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AZUMAYA ALGEBRAS
AND SKEW POLYNOMIAL RINGS. I

Dedicated to Professor Yoshio Matsuoka on his 60th birthday

Sutictn [IKEHATA

In [5], we have studied some Azumaya algebras induced by skew poly-
nomial rings over commutative rings. In this paper, we shall continue our
study on some skew polynomial rings of automorphism type whose coefficient
rings are Azumaya algebras. The main result of this paper is the following :
Let B be an Azumaya C-algebra, and p an automorphism of B. Assume that
the order of the cyclic group G generated by o | C (the restriction of p to C)
ism= 2, and C/C® is a G-Galois extension. If there exists an invertible
element u in B such that au = up™(a) (a € B) and p(u) = u, then the skew
Laurent polynomial ring B[X, X '; ¢] is an Azumaya C°[X™u"' X ™u]-
algebra (See Theorem 2). As a corollary of this theorem, we have the
following : Let B be a commutative ring, o an automorphism of B of order
m= 2. Let G be the cyclic group generated by p, and A = B®., Then
B/A is a G-Galois extension if and only if B[X, X" '; p] is an Azumaya
A[X™ X-™]-algebra.

As applications of Theorem 2. we shall prove a generalization of R.
Irving’s theorem which is one of the main results in [6], and some results
concerning skew polynomial rings in several variables which generalize

Amitsur and Saltman [1, Theorem 1.3] and Szeto [10, Theorem 3.2].

Throughout this paper, B will mean a ring. p an automorphism of B.
We denote by B[X; p] (resp. B[X, X' ; p]) the skew polynomial ring
(resp. skew Laurent polynomial ring) defined by aX = Xp(a) (a € B). By
B[X; plo, we denote the set of all monic polynomials g in B[X ; p] with
gB[X; p] = B[X; plg. A ring extension B/A is called separable if the
B. B-homomorphism of B® ,B onto B defined by a ® b —» ab splits, and
B/ A is called H-separable if B® B is B-B-isomorphic to a direct summand
of a finite direct sum of copies of B. As is well known, every H-separable
extension is separable. A polynomial g in B[X; p]u is called separable
(resp. H-separable) if B[X; p]/gB[X: p] is a separable (resp. H-separa-
ble) extension of B. Furthermore, a ring extension B/ A is called G-Galois
if there exists a finite group G of automorphism of B such that A = B¢ (the
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fixed ring of G in B) and 2; xi0(y:) = 81,0 (¢ € B) for some finite number
of elements x;, y; in B. We shall use the following conventions : U(B) =
the set of all invertible elements in the ring B; u; (resp. u,;) = the left
(resp. right) multiplication effected by u € B; B° = |a € B|p(a) = al.

First, we state the following lemma which is useful in the proof of
Theorem 2.

Lemma 1. Let f = X"+ X" 'ap_,+---+Xar+a, be in B[X; p]u,
and m = 2. If fis H-separable in B[X ; p] then there holds the following :

(1) Let u be an element in B with p(u) = u, and1 < j< m—1. If
au = up’(a) (or p’(@)u = ua) for all a € Bthenu = 0.

(2) f= X™+ao, ay is invertible in B, and p™ = (a7 '){ao)r.

(3) Every H-separable polynomial of degree = 2 in B[X ; p] is of the
form X™+ ayc, where ¢ is an invertible element in the center of B with
olc) =c.

Proof. (1) By [5, Theorem 1.1], there exist y;,2; € B[X; p] with
deg y: < m and deg 2; < m such that ay, = y;a, p" '(a)z; = z;a(a € B)
and X™ ' 2, 0" (y)z = 2 0¥ ()X = 1, XXM ()= 0
(mod fB[X; p]) (0 < k < m—2), where p* : B[X; p] » B[X; p] be the
automorphism defined by p*(33, X*b;) = 2, X'o(b:). Since up’(a) = au(a
€ B) and p(u) = u, we have up*(y) = yu(y € B[X; p]). Then

u=X"""3,u*" (y)z = X! 2 ¥ (v uz,
= X" 2o (y) e = 0.

(2) By [4, Lemma 1.3] and [5, Proposition 1.2], we have aa; =
a;,p™ *(a) and p(a;) = a; (0 < i < m—1). Hence, by (1), a,=0(1 < i
< m—1). The rest has been obtained in [5, Proposition 1.2].

(3) follows from (1) and (2).

Now, we shall prove the following theorem which is one of our main
results in this paper.

Theorem 2. Let B be an Azumaya C-algebra, and p an automorphism
of B. Assume that the order of the cyclic group G generated by p| C is m
> 2, and C/C°® is a G-Galois extension. If there exists an invertible ele-
ment u in B such that au = up™(a) (a € B) and p(u) = u, then there holds
the following :

(1) B[X,X';p] is an Azumaya C°[t,t""]-algebra, where t = X"u™".
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(2) B[X; plo = [ X°g(X™u")ul8| g(Y) is a monic polynomzal in
Cé[Y] and s = 0}.

(3) The set of all H-separable polynomials of degree = 2 in B[X ; p]
coincides with | X" —v|v € wU(C%|. For any v € ulU(C®), B[X: p]/
(X™—v)B[X; p] is an Azumaya C¢-algebra.

(4) For any f€ B[X; plo, f is a separable polynomial in B[X ; o]
if and only if B[X ; p]/fB[X ; p] is a separable C®-algebra.

(5) The set of all separable polynomials in B[X; p] coincides with
[ XSg(X™u ") u'e8| g(Y) is a separable polynomial in C°[Y] with constant
term invertible, and s =0 or 1}. Let f = g(X™u ")u'® be a separable
polynomial in B[X ; p], and z= X™u"'+ fB[X; p] € B[X; p]/fB[X: p].
Then B[X; p]/fB[X; p] is a separable C°-algebra and its center C°[2] is
isomorphic to a separable C®-algebra C*[Y]/g(Y)CC[Y].

Proof. (1) As is easily verified, t = X™u™' is contained in the
center of B[X; p]. Then the central localization B[X ; p]; coincides with
B[X. X '; p], since X' = (X"'u").t"". Let p: B[t,t7'] - B[t, "]
be the automorphism defined by p(2.; t'b;) = 2, t'0(b,), and set h = W™ —
= W"—X" € B[t,t"'][W; p] = R, where W is an indeterminate and
BW = Wp(g) (8 € B[t,t7']). Then h is in Ry, and B[X, X' ; p] =
B[X; p]. is B[t,t"']-ring isomorphic to R'/hR'. Moreover, the center of
B[t,t7'] is C[t,t™"] and C[t,t7']/C[t,t7"] is a {a| C[t,t"']) -Galois ex-
tension. Since the order of (5| C[t,t"']) is m, [5, Proposition 1.4] shows
that h is an H-separable polynomial in R'. We set here S = R'/hR'. Then
SO B[t,t"'] 2 C[t,t7'] D C°[t,t7"], S/B[t,t"'] is an H-separable exten-
sion, B[t,t"'] is an Azumaya C[t,1 ']-algebra, and C[t,t"']/C°[t,t7"] is
a G-Galois extension. Hence, by the transitivity of separability, we see
that S is a separable C°[¢,1 ']-algebra. We shall now show that the center
of S is C°[t,t"]. Obviously, C®[#,t™'] is contained in the center of S.
Conversely, let d = 2 %' w'd; (d; € B[t,¢7']) be an arbitrary element in
the center of S, where w = W+hR' € S. Then wd = dw implies g(d;)
= d;, and Bd = dB (8 € B[t,t7"]) does p'(B)d: = di(B) (0 < i < m—1).
Since h is an H-separable polynomial in R, wegetd, = 0 (1 < i < m—1),
by Lemma 1 (1). Thus, the center of S is C°[#,#7'], and hence B[X, X ' ;
o] is an Azumaya C°[t,1™']-algebra.

(2) Letfe B[X;ple. Wemay write f= X(X"+X"'apn_,+---+
Xai+ay), ap + 0 and n = gm+7r (0 < r < m). Then, noting that f, X* &€
B[X; p]iw, we can easily see that X"+ X" 'ap_,+-.-+ Xa,+a, € B[X;
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0]o. Hence, by [4, Lemma 1.3], aao = app™a) = awup"(a)u’ and aa, =
a;p™ ¥a) (a € B). In particular, (p"(c)—c)au™? =0 for any c € C. Let
I be the ideal in C generated by {p"(c)—c|c € C|. We shall prove r = 0.
Actually, if not, since C/C¢ is G-Galois, we have anncI = 0. On the other
hand, since annsIB == 0, we have anncI = C N anngIB =+ 0 by [2, p.54,
Corollary 3.7], which is a contradiction. Thus, we have seen that r = 0,
that is, n = gm. Similarly, we can show that a; = 0 for every i which is
not a multiple of m. Moreover, since a,-, = 0, we have p(a) = a,(0 <
< n—1) by [4. Remark 1.4]. Hence a;n = c,u”’ with some ¢, € C° (0 <
j< q—1). Putting g(Y) = Y+ Y "cqr1+--+ Yer+co € C[Y], we
have X"+ X" 'ap.1+---+a, = g(X™u ")u’.

(3) The first assertion follows from [5, Proposition 1.4]. Let v €
wU(C®%. Then the canonical map B[X; p] = B[X; p]/(X"—v)B[X; p]
can be extended to a B-ring epimorphism B[X, X°'; o] » B[X; o]/
(X"—v)B[X; p]. By (1), B[X,X'; p] is an Azumaya algebra over its
center C[X™u™ ', X ™u] = C°[X™v™',X ™v]. Hence, by [2, p.46, Prop-
osition1.11], B[X: p]/(X™—v)B[X: p] is an Azumaya C°-algebra.

(4) is clear by the transitivity of separability.

- (5) Let g(Y) be a monic polynomial of degree ¢ in C°[Y] with con-
stant term invertible. Then, by (2), g(X™u™")u? is in B[X; plo,. We set
S' = B[X: p]l/g(X™u ")u’B[X ; p]. Since the constant term of g is
invertible, the canonical homomorphism B[X; p] = S’ can be extended to
a B-ring epimorphism B[X, X™'; p] - S'. Hence, by (1) and [2, p.46,
Proposition 1.11], we see that S' is an Azumaya C°®[z]-algebra, where
2= X"u"'+g(X"u ")u'B[X; p] € S'. Since C°[z] is C°-isomorphic to
C°[Y]/g(Y)C[Y], S’ is a separable C®algebra if and only if g(Y) is
a separable polynomial in C°[Y], by [2, p.55, Theorem 3.8].

Let g(X™u ")u? be separable in B[X; p]. Then noting that B[X; o]/
Xg(X™u )u’B[X; p] = B® (B[X; p]/g(X™u " )u'B[X; p]), we see that
Xg(X™u ")u? is also separable.

Now, let f be a separable polynomial in B[X; p]. Then, by (2),
f= X% (X™u")u® with some monic polynomial g,(Y) of degree g, in
C°[Y]. Then, by [3, Lemma 1], s = 0 or 1 and the constant term of g, is
invertible. If f= Xgo(X™u ")u® then go(X™u~')u®™ is a separable polyno-
mial in B[X; p] by [8, Theorem 1.11]. Hence, by the above statement,
we see that go(Y) is a separable polynomial in C°[Y].

As a special case of Theorem 2, we have the following which includes
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[5, Lemmas 2.5, 2.6 and Theorem 2. 7].

Corollary 3. Let B be a commutative ring, and p an automorphism of
order m = 2, Let G be the cyclic group generated by p, and A = B°. Then
B/A is a G-Galois extension if and only if B[X,X ' ; p] is an Azumaya
A[X™ X~™)-algebra. When this is the case, there holds the following :

(1) B[X; p)o = {X°g(X™)|g(Y) is a monic polynomial in A[Y] and
s =0}.

(2) The set of all H-separable polynomials of degree = 2 in B[X ; p]
coincides with | X"—v|v € U(A)}. For any v € U(A). B[X: p]/
(X™—v)B[X; p] is an Azumaya A-algebra.

(3) For any f€ B[X; ple, [ is separable in B[X ; p] if and only if
B[X; p]/fB[X; p] is a separable A-algebra.

(4) The set of all separable polynomials in B[X ; p] coincides with
{ X5g(X™) | g(Y) is a separable polynomial in A[Y] with constant term in-
vertible, and s = 0 or 1|. Let f= g(X™) be a separable polynomial in
B[X; p), and z = X"+ fB[X; p] € B[X; p]/fB[X; p]. Then B[X: p]
/fB[X: p] is a separable A-algebra and its center A[z] is isomorphic to
a separable A-algebra A[Y]/g(Y)A[Y]. Moreover, B[z] is a maximal
commutative A[z]-algebra such that

B[X; 0)/fB[X; p] ® wzBlz] = Max(B[z]).

Proof. Assume that B[X, X' ; p] is an Azumaya A[X™, X ™]-algebra.
Let 5: B[X",X ™] - B[X™, X" "] be the automorphism defined by

A2 (X™)b;) = 20,(X™) p(by),
and
h=W"—X"¢e B[X", X "][W:p] =R,

where W is an indeterminate. Then B[X,X™'; p] is B[X™,X ™]-ring
isomorphic to R’/hR'. Hence B[X™ X "]/A[X™ X ™] is a {p)-Galois
extension. Then, considering the B-ring homomorphism B[X™ X "] - B
defined by X™ — 1, we see that B/A is a G-Galois extension. The rest of
the proof is clear by Theorem 2 and [5, Theorem 2.2].

As an application of Theorem 2, we shall prove a theorem which gener-
alizes a theorem of Irving [6, Theorem 5.9]. Let C be a commutative ring,
and p an automorphism of C. An ideal I of C is called p-invariant if o(I)
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C I A p-invariant ideal I is called p-prime provided for any p-invariant
ideals J and K, JK C I implies J € ITor KC I; C is a p-prime ring if (0)
is a p-prime ideal. If C is p-prime then every nonzero element of @ = C”
is not a zero-divisor in C; in particular, @ is an integral domain. The
proof of [6, Theorem 5.9] together with [9, Lemma 1.1] gives the following

Lemma 4. Let C be a p-prime ring, and F the quotient field of Q =
C° LetG={o® 1p, and Q* = Q—|0}. If p is of order m, then G is

of order m and Co» = C ® oF is a G-Galois extension over F.

We are now ready to prove the following generalization of [6, Theo-
rem 5.9].

Theorem 5. Let B be an Azumaya C-algebra, and p an automorphism
of B. Assume that p| C is of order m and C is p| C-prime. Let F denote
the quotient field of Q = C?°. If there exists an invertible element u in B
such that au = up™(a) (a € B) and p(u) = u. Then (B® F)[X, X',
o0 ® 1f] is an Azumaya F[X™u™', X "u]-algebra.

Proof. Obviously, B ® (F is an Azumaya C ® oF-algebra with an
automorphism p ® 1r. Then, by Lemma 4, G = {(p|C) ® 15) is of order
m and C ® oF is a G-Galois extension of F. Hence the assertion follows
from Theorem 2.

Corollary 6 ([6, Theorem 5.9]). Let C be a commutative ring, and p
an automorphism of C. Assume that p is of order m and C is a p-prime ring.
Let F denote the quotient field of Q = C°. Then (C ® F)[X. X '; p ® 14]
is an Azumaya F[X™, X~ ™]-algebra.

As another application of Theorem 2, we shall prove some results con-
cerning skew polynomial rings in several variables. Letp; (1 < i< e) be
automorphisms of a ring B, and let u;; (1 < i,j < e) be invertible elements
in B such that

(i) uu=uﬂ‘andun=1,
(i) pwospi ‘05" = (w)oug')r,
(i) uppum)use = pilwsn) uinpr(us).

Then the set of polynomials in e indeterminates B = B[X,,...,X.; o1,...,
oe s fupl] = {220 XX . X2y uyvel birvsve € B, vk = 0} forms an asso-
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ciative ring if we define the multiplication by the distributive law and the
rules aX; = X;p,(a) (a € B) and X;X;, = X, Xu;, (see e.g., [7] or [1]).

Now, assume further that there exist invertible elements u; (1 < i< ¢)
in B such that

(iv) o = (ui)uu)r
and
(v) ujfp:(un)mp:""‘(u,;) = pluiNu, (1 < i < e).

Then (X7**—u;)B is a two-sided ideal in B.
Actually,

a(XM—w;) = (X" —u)pl"(a) (a € B)
and
XXM —u) = (XM — u) Xwsapdws) - p™ ) (1 < 0,7 < e).
The map 5, : B > B defined by o3 XV X¥by,0) = T (Ximg)¥--

(Xeues)*0i{by,..v.) is an automorphism of B which is an extension of p;.
Then we have

ﬁi(X}MU;l) = (Xfun)“"pz(uf')
= X7 uw) - pAus) upplui*)
= XMu;' (by (v)).

Furthermore, since au; = u,p"(a) (a € B) and Xju; = Xipu)upuy,)
mi-1 mi—1

o7 () = weXousplws) ol () = wp™(X)), Bu; = wpl'(B) for any
B € B, and X™u;' is contained in the center of B.

Now, we shall generalize [1, Theorem 1.3] and [10, Theorem 3.2] as

follows :

Theorem 7. Let B be an Azumaya C-algebra, and let p; (1 < i < e)
be automorphisms of B. Assume that o;| C is of order m;, |p;|C|1 < i< e}
generates an abelian group G = (o0.| C) X .-+ X{pe| C) and that C/C° is
a G-Galois extension. Let u,; (1 < i,j < e) be invertible elements in B
satisfying (i), (ii) and (iii), and let v, (1 < i < e) be invertible elements
in B satisfying (iv) and (v). Then there holds the following :

(1) B[Xi,...Xe, X', ..., X" s p1vo.vpe s {uwl] is an Azumaya CO[t,,

vente,til, ..., 2" ]-algebra, where t; = X[u;’,
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(2) For any invertible elements c; € C°(1 < i < e), we put v, =
citty. Then B[X,,....Xe; pr,onnspe s Lul ] /(X7 =01, ..., Xe*—ve) B[X,,...,
Xe; o1,y pe; Lunl] is an Azumaya CC-algebra.

Proof. (1) We shall prove the theorem by induction on e. When
e = 1, the assertion is Theorem 2 itself. Letl < r< e Weput B,_, =
BlX:, ... Xo 0, X' o X5 oy ey pron 3 Jugl], and Crly = COT'[H4, ..,
troutil, . t71], where Groy = {0,|C) X...X {0r_,|C). Assume that B,_,
is an Azumaya C,_,-algebra. As is easily verified, C°"' is a {o-|C*™")-
Galois extension over C°" and G,/G,_, is of order m,. By the fact claimed
just before the theorem, we have p{t;) = t;(1 < i< r—1). Hence, C,_,
is a {(@,| C,_.)-Galois extension over C°[t,,...,t;_1, 17", ..., #721]. Further,
by (v) and the facts claimed just before the theorem, pAu,) = u, and u, =
up77(B) for all 8 € B,_,. Then Theorem 2 shows that B,_,[X,, X7'; 5+
= B[X,,... X, X7 .., X7 s oy, 005 Jugl] is an Azumaya algebra over
Cort(ty, 87" = C[ty,...,tr, 27", ....,157']. This completes the induction.

(2) is clear by (1) and [2, p.46, Proposition 1.11].

Corollary 8. Let B be a commutative ring. Assume that B is an
abelian G-Galois extension over A, where G = {p,) X...X{pe) with p, of
order m;, Let u; (1 < i,j < e) be invertible element in B satisfying (i)
and (iii), and let u; (1 < i < e) be invertible elements in B satisfying (v).
Then there holds the following :

(1) B[Xls---,Xe,Xx—l,---.XEl P01y -ee Pes iuuH is an Azumaya A[ T
vy X2, X7™, ..., Xo™¢]-algebra with a maximal commutative subalgebra
B[X™M, ..., Xze, Xi™, ..., Xo™e].

(2) For any invertible elements ¢, € A, we put v; = cu; (1 < i<e).
Then B[X,,...,Xe; pr,..., pe; lugl]/ (X —v,, ..., X —v,.) is an Azumaya
A-algebra with a maximal commutative subalgebra B.

We conclude with the following sharpening of [10, Theorem 3.3].

Theorem 9. Keep the assumptions and notations of Theorem 7. As-
sume, in addition, that |u;;} C C and {u,} € C. Then there holds the fol-
lowing :

(1) Let K = Cty,...,te. 87", ....1tz"]. Then B[X,...,Xe, X7, ...,
X' oy e fust]l = B[y, .. te, i1, .., 12'] ® «C[X,, ..., Xe, XT',...,
X' (0] C), oy (0l C) 5 Juyl] as Azumaya K-algebra, where BS is the
fixed ring of {o1,...,pe). Moreover, B[t,,...,te, 17", ....tc"] is an Azumaya
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K-algebra and B¢ is an Azumaya CC-algebras.

(2) For any invertible elements ¢; € C¢ we put v, = cyu; (1 < i<e).
Then B[X,,....Xc5 p1y..os pe; 1usl]l /(X1 —w1, ..., X2°—ve) B°® (C[X,,
v Xe: (011C)y . (pel C) 5 HuJNXP — vy, ..., XB—v,) as Azumaya C°-
algebras.

Proof. (1) Since C/CF€ is a G-Galois extension and B is an Azumaya
C-algebra, we see that the centralizer of C[X;,..., X., X7',....X2": (0| C),
v (pel C) 5 {ugl] in B[Xy, ..., Xe. X7% oo, X2' 5 o1,y onn, pe s | ugsl] is B[4,
weerte, 27 ..., 15']. By Theorem 7 (1), both B[ X, ..., Xe, Xi',.... X3 o,
ey Pe s %uuﬂ and C[Xls e Xo, X7 L XY (Pl | C), ---,(Pelc) ; quﬂ are
Azumaya K-algebras. Hence the assertions follow from [2, p.57, Theorem
4.7].

(2) is almost clear.
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