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1. Introduction. Let A be a finite dimensional local commutative
artinian algebra over an algebraically closed field K. In this paper we aim
to study the condition that A becomes a positively graded algebra in terms
of Galois covering. The main result is that the following conditions are
equivalent;

(1) A is a positively graded algebra.

(2) Any Galois covering of A is a positively graded category.

(3) Rank G > 1 for a Galois group G of some Galois covering of A.

The relation between coverings of algebras and group graded algebras,
whose quivers have no oriented cycles, was first treated in [4,5]. In this
paper we treat more difficult cases that every arrow in a quiver of an al-
gebra is a loop (that is, algebras are local commutative) and a grading
means a positive grading. From our main theorem we know that some
correspondences between Galois group and Galois covering stated in [4,5]
holds for local commutative artinian algebras one of whose Galois groups
has a torsion-free part. But we must notice that in our situations there
are algebras with non-trivial univrersal covering but no positive grading in
the case the Galois group is torsion abelian group. i.e., Any Galois groups
are torsion abelian groups from our result. As we prove in Theorem 3.1,
a universal Galois covering is not determined uniquely even up to isomor-
phism. In fact, a universal Gaois covering is determined by taking regular
system of parameters of an algebra. Indeed we can get an example of a
local commutative artinian algebra with two non-trivial universal Galois
coverings such that one of their Galois groups is a finitely generated tor-
sion abelian group and the other is a finitely generated torsion-free abelian
group .

An algebra R is called a positively graded algebra if there is a direct
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decomposition

R=) ®R; and Rad(R)=) @R
>0 i>1

as a vector space such that R;- R; C R;y; for any ¢,7 > 0. Here Rad(R)
means the Jacobson radical of R.

Recently a positively graded algebra which is not group graded has
been studied actively by many authors, for instance see [1,7,8,9].

Positively graded algebras must satisfy more restricted condition K =
R than that of group graded algebras. Our investigation to study relations
between covering and having positive grading becomes more difficut for
positively graded algebras than for group graded algebras. In fact it is
treated in [5] that a grading is indexed by group which becomes covering
group. On the other hand our case is that a grading is indexed by 0 and
the set N of natural numbers, but a Galois group is a finitely generated
abelian group, i.e., a subgroup of a product of the set Z of integers.

Since we restrict algebras to commutative algebras, it is natural to
consider abelian Galois covering. In this situation we can not apply the
results in [5] since it was done for universal covering. Also the construction
of covering in [5] is given in abstract way by using topological method. But
in this paper we construct a universal abelian Galois covering for a local
commutative artinian algebra in a concrete way. Also this gives a concrete
method to calculate Galois group of covering.

2. Construction of a Galois covering of a factor algebra.
A commutative artinian algebra is a direct sum of local artinian algebras.
So we may assume that algebras are local when we treat their gradings.

Let A be a finite dimensional local artinian algebra over an alge-
braically closed field X = A/RadA. Assume F: A — A is a Galois cov-
ering [3] of A with Galois Group G. i.e., There are some expressions
A = (A,p) and A = (A, p) by locally finite quivers A, A and sets p, p of
relations such that there exists a subgroup G' < Aut(A,p) and a K-linear
functor F: A — A which satisfy the following conditions;

(1) Fg = F for any g € G.

(2) G acts freely on A and p.

(3) (A,5)/G = (A, p).

(4) Y zAy = aAF(y), Y. yAz = F(y)Aa for any a € A and
F(z)=a F(z)=a
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y € A.

We call that a Galois covering is abelian if the corresponding Galois
group is abelian. Abelian covering has been studied in [2]. Also for a
covering of a quiver with relations there is a paper [6].

The purpose of this section is to prove the following theorem.

Theorem 2.1 (Construction Theorem). Let A be a finite dimen-
sional local commutative Artinian algebra over algebraically closed field K
with the radical N such that n = dimg N/N2. Then each regular system
of parameters determines a universal abelian Galois covering whose Galois
group is a factor group of Z™.

Before we give the proof, we explain some notations.

Let aq,...,a, be a regular system of parameters of A, ¢t a nilpotency
index of N. Since A is artinian, we have a natural ring homomorphism
0 K[z1,...,2.)om/M — A via ¢(zi) = ai, here M is a maximal ideal
(z1,.-.,%5). We put kerp = I/MM* and I = (f1,...,f,). We may assume
fi e Mbut f; ¢ M and 1 < deg f; < ¢ for each i.

First we give a universal abelian Galois covering A of
Klz1,...,2z,)om/M". We only state the results since it is verified easily.
The set of generators of A is

(5)
{6(51 wenrin) & iy 1rin)

The relations of A are as following.

(i1,...,in) €Z™,j = 1n}

(1) €y .ein) * €(i1mmin)

— {e(il,...,in) if (ilﬁ"'!i‘n) :(jlv"'?jn)7
0 otherwise.
‘ (4 (s
(2) e(ilv"'7i]+ls"'si7l) ) w(gl),..-,in) ’ 6(2‘1,...,5),...,{") = x("l?l),...,’in)
(k) () N )] (k)
(3) Ly it Lyin) * Cigemnin) — C(i1yemikH1inin) * (i1 1eemin)

) i
(4) { > > K-z } = 0 for any finite subset § C Z".

(i1,...,in]€S j=1,...,n (21 ,-..,in)
The covering functor F: A — K[z1,...,2,]on/M is given by
Fleg,...in) = 1+ M and F(xg}"__'in)) =z; + M.
The Galois group is a free group Zg; & - - - @ Zg,, such that g,(s = 1,...,n)
() j

. . . ()
maps €(;;,....in) and z(il,---,in) to €110 isFpensin) and m(ilr,__,ié.{.]‘m,,‘n) respec-
tively.
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Proof of theorem 2.1. From a regular system of parameters
@i,...,an, We construct a universal abelian Galois covering of A using
A constructed above. For the expression fi(z1,...,2,) =Y, kgi)zil e xf{'
(¢ =1,---,p), we put a vector dg’i] = (#15..-,%n) € Z™ and make a sub-
group H generated by ds{¥) — dg) for s-th and v-th terms in fi(21,...,2,)
(i =1,...,p). We get a universal abelian Galois covering A/H of A with
Galois group Z"*/H.

Next we show a universal abelian Galois covering F: A — A with
Galois group G corresponds to a regular system of parameters. We fix
e € Asuch that F(e) = 1, then we have A Y o0eG ®eAg(e). We show that
there is a regular system of parameters ay,...,a, such that a; = F(cy;)
for some c,, € Agi(e), gi € G. Choose a € N\ N2, then a = F(3¢,) for
some ¢, € eAg(e). Since a ¢ N?, some F(c,) ¢ N2, so we set g; = g and
a; = F(cg). Assume aq,...,a; (i < n) are already chosen. Take a € N
such that @i,...,a@;, @ are linearly independent over A/N. Here @ is a
coset with respect to V. By the same argument as above, we can get some
gi+1 € G which appears in some term of a = ) F(¢y) such that a;,...,4a;,
F(cy,,,) are linearly independent. So we put a;4; = F(cg,,). Repeating
this step n-times, we get N = (a1,...,ax).

Next we prove G = {(g1,...,9.). Let 1 # g € G, then 0 # F(eag(e)) €
N for some @ € A. Decompose F(eag(e)) =3 ki, w”,-n)a;‘ -+-a!". Since

af' -+ a;7 = Flecg,g1(e)gi(e)e, g () -+~ cgag* -+~ g7 (€)),

and G acts freely, we get g = gi‘ .- -gf{’ for some %1,...,%,.

3. Main theorem.

Theorem 3.1. Let A be a finite dimensional local commutative ar-
tinian algebra over algebraically closed field K. Then A is a positively
graded algebra if and only if any abelian Galois covering A of A is a posi-
tively graded category.

In this case a covering functor is a graded homomorphism which pre-
serve their gradings.

Proof.  Assume A is a positively graded algebra. There is a direct
decomposition A = > ;5;®A; and N = RadA = Y ;5; $A; such that
A; - A; C Aiyj. By [7] Lemma 2.1 we can choose homogeneous elements
ai,...a, such that a; € A,, for some ¢; and N = (a1,...,a,), here n =
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dimg N/N2%. We put ¢; = g(a;). We use the same notations as defined in
section 2 in the following.

Klz1,...2z,)gn/M becomes a graded algebra by giving a grading g¢;
to x; (1 <4< n),soweset K[zq,...2,]on/M" = ¥ ;50 PBi. Clearly ¢ is
a graded homomorphism, i.e., ¢(B;) C A; for any i, so ker ¢ = I/M¢ =
Siso®{(I/7') N Bi} is a graded ideal. Let A be a universal abelian
Galois covering of K[z1,...2,]gn/M* constructed in section 2. Define their

gradings by g(eg,,...i,)) = 0, g(xgl) _____ in]) = gj, then clealy A becomes
a positively graded category. We set A = > ;5 ®A;, then the covering
functor F:A — K[zy,...2,]on/M satisfies F(A;) C B;. We fix a set
S of representatives of cosets of G by H. Hence we have the following

isomorphism L;

Z ®B; = Klz,,.. .’I:n]gn/fmt

i>0
>~ Z d Z DeAgh(e)

g€S heH

e B deAigh(e)

ge€S heH >0

= Z ¢ E & Z GeAigh(e).

20 g€S heH

[l

Since L is a graded homomorphism, L induces the graded isomorphism
S a(I/m nBy) =1/m

i>0

=@ @ > @L(I/M N B;)NeAigh(e).

>0 geS heH

Thus
hZH G}Aih(f)
Yoad s €
i>0 ges th SL(I/M N B;) NeA;gh(e)
B YD Y DeAih(e)
120 geS  heH

IR

Y@y & > SLI/M N B;)NeAighle)

i>0 g€S heH
T DeAh(e) }

= A.

1R

Z @ heH

% { S @L(I/MN B;) N eAgh(e)
g€ W
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The last equality comes from the construction of abelian Galois covering in
section 2. Thus A is a graded category and the covering functor F: 4 — A
satisfies F(A;) C A;, which means F is a graded homomorphism.

By Theorem 2.1, any abelian Galois covering is realized as a factor
category of the above category A by a subgroup, so any abelian Galois
covering is graded.

Next we prove the converse. Let A be a graded category and A =
22i>0 @A; a direct decomposition into homogeneous components. We put

A= F(dea EBe/igg(e)). Since

A E PeAg(e) = Z ey Z DeA;g(e) = z 5 Z GeA;qg(e),
9€G geG >0 120 geq
we have A = 375, 8A; and Rad A = }°;5, ®Ai. Hence A is a positively
graded algebra.

Theorem 3.2. Let A be a commutative local artinian algebra sat-
isfying A/Rad A = K. Then A is a positively graded algebra if and only
if there is a universal abelian Galois covering with a Galois group G such
that Rank G > 1.

Proof.  Assume A = } 5, ®A; is a graded algebra. It is enough
to show that we construct an abelian Galois covering with Galois group
Z. We consider a locally bounded K -category A denoted as the following
form;

0 Ap Ay - A, 0 -
0 Ap A -+ A, 0

That is, A = Y ;cz B, here B; = A. A multiplication is defined
as same as the one of row finite matrices. More precisely, we put B; =
E;ZL D A;j, he{e A;; = A;_; and we define a multiplication of two elements
(ai;),(bij) € A by

(i) (bi;) = (Z ik b’“’j) '

kEZ
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The shift functor t: A — A is defined by componentwise as ¢: A;; —
Aiy1,j+1 via t(e) = a for any a € A;; = Aj;.

Since the group generated by t is isomorphic to Z. The covering functor
F:A - Ais defined by F(z) = z for any z € B; = A.

Next we assume there is a universal Galois covering A of which Galois
group has a rank larger than 1. Decompose G = g¥ X -« X gg' x tor(Q)
into the torsion-free part generated by free generators g¢1,...,9, and the
torsion part tor(G). We fix e an object of A such that F(e) = 1, here F is
a covering functor. We may assume eAg(e) # 0. In this case eAg;'(e) =

0, otherwise we have a cyclic path e — --- — gj(e) — -+ — e in @
by composing two paths corresponding to eAgy(e) and g(edg;'(e)) =
gi1(e)Ae # 0.

We put G; = g5 x --- % gf x tor(G). Since G acts freely on A, we have

A=Y edgle) =3 Y e(Ag)gi(e) = Y edgi(e)

9€G i20 geGy i>0

and the last sum is a direct sum. Thus A is a positively graded algebra by
setting A; = F(eAgi(e)).

REFERENCES

[1] T. H. BELzneR, W.D. Burgess, K.R. FULLER and R. ScHrLuz: Examples of
ungradable algebras, Proc. Amer. Math. Soc. 114 (1992),1-4.

[2] 1. A De La PENA: On the abelian Galois covering of an algebra, J. Algebra
102 (1986),129-134.

[3] P. GaBrIEL: The Universal Cover of a Representation-Finite Algebra, Represen-
tations of Algebras, Lecture Notes in Mathematics, vol. 903, Springer-Verlag,
1981, pp. 68-105.

[4] E. L. GREEN: Group-graded Algebras and the Zero Relation Problem, Represen-
tations of Algebras, Lecture Notes in Mathematics, vol. 903, Springer-Verlag,
1981, pp. 106-115.

[5] E. L. GREeN: Graphs with relations, coverings and group-graded algebras, Trans.
Amer. Math. Soc. 279 (1983), no. 1. 297-310.

[6] R. MARTiNEZ-VILLA and J.A. DE La PENA: The universal cover of a quiver with
relations, J. Pure Appl. Algebra 30 (1983), 277-292.

[7] M. Sato: The structure of positively graded local artinian rings and extended
graded complete local notherian rings, Comm. in Algebra. 20 (1992), 3769-
3780.

[8] Q. ZeENG: Vanishing of Hochschild’s cohomologies and directed graphs with poly-
nomial weights, to appear.

[9] Q. ZeNnG: Vanishing of Hochschild’s cohomologies H'(A ® A) and gradability of
a local commutative algebra, Tsukuba J. Math. 14 (1990), no. 2, 263-273.

Produced by The Berkeley Electronic Press, 1993



Mathematical Journal of Okayama University, Vol. 35[1993], Iss. 1, Art. 9

146 M. SATO

DEPARTMENT OF MATHEMATICS
FacuLty oF EDUCATION
YAMANASHI UNIVERSITY

Koru, YAMANASHI 400, JAPAN

(Received July 30, 1992)

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 35/iss1/9



