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Abstract

2(G) denotes the central gap number of a group G. We show that for n > 8, g(Sn) > n and
g(An) > n-2. We give exact values of g(Sn) and g(An) for small n’s. In particular, g(S9) = 9 and
g(A9) = 7. Therefore, for any positive integer n # 1, 3, 5 there is a group G such that n = g(G). G
can be finite or infinite.
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ON CENTRAL GAP NUMBERS OF SYMMETRIC GROUPS

HiroTaka KIKYO

ABSTRACT. ¢(G) denotes the central gap number of a group G. We
show that for n > 8, g(S») > n and g(An) > n — 2. We give exact
values of ¢g(S,) and g(A,) for small n’s. In particular, g(S9) = 9 and
g(Ag) = 7. Therefore, for any positive integer n # 1, 3,5 there is a group
G such that n = g(G). G can be finite or infinite.

1. INTRODUCTION

K. Tanaka and others introduced the notion of ladder index of a group
related to stability of the logical formula expressing the commutativity of
a group [2]. The ladder index of a group is essentially the same as the
central gap number introduced by Lennox and Roseblade [3]. K. Tanaka
proved that the central gap number of a group cannot be 1, or 3. They are
trying to prove that this number cannot be 5, but it seems that they are not
successful. K. Tanaka conjectured that the central gap number of a group
cannot be odd, and asked what is the central gap number of S7 in a meeting
at RIMS, Kyoto University in March, 2003.

With an aid of a computer, the author found that the central gap number
of S7 is 6. By improving computer programs, the author managed to find
that the central gap numbers of Sg, So, Si9, and Sy; are 8, 9, 10, and 11
respectively, and those of Ag, Ag, A1g, and Ay are 6, 7, 8, and 9 respectively.

By looking at logs of computer calculations, the author realized that the
central gap number of S, is at least n for n > 8, and that of A,, is at least
n — 2 for n > 8.

In this paper, we prove this fact and calculate the central gap numbers of
S, and A,, for n < 9. The author has no readable proof for the exact values
of the central gap numbers of Sig, S11, A10, and Aq;.

We can see that the central gap number of a direct product of groups is
the sum of those of direct components. Since g(S3) =2 and g(Ag) = 7, for
any positive integer n # 1, 3,5 there is a group with the central gap number
n. The groups can be finite or infinite.

2. PRELIMINARIES

Let G be a group. For a subset X of G, we write C(X) for the centralizer
of X in G. If X = {ay,a9,...,a,}, we also write Cg(ay,as,...,a,) for
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Ca(X). If G is known from the context, we just write C for Cg. For a
subgroup H of G, we also write Cy(X) for H N C(X) even if X is not a
subset of H.

The following definition is due to Lennox and Roseblade [3].

Definition 2.1. We say that a group G has a finite central gap number, or
merely a finite gap number, if there is a non-negative integer h such that in
any chain

Ca(Hy) < Cg(Hz) <--- < Cg(Hy) < -
of centralizers of subgroups Hy, Ho, ..., H,, ... of G, there are at most h
strict inclusions. ¢(G) denotes the least such h. We call g(G) the central
gap number of G.

Definition 2.2. Let G be a group. A sequence (a1,as,...,a,) of elements
of G is called a gap sequence in G if there is a sequence (by,bs,...,by,) of
elements in G such that for each ¢ < n, b; commutes with a; for every
j < i but not with a;. We call (by,bs,...,b,) a witness for the gap sequence
(a1,as,...,a,). We often display them in a vertical way as follows:
sequence witness

a ; b1

az ; ba

Qn, ; bn

It is easy to see that ¢g(G) is the length of the longest gap sequence in G.

Definition 2.3. For a natural number n, the height of n is k, written
ht(n) = k, if n = p1pa - - - pr where each p; is a prime number.

For a finite group G, the order of a subgroup of G is a divisor of the order
of G. Therefore, we have the following:

Lemma 2.4. If ht(|Cg(a,aq,...,ax)|) = m then the length of a gap se-
quence in G beginning with (a1, as,...,ax) is at most k + m.

Now, we turn to our notation about permutations.

Let I be a set. S(I) is the symmetric group consisting of all bijections
from I to itself using composition as the multiplication. We multiply per-
mutations from right to left. A(I) is the alternating group consisting of all
even permutations on I. If I = {1,2,...,n} then S(I) will be written S,
and A(I) will be written A,. If 0 € S(I) and z € I, o(x) is the image of z
by o. If J C I then o(J) = {o(x) : x € J}. If 7 € S(I), 07 = 707~ L. We
say that o is conjugate to ¢’ over m by 7 if (1) 77 = 7, and (2) o = ¢'7 or
o” =o'
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Definition 2.5. For a permutation o € S,,, the type (cycle type) of o is

(M .., 2m2 1)
where my, is the number of k-cycles in the cycle decomposition of o. We
usually omit k™ if mp = 0. We often omit 1™! also. For example, if

o= (12)(34)(567)(8)(9) € Sy then the type of o is (3',22,12), or (3, 22).
We call a cycle in the cycle decomposition of o a cycle component of o.

Let U be a subset of S(I). Then we define the support and the set of fized
points of U by

supp;(U) ={x € I : o(x) # x for some o € U}

and
fix;(U)={z €l:0(x)=xforall o € U}.

The following lemma is an easy fact but useful for checking if two permu-
tations are commuting.

Lemma 2.6. (1) Two permutations o and T are commuting if and only
if 0" = o. In particular, if o and T are commuting and 0 is a cycle
component of o then so is 07.

(2) Suppose two permutations o and T act on a set Q and oT = TO.
If I C Q is o-invariant then so is T7(I). In particular, fixq(c) and
suppq (o) are T-invariant.

Lemma 2.7. If X C S(J) and I = supp;(X) then
Cs()(X) = Cs(1)(X) x S(J = 1I).

Proof. 1t is clear that the right hand side is a subset of the left hand side.
Suppose 7 € Cg()(X). Then I = supp;(X) is 7-invariant by Lemma 2.6

(2) and J — [ is also 7-invariant. Therefore, 7 € S(I) x S(J — I) and hence

TECS(I)(X)XS(J—]>. [

The following fact is useful for analysis of A,,.

Lemma 2.8. If G is a subgroup of Sy, containing an odd permutation then

(G:GNA,) =2

3. LOWER BOUNDS

In this section, we show that n < ¢(S,) and n —2 < g(A,) for any
n > 8. We calculate the exact values of g(5,) and g(A,) for small n in later
sections. Note that ¢g(Sy) and g(Ay) are less than nlog, n.

Theorem 3.1. (1) g(S3) > 2.
(2) 9(S5) > 9(54)

> 4.
(3) 9(S7) = 9(Ss) = 6.

Produced by The Berkeley Electronic Press, 2008



Mathematical Journal of Okayama University, Vol. 50 [2008], Iss. 1, Art. 2

66 H. KIKYO

(4) g(Sp) > n forn > 8.

Proof. The following tables of gap sequences show the theorem:

(1)
sequence witness
(12) 5 (123)
(123) ; (12
(2)
sequence witness
(12)(34) ; (23)
(12) 5 (13)(24)
13)(24) ;3 (12)
(23) 5 (12)34)
(3)
sequence witness
12z 5 (23
(34)(56) ;  (45)
34) 5 (35)(46)
13)(24) ;3 (12)
(23) 5 (12)34)
45) ;  (56)
(4)
sequence witness
(12)(34) ; (13)
(12) ; (13)(24)
(13)(24) ; (12)
(23) ; (12)(34)
(4 5) ; (5 6)
(5 6) ; (67)
(n—5:n—4) ; (n—4:n—3)
m—3n—-2)(n—1n) ; (n—2n-1)
(n—3n-—2) ;i m=3n—-1)(n—2n)
m—3n—-1)(n—2n) ; (n—3n-—2)
(n—2n-—1) ; m—3n—-2)(n—1n)

Theorem 3.2. (1) g(A5) > g(Ay) > 2.
(2) g(A7) > g(A4g) > 4.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 50/issl/2
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(3) g(An) >n—2 forn>38.

Proof. The following tables of gap sequences show the theorem:

(1)
sequence witness
(12)(34) ; (123
(123) ; (12)(34)
(2)
sequence witness
(12)(34) ; (123
(13)(24) 5 (12)(56)
(12)(56) ; (13)(24)
(123) ;5 (12)(34)
(3)
sequence witness
(12)(3 4) ; (132)
(13)(24) ; (12)(56)
(132) ; (12)(34)
(12)(45) ; (576)
(12)(56) ; (687)
(12)(n—:5n—4) ; (n—4n12n—3)
(m—3n—-2)n—1n) ; (n—-3n—-1n-2)
(12)(n—3n-2) ; (m—=3n—-1)(n—2n)
(12)(n—4n-3) ; m—3n—-2)(n—1n)

4. EXACT VALUES

We begin with an evaluation of upper bounds of ¢(S,). The following
lemma is well-known.

Lemma 4.1. If o0 € S,, has type (11,22 . .n™n) then
|CSn (O‘)| = 1"™my12™2ma! - n™rm, ).

The following lemma is due to K. Tanaka [2]. We give a proof for conve-
nience.

Lemma 4.2 (K. Tanaka). g(G) # 3 for any group G.

Produced by The Berkeley Electronic Press, 2008
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Proof. Suppose g(G) > 3. Let (a1,a9,a3) and (b1, bs, b3) respectively be a
gap sequence and its witness in G.

If a; and ag are commuting then (aj,a9,b2,b1) is a gap sequence in G
with witness (b1, ba, asz,a1).

If a1 and as are not commuting then (bs,a1,as,as3) is a gap sequence in
G with witness (as, as, a1, bs).

Therefore, g(G) > 4 in both cases. O

Proposition 4.3. ¢(S3) =2 and g(As) = 0.

Proof. We work in S3. Any nontrivial element of S5 is conjugate to (1 2)
r (123). By Lemma 4.1, |C((1 2))] =2 and |C((1 2 3))| = 3. Since both
orders have height 1, g(S3) < 2 by Lemma 2.4. ¢(S3) > 2 by Theorem 3.1

(1)
g(Asz) = 0 since Az is abelian. O

Proposition 4.4. g(S4) = g(S5) =4 and g(As) = g(A5) = 2.

Proof. We work in S5. For any non-trivial element o of S5, Table 1 obtained
by Lemma 4.1 shows that ht(|C(o)|) < 3.

TABLE 1. Orders of centralizers in S

type of o [C(a)| ht(|C(0)])

(21 13) 22.3 3
(22,1YH 23 3
(31 12) 2.3 2
(31 21) 2.3 2
(4,1 22 2

(51) 5 1

We have ¢g(S4) = g(S5) = 4 by Lemma 2.4 and Theorem 3.1 (2).

By Lemma 2.8, Table 1 shows that ht(|Ca,(c)|) < 2 for any non-trivial
element o in As. Hence, g(As) < 3 by Lemma 2.4. We have g(As) # 3 by
Lemma 4.2. Therefore, g(A4) = g(As) = 2 by Theorem 3.2 (1). O

Proposition 4.5. g(S¢) = g(57) = 6.

Proof. We work in S7y. We have Table 2 for S7 by Lemma 4.1.

Let (01,09,...) be a gap sequence in S7. We show that ht(|C(o1)|) <5
or ht(|C(o1,02)|) < 4. Then we have g(S¢) = g(S7) = 6 by Lemma 2.4 and
Theorem 3.1 (3).

Suppose ht(|C(o1)|) > 5. Table 2 shows that o has type (2!). If o3 has a
type other than (21), ( 2), (23), and (3!), then we have ht(|C (01, 02)|) < 4.
If o9 has type (22), (23), or (3!), we can find 7 € S; such that 7 commutes
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TABLE 2. Orders of centralizers in S7

type of o |C(o)] ht(|C(o)])  typeofo [C(o)| ht(|C(o)])
(21,15 2%.3.5 6 (41,13)  23.3 4
(22 13) 24.3 5 (41,2t 1Y) 23 3
(23,1%) 2%.3 5 (41,31)  22.3 3
(31 1Y) 23.32 5 (51,12) 2.5 2

(3t,21,12) 2%2.3 3 (51, 21) 2.5 2
(31,22) 23.3 4 (61,11) 2-3 2
(32,1Y) 2. 32 3 (7h) 7! 1

with o9 but not with o;. This means that in these cases, C(o1,02) is a
proper subgroup of C'(02) and thus its order has a height at most 4. Hence
o9 must have type (2!). So, the pair (o1, 02) is conjugate to ((1 2), (2 3)) or
(12),(3 4).

By Lemma 2.7, C((1 2),(2 3)) = S({4,5,6,7}), and it has order 24 with
ht(24) = 4. Again by Lemma 2.7,

C((12),(34) =5{1,2}) x S({3,4}) x S({5,6,7}),
and it has order 24 with ht(24) = 4. O

Proposition 4.6. g(Sy) = 9.

Proof. We work in S9. We have Table 3 for Sg by Lemma 4.1.

Let (01,02,...) be a gap sequence in Sg. We show that ht(|C(o1)]) < 8
or ht(|C(o1,02)]) < 7. Then we have the statement by Lemma 2.4 and
Theorem 3.1 (4).

If ht(|C(o1)|) > 8 then o1 has type (21). If o5 has a type other than (21),
(22), (2%), and (3'), then ht(|C(01,09)]) < 7.

If 1 has type (2!) and oy has type (22), (2%) or (3!), we can find 7 € Sy
such that 7 € C(o2) but 7 ¢ C(o1). Hence C(01,029) is a proper subgroup
of C(02) and thus the height of its order is strictly less than 8.

If o1 and o9 have the same type (2!), then the pair (01, 02) is conjugate

0 ((12),(23)) or ((12),(34)). Cs,((12),(23)) =S({4,...,9}) has order
6! with ht(6!) = 7.

Cso((12),(34)) = S({1,2}) x 5({3,4}) x S({5,...,9})
has order 2 -2 - 5! with ht(2-2-5!) = 7. O

5. GAP NUMBERS OF Sg, Ag, A7, Ag AND Ag

We calculate g(Ss), g(Ag), 9(4s), g(A7), and g(Ag) in this order.
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TABLE 3. Orders of centralizers in Sg

typeofo  |C(o)]  ht(|C(o)])  typeofo [C(a)] ht(|C(0)])

(21,17 2°.32.5.7 9 (41,3121 23.3 4
(22,19) 26.3.5 8 (42,11 25 5
(23,13) 25 . 32 7 (5,14  23.3.5 5
(24,11 27.3 8 (51,21,12)  22.5 3
(31,19) 24.3%.5 8 (5,22) 23.5 4
(31,21, 14) 24. 32 6 (51,34,1Y 3.5 2
(31,22,12) 24.3 5 (5,41 22.5 3
(31,23) 24 .32 6 (61,13)  22.32 4
(32,1%) 22 .33 5 (61,24, 1Y) 22.3 3
(32,21, 11) 22. 32 4 (61, 31) 2 .32 3
(33) 2134 5 (71,12) 2.7 2
(41,19) 25.3-5 7 (71, 2h) 2.7 2
(41,2113) 24.3 5 (8,11 23 3
(41,22 11) 25 5 (91 32 2
4

(4%,3%,1?) 23.3

Lemma 5.1. Let Gg = 6'54((1 2)(3 4)). |Gg| = 8 and consists of the
identity, (12), (3 4) (type (21)), (1 2)(3 4), (1 3)(2 4), (1 (2 3) (type
(22)), (1 32 4) and (1 42 3) (type (41)).

Let G4 be the subgroup of Gg consists of the identity, and the three ele-
ments of type (22). Then G4 = Gg N Ay and G4 = Cg,(0,0") for any two
distinct elements of type (22) in Sy.

Lemma 5.2. Suppose 0,0’ € Sy have the same type (2%) and o # o.

(1) The pair (o,0") is conjugate to a pair of (1 2)(3 4)(5 6)(7 8) and one
of the following:

(1) (13)(24)(56)(7 8);
(i) (13)(25)(4 6)(7 8);
(iii) (1 3)(24)(5 7)(6 8);
(iv) (13)(2 7)(4 5)(6 8).

(2) The order of Csg(0,0") is 32, 12, 32, and 8 respectively for cases (i),
(ii), (ii) and (iv) in (1).

(3) Let Gs and G4 be as in Lemma 5.1 and G§ and Gy respectively be
their conjugates by (1 5)(2 6)(3 7)(4 8) (G and G’y are subgroups of
S({5,6,7,8})).

In case (i) in (1), Csy(0,0") = G4 x Gg.
In case (i) in (1), G4 x G is a normal subgroup of Gzy =
Csy(0,0") of index 2.

)
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Proof. (1) Up to conjugacy, we can assume that o = (1 2)(3 4)(5 6)(7 8). If
o and ¢’ have 3 or more cycle components in common then o = o’.

Assume that o and ¢’ have exactly 2 cycle components in common. Up
to conjugacy over o, we can assume (5 6) and (7 8) are the common cycle
components. Then ¢/ = (1 a)(2 b)(5 6)(7 8). Since o is fixed under conju-
gation by (3 4) = (a b), o’ is conjugate to (1 3)(2 4)(5 6)(7 8) over o. This
is (i).

Suppose o and ¢’ have exactly one cycle component in common. Up to
conjugacy over o, we can assume that (7 8) is the common cycle component
of o and ¢’. Then o' = (1 a)(2 b)(c d)(7 8) and {c,d} # {3,4}. Since o is
fixed under the conjugation by (3 4), we can assume that a or b is 3, and
since o is also fixed under the conjugation by (1 2), we can assume that
o' = (1 3)(2 b)(c d)(7 8). Since {c,d} # {5,6}, b must be 5 or 6. Also,
o is fixed under the conjugation by (5 6). Therefore, ¢’ is conjugate to
(13)(25)(4 6)(7 8) over o.

Suppose o and ¢’ have no cycle components in common. Since (1 2) is
not a cycle component of o/, ¢’ is (1 a)(2 b)(* *)(* *). Since o has 3 orbits
other than {1,2}, there is an orbit {c,d} of o such that a,b & {c,d}. Since
(¢ d) is not a cycle component of ¢/, o/ = (1 *)(2 *)(c x)(d *). Hence, o’ is
conjugate to (1 *)(2 x)(5 *)(6 *) over o. Consider how 3 and 4 occur. ¢’ is
conjugate to (1 3)(2 4)(5 *)(6 ) or (1 3)(2 *)(5 4)(6 *) over o. Therefore,
o’ is conjugate to

(13)(2 4)(5 7)(6 8) or (1 3)(2 7)(4 5)(6 8)

over o. These are (iii) and (iv).

(2) Recall G4 and Gg in Lemma 5.1. Let G§ and G’ be conjugates of
Gg and G4 by (1 5)(2 6)(3 7)(4 8). So, Gy = Cg(f5,6,7,8)((5 6)(7 8)) and
G = Cs((5,6,7,8)) (5 6)(7 8), (5 7)(6 8)).

Let o = (1 2)(3 4)(5 6)(7 8).

Case (i). o/ = (13)(24)(5 6)(7 8). If 7 commutes with both o and ¢’ then
(5 6)" and (7 8)7 are cycle components of both o and ¢’. Hence, {5,...,8}
is T-invariant and thus 7 € Sy x S({5,...,8}). Therefore,

Csy(0,0") = Cg,x5((5,...8) (0, 0") = G4 x G.

Case (ii). 0/ = (1 3)(25)(4 6)(7 8). Let 7 € Sg be an element commuting
with both o and ¢’. Then (7 8)7 is a cycle component of both ¢ and ¢, and
thus (7 8)” = (7 8). Hence, {1,...,6} and {7,8} are 7-invariant.

Suppose 7(1) = 1. (1 2)7 = (1 7(2)) is a cycle component of o and
thus 7(2) = 2. (2 5)7 = (2 7(5)) is a cycle component of ¢’ and thus
7(5) = 5. (5 6)7 = (5 7(6)) is a cycle component of o and thus 7(6) = 6.
(4 6)" = (7(4) 6) is a cycle component of ¢’ and thus 7(4) = 4. Similarly, if
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7(1) € {1,...,6} then 7 on {1,...,6} is uniquely determined depending on
the value of 7(1). Hence there are 6 possibilities for 7 on {1,...,6}.

We conclude that Cg,(0,0") has exactly 12 elements and contains (7 8).

Case (iii). o/ = (1 3)(2 4)(5 7)(6 8). Let 7 € Sg be an element commuting
with both ¢ and o”.

Suppose 7(1) = 3. (1 2)7 = (3 7(2)) is a cycle component of ¢ and
(13)" = (3 7(3)) is a cycle component of ¢’. Thus, 7(2) =4 and 7(3) = 1.
(3 4)7 = (1 7(4)) is a cycle component of o. Thus, 7(4) = 2. Hence,
7 = (1 3)(2 4)7’ for some 7" € S({5,6,7,8}). This 7/ must commute with
(5 6)(7 8) and (5 7)(6 8), and thus 7’ € GY.

With similar arguments, we can see that if 7(1) € {1,2,3,4} then 7 €
G4 x G). There are 16 elements of this form.

If 7(1) € {5,6,7,8}, we can see that 7 on {1,2,3,4} is represented by

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
5 6 78) \6 58 7)) \7 856/ P\g 76 5/

and 7 on {5,6,7,8} is represented by

5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8
123 4)° \2 14 3) \3 41 2) °\43291)

Hence, Cg,(0,0’") has an order at most 32. Since G4 x G is a subgroup of
Cse(0,0") and (1 5)(2 6)(3 7)(4 8) € Cg,(0,0"), Csy(0,0") has order 32.

G4 x G has exactly two cosets in Cg,(0,0’), namely, a coset including
(15)(26)(3 7)(4 8) and itself. Since G4 x G is invariant under conjugation
by (1 5)(2 6)(3 7)(4 8), G4 x G is a normal subgroup of Cg,(o,0’).

Case (iv). o/ = (1 3)(24)(5 7)(6 8). Let 7 € Sg be an element commuting
with both o and ¢/. We can see then 7 € Sg is uniquely determined de-
pending on the value of 7(1) € {1,...,8} by considering conjugates of cycle
components of o and ¢’ by 7. Therefore, Cg, (0, 0’) has order 8. O

With Lemma 5.2, we can calculate g(Ss).
Proposition 5.3. g(Ss) = 8.

Proof. We have Table 4 below by Lemma 4.1.

For any gap sequence (01,09,...), we show that ht(|Cg.(c1)]) < 7 or
ht(|Csq(01,02)|) < 6. Then we have the statement by Lemma 2.4.

Suppose ht(|Cs,(o1)|) > 7. Then the type of oy is (2!) or (2%). If the
type of o9 is neither (21), (2%), nor (22) then ht(|Cs,(01,02)|) < 6.

If 09 has type (2%) then it is easy to see that Csy(01,02) is a proper
subgroup of Cg,(02). Hence, ht(|Cs,(01,02)|) < 6 in this case. Therefore,
the types of o1 and o9 are among (2!) and (24).

Now, we have only three cases to consider.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 50/issl/2
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TABLE 4. Orders of centralizers in Sg

typeof o |C(o)]  ht(|C(0)])  typeofo |C(o)] ht(|C(0)])

(21,16)  25.32.5 8 (41,22) 25 5
(22,1%) 26.3 7 (44,3111 22.3 3
(23,12) 2°.3 6 (42) 2° 5
(24) 27.3 8 (51,13) 21.3.5 3
(31,1%) 23.32.5 6 (5,281 2.5 2
(3t,21,13)  22.32 4 (51,3%) 3-5 2
(31,2211 23.3 4 (6,12) 22.3 3
(32,12) 22 .32 4 (61,21 22.3 3
(32,21 22 .32 4 (71, 1Y) 7 1
(41,14 2°.3 6 (81 23 3
(41,21, 12) 24 4

Case 1. o1 and o9 have type (21). If [supp(o1, 02)| = 3 then Cg, (01, 02)
Ss. Hence, ht(|Cs,(01,02)|) = 5. If |[supp(o1,02)| = 4 then Cg,(01,02)
SQ X SQ X S4. Hence, ht(|058(0'1,0'2)|) = 6.

Case 2. o1 and o9 have type (2%). In this case, ht(|Cg,(01,02)]) < 5 by
Lemma 5.2.

Case 3. o1 has type (2!) and oy has type (2*), or vice versa. The order
of Cgq(01,02) is a common divisor of 2° - 32 -5 and 27 - 3, hence a divisor of
2° . 3. Therefore, ht(|Cs, (01, 02)|) < 6. O

2112

Lemma 5.4. Suppose permutations 0,0’ € Sy have the same type (2*) and
supp(o,o’) ={1,...,9}. Then ht(|Cs,(0,0")|) < 5.

Proof. Up to conjugacy, we can assume that o = (1 2)(3 4)(5 6)(7 8), and
(19) is a cycle component of o’

Let 7 be an element of Sy commuting with both ¢ and ¢’. Since 9 is the
only fixed point of o, 7(9) = 9. Since (1 9)” = (7(1),9) is a cycle component
of o/, we have 7(1) = 1. Since (12)” = (1,7(2)) is a cycle component of o, we
have 7(2) = 2. Thus, 7 € S({3,...,8}) and 7 commutes with (3 4)(5 6)(7 8).
Hence, Cg,(0,0") is isomorphic to a subgroup of Cs,((1 2)(3 4)(5 6)), which
has order 2% - 3. Therefore, ht(|Cg, (a,0")|) < 5. O

Lemma 5.5. Suppose two permutations o and o' have the same type (31).
Let I = supp(o,0’). If [supp(o,d’)| = 3 then Cg(py(o,0') = Cgp)(o), if
lsupp(o,0’)| = 4 or 5 then [Cgy(0,0")| = 1, and if [supp(o,0’)| = 6 then
Cs(ry(o,0")[ = 9.

Proof. Easy. O
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Lemma 5.6. Suppose two permutations o and o' have the same type (22)
and o # o’.

(1) The pair (o,0") is conjugate to a pair of (1 2)(3 4) and one of the fol-
lowing: (i) (1 3)(2 4); (i) (1 5)(3 4); (i) (1 5)(2 3); (iv) (1 2)(5 6);
(v) (1 3)(56); (vi) (1 5)(26); (vii) (15)(36); (viii) (1 7)(5 6); and

(iz) (5 6)(7 8).
(2) Let I = supp(o,0’). Then |Cgpy(o,0')| and the size of supp(o,o’)
are given as follows according to cases in (1): (i) 4 (|supp| = 4),

(i) 2 (lsupp| = 5), (iit) 1 (|supp| = 5), (i) 8 (|supp| = 6), (v)
4 (lsupp| = 6), (vi) 4 (Jsupp| = 6), (vii) 2 (Jsupp| = 6), (viii) 4
(Isupp| = 7), and (ix) 64 (|supp| = 8).

Proof. (1) Up to conjugacy, we can assume that o = (1 2)(3 4). Suppose
|supp(c,0’)| = 4. Then ¢’ belong to S4. Since ¢/ # o, ¢/ = (1 a)(2 b)
where {a,b} = {3,4}. Since o is fixed under the conjugation by (3 4), o is
conjugate to (1 3)(2 4) over (1 2)(3 4). This is (i).

Suppose [supp(c,c’)| = 5. We can assume that |supp(c,o’)| = {1,...,5}.
Since 5 is moved by o', ¢’ is conjugate to (1 5)(a b) over o where a and b
belong to {2,3,4}. If (1 5)(a b) fixes 2 then it is (1 5)(3 4). This is (ii). If
it moves 2, then it is conjugate to (1 5)(2 3) over o. This is (iii).

Suppose |[supp(o, o’)| = 6. We can assume that |supp(c,o’)| = {1,...,6}.
Then 5 and 6 are moved by o’. Therefore, o' = (a b)(56) or ¢’ = (a 5)(b 6)
for some a and b in {1,2,3,4}. If o/ = (a b)(5 6) then it is conjugate to
(1 2)(5 6) or (1 3)(5 6) over 0. These are (iv) and (v). If ¢/ = (a 5)(b 6)
then it is conjugate to (1 5)(2 6) or (1 5)(3 6) over 0. These are (vi) and
(vii).

Suppose [supp(o, o’)| = 7. We can assume that |supp(c,o’)| = {1,...,7}.
Then supp(c’) = {a,5,6,7} where a is 1, 2, 3 or 4. Therefore ¢’ is conjugate

o (1 7)(5 6) over o. This is (viii).

If |[supp(c,c’)| = 8, supp(o) and supp(c’) are disjoint. Therefore, o’ is
conjugate to (5 6)(7 8) over o. This is (ix).

(2) Let G4, Gs, and Gg be as in Lemma 5.2. Cg(y)(0,0') is isomorphic to
G4 in case (i), and to Gg x G§ in case (ix).

Case (ii). 0 = (1 2)(3 4) and ¢/ = (1 5)(3 4). Let 7 be an element of
S5 commuting with both o and ¢’. Since 5 is the only fixed point of ¢ in
{1,...,5}, 7(5) = 5. Since (1 5)” = (7(1) 5) is a cycle component of o,
7(1) = 1. Since (1 2)" = (1 7(2)) is a cycle component of o, 7(2) = 2.
Hence, 7 € S({3,4}). Therefore, Cg,(0,0") = S({3,4}).

Case (iii). o0 = (1 2)(3 4) and ¢/ = (1 5)(2 3). Let 7 be an element of S
commuting with both o and ¢’. As in case (ii), starting from 7(5) = 5, we
get 7(i) =i fori=1,...,5.
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Case (iv). 0 = (1 2)(3 4) and ¢’ = (1 2)(5 6). Let 7 be an element of
Se¢ commuting with both o and ¢’. On {1,...,6}, fix(c) = {5,6}, fix(¢’) =
{3,4} and they are T-invariant. Thus, {1,2} is also 7-invariant. Therefore,

Csq(0,0") = S x S({3,4}) x S({5,61).

Case (v). 0 =(12)(34) and ¢/ = (1 3)(5 6). Let 7 be an element of Sg
commuting with both o and ¢’. supp(c) Nsupp(c’) = {1, 3} is 7-invariant.
If 7(1) = 1, considering conjugates by 7 of cycle components of o and o’,
we have 7(i) =i for ¢ = 1,...,4 and {5,6} is 7-invariant. If 7(1) = 3, we
have 7 = (1 3)(2 4)7" with 7/ € S({5,6}). Therefore, Cs,(c,c’) has order 4.

Case (vi). o = (1 2)(3 4) and ¢/ = (1 5)(2 6). Let 7 be an element of
Se¢ commuting with both o and o’. fix(c) = {5,6} and fix(¢’) = {3,4} are
T-invariant. Since (1 5)” and (2 6)" are cycle components of ¢’, 7 on {1,2}
is uniquely determined by 7 on {5,6}. Therefore, C's, (o, 0’) has order 4.

Case (vii). o = (1 2)(3 4) and ¢’ = (1 5)(3 6). Let 7 be an element
of Sg commuting with both ¢ and ¢’. supp(c) N supp(c’) = {1,3} is 7-
invariant. If 7(1) = 1 then 7 is the identity on {1,...,6}. If 7(1) = 3 then
7 =(13)(24)(5 6). Therefore, Cg,(c,0’) has order 2.

Case (viil). 0 = (1 2)(3 4) and ¢/ = (1 7)(5 6). Let 7 be an element of
S commuting with both o and ¢’. supp(c) Nsupp(c’) = {1} is 7-invariant.
Thus, 7(1) = 1. Then we can show that 7(2) = 2 and 7(7) = 7. Therefore,
Cs,(0,0") = S({3,4}) x S({5,6}). 0

Lemma 5.7. If 0,0’ € Sy have types (2*) and (2%) respectively then
ht(|Csy(0,07)[) < 6; ht(|Cay(o,0”)]) < 5.

In particular, if 0,0’ € Ag then ht(|Cag(0,0")|) < 4 or Cag(o,0') is conju-
gate to (Gg x Gg) N Ag. Here, Gy and G§ are as in Lemma 5.2.

Proof. Up to conjugacy, we can assume that o = (1 2)(3 4)(5 6)(7 8).

Suppose 9 is not a fixed point of ¢’. Up to conjugacy, we can also assume
that (1 9) is a cycle component of ¢’. By the same argument as that for
Lemma 5.4, ht(|Cs,(c,0")|) <5 in this case.

Now, suppose 9 is a fixed point of ¢’. Then we can easily see that o’ is
conjugate to one of the following over o: (i) (1 2)(3 4); (ii) (1 3)(2 4); (iii)
(12)(35); (iv) (1 3)(25); and (v) (1 3)(5 7).

Case (i). o/ = (1 2)(3 4). In this case, Cg,(0,0’) = Gs x Gg, and thus
|Cs,(0,0")] = 26, Since Gy x Gj contains a transposition, Ca,(0,0") =
(Gs x G§) N Ag has order 2°.

Case (ii). ¢/ = (1 3)(2 4). In this case, Cg,(0,0") = G4 x G§ has order
2%,

Case (iii). ¢’ = (1 2)(3 5). Let 7 be an element of Cg,(c,0’). Since
(1 2) is the only cycle component common to o and o', (1 2)7 = (1 2).
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Then (3 5)” = (3 5) by ¢/ = ¢’. Since {3,5} is 7-invariant and (3 4)” and
(5 6)7 are cycle components of o, {4 6} is also 7-invariant. Hence {7,8} is
T-invariant. Therefore,

Cs,(0,0") C Sy x S({3,5}) x S({4,6}) x S({7,8})

and in fact, both sides are equal for Case (iii).

Case (iv). ¢/ = (1 3)(2 5). Let 7 be an element of Cg,(c,0’).

If 7(3) = 1 then 7(4) = 2 since 0™ = ¢. But in this case, 4 is a fixed point
of o/ but 7(4) = 2 is not. Hence, 7 and ¢’ are not commuting.

If 7(3) = 2 then 7(1) = 5 and 7(2) = 6 since ¢'” = ¢’ and 67 = 0. But
in this case, 7(2) = 6 is a fixed point of o’ but 2 = 771(6) is not. Hence, 7
and ¢’ are not commuting.

If 7(3) = 3 then 7(1) = 1, 7(2) = 2, 7(4) = 4, 7(5) = 5, and 7(6) = 6.
Hence 7 € Cg(g7,81)((7 8)) in this case. There are 2 such 7’s.

If 7(3) = 5 then 7(1) = 2, 7(2) = 1, 7(4) = 6, 7(5) = 3, and 7(6) = 4.
Hence 7|7 gy belongs to Cg((7.81)((7 8)) in this case. There are 2 such 7’s.

Therefore, |Cg, (0,0")| = 22 for Case (iv).

Case (v). o/ = (1 3)(5 7). Let 7 be an element of Cg,(0,0"). Then
{1,3,5,7} is 7-invariant and there are 8 possibilities for 7 on {1,3,5,7}
corresponding to the elements of Gg. Since o = (1 2)(3 4)(5 6)(7 8),
7 on {2,4,6,8} is uniquely determined by 7 on {1,3,5,7}. Therefore,
Cs,(0,0") = Gy for Case (v). O

Lemma 5.8. If 0,0’ € Ag have types (2*) and (3') respectively then
ht(|C a4 (0,0")|) < 4.
Proof. By Lemma 4.1, |Cs,(c)| = 27-3 and |Cs,(0”)| = 2%-33-5. Therefore,

|Cs,(0,0")| is a divisor of 2% - 3. Since |[supp(c’)] = 3, there is a cycle
component (a b) of o such that a,b ¢ supp(c’). Therefore, |Ca,(c,0’)| is a
divisor of 23 - 3. O

Lemma 5.9. Suppose two permutations o and o' have types (22) and (3!)
respectively, and let I = supp(o,0’). Then Cg(p)(o,0') has order 1 if |I| = 4,
at most 2 if |[I| =5 or 6, and 24 if |I| =T.

Proof. Suppose |I| = 4. Cg(py(0) = Gg has order 8 and Cg(py(0') = A3 has
order 3. Therefore, Cg(y)(c,0") has order 1.

Suppose |I| = 5. Cg1)(0) = Gy has order 8 and Cg(py(0’) = A3 x S has
order 3 - 2. Therefore, C'g(p)(o,0) has order at most 2.

Suppose |I| = 6. Cg1y(0) = Ggx .53 has order 8-2 and Cg(py(0') = A3 x.S3
has order 3 - 3. Therefore, Cg(1y(0,0") has order at most 2.

Suppose |I| = 7. Then supp(o) and supp(c’) have an empty intersection.
Therefore, Cg(py(0,0") = Gg x A3 and it has order 24. d
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Lemma 5.10. Suppose (01,092,03) is a gap sequence in Ag, o1 and oo belong
to Sy and have the same type (2%). If o3 € Sy has type (22), (31), or (2%)
then ht(|Cay(01,02,03)]) < 4.

Proof. We have Cg,(01,02) = G4 where G is as in Lemma 5.1. We consider
two cases.

Case 1. o3 has type (22) or (31).

Suppose the size of supp(o1,092,03) is k. Note that 4 < k£ < 9. Up to
conjugacy, we can assume that supp(oy,092,03) = {1,...,k}. Then

CSQ (017 02, 03) C CSk (017 g2, 03) X S({k + 1’ s 79})
and
Cs, (01,02,03) C G4y x S({5,...,k}).

Hence,
059(0'1,0'2,0'3) C Gy X S({5, . ,]{7}) X S({k’-F 1,...,9}).

Suppose k = 4. If o3 has type (22) then o3 € G4. Hence, (01,09, 03) is
not a gap sequence in Sg. Thus, o3 must have type (3'). In this case, o3
commutes with no elements in G4 other than the identity. Hence

CA9(0'1,0'2,0'3) = A({5, ce ,9})

and it has order 5!/2 with ht(5!/2) = 4.

If £ = 5 then o3 commutes with no non-trivial elements in GG4. Therefore,
Ca,(01,02,03) is A({6,...,9}) which has oder 4!/2 with ht(4!/2) = 3.

If £ = 6 then

Cs,(01,02,03) C G4y x S({5,6}) x S({7,8,9})
and If &k = 7 then
Cs,(01,02,03) C G4 x S({5,6,7}) x S({8,9}).

In either case, Cs,(01,09,03) contains an odd permutation, and therefore
Ca,(01,02,03) has an order dividing 4-3!-2/2. Thus the height of the order
is at most 4.

Suppose k = 8. Then o3 has type (22).

059(0'1,0'2,0'3) = G4 X G/8
and thus

CA9(0'1,0'2,0'3) = G4 X Gip
which has order 16 with ht(16) = 4.

Case 2. o3 has type (2%). supp(o1, 02, 03) has 8 or 9 elements.
Suppose it has 9 elements. Then o3 has a unique fixed point i € {1,...,4}.
Let
T € Csy(01,02) = G4 x S({5,...,9}).

Produced by The Berkeley Electronic Press, 2008

15



Mathematical Journal of Okayama University, Vol. 50 [2008], Iss. 1, Art. 2

78 H. KIKYO

If T|{1’m74} € (G4 is not identity then 7 and o3 are not commuting because %
is a fixed point of o3 while 7(¢) is not. Hence, Cg, (01, 02,03) is a subgroup
of S({5,...,9}). Thus Cy,(01,02,03) is a proper subgroup of S({5,...,9}).
Therefore, Ca,(01,092,03) has an order of height at most 4.

Finally, suppose supp(o1, 02, 03) has 8 elements. Up to conjugacy, we can
assume that this support is {1,...,8}. Then Cg,(01,09,03) is a subgroup
of G4 x S({5,...,8}). Since o3 has type (2%), it has a cycle component (a b)
belonging to S({5,...,8}). Choose ¢ € {5,...,8} —{a,b}. Then (a ¢) €
S({5,...,8}) but (a ¢) does not commute with o3. Hence, Cg,(01,09,03)
is a proper subgroup of G4 x S({5,...,8}). Also, Cg,(01,02,03) contains
(a,b). Thus, Ca,(01,092,03) is a proper subgroup of Cg,(01,09,03). Since
G4 x S({5,...,8}) has an order of height 6, C'4,(01,02,03) has an order of
height at most 4. O

Proposition 5.11. g(Ag) =7.

Proof. Let (01,09,03,...) be a gap sequence in Ag. We show that
ht(|Cae(01)]) < 6, ht(|Cay(01,02)]) <5, or ht(|Caq(01,02,03)]) <4

holds. Then we have the statement by Lemma 2.4 and Theorem 3.2 (3).

By Table 3 in the proof of Proposition 4.6, for non-trivial element o € Ag,
ht(|Cay (0)]) = 7 if o has type (22), (31), or (21), and ht(|Cay(0))) <
otherwise. Therefore, if o1, 09, or 03 has a type other than (22), (3!), and
(2%) then ht(|Ca, (01, 02,03)]) < 4.

We can assume that the types of o1, 02, and o3 are among (2?), (3'), and
(2%). We consider cases according to the types of o1 and os.

Case 1. o1 and oy have type (2%). In this case, ht(|Ca,(01,02)|) < 5 by
Lemmas 5.2 and 5.4.

Case 2. o1 and o9 have type (3'). Let I = supp(o1,02). By Lemma 5.5,
3 <|I| <6. Let J={1,...,9} — I. If |I| = 4 then

Csq(01,02) = Cg(py(01,02) x S(J) = S(J) = 55
by Lemma 5.5. Therefore, ht(|C4,(01,02)|) = ht(5!/2) = 4.
Similarly, if |I| = 5 then Cg,(01,02) = S(J) = S4 and hence
ht(|Ca,(01,02)|) = ht(4!/2) = 3.
If |I| = 6 then Cg,(01,02) is conjugate to
As x A({4,5,6}) x S({7,8,9})

and hence ht(|C4,(01,02)|) = ht(9 - 3!/2) = 3.

Case 3. o1 has type (2%) and o3 has type (22), or vice versa. In this case,
ht(|Caq(01,02)]) <5 by Lemma 5.7.

Case 4. o1 has type (2%) and oy has type (3'), or vice versa. In this case,
ht(|C4,(01,02)|) <4 by Lemma 5.8.
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Case 5. o1 has type (22) and o5 has type (3!), or vice versa. By Lemma
5.9, if |supp(o1,02)| = 4 then |Ca,(01,02)| = 5!, if |[supp(o1,02)| = 5 then
|Cay(01,09)| =2 -4, if |supp(o1,02)| = 6 then |Ca,(01,02)] = 2- 3!, and if
|supp(o1,02)| = 7 then |Ca,(01,02)| = 24 - 2. Hence, ht(|Ca,(01,02)|) < 5.

Case 6. o1 and o9 have type (22). Let I = supp(oy,02). If |[I| = 5 then
Csq(01,02) = Cg(p)(01,02) x Ss. Hence, ht(|Ca,(01,02)|) < 4 by Lemma
5.6. Similarly, if || > 6 then ht(|C4,(01,02)|) < 5.

If |I| = 4 then ht(|C4,(01,02,03)|) < 4 by Lemma 5.10. O

Proposition 5.12. g(Ag) = g(47) = 4.

Proof. Let G4 and Gg be as in Lemma 5.1.
Let (01,09,03,...) be a gap sequence in A7. We show that

ht(|Ca, (01,02)]) <2, or ht(|Ca,(01,02,03)]) < 1.
Then we have the statement by Lemma 2.4 and Theorem 3.2 (2).

Claim 1. Cy4.(01,02) has an order of height at most 2, or, is conjugate to

G4 X A({5, 6, 7})

By looking at the types of even permutations in Table 2 in the proof of
Proposition 4.5, C'4.(01,02) has an order of height at most 2 if the type of
o1 or o9 is neither (22) nor (3!). We have 3 cases to consider.

Case 1. o1 has type (22) and o3 has type (3!), or vice versa. Let I =
supp(o1,02). Then Cg. (01, 02) is isomorphic to

Cs(ny(o1,02) X S7_7-

If |I| < 7, then we can show that the latter group has an order of height at
most 2 by Lemma 5.9.

Suppose |I| = 7. Then o and o9 have disjoint supports. Hence C. (01, 02)
is conjugate to Gg x A({5,6,7}). Therefore, C4,(01,02) is conjugate to
Gy x A({5,6,7}).

Case 2. o1 and o9 have type (3!). Let I = supp(o1,02). If the supports
of o1 and o9 are the same then (o1, 09) cannot be a gap sequence. So, |I| is
4, 5, or 6. Considering the cases according to |I|, we can easily check that
ht(|Ca, (01, 02)]) < 2.

Case 3. o1 and o2 have type (22). Let I = supp(oy,032). If |I| = 4
then Cg. (01, 09) is conjugate to G4 x S({5,6,7}). Since G4 consists of even
permutations, Cy,(01,09) is conjugate to Gy x A({5,6,7}). If |I| > 4, we
can check that ht(|C4,(01,02)|) < 2 using Lemma 5.6. Claim 1 is proved.

Claim 2. Suppose (01,092,03) is a gap sequence in A7 and Cyg,(01,02) =
Gy x A({5,6,7}). Then ht(|C4,(01,092,03)|) < 1.

If o3 ¢ Sy x S({5,6,7}), we can easily check that C4,(01,092,03) is a
trivial group.
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Suppose o3 = 77’ where 7 € Sy and 7/ € S({5,6,7}). Then
Ca,(01,02,03) = Cg, (1) X Cygs.6,70) ()

Since o3 € A7, T and 7' are both even, or both odd.

If 7 and 7" are odd, then C (56 7y)(7') is trivial, and Cg,(7) is trivial or
has order 2. Hence, Cy4.(01,09,03) is trivial or a group of order 2.

If 7 and 7" are even, then Cy(5671)(7') is A({5,6,7}), and Cg,(7) is G4
or trivial. Hence, Ca.(01,092,03) is A({5,6,7}), which has order 3. O

Lemma 5.13. Suppose H is a subgroup of a direct product G x G’ and
Hy = HNG'. Then for any g1, 92 € G, g19yHo = g2g5Ho for some g1, g5 € G’
implies g1 = go. Therefore, if H is finite then

|H| = |Ho|- {9 € G : g9 € H for some g' € G'}|.

Proof. Suppose ¢1,92 € G, g191Ho = g295Hy for some ¢},g5, € G'. Then
91 Y929, 'gh € Hy € G'. Hence g1 gy € G/, and thus g, g € GN G
Therefore, g; ~!gs is the identity. O

Proposition 5.14. g(Ag) = 6.

Proof. Let G4, G}, Gg, G§, and G32 be as in Lemma 5.2.

Suppose (01,092,053, 04,...) is a gap sequence in Ag.

We prove the statement by a sequence of claims. Here is an outline of
the proof. In Claim 1, we prove that C44(01,02) has an order of height at
most 4 or is conjugate to one of few groups. If C,(01,02) is one of these
groups, we show that C4, (01, 09, 03) has an order of height at most 3 or it is
conjugate to G4 X Gy in Claims 3 to 5. Finally, if C'44(01,02,03) = G4 X G
then Cyug(01,092,03,04) has an order of height at most 2 by Claim 2.

We show Claim 2 before Claim 3 because we need it also in the proof of
Claim 3.

Claim 1. Cy,(01,02) has an order of height at most 4, or, is conjugate to

(Gg X Glg) N Ag, Gsa, or G4 X A({E), e ,8}).

If the type of o € Sg is not (7!), we can easily check that Cg,(0) contains
an odd permutation. Therefore, by Table 4 in the proof of Proposition 5.3,
if the type of o1 is neither (22) nor (2%) then C,(01) has an order of height
at most 5, and hence C44(01,02) has an order of height at most 4.

Suppose that the type of oy is (22) or (2%). If the type of oy is neither
(22), (2%) nor (3') then ht(|Ca,(02)|) < 4 by Table 4. Again by Table 4,
|Cag(01)] = 2° - 3 with i = 5 or 6, if o9 has type (31) then

|Caq(02)| =2%-3%-5

and hence |Ca, (01, 02)| is a divisor of 22 - 3.
Now, we can assume that the types of o1 and o5 are among (22) and (2*).
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Suppose that the types of o1 and o9 are (22) and (2%) respectively, or vice
versa. By Lemma 5.7, ht(|Ca4(01,02)|) < 4 or Cy,(o1,02) is conjugate to
(Gg X G/8) N As.

Suppose that the types of oy and o9 are (2%). By Lemma 5.2,

ht(|Cag (01, 02)]) < 4

or Cy,(o1,02) is conjugate to Gsa.

Suppose that the types of o1 and oy are (22). If 5 < |supp(oy,02)| <
7 then ht(|Ca4(01,02)|) < 3 by Lemma 5.6. If |supp(oq,02)] = 4 then
Ca4(01,02) is conjugate to Gy x A({5,6,7,8}). If |supp(c1,02)| = 8 then
Cag(01,02) is conjugate to (Gg x G§) N Ag. Claim 1 is proved.

Claim 2. Let 04 € As. If Cg,xq,(04) is a proper subgroup of G4 x G}
then ht(|Cq,xq; (04)]) < 2.

Assume that o4 ¢ Si x S({5,6,7,8}). Then Cg,xq,(03) N Gy is triv-
ial. By Lemma 5.13, |Cg,xq,(04)] is at most |G4f -1 = 4. Therefore,
ht(|Ce,xa (0a)]) < 2.

Assume that o4 € Sy x S({5,6,7,8}). Let o4 = 77" with 7 € S4 and
7' € 5({5,6,7,8}). Then Cg,xq,(04) = Cg, (1) x Cgr (7'). Since o4 is an
even permutation, 7 and 7/ are both even, or both odd. Suppose that 7 and
7/ are odd. Then Cg,(7) is a proper subgroup of G4 and Ca, (') is a proper
subgroup of Gj. Therefore, ht(|Cq, xq, (04)]) < 2.

Suppose 7 and 7' are even. Then Cg,(7) is G4 or trivial and Cg (7') is
G, or trivial. Therefore, If C’GMG&(JAL) is a proper subgroup of Gy x G/
then ht(|Cq,xq, (04)]) < 2. Claim 2 is proved.

Claim 3. Let o3 € As. If Cgy,(03) is a proper subgroup of Gsa then
ht(|Cay, (03)]) < 3 or Cay,(03) = G4 x GY.

Gy x Gy C Sy x S({5,6,7,8}) is a normal subgroup of Gy of index 2 by
Lemma 5.2 (3). Hence, the product of any two elements in Gy — (G4 x G})
belongs to G4 x G’;. Therefore Cg.,(03) N (G4 x G)) has an index at most 2
in Cay, (03). Since Cgyy (03) N (Ga X GY) = Cg, xa,(03), it is G4 x G or has
an order of height at most 2 by Claim 2. Therefore, if C.,(03) is a proper
subgroup of Gsz then it is G4 x G’ or it has an order of height at most 3.
Claim 3 is proved.

Claim 4. Let H = (Gg x G§) N Ag, and o3 € Ag. If Cy(o3) is a proper
subgroup of H then ht(|Cr(03)|) < 3 or Cy(o3) = G4 x G.

We consider Cgyxay(03).
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Case 1. 03 & S4 x S({5,6,7,8}). Cgyxqy(0s) N Gy is trivial or consists
of the identity and one 2-cycle since G§ consists of the identity, two 2-cycles
(5 6), (7 8), and five permutations with support {5,...,8}.

We count the number of 71 € Gg such that 717 € CGsxG/S(O'g) for some
79 € G§ and then use Lemma 5.13.

Up to conjugacy, we can also assume that o3(1) = 5.

Subcase la. o3 maps {1,2,3,4} to {5,6,7,8}. In this case, CGsXG'g(O'g) N
Gy is trivial and therefore |Cgyx gy (03)] < [Gs| = 8 by Lemma 5.13.

Subcase 1b. o3 commutes with (1 3 2 4)7/ or (1 4 2 3)7’ for some 7’ in
G§.

Suppose o3 commutes with (1 3 2 4)7’ for some 7/ € G§. Then

(1324)%7793 = (132 4)7.

Since o3(1) =5, (1 3 2 4)78 is a cycle component of 7/, and hence o3 maps
{1,...,4} to {5,...,8}. This is Subcase la.

If o3 commutes with (1 4 2 3)7’ for some 7" € G§, the same argument
reduces the situation to Subcase 1la.

Subcase lc. o3 commutes with (1 3)(2 4)7" or (1 4)(2 3)7’ for some
' e Gy.

Suppose o3 commutes with (1 3)(2 4)7’ for some 7/ € G§. In this
case, (1 3)7 = (5 03(3)) is a cycle component of 7/. Hence, 03({1,3}) C
{5,...,8}. By Subcase la, we can assume that 03({2,4}) ¢ {5,...,8}. Since
(2 4)73 is a cycle component of (1 3)(2 4)7’, we have 03({2,4}) C {1,...,4}.
Therefore, if Ty € C(;ngg(ag) with 71 € Gg and 7o € G§ then 2-cycles
(1 2), (34), and (1 4) cannot be a cycle component of 71. Hence, 71 can
be the identity or (1 3)(2 4). By Lemma 5.13, Cgyxqy(03) has order 2 or
4 =22

If o3 commutes with (1 4)(2 3)7’ for some 7/ € G§, a similar argument
shows that the same statement holds.

Subcase 1d. None of the subcases above hold. In this case, there are
at most 4 possibilities for 71 € Gg such that 773 € Cgyxay(03) for some
75 € G%. Therefore, Caexay (03) has an order at most 8 = 23,

Case 2. 03 € Sy x S({5,6,7,8}). Let o3 = 77/ with 7 € Sy and 7’ €
S({5,6,7,8}). Then Cgyxa,(03) = Cay(T) X Cgy (7). Since o3 is an even
permutation, 7 and 7/ are both even, or both odd.

Suppose 7 and 7’ are odd. Then Cg,(7) is a proper subgroup of Gg
containing an odd permutation and Cgé(T/ ) is a proper subgroup of G§ con-
taining an odd permutation. Therefore, CngGg (03) contains an odd permu-
tation and its order is a divisor of 16. Therefore, Cp(03) = Cgyxgy(03) N As
has an order dividing 8.
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Suppose 7 and 7’ are even. Then Cgy(7) is G, G4 or trivial, and Cgy (77)
is G, G} or trivial. Therefore, if Casxa,(03) is a proper subset of G X G4
then Cg,xy (03) has an order dividing 8 or it is Gy x Gy, G4 x Gy, or Gy x G}
Therefore, ht(|C(03)|) < 3or Cy(o3) = Cayxay(03)NAs = G4 x Gy Claim
4 is proved.

Claim 5. Let H = G4 x A({5,6,7,8}) C Ag and o3 € Ag. If Cy(o3) is a
proper subgroup of H then ht(|Cy(03)]) < 3 or Cr(o3) = G4 x GY.

Assume that o3 € Sy x S({5,6,7,8}). Then Cg(o3) N A({5,6,7,8}) is
isomorphic to Az or trivial. By Lemma 5.13, |Cy(03)| is at most |Gy|-|A3| =
12. Therefore, ht(|Cr(03)]) < 3.

Assume that o3 € Sy x S({5,6,7,8}). Let o3 = 77/ with 7 € S4 and
7€ S({5,6,7,8}). Then Cy(03) = Cg,(7) X Cas,....8) (7). Since o3 is an
even permutation, 7 and 7’ are both even, or both odd.

Suppose 7 and 7" are odd. Then Cg,(7) is a proper subgroup of G4 and
Ca(15,....8y) (7") is a proper subgroup of A({5,...,8}). Therefore, ht(|C'y(03)|)
<3.

- Suppose 7 and 7’ are even. Then Cg,(7) is G4 or trivial; C s, 81 (7')
is A{5,...,8}), G, or a subgroup of A({5,...,8}) conjugate to As. There-
fore, ht(|Crr(03)|) < 3 or Cp(o3) = G4 x GYy. Claim 5 is proved. O

6. POSSIBLE GAP NUMBERS
Lemma 6.1. g(G x G') = g(GQ) + g(G’).

Proof. Tt is straight forward to show that ¢(G x G') > g(G) + g(G").

We show that g(G x G') < g(G) + g(G"). For any a,b € G and o',V € G,
aa’ and bb' are commuting if and only if ¢ and b are commuting and a’ and
b are commuting.

Suppose (aiaj,...agay) is a gap sequence in G x G’ with a witness
(b1b},... b)) in G x G’, where the a;’s and b;’s are in G and the a}’s
and the b)’s are in G'.

Let {Z :agb; 7£ blaz} = {il,... ,’il} where i; < --- < 4; and let {1, ,]{1}—
{iv,....9} ={J1,-..,Jjm} where j1 < -+ < jp,. Then (a;,,...,a;) is a gap

sequence for G' with a witness (b;,,...,b;) in G and (a ,...,a} )is a gap
sequence for G with a witness (0),,...,0} ) in G'. Therefore, k =1+ m <
9(G) +9(G@). O

As a corollary, we get the following theorem:

Theorem 6.2. For any natural number n £ 1,3,5 there is a group G such
that n = g(G). G can be finite or infinite.
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Proof. If H is an abelian group then g(H) = 0. We have ¢(S3) = 2 and
g(Ag) = 7. Therefore we have the statement by Lemma 6.1. O

We still do not know whether a group G with g(G) = 5 exists.

Finally, we give some questions. Is it true that ¢(S,,) = n for any n > 8?
Is it true that g(A,,) = n—2 for any n > 87 Is it true that g(A,) = g(S,)—2
for any n > 37

We can see that g(Sp4r) > g(Sp) + k for & = 4 and for any k£ > 8.
Therefore, if we can find infinitely many n’s such that ¢(S,) = n then
9(Sy) = n for any n > 8.
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