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Nagahara and Nakajima: On strongly cyclic extensions of commutative rings

ON STRONGLY CYCLIC EXTENSIONS OF
COMMUTATIVE RINGS

TAKASI NAGAHARA and ATsusHi NAKAJIMA

In [6], we have studied cyclic extensions of commutative rings which
contain the prime field GF(p) (p540). In this paper, we shall study
strongly cyclic extensions of commutative rings and sharpen some results
of Kishimoto for strongly abelian extensions {4]. In §1, we shall give
some properties of strongly cyclic extensions. We consider first strongly
cyclic extensions of an arbitrary commutative ring, and later place some
restrictions on the base ring, e.g. without proper idempotents. Applying
the results of §1, we shall study in §2 strongly abelian extensions.

In all that follows, B will be assumed to be a commutative ring which
contains a primitive #-th root { of 1 such that # and {1—¢'; =1, 2, -,
n—1} are in U(B), the set of all unit elements of B. We set '={1, ¢, -+,
&*'}. Further, all ring extensions of B will be assumed to be commutative
and have the identity 1. Moreover, we shall understand by a divisor of #
a positive integer which divides #. As to other terminologies used in this
paper, we follow [1], 3] and [6_.

2. Strongly cyclic extensions. We now begin with lemmas for
separable polynomials.

Lemma 1.1. Let m be a divisor of n, and v a primitive m-th root of
1in . Let f(X)=X"“—b € B[X]. Then f(X) is separable if and only
if bis a unit in B.

Proof. We set B[x_=B[X]/(X"—b) where x=X-+(X"—b). If f(X)
is separable then m«™'is a unit in B{x] by [2, Prop.1.8]. Therefore
is a unit in B[«x]. Since x"=25, bis a unit in B{x]. Hence noting that
1,z ---, 2 'is a free basis of B[x_ over B, it is easily seen that & is a
unit in B. Conversely, if b is a unit in B then x is a unit in B{x]. Since
fG2)=00<i<m—1) and yx—7/x€ U(B[x]) (i 7 j), we have f(X)=
(X—«) (X—7x) -+ (X-—%""'x). Then it follows from 75, Th.] that f(X) is
separable.
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Lemma 1.2. Let m be a divisior of n, and 7 a primitive m-th root of
1in . Let f(X)=X"—b € B[X] be separable. If there is a ring
extension A of B such that f(a)=0 for some a in U(A) then f(X)=
(X—a)(X—ya) «~ (X—3""'a); and if, in addition, there exists a
B-algebra automorphism o of A with o(a)=7a then there exists an
tsomorphism B[X]/(f(X)) — Blal such that

(i) g(X)+(f(X)) — gla).

Proof. The first assertion is clear by the proof of Lemma 1.1. The
latter can be proved by making use of the same method as in the proof of
[6, Lemma 1.1].

Definition 1.1. Let ADT DB be ring extensions, and m a divisior
of n. If there exists a unit ¢ in A and a ring automorphism ¢ of A such
that

(1) o is of order m,

(2) T is the fixring of & in A,

(3) o(a)=ya for some primitive m-th root 5 of 1in I,
then A/T is a (s)-Galois extension (see, the proof of Th. 1.2) and is called
a stromgly cyclic (o; m; a)-extension. Occasionally, a strongly cyclic
(o; m; a)-extension will be called simply e strongly cyclic (o; m)-extension
or a strongly cyclic m-extension.

Lemma 1.3. Let ADTDOB be ring extensions, and o an automor-
phism of A of finite order m. If m is a divisor of n and T is the fixring
of o in A then the following conditions are equivalent.

(1) A/T is a strongly cyclic (o; m)-extension.

(2) There exists a unit a in A such that a-+no(a@)+-+7""'16"" (a)
€ U(A) for some primitive m-th rvoot 7 of 1in I'.

Proof. Set g(a)=a+7o(a)+ -+ 73" 6" () where 7"=1. Then
o(g(a))=7""g(a). If c(a)=7a then g(a"")=ma™"". This proves (1)<=>(2).

Theorem 1.1. Let m be a divisor of n, and v a primitive m-th root
of Lin I". Assume f(X)=X"—bEB[X] is separable. Then B[X1/(f(X))
is a strongly cyclic (¢; m)-extension of B where o is given by

(ii) X+(f(X)) — 1 X+(f(X)).
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Proof. The map 2.: b X*— X b, (X)' defines an automorphism of
B[X] sending f(X) into f(#zX)= f(X), which induces therefore an
automorphism ¢ of B[X]/(f(X)) of order m. Set x=X+(f(X)). Since x
and 1—% (1 =i < m—1) are in U(B[x]), the same argument as in the
proof of [6, Th, 1.1] enables us to see that B is the fixring of ¢ in B[«].
Therefore B[«] is a strongly cyclic (o; m)-extension of B.

Combining Lemma 1.2 and Th. 1.1, we have the following

Corollary 1.1. Let A be a ring extension of B, and ¢ a B-algebra
automorphism of A. If there exists an element a of U(A) such that a" =B
and o(a)=va for some primitive m-th root v of 1 in I' then the diagram

®
BIX1/(f(X)) ~ Bla]
(ii)l (1) l O']B[a] 5 f(X)=X”‘-—a”‘
B[X]/(f(X))—> Bla]

is commutative, and Bla] is a strongly cyclic (¢|Blal; m)-extension of B.

Theorem 1.2. If A is a strongly cyclic (o; m; a)-extension of B then
fFX)=X"—a" is a separable polynomial in B[X], A=B[a] and is
isomorphic to B[ X]](f(X)) by (i).

Proof. Since A is a strongly cyclic (¢; m; a)-extension of B, o(a)=
7a for some primitive m-th root 7 of 1 in I'.  Then ¢"=0c(¢™) is in
U(B) and f(X) is separable by Lemma 1.1. By Lemma 1.2, B[ea] is
isomorphic to B[X]/(f(X)) by (i). Now, it is easily seen that for 0 < i,
GE=Zm—1, 0, =l;3'a—7a)) " iw;(5'a—*(s’a)) which is
written as >0, %, 6%(9), %, ¥, €B_a]. Then for every u= A, we have
u=22 %, Tey (uy,) EBlal, where T, (uy)=uy,+o(uy,)+ -+ '(uy,).
Hence it follows that B[z] = A.

As a direct consequence of Th. 1.2, we have the following

Corollary 1.2. Let A and A' be strongly cyclic (c; m; @) and
(¢’ m; a')-extension of B, respectively. If a™=a'" then A and A' are
B.algebra isomorphic.

Theorem 1.3. Let T/B be a strongly cyclic (=; m; £)-extension, where
n=ms. Then there is a strongly cyclic (¢; n; a)-extension A of B such that
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1) A is a strongly cyclic (c"; s; a)-extension of T.
(2) o|T=<" for some positive integer u with (u, m)=1.
3) a=t.

Proof. By assumption, <(¢)=%t, where »=(&*)" and (i, m)=1.
There exists then a positive integer » with (x, m)=1 such that =*(/)={"%.
To be easily seen, T[X]=23: X' — X, *{¢) (€X) = T[X] is an
automorphism of order # and it induces an automorphism < in
A=T[X]/(X—1):

(iii) SUEX (X)) - Do) EX) - (XE—1).
Then ¢™ is a T-algebra automorphism of A :
(ii" X+(X'—t) — "X+ (X"—1).

Hence by Th. 1.1, A is a strongly cyclic (¢”; s)-extension of 7. We set
a=X+(X*—f). Then, ¢ is a unit of 4 with &'=¢ and ¢(¢)=&a. Combin-
ing this with ¢|7T=<* it follows that A is a strongly cyclic (¢; n; a)-
extension of B.

Theorem 1.4. Let A be a strongly cyclic (o n; a)-extension of B,
n=ms and t=a'. Assume T is the fixring of (") in A. Then A is
a strongly cyclic (¢"; s; a)-extension of T and T is a strongly cyclic
(| T; m; t)-extension of B, and the following diagram

@)
TIX]/(X*—f) —> A
(iii)i @ l p

TIX]/(X*—f) — A

is commutative, where (") is defined as for B[X1/(f(X)) in Lemma 1.2.

Proof. It is clear that ¢|T is of order m and B is the fixring of ¢| T
in T. Since o"(f)=¢, ¢t is in U(T). We set a(a)=C'a, where (i, n)=1.
Then (7| T)(#)=¢"t, and T is a strongly cyclic (¢|T; m; f)-extension of
B. Now the commutativity of the diagram will be easily seen.

Theorem 1.5. Let A be a strongly cyclic (¢; n)-extension of B.
(1) IfCis a B-algebra with an identity element then CQ A is a
strongly cyclic (1 & o ; n)-extension of CQ 1 (= C).
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(2) If Nis a proper ideal of B then ANNB=N and AJ/AN (=
B/N ® :A) is a strongly cyclic (1 Q o; n)-extension of B/ N.

(3) If S isamultiplicatively closed subset of B not containing O then
the quotient ving A[S™"] (= B[S™'] Q sA) is a strongly cyclic 1 @ o ; n)-
extension of B[S™].

Proof. Since B is a direct summand of A as B-module, C=C®1C
C ® A, and (1) is almost evident. (2) and (3) are direct consequences
of (1).

The next will be easily verified.

Theorem 1.6. Let n1,, m, be divisors of n with (m, m,)=1. If A,
are strongly cyclic (6.5 m;; a;)-extensions of B(i=1, 2) then A/QsA,is a
strongly cyclic (o, Q 03 mum,; @ Q a.)-extension of B.

Theorem 1.7. Let A be a strongly cyclic (o5 m; a)-extension of B,
and set m=q1q52 - g, where q,, q., -=-q, are the prime divisors of m
with (g, q)=1 (¢ 5=7). Then A is isomorphic to A1 R 34: R - Q 54,
where A, is a strongly cyclic q/i-extension of B.

Proof. We have (6)=(0))X(s.)X -+« X (o)), where (¢;) is a cyclic
group of order g;/i.  Let ®&;=(0)X -+ X(0:-1) X (6:4,) X -+ X (0,), A, the
fixring of @, in A, and a;=Ng, (@) (= I1.<g, 7(@)). Then a; = U(A,) and
o(a)=0:Ng, (a) =Ng, (¢:(a)) = 7Ng, (a) = 7a; for some primitive ¢/i-th
root 7 of 1 in I'. 'Therefore A; is a strongly cyclic ¢/i-extension of B and
we can prove easily A= A4, Q ;4. QX -+ Q 4.

Lemma 1.4. Let B be a ring without proper idempotenis, and q
a prime divisor of n. In order that a separable polynomial fF(X)=X"—c
is irreducible in B[X] if and only if f(b)5~0 for every b in B.

Proof. Since ¢ is a prime divisor of », the proof proceeds in the
same way as in the proof of [6, Lemma 1.2].

Lemma 1.5. Let B be a ring without proper idempotents, and f(X)
a separable polynomial in B[X]. Let B[X]/(f(X)=A, D - P A,
where the A; are ideals with no proper idempotents, and f(X)=f(X) ---
fi (X), where the f{X) are irreducible polynomials in B[X]. Then k=|.
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Proof. C.f. the proof of {3, Th.2.9].

Theorem 1.8. Let B be a ring without proper idempotents, and m
a divisor of n. Then, there is a strongly cyclic (v; m)-extension of B
without proper idempotents if and only if there exists an element b, in
U(B) such that X™—b, is irreducible in B[ X .

Proof. Let A be a strongly cyclic (v; m; «)-extension of B without
proper idempotents. Then, by Th. 1.2, we have ¢* & U(B) and a B-algebra
isomorphism B[X]/(X"—a") == Bla] =A. Therefore X"—a" is irredu-
cible by Lemma 1.5. Conversely, if we set A=B[X]/(X"—b,) then A is
a strongly cyclic (z; m)-extension of A by Th.1.1. Since X"—b, is
irreducible, A has no proper idempotents again by Lemma 1.5.

Now, we shall introduce here the following definition.

Definition 1.2. Let f(X) be a monic polynomial in B{X]. A ring
extension A of B is called e splitting ring of f(X) if fF(X)=(X—a)--
(X—a,) and A=B[a, -+, &x] with some a.€ A.

Theorem 1.9. Let mn be a divisor of n, and A a splitting ring of a
separable polynomial f(X)=X"—c¢ in B{(X]. Assume that A has no
proper idempotents and A is projective as B-module. Then A is a
strongly cyclic extension of B. If, in particular, m is prime and A 2 B
then A is a strongly cyclic m-extension of B.

Proof. Since A is a splitting ring of X*—¢, we have f(X)=(X—a,)
-«(X—a,) and A=B[a, -+-, @,] with some ;4. Then by 3, Lemma
2.1], we obtain {a, -, a.}= {a=a,7a, ---, 7" 'a} for a primitive m-th
root 7 of 1 in I, and hence A=B[a]. By [5, Cor.6], A is a Galois
extension of B. Let & be the Galois group of A/B, and 7, - =®. If o(a)=
7'a and 7(@)=7’a then ov(a)=7'7’a. Hence G is isomorphic to a subgroup
of the cyclic group generated by ». This enables us to see that A is a
strongly cyclic extension of B.

Lemma 1.6. Let T be a ring extension of B, and - a B-algebra
automorphism of T whose order is a prime divisor q of n. Suppose there
exist elements t, tyin U(T) such that ©(t,)=tt" and N (t)=7 for some
primitive q-th root 1 of 1in I', where Nes(t)=1tz(¢) -« (¢). If T has no
proper idempotents then T[X]](X'—1) has no proper idempotents.
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Proof. Suppose that T has no proper idempotents and &’=f#, for
some ¢ in 7. Then =(¢")=(at)" and hence (v(a)a 't ')"=1. Since X"—1 is
a separable polynomial, it follows that 7(@)a 't '=7' for some i (cf. [3,
Lemma 2.1] and [5, Remark 2]). Then 5 '=Ng(-(a)a™'t") = N,(5")=1,
which is a contradiction. Hence by Lemma 1.4, X?—¢, is irreducible in
T[X]. Therefore T[X]/(X"—{.) has no proper idempotents by Lemma
1.5.

Theorem 1.10. Let q be a prime divisor of n, A a ring extension of
B, ¢ a B-algebra automorphism of A of order q°, and T the fixring of o*
in A. Assume that A is a strongly cyclic (6*; q)-extension of T. If T has
no proper idempotents, then so s A.

Proof. By Th.1.2, there exists an element ¢< U(A4) such that
@'€U(T) and o(¢)=%a for some primitive g-th root 7 of 1 in I. Set
t=a'e(a) and t,=a". Then o' ()=t U(T), o'(t)=1t,E U(T), to(t):--c'"'(t)
=aq ‘e (a)=y, tt"=a’a (o(a))'=0o(t), and ¢|T is an automorphism of
T of order ¢. Moreover, T[X]/(X"—4¢,) is isomorphic to A by Th. 1.2,
Hence, if T has no proper idempotents then, by Lemma 1.6, A has no
proper idempotents.

Corollary 1.3. Let m be a divisor of n, q a prime divisor of m,
and t > 0 an integer which is a multiple of q. Let A be a ring extension
of B, o a B-algebra automorphism of A of order tm, and T the fixring
of o in A. Assume A is a strongly cyclic (¢'; m)-extension of T. If T
has no proper idempotents then the fixring T, of 7 in A has no proper
idempotents.

Proof. By Th.1.4, T, is a strongly cyclic (¢*|T,, g)-extension cf 7.
Clearly ¢'| T, is an automorphism of 7, whose order is a divisor of ¢°.
Since (¢*!"| T))'=¢"| T, is of order ¢, it follews that ¢"¢| T, is of order g*.
Hence by Th. 1.10, the result is clear.

In what follows, let ¢, be the product of all different prime divisors
of n

Theorem 1.11. Let m be a divisor of n, and t > 0 an integer which
is @ multiple of q,. Let A be a ring extension of B, ¢ a B-algebra auto-
morphism of A of order tm, and T the fixring =* in A. Assume A is a
strongly cyclic (6'; m)-extension of T. If T has no proper idempotenis,
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then so is A.

Proof. By making use of repeated use of Cor. 1.3, one will easily
obtain the result.

Theorem 1.12. Let A be a strongly cyclic (¢} n)-extension of B, and
B, the fixring of o in A. Then

(1) A has no proper idempotents if and only if B, has no proper
itdempotents.

(2) Ais a field if and only if B, is a field.

(3) Aisadomainif and only if B, is a domain.

(4) Ais alocal ring if and only if B, is a local ring.

Proof. By Th.14, A is a strongly cyclic (a%; n/g,)-extension of B,.
Hence by Th.1.11, we obtain (1) and (2). Moreover, (1) enables us to
apply the same argument as in the proof of [6, Th. 1.8] to obtain (3) and
(4).

Combining Th. 1.12 with Th. 1.5, we have

Corollary 1.4. Let A be a strongly cyclic (o; n)-extension of B, and
Biasin Th. 1,12, Let C be a B-algebra with an identity element, N a
proper ideal of B, and S a multiplicatively closed subset of B not con-
taining O, Then

(1) CQ A (resp. AJAN (resp. A[S™])) has no proper idempotents
if and only if CQ 4B, (resp. B,/B.N (resp. B,[S™'])) has no proper
tdempotents.

(2) C QA (resp. AJAN (resp. A[S™'])) is a field if and only if
C Q B, (resp. Bi/B\N (resp. B,[S7'])) is a field.

() CQ sA (resp. A/AN (resp. A[S™'])) is a domain if and only if
C Q sB, (resp. By/B\N (resp. B.[S 1)) is a domain.

4) CQ nA {resp. A]AN (resp. A[S™])) is a local ring if and only
if CQ sB (resp. B.!BN (resp. B,[S7])) is a local ring.

Theorem 1.13. Le: 4 be a ring extension of B, ¢ a B-algebra auto-
morphism of A of order w’ (s >0), and T, the fixring of ' in A (s=1i
= 0). Assume that for every i >0, T, is a strongly cyclic (o'"i—l | T3 n)-
extension of Ti_y. Then

(1) A has no proper idempotents if and only if T, has no proper
tdempotents.
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(2) Aisa field if and only if T, is a field.
(3) Ais adomainif and only if T, is a domain.
(4) Ais alocal ring if and only if T, is a local ring.

Proof. Applying the result of Th. 1.11, the proof proceeds in the
same way as in the proof of Th. 1.12.

2. Strongly abelian extensions. If a field A is a Galois extension
of B with the Galois group (¢y) X (4.) X --- X (¢) where the order of (¢)) is a
divisor of »#, then it is seen that the fixring of (y) X -+ X (0;_;) X (6441) X »++
X (7,) in A is a strongly cyclic extension of B. We shall introduce here
the following definition.

Definition 2.1. Let A/B be a Galois extension with a Galois group
(60) X () X -+ X (0.) and &;= (a7) X ++» X (77;-1) X (6:41) X ++- X (7). If the fixring
A;of ® in A is a strongly cyclic (¢;] A;; n;)-extension of B, then A/B
will be called a strongly abelian (ay, -, 7. ; #, +++, n.)-extension.

It is easy to prove the following theorems which correspond Th. 1.6
and Th. 1.7 respectively.

Theorem 2.1. Let A; (1 =< i = ¢) be strongly cyclic (a;; n;)-extensions
of B. Then A, Q A, Q -+ Q sA. is a strongly abelian (¢, <+, 0. ; n, -+
#n.)-extension of B.

b

Theorem 2.2. Let A be a strongly abelian (o), -+, 6.5 ty, =+, R)-
extension of B. If A, is the fixring of (6)X +++ X(0;-)) X (6:41) X +++ X (0,) in
A, then A is isomorphic to A; @ 34, Q -+ X zA..

Next, corresponding to Th. 1.12, we shall present the following

Theorem 2.3. Let A be a strongly abelian (oy, -+, 6,5 1y, ==+, #.)-
extension of B. Let R, be the fixring of (61)X -+ X (ate) in A, where k; is
the product of all different prime divisors of n..

(1) A has no proper idempotents if and only if R, has no proper
idempotents.

(2) Ais a field if and only if R, is a field.

(8) Ais adomain if and only if R, is a domain.

(4) A is alocal ving if and if R, is a local ring.

By Theorems 1.3, 2.1, 2.2 and 2.3, we have the following
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Theorem 2.4. Let n;, (1 = i < e) be divisors of n and k; the product
of all different prime divisors of n,. Then

(1) there is a strongly abelian (n, -, n.)-extension of B which has
no proper idempotents if and only if there is a strongly abelian (k,, -+, k.)-
extension of B which has no proper idempotents.

(2) There is a strongly abelian (n, -+, n,)-extension of B which is a
domain if and only if there is a strongly abelian (b, -, k,)-extension of
B which is a domain.

(3) There is a strongly abelian (n, -+, n.)-extension of B which is a
local ring if and only if there is a strongly abelian (ky, ---, k.)-extension
of B which is a local ring.
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