

Proof. Suppose C{ f = af for f # 6 in bv,. Then, by solving the system of
the linear equations

fo+%f1+$f2+"' = afy )
§f1+§f2+"' = afi
sfot+- = afs

: >
dfit o = afy

we obtain that

i 1
fr=1] (1—@)@, (k=1,2,..)

n=1

if @ # 0. Since f = (fo, 0, 0, ...) # 0 in by, for a = 1, it is clear that
1 € 0p(CT, buy). Define the sequence z = (2) by

zk:ﬁ<1—%) k=1, 2,..)

n=1

Okutoyi [15, Lemma 1.4] has proved that
e =A- k—l/a +0 (k,—Re(l/a)—l) :

where A is a constant and the series Y zj is bounded if Re(1/a) > 1,
diverges if Re(1/a) < 1. Consider the sequence s = (si) defined by

=1
=k

It is known that |s;| < oo if and only if Re(1/a) > 1. Denote Re(l/a) =
G and let 3 > 1. Therefore, using the fact given by Lemma 3.5 for the
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convergence of the series

we obtain that

1 1
4 lw_'—.”—i_—(Qm‘H—l)ﬁ] I

where 2m~1 < k < 2™ — 1. Now, replacing any separate term by the first
term in each parenthesis in (3.7) we get that

2h8-1 1
. < - .
(3.8) % =951 1 9m—D(F-D)

It is clear by (3.8) that

=1 201
(39) Z 'l/a S 2(m*1)(6*1) (2671 . 1) Y (k S N)’
=k 7

if Re(1/a) > 1. Similarly, one can show that

oo 1
—Re(1l/a)—1
(3'10) § :j (1/e) <B- 2(m—-1)(8-1) ’ (k < N)7

where B is a positive constant. It follows from (3.9) and (3.10) that

(3.11) sup ij < 00.

k,neN =k

If fo # 0 and Re(1/a) > 1, then f € bv] and f # 6 whenever fy # 0.

It is clear that
1 1 1
{aGC:Re(—)>1}:{aEC: a——|<—}.
a 2 2

Now, using (3.9) and (3.10) we obtain that

1
(3.12) ij < M- D =Te

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 50/issl/7
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where M is a positive constant. Consequently, we derive from (3.12) that

q
00

>3 <

K |j=k
This means that (fy) € bv, and (3.11) together with (3.12) complete the
proof. (I

Now, we may give the following lemma requiring in the proof of next
theorem:

Lemma 3.7. [9, p. 59] A linear operator T' has a dense range if and only
if the adjoint T of T is one to one.

Theorem 3.8. 0.(Cy, bv,) = {a€C:|a—3|= T, a#1}.
Proof. It is not hard to show that

{aG(C: a—%‘:%}:{aeC:Re(é>zl}U{O}.

Suppose that o # 1. Then, it follows by Theorem 3.6 that o ¢ o, (CY, bvy,).

Hence, Ker(Cy{ — al*) = {0} for such a’s which shows that
(3.13) R(Cy — o) = bu,
Now, suppose that o = 0 and consider the equation
Cix = 0.

Then, it is easy to see that z = 0, i.e., Ker(C1) = {0} and C] has an inverse.
One can also see that Ker(C}) = {6} and we thus have

(3.14) R(C1) = by,
Therefore, we obtain by combining (3.13), (3.14) and Lemma 3.7 that

1
o.(Ch, bvp):{O}U{oze(C:Re(a) =1, a;él},
which completes the proof. [
Theorem 3.9. 0,.(Cy, bvy) = {a € C:|a— i <3}

Proof. This immediately follows from Theorems 3.3, 3.4 and 3.8, by taking
into account the definition of the concept of the spectrum of a bounded
linear operator acting in a Banach space. 0]

Combining Theorems 3.1, 3.3, 3.4 and Theorems 3.8, 3.9; we have the
following main theorem:
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Theorem 3.10. (a) C1 € B(bvyp) with the norm ||C1 ||, bv,) = 1,
1) o(Cr, bu) = {acCila—} <4}
(¢c) ap(Ch, bup) = {1},
(@) oG ) = {aeCila—} =}, ar1}
(©) ox(Cr, ) = faeC:fa— 3| < b,
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