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ON GENERATING ELEMENTS OF IDEALS
IN SKEW POLYNOMIAL RINGS

Dedicated to Professor Kazuo Kishimoto on his 60th birthday

SuOicur IKEHATA and Atsusii NAKAJIMA

Let K be a field, p: K - K an automorphism of order n, and F = K” =
{a € K|p(a) = al the fixed subfield of K by p. Let R= K[X; p] be the
skew polynomial ring in which the multiplication is given by aX = Xp(a)
(e € K). As is well known that for any two-sided ideal J in R, there exist a
non-negative integer i and a monic polynomial h(¢) in F[t] such that J =
X'h(X™)R = RX'R(X™) ([5]). Thus for any polynomial f in R, we ought to
get the above i and A(¢) such that RfR = X°W(X™R = RX'A(X™). How can
we get such a non-negative integer i and a polynomial A(t) in F[t] from f
explicitly?

In this paper, we shall show a systematic method to get such a polynomial
h(t) in F[t] from f(section1). In section 2, we consider the similar problem
for the skew polynomial ring of derivation type.

1. Automorphism type. Let K be a field, p: K —» K an automorphism
of order n, F= K” ={a € K|p(a) = al the fixed subfield of K by p and
R = K[X; p] the skew polynomial ring of automorphism type. In this section,
for any monic polynomial fin R, we will find a non-negative integer i and a
monic polynomial A(t) in F[t] such that I = RfR = X‘A(X™)R = RX'W(X™).

Let f=X"+ X" 'an_1+---+X’a; (a; % 0) be a monic polynomial in R.
Since

f= Xi(Xm_i‘*‘Xm_i_‘am—l'F"'+ai) = Xig,
where g = X" *+ X" “'apn_,+---+a;, we have
I'= RfR = RX'gR = X'RgR.
Therefore in the following, we assume that

f= X"'+X'""am_1+---+Xa1+ao (ao*O) and I: RfR.

First we prove an elementary lemma which is useful in our study.
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Lemma 1.1.

(1) IfXYisinl for some v =1, then I = R.

(2) RX*+I=Rforallk=1.

(3) IfX'gisinl for some y =1 and g in R, then g is in I

Proof. (1) IfX¥isinI for some v = 1, then
Xu—lfz Xm+u—1+Xm+u—2am_l+”_+Xyal+Xv—lao c I

and so XY 'a, is in I. Since a, is non-zero, we have X*~' is in I. Repeating
these processes, we have X° =1 isin [, i.e., I= R.

(2) Since the ideal RX*+1 contains X* and f for any k = 1, we have
RX*+4 1= R by the similar way as in (1).

(3) By(2), R= RX"+1Ifor any v = 1 and so there exist © in R and
v in I such that 1 = uX”+v. Thus g = uX’g+vg is in L

Lemma 1.2.
(1) R=K[X; p] = K[X"] & XK[X"] ®---& X" 'K[K"] as K[X"]-
modules.

(2) For any two-sided ideal J in R,
J=((K[XTNnJ)® (XK[X]NJ) &---& (X"'K[X"] nJ).

That is, for any y inJ, if y = yo+ 3+ +Ya_1, where y, are in X'K[X"],
theny;are inJ forany 0 < i< n—1.

Proof. (1) is clear because X"a = aX" for any a in K.
(2) Since K/F is a(p)-Galois extension, then by [2, Th. 1. 3], there
exists a Galois coordinate system | a;, b;} in K such that

Sab;=1 and Xp4a)b,=0(1 i< n-1).
7 3

Thus Y,(a;—pXa,))b; =1 for any 1 < i<n—1. If y, is in X'’K[X"],
then ay; = y;p(a) for any a in K. Hence we have

n-1 .
J D ya—ay = Z.:nyc(a—p‘(a))-
Replace a by a; in the above equation, we get
n-1 i n-1
%:;;yil(aj—p (a; )bl = L_Zlyz e J.

Therefore yo = y—>,7=)'y: is in J. Repeating these processes, we have y;
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areinJ foranyl < i< n—1.

Now we have the main theorem in this section.

Theorem 1.3. For any monic polynomial
f=X"+X""an1+--+Xai+a, (ao % 0)

inR= K[X; p], we can explicitly get a monic polynomial k(1) with non-zero
constant term in F[t] such that

I= RfR = Rh(X") = h(X™R.

Proof. We divide the proof into two cases.
Case I. Assume that fis in F[X]. If we set

f= fo+Xfi+-+ X" fu (fi € F[X"]),

then by Lemmas 1.1 and 1. 2, f;are in I for any 0 =< i < n—1. We define
[ as follows :

If f,=0, then f*=0.

If f, % 0, then f* = fia;', where a, is the coefficient of the highest
degree in f;.
Then f*R= Rf*(0 < i< n—1) and

I= Rfo*+Rf1*+"'+Rf7f_1.

The greatest common divisor of f5*, fi* ---, fF | except zero polynomals is of
the form A(X™) for some h(t) in F(#) and in this case I = Rh(X™ = K(X™R.
thus A(X™) is the requested one.

Case II. Assume that fis not in F[X]. Since K/F is a Galois extension,
then by [2, Lemma 1. 6], there exists an element ¢ in K such that

tric) = c+plc)+--+p"(c) = 1.
We define the map r: K[X; p] = F[X] as follows.
r(;x"d,:) = SX*indy).
Then Y70 X'YfeX™ ' = X"¢(fc) is in I and by tr{c) = 1, z(fc) is a monic
polynomial in F[X] of degree n. If we set z(fc) = X°g;. where g is in

F[X] and the constant term of g, is non-zero, then by Lemma 1.1(3), g, is
in I. Now we have
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f=tlfe) = [— X%
= X"(an,— tlame))+--+X"(an,— t(an,c))
= er(lluh

where m > m, >---> m; 20, an,, any.+* an, € F, an,— t(an;c) ¥ 0(1 <
J=7), uy = amn,— r{amc) and ¢, is a monic polynomial in K[X] of degree
(my—ms) < m with non-zero constant term. Using by Lemma 1. 1(3) again,
g is in [ and

I'= RfR = RgziR+ Rq.R.

If g, is in F[X], then we take g, = q,, and since g, g; are in F[X] with
non-zero constant term, we have by the Case I, there exist A,(X™} and A {(X™)
such that

RgiR = Rh(X™) = h(X™R and Rg.R = Rh{X") = h{X")R.

Thus if we take the greatest commom divisor A(¢) in F[t] of h\(t) and ho2)
in F[t], we have I = H(X™)R = Rh(X™). If ¢, is not contained in F[X],
then repeating the similar method as above, we can get a finite set of polyno-
mials g, g2,++»&s in F[X] N I such that deg g, > deg g, >---> deg gs, each
g: has non-zero constant term and

I= Rg1R+Rng+---+RgsR.

By Case I, there exist monic polynomials A,(X™) in F[X™] such that Rg;R =
h(X™R = Rh(X™. Thus if we take the greatest common divisor h(t) of h;,
then h(%) is the requested one.

Corollary 1.4. Let fi, f2.++. fr be any polynomials in R = K[X; p] and
I= RfiR+Rf;:R+---+Rf,R. Then we can find a monic polynomial h(t) in
F[t] and a non-negative integer s such that I = X°h(X")R = RX°h(X™).

Proof. [t follows from Theorem 1.3 that there exist monic polynomials
hi(2), ho(t),---,h{t) with non-zero constant terms in F[t] and non-negative
integers si. sz.:*-, sr such that Rf;R = X*h,(X™)R = RX*h(X"(1 £ i<
r). Thenby Lemmal.1, XSR+h(X"R= R foralll < j, j < r. Noting
this, we can easily verify that I = X°A(X")R = RX°h(X"), where s = min
{s1, $2,+-+, 87} and A(t) is the greatest common divisor of hy(2), hy(2), -, h1).

Example 1.5. Let K be the complex number field and let p: K — K be
the automorphism defined by p(a+bi) = a—bi. Let f= X°*+ X'+ X°+ X*+
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X+1 and g = X°+ X*+2X°+X*+X+1 be the polynomials in R = K[X;
p). Since f= X(X‘+X*+1)+(X*+X*+1), then by the proof of Th. 1.3,

RfR= (X'+X*+1)R = R(X*‘+ X*+1).

On the other hand, since g = X(X*+2X*+1)+(X*+X*+1) and X'+
2X*+1 and X*+ X?+1 are in RgR, we have

X = (X*+2X’+1)—(X*+ X*+1) € RgR.
Thus by Lemma 1. 1(1), RgR = R.

2. Derivation type. Let K be a field, D: K - K a non-zero deriva-
tion, F = |a € K|D(a) = 0}, the constant subfield of K by D. Let R =
K[X; D] be the skew polynomial ring of derivation type in which the multi-
plication is given by aX = Xa+D(a)(e € K). If K is of characteristic
zero, then it is well known that R is a simple ring (e.g. [3, Theorem 7. 28]).
If K is of characteristic p > 0 and [K: F] = n <oo, then it is easy to see
that » = p°. Then the ideal structure of R is well known. Indeed, for any
nonzero ideal J of R, there exists a monic polynomial g in R such that J =
gR = Rg(e.g.[1]). However, for any monic polynomial f in R, it may not be
easy work to find a monic polynomial g in R such that RfR = gR = Rg. The
purpose of this section is to show a method to get g from f. In [4], one of the
authors studied H-separable polnomials in skew polynomial rings, and some
results in there will be used in this section.

In the following, we assume that K is of characteristic p > 0, [K: F]
=p% f=X"+X"'an_,+---+Xar+a, € R= K[X; D] and I = RfR.

Then by [6, p. 190, ex. 3], the minimal polynomial of D as a linear
transformation in K over F is a p-polynomial of the form

P P et Paat tay (a; € F)

and Hom(:K, rK) = K[D](the subring generated by D and the left multipli-
cations of elements in K). We put here

¢= Xpe+Xpe_lae+---+Xpaz+Xa1 € R.

Then ¢ is contained in the center of R and it is an H-separable polynomial in
R by [4, Theorem 3. 3]. It follows from [4, Theorem 3. 4] that for any monic
polynomial g in R with gR = Rg, there exists a monic polynomial A(%) in F[]
such taht g = h(¢). Hence we shall get explicitly A(t) in F[t] such that
I=h(¢)R = Rh(¢).

Produced by The Berkeley Electronic Press, 1991



Mathematical Journal of Okayama University, Vol. 33[1991], Iss. 1, Art. 4

32 S. IKEHATA and A. NAKAJIMA

First, we shall prove the following

Lemma 2.1.
(1) R=K[X:D] =K[¢] & XK[¢] &---® X 'K[¢] as K[¢]-
modules.

(2) For any two-sided ideal J in R,
J=(K[glNJ)o X(K[g] NJ) @& X K[g] N J).

That is, for any vy in J, if ¥y = yo+ Xy1+ -+ X 'ye_,, where y; are in
K[¢], then y, are inJ for any 0 < i < p°—1.

Proof. (1) Since ¢ is contained in the center of R, the result is clear.
(2) Since [K: F] = p® and Hom(:K, -K) = K[D], it follows from
[4, Theorem 3. 3] that there exist c;, d; € K such that

ZDPE—I(Cj)dj = 1, ZDk(Cj)dj - 0 (O g k g pe_z).

k

v

Since aX* = LOX”( )D""’(a) and ay; = yia(a € K), we have

pe—1
JD ay—ya= a( > X”yk)—ya
k=0

- BB L)rem)

v=0

for any a in K. Replace a by c¢; in the above equation, we get

k=y+1

is in J. Repeating these processes, we have y; are in J for any 0 = i<
e
p—1.

Now we shall state the theorem

Theorem 2.2. For any monic polynomial
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f= Xm+Xm_lam—1+"'+Xal+ Ao

in R= K[X; D], we can explicitly get a monic polynomial h(t) in F[t] such
that

I= RfR = Rh(¢) = h(¢$)R.

Proof. We divide the proof into two cases.

Case I. Assume that f is in F[X]. If we set f= fi+Xfi+
oo+ X7 fre i (fi € FLg]), then by Lemma 2.1, f, are in I for any
0 =i=p°—1. We define f;* as follows :

If f, = O, then f* = 0.

If f, % 0, then f* = f:b;', where b; is the coefficient of highest degree
in f;.

Then f*R = Rf*(0 < i< p°—1) and
I'= Rf&*+Rf*+--+Rf_..

The greatest common divisor of f¢*, fi* --- f£_, except zero polynomials is of
the form h(¢) for some monic polynomial A(#) in F[t] and in this case I =
Rh(¢) = h(@)R. Thus h(¢) is the requested one.

Case II. Assume that fis not in F[X]. Let tr: K - K be the map de-
fined by tr(a) = X% oa;-.D” a)(a € K). Since t*+t*° 'aet -+ t*a;
+ ta, is the minimal polynomial of D over F, we have Dir = 0 and there
exists an element d in K such that tr(d) % 0. Hence tr(K) is contained in F
and tr(¢) = 1, where ¢ = tr(d)~'d. We defineamap r: K[X; D] » F[X]
as follows : 7(33:X"dx) = 2JxX*tr(dyx). Since any ideal J in R is D-in-
variant, we know that J is also z-invariant. Hence ¢(fc) is a monic polyno-
mial in F[X] N I of degree m. We set here gy = 7(fc). Then we have

f—‘t'(fC) =f—g:
= X" (an,— t(amc)) +++ X" (an,— r(an,c))
= X" qiu,

where m>m, > > My = 0, Qmys Amyy "y Am, & -F» Am;— T(amJ'C) ¥ O(l =
j< 1), 4y = @n,— r(am,c) and ¢, is a monic polynomial in K[X] N I of
degree m; < m. Then we have

I= RfR = Re.R+Rq.R.

If q; is in F[X], then we take g = q., and since g, g, are in F[X], we
have by the Case I, there exist h\(¢) and Ay(¢) such that

Re:R = Rhi($) = h(4)R and Rg:R = Rhi4) = hi$)R.
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Thus we take the greatest common divisor A(¢) of 4,(z) and Ax() in F[t], we
have I= h(¢)R = Rh(¢). If q, is not contained in F[X], then repeating
the similar method as above, we can get a finite set of polynomials g, g2+, gs
in F[X] N I such that deg g1 > deg g, >---> deg g5 and

I= Rg:R-l— Rg2R+ + RgsR.

By Case I, there exist monic polynomials A«{#) in F[¢] such that Rg,;R =
h{#)R= Rh(¢). Thus if we take the greatest common divisor A(i) of
hi(t), h(2),---, ht), then A(2) is the requested one.

Corollary 2.3. Let fi, f2,--, fr be any polynomials in R = K[X; D]
and I = Rfi\R+Rf:R+---+ RfrR. Then we can find a monic polynomial h(t)
in F[t] such that I= h(¢)R = Rh(¢).

Proof. In fact, it follows from Theorem 2. 2 that there exist k() in
F[t] such that Rf.R = h(@¢)R = Rh{$)(1 < i< r). Then the greatest
common divisor A(z) of A,(2), A(2), -, h{t) is the desired one.

We shall conclude our study with the following example.

Example 2.4. Let k be a field of odd prime characteristic p, K = k(y)
the rational function field over &, and

D= yd—dy a derivation of K,

and R= K[X; D]. Then F= K” = k(y"). By Hochschild’s formula [6,
p. 191 ex. 15], we have

d\’ d \*° d \*~! d d
v =(og) =75 +g) Og=s5=>

Hence °—1 is the minimal polynomial of D over F.

Let fi = X*—2X*+X, f, = X¥"-2X°+2X, and f; = X”—X*(y+1)
+ Xy be in R. Then we have f; = (X*—X)*—(X*—X), fo =(X*—X)*—
(XP—X)+X, and f; = (X*—X)?—(X?—X)y. In virture of Theorem 2. 2,
we can obtain Rf\R = Rf, = fiR, Rf.R = R and Rf,R = R(X*—X) =(X*—
X)R.
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