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SOME HOMOTOPY GROUPS OF THE HOMOGENEOUS
SPACE Eg/F,

YosHIHIRO HIRATO

1. INTRODUCTION

Let F; and Eg be the compact, connected, simply connected, simple, ex-
ceptional Lie groups of rank 4 and 6 respectively. We consider the homoge-
neous space Eg/Fy. Cohen and Selick constructed in [3] a map A : Q2517 —
Q5 which is ad(o9) on the bottom cell where ad : m16(SY) — m15(25°) is
an adjoint isomorphism and o9 a generator of m16(S?). They also showed
that there does not exist a spherical fibration S? — E — S'7 giving rise to
the A. Thus the homotopy fibre of A is expected to be homotopy equivalent
to Q2(E6/F4).

Conlon has determined 7;(Eg/Fy) for i« < 23 in [2]. In this paper we
calculate m;(Eg/Fy : 2) for i < 39 where we denote by m;(Y : p) the p-
primary component of 7;(Y). The calculation will be done by making use
of the fibration 4

X582 Eg/Fy
where X is the homotopy fibre of the natural inclusion of S? in Eg/F;. Our
results are stated as follows.

i i<8| 9 |10[11|12|13|14|15|16 17 18
mi(Es/Fy:2)| 0 |oo| 22 |8|0]0|2]0]|oo+(2)?](2)3

19 20 [21(22(23] 24 |25| 26 |27| 28 |29(30| 31
2 (84200 |4[16+2|2[(232|8+2|8]2](2)?

32 33 | 34 35 36 37 138139
324842 (22| (2)?|4+(2)°|8+2] (22| 2|0
Here an integer ‘n’ indicates a cyclic group Z, of order n, the symbol
‘o0’ an infinite cyclic group, the symbol ‘+’ the direct sum of groups and
‘(n)*” indicates the direct sum of k-copies of Z,. These results are stated in
Theorem 4.4 in which we also give their generators.
The results on m;(Eg/Fy : 2) are expected to determine the homotopy
type of homotopy fibre of A.
We use freely the notation in [14].
I would like to thank Professor Mamoru Mimura for his advice and crit-
icism throughout the preparation of the manuscript, Professor Hirosi Toda
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for suggesting me to use the homotopy fibre of the inclusion map S? —
Eg/Fy of the bottom cell, and also the referee for pointing out the work by
I. M. James.

2. PRELIMINARIES

We denote by OP the octonionic projective plane. As is well known (see
Conlon [2]), we have

Eg/Fy ~Y(0OP)Ue? and X(OP) =~ S Uy, 7

where hg = 09+a2<9)+061(9> S 7T16(Sg) = Z16{O'9}@Z3{a2(9)}@25{@1(9)}.
We denote by ig: S — S°Up,el” the inclusion and by w € m17(3(0P), S?)

the homotopy class of the characteristic map of 17-dimensional cell of X(OP).

For the boundary homomorphism 9 : m7(X(OP), 5%) — 716(S?), we have

O(w) = hy.
Then by Theorem 1.4 of [5], we have
m25(3(0P), §%) = Z{[w, 1]} ® Zo{wine} & Zo{wers}
and
m26(S(OP), §°) = Zo{lw, 0]} & Zafwriy} & Zofwiiis} & Zofwimeerr -

Here we denote by @ an element of ,(CS', S16) such that d(a) = « for
the boundary homomorphism 0 : 7, (CS', §16) — 7, _1(S'6).

We calculate 0 : ma5(X(0P), S?) — m24(S?) and 9 : m6(X(0OP), S?) —
725(S?) where

724(S%) = Zi6{p' Y B Zo {09116} B Zo{09e16} DL {80} ©Z3{ s (9)} B Z5{2(9)}
and
m95(8%) = Za{oovi} ® Za{oopis} © Za{ogmeerr} @ Za{ugons}.
By Theorem 8.18 in Chapter X of [18] and by the fact that the odd primary

component of 717(S?) is trivial, we have [a2(9), t9] = [t9, to]a(17) = 0 and
[@1(9), t9] = [t9, to]a1(17) = 0. Thus we have
Ow, t9] = —[0w, to] by (2.1) of [6]

= —log, 9] — [2(9), o] — [@1(9), 1]

= —[o, too7

= (09m6 + V9 + €9)017 by (7.1) of [14]

= o916 + 09€16 by Lemma 6.4 and 10.7 of [14].
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So we have
a[w7 7]9] = _[awa L9]7724

= 09V16724 + 09€16724
= agny + 091617 by Lemma 6.3 of [14].
By the naturality of the boundary homomorphism, we have

d(wing) = hot1e = o9ine, O(wéis) = T9c1s,

Awris) = U9V§6’ d(wiine) = oopis,  O(Wiee1r) = ToMeELT:
By the argument above, we have

Ker{d : mo5(X(OP), 8%) — m94(S?)} = Z{[w, 19] + wing + wéis}
and

Coker{0 : mag(X(QP), §%) — ma5(5°)} = Zo{poo1s}.
Therefore we have
m25(3(0P)) = Z{0} ® Z2{io, (19018)}
where 6 satisfies
J0.(8) = [w, 9] + w16 + wéTs
for the homomorphism jg, : m25(3(QP)) — ma5(X(0OP), S9).
Araki has determined integral cohomology of Eg/Fy in [1] as follows:
H*(Eg/Fy;Z) = N(zg, 217).
Then by Theorem 3.3 of [6], we have the following.
Proposition 2.1.
Es/Fy ~ %(0P) Ug %,

where = 6 mod ig, (19018)-

Let X denote the homotopy fibre of the natural inclusion of the SY in
Eg/Fy. Thus the Serre spectral sequence implies that the integral cohomol-
ogy ring satisfies

H*(X;Z) = T(y1),
where I'(y16) denotes the divided polynomial algebra on a generator yi6 of
degree 16. Hence we have

X:SlGUg632U648U...,

where g € 7T31(516) = Z{[t16, t16]} ® Zza{pic} ® Zo{c16} © Z3{ouu(16)} &
Zs{a2(16)}. By the equality y3; = 2y32, we have

g = i[bm, L16] + ai1pie + a2c16 + a3a4(16) + a4a2(16),
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where a; are integers. We consider the homotopy exact sequence associated
with the fibration

X 4 8L Eg/Fy.
Then for the inclusion j : S'® — X, we have
ixJx(t16) = ahg,

where a is an integer prime to 2,3 and 5.
We consider

hg 0 g = ho(%[t16, t16] + a1p16 + a2é16 + azaa(16) + asaz(16))
= ihg[qﬁ, L16] + a109p16 + A209€16 + a3a2(9)a4(16) + a4a1(9)a2(16).
By (7.2), Corollary 7.12 and Theorem 8.18 in Chapter X of [18], we have
holt16, t16] = [ho, ho]

= [09, 09] + [a2(9), a2(9)] + [@1(9), 1 (9)]
= [Lg, Lg]o‘% + [Lg, Lg]a2(17)2 + [/,9, Lg]a1(17)2.

By (7.1), Lemma 6.4 and 10.7 of [14] and by the fact that odd primary
component of 717(S?) is trivial, we have

holtie, t16] = [ho, ho]

(9, o]0t

= (o9me + g + 69)0%7
0.

By Theorem 7.6 of [15], the homomorphism ES : 7o5(S3 : 3) — m31(SY : 3)
is trivial. So we have a2(9)as(16) = E®(a2(3)as(10)) = 0. By the fact
731(S? : 5) = 0, we have a;(9)as(16) = 0. Hence we have

hg 0 g = a109p16 + a209216-
On the other hand, since j,(g) = 0 € m31(X), we have
hg o g = ixji(g9) = 0.

Then by the fact that ogpig and o916 are generators of order 16 and 2
respectively, we have

g = :|:[L16, L]_ﬁ] mod 16/)16, 044(16), a2(16).
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Hirato: Some Homotopy Groups of the Homogeneous Space E<sub>6</sub>/F<sub

SOME HOMOTOPY GROUPS OF THE HOMOGENEOUS SPACE Eg/Fy 87

3. HoMOTOPY GROUPS OF THE X

From now on, we restrict our attention to the 2-primary component and
so omit for simplicity the notation ‘2’ indicating 2-primary component of
homotopy group.

By the argument in the previous section, we have

Es/Fy = 5% Uy, e!T U e

and
X%Swuge?’?uésu...,

where

g = [t16, Lt16) mod 16p56.
For dimensional reasons, we have

WZ(X) = 71'@(516 Uy 632)
for i < 46. We consider the homotopy exact sequence

RN 7Ti<516) % 7TZ'(516 Ug 632) N 7Ti(516 Ug 632,516) 2} ﬂi_1(516) A

associated with the pair (S0 U, 32, 516). The collapsing map 7 : (S U,
e32,516) — (532 %) induces a homomorphism

T (ST U, €32 810) — 7 (5%

which is an isomorphism for ¢ < 45 by the Blakers-Massey theorem. There-
fore the following sequence is exact for ¢ < 45:

RN 7.‘.1,(516) ]_*> TF@'(SM Ug 632) L 7_‘_1,(532) i’) ﬂ'z‘fl(SlG) L e

where

A = ot m(S32) & m (S U, €32, §16) 9. mi1(S'0).
For any element « € 7, (S3!), we have
(3.1) A'(Za) = [16, t16)a mod (16p16) .

By use of this formula, we calculate A’ : 7,,41(5%2) — 7, (516) for n < 39.

We recall here some necessary results on m,4,;(S™) for ¢ < 30 determined
by Toda [14], Mimura-Toda [10], Mimura [8], Mimura-Mori-Oda [9], and
Oda [12].

Table 1.

Produced by The Berkeley Electronic Press, 2003
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1 9110|1112 |13|14| 15| 16 17
miy1(53?) olojo0|0O|O]O0]|O 0
generator
(8% Jolo|lo]0|0|0|0]|Z Z-
generator L16 e
7_‘_2_(59) Z\|75\7Zo|7Zg| O 0 |Zo|Zig| Zo®ZoDZo
generator || tg | Mg 773 vg | 010 Vg 09 o916, V9, €9
18 19 20 21 22 23
0 0 0 0 0 0
Z- Zs 0 0 Zo VAT
"7%6 V16 V126 016
Zo®ZoDZlo® Ly | ZsDly |Z3Dlo| 0| Zo |ZigDZy
0977%& VS’, M9, 910 | O9v16, Moft0 | Co, Pol17 091/126 037 K9
24 25
0 0
ZydZo Zo®ZyDZy
V16,16 V:f’G, K16, Me6E1LT
216 D72y DLy D Lo Zo®Zo®Zo Lo
0, o916, 09€16, €9 091/?6, o916, O9NIGELT, 19018
26 27 28 29
0 0 0 0
Z, Zg 0 0
N6H17 Ci6
Zs DZo®Zo® Lo Zs ®Zs 7y ® 75 | Zg
O9M6H1T, Vok12, [l9, N9M10019 | 09C16, Mojt10 | C9,09 | Ko

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 45/iss1/6
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30 31
0 Z
132
Zo ® 7o VYASY VRSV A
016, K16 [L16, L16], P165 E16
7o 75 P 7> Zig ®Zo D LoD Lo
19F10, 09K 16,04 | 09p16, 9K 1T, V9T12, 0916

32
Z,
7132
Zo®Zy D LoD Lo
Mg, 20"’ wie, 016423
216 D2 DZlo®D Lo DLy ® Lo

e — - 2
P9, VoK12, @9, Kglag — V9k12, 0§23, O9W16

33
Zy
7732,2
Zo ©7Zo BZlo Do ®ZsDZs
niem32, (S50* )32, €16, T16M23 124, V16K19; [i16
Zo®Zo DLy S ZLyDZy®Zo®Zy

= =~/ i 2
9, fig026, 0g, O9jl16, T5N23 /24, T9V16K19, T9E g

34
Zg
V32
2y ©ZLs DLy DLy
Vis, €16, 22N, M6 finr
73 D742 D7 P 7>

09€16, 09V1g, O9M6H17T, 43,9, N9 10027
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35 36
0 0
ZsDZo® Lo Zg
€165 016, W16V32 K16
Zs D 2o ®ZoDZo D Zlo®DZy D 7o Zs ©Zs® Lo
09C16, O9wi6V32, 09016, Rolag, 09028, V3R15, Mop3,10 | O9K16, (3,9, V9017
37
Zy
V§2

Zy ©Zo DLy DLo
MmeR17, O, (B3N 34, Vigras
Zo 7o ® Lo DLy D 7o
0§, O9MeR1T, O9VigVaa, UoR17, E9R17
38
VAT
032
Zi6 D26 D Lo ® LoD Lo
0r6, B0 wigV3y, E16K24, V16019
216 DZo DLy DLy D 7o
0907 g Tow16V32, C9E16K24, O9V16T19, TOEL0R18
39
Zy®7o
V32, €32
ZigDZLsDZLoDZo DZLoDZo®ZoD 7o
P16, Vi6R19, P16, V16, L&, LY, &1, Vg
Zi6 DLy DLy DLy D 7o

09P16, O9V16K19, 09916, 0916, P9032

As for the boundary formula (3.1) we have

Lemma 3.1. (1) A'(t32) = [t16, t16) mod 16p16,
(2) A'(n32) = Xn* mod wie, 016423,

(3) A'(n3y) = (S0 )32 mod wigns2, T16423732,
(1) () = (52— 2f).

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 45/iss1/6
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(5) A'(vp) = (2N,
(6) A(032) = aXo™ £ 207, for some odd integer a,
(7) A,(1732) =Yv* and A/(Egg) = X&¥/,

Proof. We remark that P(t33) = %£[t16, t16], where P denotes the boundary
homomorphism of the EHP-exact sequence.
(1) is included in (3.1).
(2) By the argument in p. 160 of [14], we have
A'(n32) = P(n33) = ™' mod wis, 0164123

(3) The relation A’(n3y) = (X7*')n32 mod wiens2, o16p3Ns2 follows immedi-
ately from (2).
(4) By Lemma 12.18 of [14], we have

A (v39) = £P(v33) = £(Z3\ — 2u5).
(5) The relation A/(v2,) = (X3)\)vs4 follows immediately from (4).
(6) By the argument in p. 323 of [8], we have
A (039) = £P(033) = +(X0™ — 207¢) mod p1o3:.
Then by Part III, Proposition 2.3 (4) of [12], we have A'(032) = aXo™* £207

for some odd integer a.
(7) By (3.4) of [9] we have

A/<532) = P(1733) =" and A/(z’fgg) = P(€33) =
0

It follows directly from Lemma 3.1 and Table 1 that the homomorphisms
A o 1(5%2)— m;(S'6) are monomorphisms for i < 39. Therefore we
obtain the following lemma.

Lemma 3.2. We have the following table of m;(X) for i < 39.

/) 1 <15 16 17 18 19 20| 21 22
i (X) 0 Z Z Z Zs | 00| Z
generator g (t16) | Je(me) | Ju(nis) | Js(v16) g (Vis)
23 24 25 26 27
YA Zy ® Lo Zy D7y Lo Z Zg
jx(o16) | Jx(16), Ju(€16) | G5(Vi), 3= (116, i (mee17) | Jx(merz) | ji(Ci6)
28 | 29 30 31 32
010 Zy ® Zo Z3> © Zo Zy ©Zo D Lo
J(0%6), 3+ (K16) | Jx(p16), 4= (E16) | Ju(nie), Jx (wi6), Jx (o161123)
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33
ZoDZo DLy DLy D7y
j*(ﬁf@‘ﬁ?ﬂ)vj*(giﬁ)vj*(0167723,u24)7j*(V16HI9)7j*(ﬂlﬁ)

34 35 36
Zs D72y D7y Zs D72y Zy Zg
35 (Vig)s 3« (€16), dx(mefinr) | Jx(Ci6), Je(wi6vs2), j«(G16) | Jx(F16)
37 38
Zy ©Zy D Lo Zi6 D Lo ®Zy® Lo
J(meRaz), j«(076), Jx (Vigv34) | 5 (076), Jx (W16V35), Jx (€16k24), Jx (V16T19)
39

VAN T XY VXV P Y T
Jx(P16), = (V16R19), 3+ (D16), 35 (V16), Jx (E1¢), I+ (PT6)

4. SOME CALCULATIONS
We consider the homotopy exact sequence
c o mi(X) 5 mi(8%) L mi(Be/Fa) S misa(X)
associated with the 2-local fibration
X -5 89 L B/,

Then for the inclusion j : S'® — X, we have
(4.1) ixJx(t16) = 09.
By use of this formula, we calculate i, : m,(X) — 7,(S?) for n < 39.

Lemma 4.1. (1) ognjs = ¢9 mod o3 a3, 4vgkia,
(2) ooniense = d9 mod figo26, 03131124,
(3) 0'9(5{6 + ﬁfﬁ) = (259032.

Proof. (1) is obtained in Part I, Proposition 3.4 (7) of [12].
(2) By (1), we have

o9N16N32 = P9n32 mod 037723/&4-
By Part I, Proposition 3.5 (9) of [12], we have

Ponz2 = 09 mod fi9oa6, Voni2R13.
Since vgni2 = 0 ((5.9) of [14]), we have

_ - 2
0977%7732 = d9 mod 19026, 09123 124.-

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 45/iss1/6
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(3) By the definition of &} (see (3.4) of [9]) and (1) we have
09(E16 + V1) = 0oni6032 = Poo32 mOd 051123032, 4912032

By (2.3) of [9], we have
oap23032 = 0.
By Part III, Proposition 2.2 (5) of [12], we have

4vgk192032 = 0.
Hence we have og9(&4 + 7jg) = ¢9032. O
For i, : 7, (X) — 7,(5?), we have the following.

Lemma 4.2. (1) The homomorphisms iy : 7,(X) — m,(S°) are epimor-
phisms for n = 16,21,22,39. For the other values of n (17 < n < 38), we
have the following table of the cokernels of i,.

n 17 18 19 20 23 24
Cokeriy | Zo @ Zo | Zo©Zo®Zo | Zo | Zs® Zo | Zy | Zog @ Zo
generator || Ug,eq | Vg, po,meE10 | Mopuo | Co, Vorir | Ko | P&
25 26 27 28 29 30 31
Zy Zo D7D 7o Zy |\ZsDZy|Zg| Zy Zo D 7o
19018 | Voki2, fig, Mop10019 | Moo | Co.09 | Ry | moRio | €9K17, Vo012
32 33 34
216 ©ZLs D 7o Zs ® Lo Zy © 7y
P9, VoR12, Rolag — VoR12 | [ig026, 0y | 13,9, 1ofi10027
35 36 37 38
Zo D7y ® LoD Lo VASSN A Zy 7o Zy
RoV3g, 09028, ViR 15, o310 | (3,9, Vo017 | DoR17, €9R17 | Mo1oFi1s

(2) For n = 16,31,34, we have the following table of the kernels of i, :
T (X) — m(S?).

n 16 31 34
Ker i, Z Zo Zo
generator || 167 (t16) | 167+(p16) | 47+(vg)
For other values of n (n < 38), the homomorphisms i, are monomor-

phisms.

Proof. (1) By (4.1), Lemmas 3.2 and 4.1, we obtain the results easily.
(2) By (4.1), Lemmas 3.2 and 4.1, we can determine Ker{i, : m,(X) —
7, (SY)} easily except for the case n = 31.
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We consider i, : w31(X) — 731(S°) where

731(S%) = {0op16, o7, VoT12, 09Z16} = Ziig © Zo D Zo D Zo.

o~

For the case g = [t16, t16] + 16p16, we have 731(X) = {j«(p16), j«(E16) }
Zsy @ Zo and j.([t16,t16]) = 16j.(p1s). By (4.1) we have i.j.(p1s) =
og9p1e and i.j«(£16) = 09&16. By (4.1) and the argument in Section 2, we
have .7« ([t16,t16]) = 09[t16,t16]) = 0. Hence we have Ker{i, : m3;(X) —
31(5%)} = {16.(p16)} = Z2 and ji([t16, t16]) = 1654 (p16)-

For the case g = [t16, t16], we have 731(X) = {Jj«(p16), j(E16)} = Ziz2 B Zo.
Then by the above argument, we have Ker{i. : m31(X) — m31(S%)} =

O

{164:(p16)} = Zs.

The following lemma will be used later.

Lemma 4.3. Let (E, p, B) be a fibration, F a fiber p~1(x) and A the bound-
ary homomorphism in the homotopy exact sequence of the fibration. Then
for any element o of mi11(B), we have

a € {p,i,Ala)}.
Proof. Let Eifl (resp. E*™1) be the upper-(resp. lower-)hemisphere of $7+1.
Since ps : mit1(E, F) — m4+1(B,*) is an isomorphism, there exists a :
(E%T!,8%) — (B, F) such that poa and a|g are representatives of o and
A(a) respectively. Then we define a map a: S — E|JCF by a‘Ei+l =a
and a| gi+1(x,t) = (algi(x),1 —2t) € CF. We define a map p: E\JCF — B
by p|lg = p and p|cr = *. Then by the definition of Toda bracket, p o a
represents an element of {p,i, A(a)}. Since poa ~ poa, we have a €

{p,i, A} O
Let us state our main result.

Theorem 4.4. We have the following table of w;(E¢/Fy) for i < 39.

i i<8| 9 10 11 12 [13[14] 15
m(Ee/Fy) | 0 Z Zo | Zo | Zs | 00| Z
generator P«(t0) | p«(n9) | p(13) | P+ (v0) p«(15)
16 17 18 19
0 YASY XSV Zo® 71y DLo Z,

(167 (16)], s (79) P (€9) | P (¥3), Px(119), P (M9210) | P (M9410)

20 21 [22] 23 24 25

Zs 7o 010 Z, Zis S Zo Zo

P«(Co), Px(Pov17) p«(K9) | D«(p'), P+(E9) | Px(p19018)

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 45/iss1/6

12



Hirato: Some Homotopy Groups of the Homogeneous Space E<sub>6</sub>/F<sub

SOME HOMOTOPY GROUPS OF THE HOMOGENEOUS SPACE Eg/Fy

26

27

28

29

ZoDZy DLy Zs

VARSY A

Zg

P« (v9r12), P« (fl9), P« (Noft10019) | Px(nofit0)

P«(Co), P<(09) | p«(Fo)

30

31

Z, Zyd 7o

P«(1M9R10) | P«(€9K17), P+ (19GT12)

32

33

Zsy ® Zs D Zy

Zy D Zs

(167« (t16)]p17, P+ (V9R12), P« (Rovag — VoR12)

P« (fioo26), P« (TG)

34

Zy D7y

D« (143,9), P+ (Moi10027)

35

2,072y DZy DLy

[45,(Vi6)], P+ (Go02s), s ((a + 1)Rov3y + aviRas), p«(nops,i0)

36 37 38 39
Zs 7o Zy 7o Z, 0
D+(C3.9), P« (P9017) | P« (PoR17), P (€9R17) | Px(M9€10R18)

Here we denote by [a] an element of m;(Eg/Fs) such that A([a]) = «a €

mi—1(X). The following relations hold:

2[167+(t16)]p17 = —p+(P9),
2[4j.(V56)] = ps(akgrzy + (a + 1)v3R15) mod p.(G9o2s),

where a = 0 or 1.

Proof. By Lemma 4.2, we can determine 7;(FEg/Fy) for i < 39 easily except

for the case i = 32, 35.

Consider the case i = 32; by Lemma 4.2, we have an exact sequence

0— Z16 D Zg @ZQ ﬁ 7T32(E6/F4) é) Z2 — 0,
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where Zig @ Zsg & Zs is generated by pg,v9R12, Kolog — Vgk1a and Zg is
generated by 167.(p16). For p.(p’) € m4(Es/Fy), we have
p«(p) € pof{og,16t16,016} by the definition of p’ ([14])
= _{pa 09, 16L16} © 017
—{p,ixjs(116), 16116} 0 017 by (4.1)

D —{p,i,165.(t16)} 0 017
= —{p,i,A[164.(t16)]} 0 017
> —[164.(t16)]o17 by Lemma 4.3.

By Lemma 10.7 of [14] and (4.1), we have

pem17(S?)o17 + m17(Es/ F1) 16017 = {p.(P9017), ps(29517), ps(0omeoir) } = 0.
Hence we have p.(p') = —[167.(t16)]o17. Then we have

p«(po) € {p«(p'), 16124, 004} by (3.2) of [9]
{—[167+(¢16)]o17, 16024, 024}

D —[164«(e16)] © {017, 16124, 724 }
> —[1654(t16)] 0 380’ by the definition of p’ ([14])
= —[167.(¢16)] 0 2p17 by Lemma 10.9 of [14].

The indeterminacy of {p.(p), 16194, 024} is

Px(p) 0 w30 (S) + m25(E/ Fa) © 025 = {ps(p'e24), Do (p'D20), i (p19075) }-
By Part III, Proposition 2.2 (1) of [12] and (4.1), we have
p«(p'124) =0

and

pi(p'eas) = pi(ogpa3) = 0.
By Lemma 2.1 (4) of [13], we have

/~090%8 = p'1ppaoas + 05#23 mod UgV:f60257 09716€17025-
By (7.20) of [14], we have ogvj3095 = 0. By Lemma 10.7 of [14], we have
o9Mmee17025 = 0. By Lemma 6.4 of [14] and Part III, Proposition 2.2 (1) of
[12], we have p'niaoas = p'os + p'e2s = 03 j23. Hence we have
/,690'%8 = 203#23 =0.
So we have
pe(p) 0 7r32(524) + ma5(Fg/Fy) 0 095 = 0

and

P«(po) = —2[1674(¢16)] P17
Therefore we have

732(Le/Fu) = {[167+(t16)]p17, P+ (V9R12), Pi(Rovag — voR12) } = Zizo ® Zg ® Zo.
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Consider the case ¢ = 35; by Lemma 4.2, we have an exact sequence

0—Zo®Zo®ZodZo s 735( L6/ Fa) A Zy; — 0,

where Zio ®Zo D Zo D Z> is generated by RQV%Q, 09098, I/&Rw, N9M43,10 and Zs is
generated by 47, (V). By the exactness there exists an element [4j,(v{4)] €
m35(E6/Fy) such that A([4j.(v]s)]) = 4j«(vig). We consider {o9, 41, 234}
The indeterminacy of the Toda bracket is

o9 0 m35(S'%) + 2m35(5%) = {0916, Cowi6V32, 09T 16 }-
So the Toda bracket {og, 4V}, 2t34} is represented by

aR9V229 + bagoog + Cvgl_ﬂg) + dnops.10 € {09, 4Vik6, 2[,34}
for some integers a,b,c,d. By Part I, Proposition 3.5 (6) of [12], we have
710029 = 0. Then the facts that (o, 4v*,2:) = v?k by Theorem 1 of [4] and
that 755(S°) = {V2R, N3} = Zo ® Zy imply that

{Jg,éllflkﬁ7 2L34} > a1/7&9V229 + (a1 + 1)1/3/2:15 + a209098,
where a; = 0 or 1. We have
—{p, 09,4V} © 2t35
—{p, i*j*(Llﬁ), 4VT6} o 2L35 by (41)
_{p7 i? 4]*(1/;6)} © 2L35

—{p, i, A([47:(vi6)])} 0 2035
[47+ (V)] © 235 by Lemma 4.3.

2[4 (V)]
Since py(09) = 0 by (4.1), we have

p*{aga 4]/{67 2L34}

mw iUl

Pps(0g 0 35(S'%) + 2735(5?)) = ps ({0916, Towievs2, T9T16}) = 0.
Therefore we have
p*(alﬁgygg + (a1 + 1)V§E15 + axd9028) = 2[47.(v15)],
where a; = 0 or 1. So we have
m35(Es/F1) = {[47:(15)], s ((a + 1)Rovdy + aviRis), p«(G9028), pe(nopz10) }
S2Z2sD7Zy D7y D Lo.
O
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