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Abstract

An attempt is made here to introduce and study a pair of double power series aociated with
the generalized zeta function due to Erdélyi ®(x; z; a) together with related sums, integral repre-
sentations, generating relations and N-fractional calculus. A number of (known and new) results
shown to follow as special cases of our theorems.



Bin-Saad: Sums and Partial Sums of Double Power Series associated with the

Math. J. Okayama Univ. 49 (2007), 37-52

SUMS AND PARTIAL SUMS OF DOUBLE POWER SERIES
ASSOCIATED WITH THE GENERALIZED ZETA
FUNCTION AND THEIR N-FRACTIONAL CALCULUS

MAGED G. BIN-SAAD

ABSTRACT. An attempt is made here to introduce and study a pair of
double power series associated with the generalized zeta function due to
Erdélyi ®(z, z,a) together with related sums, integral representations,
generating relations and N-fractional calculus. A number of (known and
new) results shown to follow as special cases of our theorems.

1. INTRODUCTION

An interesting definition of the zeta function, due to Erdélyi [1, p.27 (1)],
is recalled here, which is of the form:

o yn
(11) q)(y,z,a) :Zm, ‘y‘ < 1, G#O,—l,—2,... .
n=0

This is expressed as the integral form

o0
0

for Rea > 0, and either |y| < 1,y # 1, Rez > 0or y = 1, Rez > 1,
where I'(z) denotes the gamma function. This function is continued to a
meromorphic function over the whole z-plane ([1, p.27, 1.11]). The Riemann
zeta function ((s) and the Hurwitz zeta function ((s,a) are special cases of

(1.1) (1, p.32]):

(1.2) Oy, z,a) = T02)

(1.3) B(1,21) = ((2)= ni
n=1
> 1
(14) q)(l?'zaa) = C(Zaa): o N\z°
2@

Erdélyi’s function (1.1) has since been extended by Goyal and Laddha [2,
p. 100 (1.5)] in the form:

o0

(1.5) P, (y,2,a) = Z _Un_y

_'7
= (a+mn)* nl

n

y| <1, Rea>0, p>1,

37
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where (A), ='(A+n)/T'(\) and it is expressed as the integral form
1 oo
(1.6) ¢ (y,2z,a) = —/ t*lem (1 — ye ) H at.
! I'(z) Jo

Obviously, when 1 = 1, (1.5) reduces to (1.1). Recently, Katsurada [4, p. 23]
introduced two hypergeometric-type generating functions of the Riemann
zeta function as follows:

(1.7) e.(z) = ZQ(Z—Fm)%, || < 400,
m=0 '

18 L) = S 0mErmI, <1,
m=0 )

where v and z are arbitrary fixed complex parameter s. Motivated by the
results of Erdélyi (1.1) and the work of Katsurada [4], we aim here at present-
ing two new type of generating functions associated with the zeta function
®(y,z,a) and at deriving their various properties and formulas including
their integral representations, generating functions, partial sums and N—
fractional calculus.

Definition Let a, a # 0,—1,—2,..., and 2, Rez > 1, be complex param-
eters. We define

o0

xm
(L9 C(wyiza) = Y S(yztma) - <L,
m=0 )
o0 fL’m
(110)  Ga,yiza) = Y (m @y 2+ma) —. |yl <1, |2 <lal,
m=0 '

where @ is the generalized zeta function defined by (1.1).

It is important to note that the functions ((z,y;z,a) and (,(z,y; z,a)
can be continued meromorphically to the whole z-plane. Clearly, for y =1,
definitions (1.9) and (1.10) reduce to

(1.11)
((x,1;2,a) = Z ®(1,z +m,a) —W: = Z ((z+m,a) xn:,
m=0 ' m=0
(1.12)
Gl 1:200) = 30 @12 5 T = 30 G )

respectively, where ((z,a) is the Hurwitz zeta function defined by (1.4).
Further, on putting a = 1 in equations (1.11) and (1.12), we get the above

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 49/issl/2
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mentioned results (1.7) and (1.8). In fact, if we let v = z in (1.8), this
formula reduces to a well-known result of Ramanujan [9]:

o0 m

(1.13) (z1-2)= Y (2)m(z+m) % 2] < 1.

m=0

As an immediate consequence from definitions (1.9) and (1.10), the following
Propositions are proved by substituting (1.1) and by changing the order of
summation.

Proposition 1.1. For any complex z, v and a, a & {0,—1,-2,...}, we

have
00 m,n > n
' _ ™y _ ofatn) Y
C(CE,y,Z,&) mzn;() m!(a+n)z+m nz:;)e (a—|—n)2’
for |ly| <1, and
0 o -V
(V)m :r;my” T yn
: _ — 1 — _J
Cu(xayazva) Z m!(a+n)z+m Z a+n (CL—F?"L)Z’
m,n=0 n=~0

for |z| < la| and |y| < 1.
The case y = 0 of this proposition gives

Proposition 1.2. Under the same assumptions as in Proposition 1.1, we
have

C(z,0;2,a) = a %/, |x| < +o0,

C(x,0;2,a) = a7 (1 - g)_y, |z| < |al,

C(0,y;2z,a) = (,(0,y;2,a) = P(y, z,a).

2. INTEGRAL REPRESENTATIONS FOR THE FUNCTIONS
¢(z,y;2,a) AND (,(z,¥;2,a)

By using Eulerian integral formula of second kind (see e.g. [2]):
o0
(2.1) a *T'(z) = / e *71dt, Rez>0, Rea >0,
0

it is easy to derive the following integral representations:
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Theorem 2.1. Let Rea > 0 and either

lz] <1, |y <1, y#1, Rez>0 or |z|]<1l, y=1, Rez > 1.

Then
1 [e’e) e—at
7 ——— ) oFi[—; 2 at] dt
ro ) ¢ () et
and

1 oo e—at
2. : = — z—1 - F . e

(22)  C(z,y:2,0) =

where oF1[—; ;2] = Z (5;3 nl

n=0

xn

lFl[avﬁvz]:Z(((;))nnw /87&07_17_27“"
n=0 no

Proof.  Denote for convenience the right-hand side of equation (2.2) by I.
Then, it is easily seen that

oo m 1

— X > z+m—1_—at i —t\—1
I_n;)m!(z)mF(z)/o t e (1 ye ) dt.

Now, in view of the integral formula (1.2) and of the definition (1.9), we get
the left-hand side of formula (2.2). In the same manner, one can derive the
formula (2.3). O

Moreover, by using the contour integral formula [1, p.14 (4)]:

(0+)
2isin(m2)(z) = — / (—t)"tetdt, |arg(—t)| <,

o0

one can derive the following contour integral representations.

Theorem 2.2. Let Rea > 0 and |arg(—t)| <, then

_ (0+) 1 e—at
24) Carza) =L [ (£ ) oRls st

2 . 1 —ye~
and
I'(1l -z (0+) e e~
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If x = 0, equations (2.2) and (2.3) would immediately reduce to (1.2).
Whereas for z = 0, (2.4) and (2.5) reduce to another known result [1, p.28

(5)]-

3. INTEGRALS INVOLVING ((z,¥y;z,a) AND (,(z,y;2,a)

In this section we evaluate definite integrals involving the functions
((x,y;2,a) and (,(x,y;2,a) in terms of other kinds of zeta and hyperge-
ometric functions. First, we recall the Eulerian integral formula of first kind

(see e.g. [10]):
! z—1/1 _ p\y—1 _ F(a:)F(y)
(3.1) /0 eyt = g,

From the term-by-term integration, we can derive the following formulas:

Rex > 0, Rey > 0.

Theorem 3.1. Let Re(c —b) >0 and Reb > 0. Then

(3.2) %/{) 0711 — ) (wt, y; 2, a) dt
_y se;x/(a+n A
_ ;lﬂ[b, cx/(a+ )](Hn)z,
c 1
(3.3) %/0 711 = )77 (2t y; 2, a) di

n

o0
o Yy
= ZzFl[V,b,C,JT/(a‘i‘n)]m-
n=0
Proof. Denote for convenience the left-hand side of equation (3.2) by I.
Then in view of Proposition 1, it is easily seen that

(0.}

_ I'(c) zmy" ! btm—17q _ ;\e—b—1
1= T orm 2= mi(a s mm /0 AT

)

Upon using (3.1) and the relation I'(b + m) = (b),,I'(b), we are finally led
to relation (3.2). The derivation of the integral formula (3.3) runs parallel
to that of (3.2). O

On putting y = a = 1 in (3.2) and (3.3) and noting (1.3), (1.7) and (1.8),
the assertions (3.2) and (3.3) reduce to

I(c) / L 0 oot di = Gaby i)

BY e hrw
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and

I'(c) b c—b—1p (. _ .
(3.5) fEi?ﬁﬁﬁzlt (1= DL (v ) dt = G (v, b, ¢: ),

respectively, where

(3.6) 2(b, ;¢ x) Z Olm2)m ©m C(z+m) %ﬂ;, lz| <1,
and
(3.7 Glbicia) = Y (" Gl m)

m=0 m

Note that the integral formulas (3.4) and (3.5) are known results (see [4, p.24
(5.5) and (5.6)]). Now, if we use the integral formula (2.1), other integral
formula would occur as follows:

Theorem 3.2. Let Re|,z >0, Reu >0 and Re A < 1. Then

1 (o.@) 0
(3.8) W/O /0 uP AT e TV W C(gue ™y 2, a) du dy

n

= Y ®ifw/(a+n)z 0] —
n=0

(a+n)*’
1 o
(3.9) @/0 t*lem ¢ (zet y; 2, a) dt
= Z@*[m/(a+n) z a]L
n=0 Y o (CL—I—n)Z,
1 > -\ _—at —t
(3.10) m ; t™ e " ((x/t,ye " z,a) dt
= @(y,z - A+ 1,@) OFl[_7)‘7 —.CC],
1 o0
(311) m/o t_>\€_at C,,(:C/t,ye_t,z,a) dt
= (I)(yaz — A+ 1,&) 1F1[V;>\;—ZU],
1 oo
(3.12) m/o " reTt ¢ (xt, y; 2, a) dt = G (x,y; 2, a).

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 49/issl/2
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Proof. Denote for convenience the left-hand side of equation (3.8) by I.
Then, in view of (1.9), it is easily seen that

io: xmyn 1 00 N )
1= / ut T e du
| + !
2 i TG o
1 0o
/ Vz—le—u(a—i—m) dv.
0

* T(2)

Upon using the integral formula (2.1) and the definition (1.5), we are finally
led to right-hand side of formula (3.8). Proceeding in the same manner, it
is equally straightforward to derive the formulae (3.9) to (3.12). O

Now some special cases of Theorem 3.2 are of interest. First, if we let
y = 0in (3.8), in view of Proposition 1.2, we get an integral representation
for the zeta function defined by (1.5) in the form

(3.13)  ®,(w,2,a) = / / w A e @ue™) gy d,

Secondly, for y = 0, equation (3.9) reduces to (1.6) with = and v replaced
by xa and p respectively. Moreover, for = 0 and y = 1, equations (3.10)
and (3.11) reduce to an integral relation between the Hurwitz zeta function
defined by (1.4) and Erdélyi zeta function defined by (1.1) as follows:

1 > —A_—at —t _ .
(3.14) m/o t™ e ¥®(e " z,a)dt = ((z — A+ 1,a).

4. SUMS OF SERIES

First we derive the following basic sums of series.

Theorem 4.1. Let z #1,2,3,.... Then
k:

Zw gz —ka) o = e yetiza), Jyl <1,

k
ch vy 2 = k) o7 = € G ye 2,0),  Jal < al, Jyl < 1.

Proof. If in formula (1.9) we replace z by z — k, k ¢ ZT U {0}, multiply
throughout by w”/k! and sum up, then we get (4.1). The proof of (4.2) is
similar to that of (4.1). DO

Produced by The Berkeley Electronic Press, 2007
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Again, starting from (1.9) and (1.10), substituting the series expression
for ®(y, z,a) into (1.9) and (1.10), and changing the order of summations,
we get the following theorem.

Theorem 4.2. Let Rez > 0 and a # 0,—1,—2. Then

o0 k

(4.3) ZE— xy,z+ka)7“l:|

" (e/(atn) . Yy
T;)e 1F1[bac7w/(a+n)](a+n)za

for |lw| <1 and |x| < 1, and

o wk.
(44) > Ol Gl yiz+ k,a) =

n

= i(l— in)_yzFl[b,f;c;w/(aJrn)] -

— a (a+n)*

for |w| <1 and |z| < |al.

If welet x =0,y =a =11in (4.3) and (4.4) and use (1.3), then we
obtain the two Dirichlet series expressions due to Katsurada [4, p.24 (5.3)

and (5.4)]:

(4.5) G.(bjc;w) = Z 1F1[b; c;w/nln™%,

(4.6) G.(b, ficx) = Z oF1[b, fic;w/nln™*
n=1

Next, we set f =¢, b=z and let x = 0 in (4.4). Upon noting that
oF1[z,c;c;w/(a+n)] = (a+n)*(a+n—w) 7,

the assertion (4.4) reduces to

o0

wk‘
(4.7) > (®(yiz + k,a) = R(y; 2,0 — w),
k=0

which for y = 1 and b = z reduces to a known result [8, p.396 (6)]:

(4.8) Z(z W C(z 4 ka) 2 7 =C(za—w).

Further, from deﬁmtlons (1.9) and (1.10), we easily have the following in-
teresting series relations.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 49/issl/2



Bin-Saad: Sums and Partial Sums of Double Power Series associated with the

SUMS AND PARTIAL SUMS OF DOUBLE POWER SERIES 45

Theorem 4.3. Let |x| < 1, |y| < 1, |w| < |a| and |t| < |a|. Then, for any
complex number z and |b),

o0 k
X
(4.9) (@20 —w) =Y Coyn(w,y; 2+ k,a) L
k=0
(4.10) G(z,y;b0,a —w) = kzo(b)k: Cork (T, Y50+ K, a) R
(411) > (O, y; 2+ kya—t) T
k=0

> t w x "

Z%é? 21,01, z; : : o
a+n a+n a+n| (a+n)?

wh

k!

(4.12) ZC,,:(:y,Z—I—k' a—t)

n

t
23908) [Z,l,V;l,Z; o ] T
oy a+n a+n a+n| (a+n)?

is Jain’s confluent hypergeometric function of three variables

(1)

where 390(;
(13]):

3 (1) G (a)m+n+p<b)m(c)nxmynzp
a,b,cie, f;x,y,2) =
cowbaefimyz) = ),

m,n,p=0

Proof. Starting from (1.9), we have

n_

Now, on using the binomial theorem, the above equation gives us
(z —l— k) wmy”ajk

which, in view of (1.10), gives the left hand side of (4.9). This complete the
proof of relation (4.9). In the same manner one can prove relations (4.10)
o(4.12). O

Now some special cases of Theorem 4.3 are of interest. First for w = 0 |
equation (4.9) reduces to (1.9). Whereas for z = 0, equation (4.9) yields

(4.13) O(y, 2,0 —w) = C(w,y; 2, 0).

Produced by The Berkeley Electronic Press, 2007
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If we further put z =0, y =1 and b = z in (4.10), then (4.10) reduces to a
particular case of formula (4.8). Finally from (4.11) and (4.12), we find that

o0

(4.14) Z( e C(z,y;2 + k,a —t) Zébwy,z+ma t) —

k=0

m

m!’

5. PARTIAL SUMS

Let
yn
@Y, z,0) =) @t+n)
n=0
be the truncation of (1.1), and
r+1]p =S Yy
Y, 2,a) , r=0,1,2,...,
n=r+1 (Cl T n)z

be its remainder. Motivated by the above mentioned definitions, we here
aim at further investigating the functions ¢ and ¢, in their truncated forms
)¢ and ¢, and reminders ¢ and e,

Definition. Let @« and 2z be complex parameters such that
a#0,—-1,-2,..., Rez>1and r=0,1,2,.... We define

(5.1) ¢ (@, y:2,a) szl(a+nz+m’

(5.2) A CRTEND Z Z mi( a+n yorm
m=0n=r+1

(5.3) v (T, Y52, @) m§:0 2_:0 msl/a,j_xn erm,

5.4 G, (2,42, 0) mzo z G =

Theorem 5.1. Let Rea > 0 and either |z] <1, |y <1,y # 1, Rez >0 or
lz| <1, y=1, Rez > 1. Then

(5.5)

¢ (2, Y5 2,a) =

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 49/issl/2
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(5.6)
1 oo r+le—(a+r)t
[r+1] . - = 1Y .
C(xayazaa) P(Z) /0 t ( et—y - OFl[ ,Z,It] dt,

(5.7)

: _ 1 % o (1= (ye D) (1—a)t ,
1S (2, Y5 2,a) = o) /O t ( - e V\Fi[v; 2, xt] dt,
(5.8)

1 00 r+lo—(atr)t
[r+1] ) _ =1 (Y Fy [y
Cl/(x7yvzv&) F(Z) \/0 t ( ot —y 1 I[szaxt] dta

(5.9)

€z, ys 2,a) + U2, y5 2, 0) = (2,93 2, 0),
(5.10)
G,y 2,a) + UG (2,5 2,0) = G (2,95 2,0).

Proof.  Using (5.1) and (2.1), we get

. _ = xmyn > z+m—1_—(a+n)t
¢z, y;52,a) = sz/o prtm=1—(atn)t gy
m=0

n=0

() 00 T
_ Z Z - m /0 tz—i—m—l (Z yne—(a—l-n)t) dt
n=0
['(2) 2= ml(2)m Jo et —y

L P a1 (ye ) — (zt)™
— F(Z)/O t*le iy dt%m!(z)mdt.

Consequently, we get (5.5). The derivation of the equations (5.6) to (5.8)
runs parallel to that of (5.5) and we skip the details. The proofs of (5.9)
and (5.10) are obtained clearly by the definitions (1.9), (1.10) and (5.1) —
(5.4), respectively. O

Theorem 5.2. Let p; > 1, Rez > 1 and Repjz>1, j=1,2,...,n. Then

n

n 'rj 00
ki B. 1 ] A
LT e yspizea) = TT3 D wy'e™ F(z)/o = le M dt,
ki;=0

=1 j=1

Produced by The Berkeley Electronic Press, 2007
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n

(5.11) H [+t ¢ C(zj,y55p5% aj)
7j=1

n ) 1 0o
= H Z y ieB / 7 le= At qt,
J=1 ’ I'(z) Jo

kj=r;+

n
(5.12) [ 160 () u5i pi2a5)
7=1

n Ty k; L 1 0 L1
[13 3 o 0 ayftay+ k)™ i [0

j=1 | k;=0

(5.13) [["+Ye, (), 95052, a5)

1

— - S k; —x./(a 1 > z—le—At
= I X wa-sfe )™ s [ et e

n

J

where By = xz;/ (aj + kj) and A = H (a; + k;)*
j=1

Proof. 'To prove (5.11), let I denote the right hand side of (5.11). Then,
from (2.1) and (5.11), we find that

(5.14)
_ ] yl _
I = mg:okz: m1 al + kl 220 an:O mn an ) A z
Uy y s a
m1=0k;= ml CL1 + kl m1+p12 myp=0k,,= mn CLn mn+pnz

Therefore, we have (5.11) from (5.15). To prove formulas (5.12) to (5.14),
we refer to the proof of (5.11). O

It is important to note that Theorem 5.2 includes a number of known
results due to Nishimoto ([6, Theorems 2-5 and 6] and [7, Theorems 2-5
and 6]) as special cases.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 49/issl/2
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6. N-FRACTIONAL CALCULUS

There are many definitions of a differ-integral of arbitrary order. In this
work we use the definition of fractional calculus given by Nishimoto [5].

Definition(by Nishimoto): Let C' = {C_,C,} and D = {D_, D}, where
C_ is a curve surrounding in the positive direction the cut joining two the
points z and —oco+¢Im z, C'; is a curve surrounding in the negative direction
the cut joining the two points z and oo + ¢Imz, and D+ is the domain
surrounded by C+ respectively. (Here D contains the points over the curve
C ) . Moreover, let f = f(z) be analytic (regular) function in z € D. Then
we define

(6-1) fv = (f)z/ (Z) =C (f)]/ (Z) - F(V + 1 /C (C f(zc))u+1 ac, vgZ-,

271

() a(2) = tim (f), (), ne 2z,

where —m < arg((—z) <zmfor( € C_,0 <arg((—z) <2nfor( € Cy,( # 2z
and z € C. Then (f), is the fractional differ-integration for arbitrary order
v (derivation of order v for Rev > 0 and integral of order -v for Rev < 0)
with respect to z of the function f, if |(f),| < oco.

Obeying the above definition of N-fractional calculus, Nishimoto ob-
tained the following result.

Lemma 6.1. We have
(6.2) ("), (z2) = a%", a#0,

(6.3) (zﬁ)a(z) = e_m%zﬁ_a, |%‘<o&

We shall now use this Lemma in order to derive certain transformation
formulas and relationships for the functions ¢ and ¢, .

Theorem 6.1. Leta, € R, a>0, a# 1 and Rez > 1. Then

(6.4) (C(z,y;2,0a)), (2) = e Z (log(a +n))* e/ (o+m) #,
n=0
(6.5) (Co(z,y;2,a)), (2)

S Y
= ”O‘Z log(a+n))*(1-x/(a+n))"" ——,
o (a+n)

Produced by The Berkeley Electronic Press, 2007
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66 (C@y20),(@);6E) = (C@yza), () ()
= (Clz,y;2, a))ﬁ+a (2),
67 (G@y20),@);6E) = (Geyza);) ()

= (G(z,y52,0)) g4 (2).

Proof. From (1.9), we have

((z,y52,a)), () = Z Z W (ezlog(a+n)1>a ().
m=0n=0
which, on using (6.2), yields
(68) (@ yiz0) (log(a +n)~1)"
g:o nE:O m'(a + n)m

Therefore, we have (6.4) from (6.8) under the conditions. The proof of the
result (6.5) is similar to that of (6.4). To prove (6.6), we start from (6.4)
and have

(69) ((C($7y7zaa))a (Z))ﬁ (Z)
— i log(a +n aex/(a—f—n) n 6zlog(a—i—n)_l
> (og(a +7) v ( ),
_ im(atB a+B z/(at+n), n
(6.10) = il )nz:%(log(a—kn)) et/ latn)y, TR
In the same way, we have
(6.11) Qaauz@»ﬂwn (2)
_ in(a+p) (1 o+l gr/(atn)n
§%<gm+n» s
and replacing a by o+ (3 in (6.4), we get
(6.12)
. _ im(a - a+pB _x/(a+n), n yn
(C(z,y52,0)) 14 (2) =€ ( +'6)nz%(log(a+n)) 7 erllatnly atn)y

Clearly, we have (6.6) from (6.10), (6.11) and (6.12). Similarly, one can
prove (6.7). O
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Theorem 6.2. Leta, € R,Rea>0,Rez>1and|['(1 - 3)/T(1 - )| <
o0o. Then

(6.13) (xo‘*lg(x,y;z a))(a 5 ()

e~imla—p )gél _z R f:o(g— (y,2 +m,a)%n:7
(6.14)  (z* G (z,y; 2, a))(a 5 (@)
e~inla=p )11121_@ i 1; Z)m y,z+m,a)%
Proof. By (1.9), we have
(2 ¢y 2.0)) oy () = i@ D(y. 2 +m.a) (xm—;)f‘m il

which is immediately derived from (1.9) by applying the term-by-term frac-
tionally differential operation. Next, on using (6.3) and (1.1), we are led to
the right-hand side of equation (6.13). Similarly, one can prove (6.14). O

An interesting special cases arise form the relations (6.13) and (6.14) when
y = a =1 in the forms:

(015) (@ 30)) oy (o) = =G (i ),

and

—im(oa— F(l_ﬁ) — ..
(a—p) (ZU) =€ ( ﬂ)mxﬂ 1GZ<Oé, ﬁ,l’)

Equations (6.15) and (6.16) exhibit the fact that G,(v,a;0;)
and G, («; §;x) are essentially the fractional differ-integral of the functions
f2(v;z) and e,(x), respectively. Finally, when v = (3, formula (6.14) gives
the elegant result

(6.16) (z* e, (v;z))

—im(a—p0) F(l 5)

-1
o™ 0,

(6.17) (xo‘_lcg(x,y; z, a))(a_ﬂ) (r)=¢e
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