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ON RINGS OF CERTAIN TYPE ASSOCIATED
WITH SIMPLE RING-EXTENSIONS

SusuMu ODA, Mitsuo KANEMITSU and KEN-icHI YOSHIDA

Let R be a Noetherian domain (which is commutative and has a
unit), let R[X] be a polynomial ring, let & be an element of an algebraic
extension field of the quotient field K of R and let 7: R[X] — R[a] be
the R-algebra homomorphism sending X to . Let ¢o(X) be the monic
minimal polynomial of o over K with deg yo(X) = d and write ¢o(X) =
X4 X9 14...4+n4 Thenn; € K (1 <i < d) are uniquely determined
by a. Put d = [K(a) : K], I, :== R:gn; and Ijy) := NL, L. If Ker(r) =
Iiq)pa(X)R[X], we say that o is anti-integral over R (cf. [3]). Put Jiq) :=
Iiq)(1,m, ... ;na)- Then Jjq) = c(Ijq)@a(X)), where c( ) denotes the ideal
generated by the coefficients of the polynomials in ( ), that is, the content
ideal of ( ). If Jj) € p for all p € Dp, (R) := {p € Spec(R) | depthR, = 1},
the element « is called a super-primitive element over R. A super-primitive
element over R is anti-integral over R (cf.[3, Theorem 1.12]). It is also
known that any algebraic element over a Krull domain R is super-primitive
over R (cf.[3, Theorem 1.13]), and hence « is anti-integral over R. We also
note here that Ij) = R & R[a] is integral over R and that Jop =R &
Rla] is flat over R, provided that « is anti-integral over R.

Assume that o is an anti-integral element of degree d > 2 over R.
We have seen in [1] that Rla] N Rla™'] = R® Ijq(1 & -+ & [[5)Ca-1 as
an R-module, where ¢; := o' + qia*™! 4+ --- +n; (1 < i < d). Note that
€4 = pala) =0. Put {p := 1 and ng := 1 for convenience. It is easy to see
that a¢; = (i+1—mi+1 (0 <7 < d—1) by definition. Note that R[a]NR[a™!]
and R[a] are birational and their quotient fields are equal to K(a). Let
H be an ideal of R and put Cy := R+ H(; + -+ + H(4_;, which is an
R-submodule in K(a) = K© K(, &---® K{3_;. Our objective of this
paper is to investigate when Cy forms a subring of K (o) (R-algebra).

Throughout this paper, we use the above notation and conventions
unless otherwise specified. Our general reference for unexplained terminol-
ogy is [2].

We start with the following lemma, which is obviousely seen.

Lemma 1. Assume that o is an anti-integral element of degree d
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over R. Let H denote an ideal of R. Then Cy forms a subring of K(a) if
and only if Hzggj CCyq foralli,je{1,2,...,d—1} with j <1i.

Proposition 2. Let H denote an ideal of R. Assume that o is an
anti-integral element over R of degree d = 2. Then Cy forms a subring of
K(a) if and only if H*n C H and H?np C R.

Proof.  Note ¢(; = a + m and hence ¢} = (e +m) = o1 +
mé = (& — 2 +mé = mé — 2 (here { = 0). Assume that Cqy is a
subring of K (a). Then H?(? € Cg yields that for any h € H, h®m(; —
h?ny; € R+ H(, C K & K(;. Consequently, H?p C H and H?p, C R.
Conversely, take a + h1(1,b + ho(s € Cy with hy,ho € H and a,b € R.
Then (a+h1¢1)(b+ haC1) = ab+ (ahy +bh1)(1 + h1ho(? € R+ H( because
hihe(? € H*(? = H*(m¢1 —m2) C R+ HG = Ch.

We consider the case d = 3, and compute (;(; by a definite calculation.

Example 3. Assume that o is an anti-integral element of degree
d = 3 over R. Note {; = a+m1, (o = a1 + n2 and (3 = a2 + n3. Thus

¢ =Gla+m) =ali +mG =G —n+mli,
(261 = Gala+m) =aCe+lm =G —nm+m¢=-n3+m¢ and
3 = G(aly +m) = (@(2)C1 + Gm2 = (G — )G + G = —m3(1 + 72C2
because (3 = 0.
Assume that Cy is a subring of K(a). Then we have H?np C H,
H?py C H and H?n3 C H since (2,(2(; and (% are in Cg.
Conversely, if H?n, C H, H?ny C H and H?n3 C H, then (Z,(2¢, and
¢2 are in Cg. So we conclude that Cy is a subring of k(a) by Lemma 1.

Lemma 4. Assume that o is an enti-integral element of dgree
d(> 3) over R and that 1 < j <i<d.
(i) Ifi +j < d, then

J -1
(*) GGj = Civg — D MiteGi—t + Y MjmsGicks-
t=1 s=0
(ii) If i+ j > d, then
d—i d—i-1
(%) GG == mimGimet Y MimsCis:
t=1 s=0

(Note that d —i >0 andd —i — 1> 0 because 1 < j <i<d.)
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Proof. Note first that ng := 1, {p := 1, {4 = 0 and (;41 = ali + Nit1-
Now we compute (;(; as follows :

Gi¢; = Gilagj-1 +nj)
= a1 + 1;Gi
= (Gi+1 = Mmi+1)Gi-1 + 705G
= (ir1G—1 — Mi1Gi—1 + 06
= Gi+2Gi-2 — Mi+2C-2 + Mj-1Ci+1 — Ni+1G5-1 + 705G
= Cip2Gi—2 — (Mir2Ci—2 + miy1Gi—1) + (06 + nj—18i+1)

(i) Repeat the above process, we have

J Jj-1
GG = Gi+io— D MitiGi—t + D MizsCiks:
=1

s=0
that is,
J i—1
GG = Gt — D Mistljmt + D i sCits-
t=1 s=0

(i) Put {:=¢+j—d. Thenj <i<dyieldsf{ <d—1and j—¢>1. Thus
continuing the above process yields

j—t j—t-1
GG = Cale— D miseCict+ Y, Mi-sCivs,
t=1 s=0
that is,
d—1i d—i—1
(%) GGi=—Y mnCioi+ ¥ Nj—sCits-
t=1 5=0

Remark 5.  Assume that o is an anti-integral element of dgree
d(> 3) over R and that 1 < j < i < d. For (i,j) with i + 7 < d, let
Agj) :={j—t|t-——1,...,j}andAgi’j) ={i+s|s=0,...,7—1}
For (i,7) withi+j > d, let AYY := {j—¢t|¢t=1,...,d i} and
AV ={i+s|s=0,...,d—i—1}
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() i+j < d, then A N AY = ¢ because j — ¢t < i+, and
Uisjea@Pua®) = {0,1,2,... ,d -1}

(ii) Assume ¢ + j > d. Then Agi) N Agj’i) = 0 because j —t < i+ s.
Put ey := —1ifk € AV and e :=11if k € AP, Then

(%) GG= ). erMitj-klk-

IINERITNG
Consider (2 ;. Then we have

Cg—l = Ca—1{aCa—2 + Ma—1)
= a(g-1¢d—2 + Na-18d-1
= (¢a — ma)Ca—2 + Na—-18d—1
= —ndala-2 + Na—-1Cd—1-

Hence if C3_1 € Cp, then H?py € H.

Theorem 6. Assume that a is an anti-integral element of degree
d(> 3) over R. Let H be an ideal of R. Then Cy := R+H( +---+H(q-1
is a subring of K () if and only if H?*n; C H for alli (1 <i < d).

Proof. Our conclusion follows Lemmas 1 and 4 and Remark 5.

Corollary 7. Assume that o is an anti-integral element of degree
d(> 3) over R. Let H be an ideal of R. If Cy is a subring of K(a), then
every element in Hwy; is integral over R for all i (1 <i <d).

Proof. We have H2p; C H for all i (1 < i < d) by Theorem 6.
So Hy; C H :x H. Since H is a finitely generated ideal, any element in
H :g H is integral over R. Thus every element of H; is integral over R
for all i (1 <7 <d).

Corollary 8.  Assume that R is normal and that o is of degree
d(> 3) over R. Let H be an ideal of R. If Cy is a subring of K(«), then
H C I and hence Cy C Rla] N R[o™].

Proof. Since R is normal, the element « is anti-integral over R by
[3]. We have Hn; C H:x H= R foralli (1 <i<d), thatis, H C JINE
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Theorem 9. Let H be an ideal of R. Assume that a is an anti-
integral element of degree d(> 2) over R.

(1) If Cy is a subring of K(c), then H? C I[q)-

(2) Assume that grade(H) > 1. Then Cy is a subring of K (o) if and
only if n; € R for all ¢ if and only if o is integral over R.

(3) If Iq) # R and if Cy is a subring of K(a), then grade(H) < 1.

(4) When H is an invertible ideal and d > 3, H C Ijy) if and only if
Cy ts a subring of K(a).

Proof. (1) Assume that d > 3. Since Cy is a ring, we have H2p; C H
for all (1 < i < d) by Theorem 6. Hence H?7; C H C R, which means that
H2 C I, forall (1 <i<d). Thus H?> C Ijo)- Next assume that d = 2.
Then Proposition 2 yields our conclusion.

(2) Assume that Cy is a subring of K(a). Then H? C Ij,) by (1). Hence
1 < grade(H) < grade(/[4]), which means that Ila) = R because Ij,) is a
divisorial ideal of R. So we have I, = R for all 1 (1 < i < d), that is,
n;i € R for all i (1 < 4 < d). Furthermore « is integral over R by [3].
Conversely, assume that a is integral over R. Then Ijq) = R (cf. [3]), and
hence 7; € R for all (1 <i <d). Soifd >3, H?>n; C H yields that Cy is
a ring by Theorem 6. If d = 2, Cy is a ring by Proposition 2.

(3) Our conclusion follows the result (2).

(4) Since d > 3, Cp is a subring if and only if H?n; C H for alli (1 < i < d).
Since H is invertible, H?n; C H for all i (1 < i < d) if and only if Hn; C R
for all ¢ (1 <i<d)if and only if H C Ij).

Theorem 10. Assume that o is an anti-integral element of degree
d(> 2) over R. Let H be an ideal of R. If H C Ii,, then Cy is a subring
of K(a).

Proof. The inclusion H C iy yields that H?p; C H(C R) for all i
(1 <i<d). Hence Cy is a ring by Proposition 2 and Theorem 6.

Corollary 11.  Assume that R is a locally factorial domain and
that o is an element of degree d(> 2). The collection A := {Cy | H is
an ideal of R and Cg is a subring of K(a)} has the mazimum member
Cr.,(= Rla]N Rle~1)).
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Proof. Note first that o is anti-integral over R because R is a Krull
domain (cf. [3]). Take Cy € A. Then H? C Ij,) by Theorem 9(1). Since
Ijo) is a divisorial ideal, we have grade(H) = grade(H?) = 1. Since R is
locally factorial, every non-zero ideal of grade one is invertible. So H is
invertible. Hence H C |5 by Theorem 9(4).

Finally we close this paper by the following results concerned with
the ring R[a] N R[a 1.

Proposition 12. Assume that o is an anti-integral element of
degree d. If an element a in R is a non-zero-divisor on R/I(,), then Rlac]N

Rla™] = R+ Ijg(ac1) + -+ + Iiy(a® ' Camn).

Proof. We have only to show the inclusion (C) because a'iI[a]C,- -
Rl[ao) N R[a~!]. Take an element 3 € Raa] N Rla~!] and write 8 =
zp(ac)?+ - -+zr(aa)+zo = yo+yi(a )+ - +ym(a™1)™ with z;,y; € R.
Then we have o™ = zpa™a™ ™+ -+ zga™ = yoa™ +y10™ L4 - -+ ym.
Put f(X):= 20" X"+ + 2o X™ — (10X + 1 X"+ b ym) €
Ker(w), where m: R[X] — R[c] denotes the canonical R-homomorphism.
Since a is an anti-integral element over R, Ker(n) = Ijqjpa(X)R[X]. Hence
zna™ € Ijg). Since a is a non-zero-divisor of R/Ij4), we have z, € I|5). Put
Bu(X) :=zpaX™ + -+ -+ 210X + 2. Since zp9a(X) € R[X], considering
deg(Bu(X) — Tnpa(X)X™ %) < n if n > d, we can use the induction on
n and assume that n < d. So considering 3 — z,a"(, instead of 3, we an
conclude that B € R + I|gj(al1) +--- + I[a](ad_lgd_l) by induction on n.

Proposition 13. Assume that o is an anti-integral element of
degree d over R. If an element a in R is a non-zero-divisor on R/I[a—ll,
then Rla~'a] N R[a~!] = R[a] N R[a™?].

Proof. We have only to show the inclusion (C). Take an element
B € Rla~'a]NR[a"1] and write 8 = z,(a ta)"+- - -+z1(a”'a)+z0 = yo+
yi(a )+ +ym(a™ )™ with z;,y; € R. Then a™B = z,a™+---+a"zg =
a™yo + a™y1(a”l) + -+ + a™ym(a1)™. Since « is anti-integral over R, so
is a! (cf. [1]). Putting f(X) := a®"yn X™™" + - + 2 X" — (a"zo X" +
---+ zp,), we have f(a~') = 0 and hence f(X) € Ijg-1j95-1(X). Thus we
have a"ym € I[o-1}. Since a is a non-zero-divisor on R/ Ijq-1}, we have ym €
Ijo-1)- Hence ymp-1(X) € RIX]. Put Bu(X) :=yo + pn X + - + ymX™.
Considering deg(B.(X) — ympa-1(X)) < m, we can assume that m < d by
induction. Let @,-1(X) := X9+ ;X9 1 + .- + 7, be the monic minimal
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polynomial of a~! over K and let ¢! := (a!)! + j(a )7L + --- + 7!
(1 <¢ < d). Considering 8 —ym(,, instead of 3, we obtain that 8—y,,(}, €
R+ Iig-1¢1 + -+ + Iio-11C5_; = Rle7'I N R[a] (¢f. [1]) by induction on
m. Thus 8 € R[a"!] N R[a]. Therefore we have R[a~'a) N R[a™!] C
R[a] N R[a™Y).
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