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Abstract

In this article, we aim at proving the truthfulness of the inverse Theorem (1) of [5]. More
precisely, we associated symbols of Gevrey type to pseudodifferential operators when the latter
are given by their kernels.
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SYMBOLS OF PSEUDODIFFERENTIAL OPERATORS
ASSOCIATED TO GEVREY KERNEL’S TYPE

MoHAMMED HAZI

ABSTRACT. In this article, we aim at proving the truthfulness of the
inverse Theorem (1) of [5]. More precisely, we associated symbols of
Gevrey type to pseudodifferential operators when the latter are given
by their kernels.

1. INTRODUCTION

In [4], we gave a description of pseudodifferential operators when defined
by their Kohn-Nirenberg’s symbols or their kernels (cf. [2], [3]); and this in
the C'*°-case. It appeared that the two approches are equivalent. In [1], it
is shown that this equivalence remains also true in the analytic case. This
paper is a continuation of [5], where we obtained that the definition by
symbols implies the one by kernels. Here, we deal with the converse. And
this, in the more fine context of Gevrey classes.

2. DEFINITIONS AND NOTATIONS
We recall three definitions as they were given in [5].

Definition 1. Let n be a non zero positive integer, 2 an open subset of R"
and s any real number larger or equal to 1. A real fonction ¢ in C*°(Q) is
said of Gevrey class with order s if, for any compact subset K C 2, there
exists constant C' > 0 such that

(1) VaeN |Df]| < ClEF (jal)®.

Definition 2. Given n € N*, m € R, s > 1 and €2 an open subset of R".
We say that a real function a = a(z,z) in C*(Q x R"), is a symbol (or
amplitude) of Gevrey type with class s on Q if, and only if, it satisfies

For any compact subset K C (), there exist three positive constants Cy,
C1, R such that

m—|al

@ [peDfat&)] < oo™ (it (A1) (1+16P)"

for any z € R", ¢ € R with, |{| > R, « and € N".
We denote by 1052 (€ x R™) the set of such symbols.
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Notice that, in general, a is supposed analytic in z. (This is done by
taking s = 1 in the factor (|3]!)® corresponding to the variable z.)

Definition 3. We keep the notations of Definition 2. Let U be an open
neighborhood of 0 in R™ and m a positive real number. We say that a
distribution 7' = T'(z,x), on £ x U, is a Gevrey kernel of order m if, and
only if, the following assertions are satisfied:
a) The restriction f of T' to (U\ {0}) is Gevrey of order s such that:
For every compact K of (), there is an open neighborhood V of
U\ {0} and a scalar C' > 0 such that

m—n—|cf

() |peplf ()| < O (fay (81)° (1+122) ,
V(z,z) € K x V.
b) The distribution 7" is of the form

(4) T(2) = Pz, )+ 3 Cal2)6.
la|<m
where (Cy),, is a family of Gevrey functions of order s in Qand 6 is

a map of C3°(U), verifying 6 = 1 in a neighborhood of zero, while
Py, is a distribution given for any 1 in C3°(U) by

6 o= [ v - X 0w ) a

laf<m

c) If m is a positive integer, then, for any compact K in €2, there is a
scalar C'k > 0 such that:
For every o in N” with |a| = m and any € > 0

/ 2 f(z,z)dx
|x|>e,xeU

The set of Gevrey kernels, so defined, is designated by 10/ (€ x R™).

(6) < Ck,Vz € K.

3. THE MAIN RESULT
We prove the following result.

Theorem 4. Let m be a positive real number. If T is in 1oKE: (2 x R™),
then there is a symbol f in 1 0S¢ (2 x R™) such that

T=r"f

is of Gevrey type of order s on Q x U', where U’ is an open 0 neighborhood
in R™.
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WE recall here that ! f denotes the image of f by the inverse of Fourier
transform.

To prove this theorem we need the following lemma which is an analogous
of the one in [1].

Lemma 5. Let m be a positive real number, U and U’ open neighborhoods
of zero, in R™, such that U' CC U.

i) Let T be a distribution on U, the restriction g of which, to U\ {0},
is C'° and satisfies

(7) Dig@)| < Clal™ 18] < m.

i) We suppose x*T that is an integrable on U, for |a| > m.
iii) If m is a positive integer, we suppose the existence of a map ¢ in
C3(U), identically equal to 1 on U and such that, for |a| = m,

(8) sup [(2*Te(x), pe(2))| < C,
O<e<1

with -
pe(z) = ¢ (g) .
Then, for every ¢ in C3°(U), there exists a scalar My, > 0 such that
[DE@T(©)] < Myt + g1,
and this for every a in N", m < |a| <m + 1, and every & in R™.
Proof. Since « is in N, we have, for |[£| > 1,
DEWT)E) = (=)l @opT) (&) = (i)l 2y, ™)
= (=)L + L+ 1)

where

L = (@°T, ),

Iy, = (2°T, o (e_m§ - 1>>,

Iy = (2°T, (1 — @) he ).
Let us examine these expressions one by one. First, fix
(9) e = é’

Using (7), (8) and (9), we get
inj<c g fgme
with a constant J > 0.
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Concerning the estimation of Is, the definition of ¢ assures that
e~ 1| < l¢] Jal.
This inequality and (7) yield to
Bl<C s jgm,

with a constant S > 0.
Concerning I3, we can write

o —

Is = 20T (1 — pe) .
Then
@g:%Q%(wu—%wﬂfM),w:Lwn

Since the support of 1 — ¢, is contained in U\U’, we can find a scalar p
such that

0<p<[El |z,
which permits to have
€505 < C K [¢[m

where K is a strictly positive scalar.
With these three estimations we obtain (12) in the case || > 1 considered.

As (12) remains obviously true when || < 1 the proof of Lemma 5 is
finished. g

The proof of Theorem 4 need also the following proposition.

Proposition 6. Let U be an open 0-neighborhood in R™, a given a tn N"
and T' an element of 10KC3: (2 x R™) such that its restriction f to U\ {0},
satisfies

(10) D2 f(2)] < ClHL(|aft) a7l

For any map ¢ in C§°(U) which is identically equal to 1 on an open 0-
neighborhood U' CcC U, we get

(11) \D?(s?T)(@\ < ClelF (|1 (1 + gyl
Proof. We define a function ¢ on C§°(U) as follows

[ 1 for |z| <1,
(12) (@) = { 0 for |x|> 3.

For any 3 in N™ such that |3]| = |a| we get
£ D(PT)(©)| < 1] + |1al,
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where

)

L] = ‘/QDQ“ (e (¢T) (@) [1 — ¥ (|| 2)] e dx

| = ] | D2 )@ (efa) e

Let us estimate these expressions. We have

L) < /HH DS (2% (T) (x))] da.

The Leibniz formula and (10) permits to get

Ll o< [ S (0 Ter a()) do

3
lzl<fg lv<p

= > (O)10° @ @) (15 — o) Ja| T da,
LS

€] v<pB

Whence

L] < /|| A GBI e da
13<E

(13) By (1)) (1 + €)™

IN

We proceed in the same way for |I;]. We obtain

(14) L] < /1 Alclﬁ‘—‘rl(‘ﬁ“)s 2|7

3
rer <lel<fg

BiCPHY(|B])* (1+ €)™

IN

Notice that the scalars A; and As depend on § while By and By depend
on B, m and n. The constant C' does not depend on [, nor n, nor m.
On the other hand, using (13) and (14), we easily obtain
|DE(T)(©)] < ACkH I (jalty® (1 + gy 1ol
This inequality complets the proof of the Relation (11). O

The proof of Theorem 4 follows directly from the Lemma 5 and the Propo-
sition 6.

Produced by The Berkeley Electronic Press, 2003



Mathematical Journal of Okayama University, Vol. 45[2003], Iss. 1, Art. 2

122 M. HAZI

REFERENCES

[1] M. S. BAoUENDI, C. GOULAOUIC AND G. METIVIER, Kernels and symbols of analytic
pseudodifferential operators, J. Differ. Equations 48(1983), 227-240.

[2] L. BouTET MONVEL AND P. KREE, Pseudodifferential operators and Gevrey
classes, Annales Inst. F., Grenoble, 17.1, (1967), 295-323.

[3] L. BOUTET DE MONVEL, Opérateurs pseudodifférentiels analytiques et oprateurs
d’ordre infini, Annales Inst. Fourier, Grenoble, 22.3, (1972), 229-268.

[4] M. HAZI, Noyauz et symboles des opérateurs pseudodifférentiels en C*°, Mémoire de
D.E.A, Ecole Polytechnique, Paris, (1982).

[5] M. HAZI, Kernels of pseudo-differential operators associated to Hormander symbols of
Gevrey type, Arab Gulf Journal of Scientific Research, Manama, Volume 19. 1, (2001),
52-58.

MouAMMED HAZI
DEPARTMENT OF MATHEMATICS
ECOLE NORMALE SUPERIEURE
16050 - KOUBA, ALGIERS, ALGERIA
e-mail address: mohamedhazi@hotmail.com, hazi@ens-kouba.dz
Faz: (213) 21 28 20 67

(Received November 14, 2002)

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 45/iss1/2



