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RAMANUJAN’S SUMS AND CYCLOTOMIC
POLYNOMIALS

Kaoru MOTOSE

This paper consists of three parts. First, we shall show that some formulas
about Ramanujan’s sum and cyclotomic polynomials are equivalent to the
definition of cyclotomic polynomials. Next, we shall show also that cyclo-
tomic polynomials are strictly increasing for x > % The last part is to show
that values of some classical series are equivalent to first three coefficients
of s in the inverse @ of the zeta function.

Let '), be the cyclic group of n th roots of unity in the complex number
field C and let A, be the set of primitive n th roots of unity. Then we have

L,={¢C"0<k<n—-1} and A, ={¢" | (k,n)=1,1<k <n}

where ¢, = e and (k,n) is the greatest common divisor of k and n.
Classifying elements of I'), by the orders, I';, is the disjoint union of subsets
Ay with d|n, namely,
r,=]JAa

din
Let n be a natural number and let £ be an integer. Then Ramanujan’s
sum ¢, (k) is defined as follows (see [1, p.55-56]):

cn(k) = Z .
neAn

81. From the definition of Ramanujan’s sum, we can see immediately
some statements in Lemma 1. For these statements, we use the following

notation
5. 41 if kin
kln =3 0 otherwise.

From (1) in Lemma 1, it is natural to consider a polynomial with coeffi-
cients of Ramanujan’s sums, namely,

Ro(z) = cn(0) + cn(D)z + cn(2)2? 4 - + cn(n — 1)z L

Lemma 1. Let ¢ denote Euler’s function, let u be Mébius function. Then
we have

(1) en(k) =cn(€) if k={modn.
(2) Rn(0) = cn(0) = ¢(n).
(3) cn(kl) = cn(€) if (kyn)=1.
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(4) cn(k) = cn(=k) = cn(n — k).

(5) Rn(1) = S 4Zg calk) = 0.

(6) de ca(k) = dppn, namely, cn(k) = de p(g)ddg (see [1, p.237)).
(7) cn(k) = cn(l ) if (k, )— (4,n).
(8) en(
(9)

(

o

() f (k,n)=1.
Cst k)—cs( ) ( ) if (s,t) =1 (see [L, p.50]).

10) 20 = 57 g enlk)ah = g, n(3) 1%s.

Proof. (1) ~ (4) are easy from the definition.
(5) follows from the next equations.

icn(k) :i donh=> {in’“}zo
k=0

k=0nelA, neA, k=0

where 7 runs through the primitive nth roots of unity.
(6): Classifying elements by orders in the cyclic group I';, = din Ay, we

have
n—1
Sl =Y 0= 0 0= ¢ =
dln dln 0€Ay 0cTp 0=0

(7) and (8) are easy from (6).

(9): Tt is clear that (k, st) = (k, s)(k,t) and for every divisor d of st, there
exist dy,dy such that d = dida, di | s and da | ¢, and conversely. Thus (9)
follows from (6) and the following equations.

calt) = 30 uCpd= (X S pl)d) = eulk)ah)

d|(k,st) d|(ks) da|(k,t)

(10) follows from the following equations.

n—1 n—1
Ro(z) = Y (Y M= ()
k=0 nelA, neA, k=0
- Y0 T e
neA, neAy, k>0
= (1—-2a") ch(k)xk
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Moreover, we have from (6).

n—1 n—1
R, (x) = Z cn(k)ak = Z Z d5d|k:c = Zu dZéd‘kx
=0 k=0 dln dln
n_q
= S uyd y Zu
din =0

Remarks. 1). The formula in Lemma 1 (6) is very useful.
Z n(- d5d\k
din

This formula shows that ¢, (k) is an integer and ¢, (k) represents important
arithmetic functions, in fact, about Mobius p function, we can see p(n) =
¢n(1) from this and we have the well known important property:

n forn=1
S ) = Yeatr) =i = {0 bnsi

About Euler ¢ function, we have p(n) = ¢,(0) from the definition of ¢, (k)
and we have usual formula

p(n) = ca(0) = D" p(5)d and n = ndyo = > ca0) = > (d)
dln dn din

2). From Lemma 1 (6) and (9), we can compute c,(k) by the prime
factorizations of n and k as follows: In case n = p" is a power of a prime p
and k = p°ko with (ko,p) = 1, we have

pr—p b fors >r
cpr (k) = p Oprps — *161,“1“6 = —prt fors=r—1
0 for s <r—1.

In general, for prime factorizations of n = [[7_, p;’, using Lemma 1 (9), we
have ¢, (k) =[], cp:i(k:). Thus we have the next formula (see [1, p. 238])
from this consideration,

( o
This means that Ramanujan’s sums ¢, (m ) are equivalent to Euler’s function
©(n) + Mobius function u(n).
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3). Moreover, from Lemma 1 (6), we have (see [1, p. 250-251]).
cn (k) > djn Cd( 5
el -y el
n>1 n>1 n>1

2e1® for k>0 and s > 1
((s—1) fork=0ands>2

where ((s) is the Riemann zeta function and o,(m) = 3_4,, d*
In particular,

cn(k) 6 o1(k) p(n)  ((s—1)
nzz:l oI R for k >0 and nz;l el ) for s > 2.

4). In Lemma 1, (6) and (10) are equivalent. We can see already that
(10) follows from (6). On the other hand, we have (6) from (10) and next

equations.
> cnk)ah = Y u(S)dr——g =D p(5)d > 2" = Y (3 ()"

k>0 dln dln £>0 £>0 d|n

In the next theorem we shall show some formulas are equivalent to the
definition of cyclotomic polynomials.

Theorem 1. The next formulas are all equivalent for monic polynomials
®,,(z) over C.

) 2" =1 = [Ty ®al), namely, @, (z) = [y, (x* — 15,
(2) n(z) = HnEAn( —n).

(3) Xm0 tolm) — I‘?E ;, where ®' (z) = d%n(z)
(4)

(5)

dx

.’Eq)ngg - Zd\n M(%)ﬁ, namely, o= = Zd|n xfbj(:p)

Proof. (1) = (2): Let « be of order n. Then there exists a divisor d of n
with ®4(a) = 0 and so o — 1 =0, namely, d = n. Conversely, let d be the
order of # and assume ®,,(3) = 0. Then d is a divisor of n. If d < n, then
we obtain

n_ a® =1 Iy @nl2)
(ha '+ a1 = =
zd —1 Hh\d ®p ()

where g(z) is 1 or a product of cyclotomic polynomials. Thus we have (2)
from the next contradiction.

% =(BYha 4+ 841 =D,(8)g(3) = 0.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol47/issL/5
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(2) = (3): The next equations show (3) from (2)

), () x "
o, (zx) Zx_n_z _1 ZZ?
- Sy ey el
m>07n€EA, zmease T
(3) = (4): From (3) and Lemma 1 (1) (or Lemma 1 (10)), we obtain

1@(1)
k _ n\x

1_xn ZR ch(k)m B E(I)n(l)'
k>0 k>0 x

(4) = (5): It follows from (4) and Lemma 1 (6) that

P! (v R.() cn(k n, .0
oI e W NI

k>0 k>0 djn
=zu6ﬂk2 1y
d‘n k>0 d|n >0 z
n n
- dzg'u(d)d dzh;ud a;d—l

(5) = (1): We set S(x) = Hd|n ®4(z). It follows from (5) that

= Z S(x (I)d z) = S(z) and so S(z)'(z" — 1) = S(z)na""t.

Thus we have

( S(z) >/—0and hence S(z) = c(z" — 1).

Tz —1
Since S(z) is monic, we have our assertion. O

Remark. We shall show again the formulas Lemma 1 (6) from Theorem 1.
We can see the next equations from Theorem 1 (5)

P! (z
x@:Ex;_Z“( Z” dz kd ZZ xkd .

dn :r:d k>0 k>0 djn

Thus we obtain from Theorem 1 (3)

cn(m 2)d
> =

m>0 k>0 d|n
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The formula in Lemma 1 (6) also follows from the above equation.

calm) = Y u(E)d =D u()dd g

dlm,d|n dln

§2. We stated in [5, Corollary] that cyclotomic polynomials are strictly
increasing for = > 1. However, it was incorrect and we restated in [6, Theo-
rem 3| that this hold for x > 2. We firmly believe that it is valid for z > 1.
However we cannot prove now it. It is equivalent to R,,(z) > 0for 1 >z > 0
by Theorem 1 (4), and it is also equivalent to R,(xz) < 0for 1 > 2 > 0
because R, (0) = ¢(n) and R,(1) = 0. In this section, we shall prove that it
is true for z > %

Proposition 1. Let n > 1 be a natural number and let r be the number of
distinct odd prime factors in n. Then we have ®,(x) is strictly increasing
forx>1+4 2%", In particular, ®,(x) is strictly increasing for x > %

Proof. Let t be the product of distinct primes dividing n. Then we have
O, (x) = ®4(z7). Thus we may assume n is square free. The condition
r>1+ ﬁ is equivalent to
2.7l > 1
rlz—.
We set f(x) = 2% —1—dz+d. Then f(1) = 0 and f(z) is not decreasing
for x > 1. Thus we have the next inequality
1 S d S d
r—1"2¢9-1" 2d41
We set n = pgm and m = p1p2 - - - p, where pg = 1 or 2, and
P1,P2, - - ., pr are distinct odd primes. Then we have
p(n) = p(m) = (p1 ~ )(ps — 1)+ (pr = 1) > 24620 =27 1L
In case pg = 1, we have the next inequality from the above and
Py () = Hd|n($d - 1)M(%)'

P(x) n, dzd n 1
@) %M(d)l‘d—l_%'u(d)d(l—i_xd—l)

for a natural number d.

= o)+ Yt

d|n
1 27"—1
NPT -
pl)=-1
> @(n)—2"-r1 >0.
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In case pg = 2, we have the next inequality from the above and
Dy (7) = Pop(z) = Hd|m(zd + 1)#(7)-

o (x) m dx? m 1
xQn(x) B Z,u d xd—l—l %M(d)d(l_xd—i-l)

- so(m)—zm’;ﬁxdil

AV
pS§
|
N =
x)
V
o

g

§3. In this section, we shall show that values of next series u(k) for
k = 0,1,2 are equal to first three coefficients of s in the inverse C(%H) of
the zeta function. These results are closely related to the prime number
theorem (see [3]).

We define the next series and a sum. Since u(k) is convergent (see [3,
pp.594-595, §158]), re(k) is convergent (see Lemma 2 (2)).

re(k) = Z 7%(6)(1(% n)k

n
n>1
)(logn)
u(k) :==ri(k Z p(n)(log
n>1
ve(k) := Z(log d)*.
dje

Concerning three values u(k) for £k = 0,1,2, u(0) = 0 was proved by
Mangoldt 1898 [4], u(1) = —1 by Landau 1899 [2, 3] and these general,
but equivalent, results were proved by Ramanujan 1918 [7], in addition to
u(2) = —2v where v is Euler’s constant. However, we can see from Theorem
3 that these values were already found by Mangoldt 1898 ([4, p.440]). These
are combined by the next lemma.

Lemma 2. We obtain assertions.

1 - .
W 1D =kZ:0(—1>’f (k)75 +O(s™) as s =0
k
@ re) =3 (§ Juteyuth -
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Proof. (1) We set f(s) = C(%Jrl) It is well known that
k) (o p(n)(logn) n)k
f( = Z Y] for t > 0.
n>1

Since u(k) is convergent from [3, pp.594-595, §158] and f(¥)(¢) is right con-
tinuous at a point 0 from [3, p.107, §30], we have

Jime FP(E) = (=1) (k).

On the other hand, for s > 0 in the neighbourhood of ¢t > 0,

if S_t) +O((s — )™ Y),

=0

Hence, making t — 40, we have

k
+O( M) as s — 0.

M

k= 0
(2) Using Lemma 1 (6), we obtain (2) from the next equations.

Cn, On Onk
MORS PUIC IR il SO 1
n>1

n>1 hin,h|¢
B (H) (log b’ + log h)*
= -
W>1 hle
I k
= Z( > (log B')t(log h)*~
h>1 hle t=0
k
k n _
= > ()X P o) (St
t=0 h>1 hl¢
k
= (f) u(t)ve(k —t)

The next was stated in [4, p. 440].

1
Theorem 2 (Mangoldt). GED =s5—7vs+0(s%) as s — 0.
s

http://escholarship.lib.okayama-u.ac.jp/mjou/vol47/issL/5
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Proof. 1t is well known from [4, p. 440](see also [3, p.164]) that

1
((s+1)=—-+~v+0(s) as s — 0.
s
Thus we have

1 S , ,
(orD)  Tiqstog 7 TOE)ass =0

The following theorem is our purpose in this section.

Theorem 3. Let d(¢) be the number of positive divisors of £ and let ~ be
Euler’s constant. Then we obtain equivalent results.

@) D
(b) u(0) =0, u(l) = —1 and u(2) = —2v.
(c) re(0) = 0,7re(1) = —d(¢) and re(2) = —d(€)(27y + log¥).

Proof. (a) < (b): It is clear from Lemma 2(1).

(b) < (c): (b) is a special case of (c¢) because u(k) = ri(k). The first
two equations in (c) are easy from (b) and Lemma 2(2). Using ([, t)? =
Ht\ét% = (40 the last equation in (c) follows from (b), Lemma 2(2) and
the next equations.

re(2) = u(2)ve(0) + 2u(1)ve(1) + u(0)ve(2) = —2yd(€) — 2 logt
t|e

=5— 75>+ 0(s%) as s — 0.

= —2~d({) —2log Ht = —2vd(¢) — d(¢)log (.
e
U
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