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Abstract

In [16], Thuyet and Wisbauer considered the extending property for the cla of (eentially)
finitely generated submodules. A module M is called ef-extending if every closed submodule
which contains eentially a finitely generated submodule is a direct summand of M. A ring R is
called right ef-extending if Ry is an ef-extending module. We show that a ring R is right ef-
extending and the R-dual of every simple left R-module is simple if and only if R is semiperfect
right continuous with S1 = SI <¢ Rr. We also prove that a ring R is a QF-ring if and only if R is
left Kasch and Rz w) is ef-extending if and only if R is right AGP-injective satisfying DCC on
right (or left) annihilators and (R @ R)p is ef-extending.
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SOME PROPERTIES OF EF-EXTENDING RINGS

TRUONG CONG QUYNH anp LE VAN THUYET

ABSTRACT. In [16], Thuyet and Wisbauer considered the extending
property for the class of (essentially) finitely generated submodules. A
module M is called ef-extending if every closed submodule which con-
tains essentially a finitely generated submodule is a direct summand of
M. A ring R is called right ef-extending if Rg is an ef-extending mod-
ule. We show that a ring R is right ef-extending and the R-dual of every
simple left R-module is simple if and only if R is semiperfect right con-
tinuous with S; = 5; <® Rr. We also prove that a ring R is a QF-ring
if and only if R is left Kasch and RS;”) is ef-extending if and only if R is
right AGP-injective satisfying DCC on right (or left) annihilators and
(R @ R)r is ef-extending.

1. INTRODUCTION AND DEFINITIONS

Throughout the paper, R represents an associative ring with identity
1 # 0 and all modules are unitary R-modules. We write Mpg (resp., pM) to
indicate that M is a right (resp., left) R-module. We also write J (resp., Z,,
Sy) for the Jacobson radical (resp., the right singular ideal, the right socle
of R) and E(Mp) for the injective hull of Mp. If X is a subset of R, the
right (resp., left) annihilator of X in R is denoted by rr(X) (resp., [r(X))
or simply r(X) (resp., {(X)) if no confusion appears. If N is a submodule
of M (resp., proper submodule) we denote by N < M (resp., N < M).
Moreover, we write N <¢ M, N <® M and N <™ M to indicate that N
is an essential submodule, a direct summand and a maximal submodule of
M, respectively. A module M is called uniform if M # 0 and every non-zero
submodule of M is essential in M. It is called that a module M has finite
uniform dimension if M does not contain an infinite direct sum of non-zero
submodules. Let M, N be R-modules. M is said to be N-injective if, for any
submodule H of N, every R-homomorphism f: H — M can be extended
to an R-homomorphism f : N — M. Let M be any module. A submodule
K of M is closed (in M), if K <¢ L < M, then K = L. A ring R is called
right AGP-injective if for each 0 # a € R, there exists n € IN such that
a™ # 0 and lr(a") = Ra"™ & X, with X, < gR (see [17]). A ring R is called
QF if it is right (or left) artinian and right (or left) self-injective. A ring
R is said to be right PF if Rp is an injective cogenerator in the category
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of right R-modules. A ring R is called semiregular if R/J is von Neumann
regular and idempotents lift modulo J. A ring R is called right Kasch if
every simple right R-module is embeded in R.

We consider the following conditions on a module Mp:

C1: Every submodule of M is essential in a direct summand of M.

C2: Every submodule of M that is isomorphic to a direct summand of
M is itself a direct summand of M.

C3: My & M> is a direct summand of M for any two direct summand
My, Ms of M with M7 N Ms = 0.

Module Mp is called extending (or CS) (resp., continuous) if it satisfies
C1 (resp., both C1 and C2). R is called right extending (resp., continuous)
if Rp is an extending module (resp., continuous). Module Mp is called
quasi-continuous if it satisfies C1 and C3. A module M is called uniform-
extending if every uniform submodule is essential in a direct summand of

M.

Recently, the theory of extending modules has been developed. Some
results for extending modules contribute to plentiful theory of ring and
module, particularly decomposition into direct sum of indecomposable (or
uniform) modules and application to theory of QF-rings. In [11], Oshiro
considered a ring R such that every projective R-module is an extending
module (i.e., R is co-H) and in [12] he proved that rings with this prop-
erty are (left) Artinian. Also in [3, 7] it is proved that R() is an extending
module for any index set I if and only if every projective R-module is an
extending module.

In [3], Dung, Huynh, Smith and Wisbauer studied QF-rings via extending
modules. In [6], Pardo and Asensio proved that R is right PF if and only
if R is right cogenerator right extending. This result generalizes Osofsky’s
result in [13]. In [18], Yousif proved that R is right PF if and only if R& R is
extending as a right R-module and the R-dual of every simple left R-module
is simple.

There are some interesting generalization of extending modules. For ex-
ample, in [15] Smith and Tercan studied weak extending module and Ci;
module and in [16], Thuyet and Wisbauer considered the extending prop-
erty for the class of (essentially) finitely generated submodules and defined
ef-extending module. A module M is called ef-extending if every closed sub-
module which contains essentially a finitely generated submodule is a direct
summand of M. A ring R is called right ef-extending if Ry is an ef-extending
module.

In this paper, we prove that R is QF if and only if R is left Kasch and R%))
is ef-extending. Moreover, we prove that R is QF if and only if R is right
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AGP-injective satisfying DCC on right (or left) annihilators and (R ® R)r
is ef-extending.

2. MAIN RESULTS.

From the definition of ef-extending module and ring, we have:
i) A right extending ring is right ef-extending. But the converse is not
true in general.

Ezxample. Let K be a division ring and gV a left K-vector space with infinite
dimension. Take S = End(xV'), then it right ef-extending but not right
extending.

ii) Every finitely generated submodule of an ef-extending module M is
essential in a direct summand of M.

Lemma 2.1 ([16]). Every direct summand of an ef-extending module is
ef-extending.

It is well-known M is an extending module if and only if every closed
submodule of M is a direct summand (see [3]).

Lemma 2.2. Let M be a module such that Soc(M) is finitely generated and
essential in M. Then M 1is an extending module if and only if M is an
ef-extending module.

Proof. Assume that M is ef-extending. Let N be a closed submodule of
M. We have Soc(N) < Soc(M), and so Soc(N) is finitely generated by
hypothesis.

On the other hand, Soc(N) = N N Soc(M). For every x € N such that
xRN Soc(N) =0, xRN (N N Soc(M)) = 0 or xRN Soc(M) = 0. Since
Soc(M) <¢ M, zR = 0. It follows that z = 0. So Soc(N) <° N. Hence N is
a closed submodule which contains essentially a finitely generated submod-
ule. Thus N is a direct summand of M. O

Corollary 2.3. Let R be a left perfect ring. Then R is right extending if
and only if R is right ef-extending.

If RM is a left R-module, recall that the R-dual M* = Hompg(rM, R) of
M is a right R-module via (fr)(m) = f(rm) for all r € R, f € M*, and
m e M.

Proposition 2.4. The following statements are equivalent for a ring R.

(1) R is right ef-extending and the R-dual of every simple left R-module
s simple.
(2) R is semiperfect right continuous ring with S, = S; <° Rp.
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Proof. (1) = (2). By [10, Theorem 4.8], we have R is semiperfect, left Kasch
with S, = 5; <° Rp. Since R is right ef-extending, e; R is ef-extending for
all i = 1,2,...,n. It follows that e; R is uniform (because e; R is indecom-
posable) and so Soc(e; R) is simple and essential in e; R for alli = 1,2, ..., n.
Therefore S, is finitely generated and hence R is right extending by Lemma
2.2. Thus R is right continuous by [10, Theorem 4.10].

(2) = (1) is clear. O

Theorem 2.5. The following statements are equivalent for a ring R.
(1) R is right PF.
(2) R® R is ef-extending as a right R-module and the R-dual of every
simple left R-module is simple.

Proof. (1) = (2) is clear.

(2) = (1). Assume that R @ R is ef-extending as a right R-module and
the R-dual of every simple left R-module is simple. Then R is semiperfect
right continuous ring with S, = S; <® Rp by Proposition 2.4. Since R is
semiperfect, right ef-extending and S, <° Rp, then S, is finitely generated.
Hence Soc(R® R)r, is finitely generated and essential in (R® R)r. Therefore
(R & R)g is extending by Lemma 2.2. We have J = Z, (since R is right
continuous) and R is semiregular (since R is semiperfect), then (R @& R)r
satisfies the C2 by [10, Example 7.18], and so (R® R)g is continuous. Thus
R is right self-injective by [10, Theorem 1.35]. O

Corollary 2.6 ([18], Theorem 2). The following statements are equivalent
for a ring R.
(1) R is right PF.
(2) R® R is extending as a right R-module and the R-dual of every
simple left R-module is simple.

We write Rg‘;) to indicate a countable direct sum of copies of the right
R-module Rp.

Theorem 2.7. The following statements are equivalent for a ring R.
(1) R is QF.
(2) R is left Kasch and R%}) is ef-extending.

Proof. We prove (2) = (1). Let T" be a maximal left ideal of R. Since R
is left Kasch, r(T') # 0. There exists 0 # a € r(T) or T < [(a) which
yields T' = I(a) by maximality of T" and so 7(T') = ri(a). Since R is right
ef-extending, aR <¢ eR for some e> = e € R. On the other hand, aR <
rl(a) < eR and then rl(a) <° eR. Hence r(T) <° eR. It implies that R
is semiperfect by [10, Lemma 4.1]. Thus R = etR & --- @ e, R, where
{ei} is the complete set of orthogonal local idempotents. For every i # j
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(t,7 € {1,2,---,n}), let f: e,R — e;R be a monomorphism. We have
e;R = f(e;R) < e;R. Since R satisfies the right C2 (because R is left
Kasch), then f(e;R) is a direct summand of e;R or f(e;R) = e; R (because
e;R is indecomposable). Hence f is an isomorphism. Since R is right ef-
extending, every uniform right ideal of R is essential in direct summand of
Rp. Therefore for every ig € {1,2,--- ,n}, b eiR is e;, R-injective
{1.2,-,n}\{io}

by [3, Corollary 8.9]. Since e; R is also ef-extending, indecomposable and so
e; R is quasi-continuous. By [9, Theorem 2.13|, R is right quasi-continuous.
Thus R is right continuous.

By Utumi’s Theorem (see [10, Theorem 1.26]), J = Z,. By [10, Example
7.18], (R®R) R satisfies the C2 and so (R®R)r is continuous. Thus R is right
self-injective by [10, Theorem 1.35]. It implies that e; R is injective for every

i = 1,2,...,n. On the other hand, R%J) = (etR® - ®enR)W = DR

is uniform-extending, for some countable set v’ and ¢; € {e1, ez, ,e,} for

each i € w'. By [3, Corollary 8.10], R%f) is injective. By a well-known result
of Faith ([4]), R has ACC on right annihilators and hence R is QF. O

Corollary 2.8 ([18], Theorem 3). The following statements are equivalent
for a ring R.

(1) R is QF.

(2) R is left Kasch and R%)) is extending.

Corollary 2.9. The following statements are equivalent for a ring R.
(1) R is right PF.
(2) R is left, right Kasch and (R ® R)g is ef-extending.

Proof. (1) = (2). Assume that R is right PF. Then R is left, right Kasch
and R is right self-injective by [5, Theorem 2.8]. Hence (R® R) g is extending
module [10, Theorem 1.35].

(2) = (1). In the proof of Theorem 2.7, we showed that R is right PF. O

Lemma 2.10. Assume that R = etR® esR & --- @ e, R, where each e; R

1s uniform for all i = 1,2,...,n. If every monomorphism Rr — Rp is an
epimorphism, then R is semiperfect.
Proof. By [10, Lemma 4.26]. O

A ring R is called I-finite if R contains no infinite sets of orthogonal
idempotents (see [10]).

Proposition 2.11. The following statements are equivalent for a ring R.

(i) R is a semiperfect, right continuous ring.
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(ii) R is a right ef-extending ring, Z, = J, and R has DCC on principal
projective right ideals.

(iii) R is a right ef-extending, right C2 ring, and R has DCC' on principal
projective right ideals.

(iv) R is a right ef-extending, right C2 and I-finite ring.

Proof. (i) = (ii) = (iii) = (iv) are clear.

(iv) = (). Since R is I-finite, write 1 = uj + - -+ + u,, where the u; are
orthogonal primitive idempotents. Hence R = u; R & - - - & u, R, where each
u R is uniform because it is an ef-extending module. On the other hand, R
satisfies C2, every monomorphism Rrp — Rp is epimorphism. Thus R is
semiperfect by Lemma 2.10. By a similar proof of Theorem 2.7, R is right
continuous. O

Corollary 2.12. The following statements on a ring R are equivalent:
(1) R is a semiperfect right self-injective ring.
(2) (R® R)gr is ef-extending, Z, = J and R has DCC on principal
projective right ideals.

Proof. (1) = (2) is clear.
(2) = (1). By Proposition 2.11, R is semiperfect. Thus by a similar proof
of Theorem 2.7, R is right self-injective. 0

Next, we consider properties of a ring which has DCC on right (left)
annihilators such that (R @ R)pg is ef-extending.

Theorem 2.13. The following statements are equivalent for a ring R;
(1) R is QF.
(2) R is right AGP-injective satisfying DCC on right annihilators and
(R® R)R is ef-extending.
(3) R is right AGP-injective satisfying DCC on left annihilators and
(R® R)g is ef-extending.

Proof. (2) = (1). Assume that there is monomorphism f : R — R which
not epimorphism. Let @ = f(1). Then r(a") = 0,¥n > 1. Assume that
aR # R. Since R is right AGP-injective, there exist a positive integer m > 1
and X; < gR such that a™ # 0 and Ir(a™) = Ra™ @ X;. It implies that
R = Ra™ @ X; (since 7(a™) = 0) and so Ra™ = Re for some ¢ = ¢ € R.
Then
0=r(a")=r(Ra™)=r(Re)=r(e) = (1 —¢)R,

and hence e = 1 or Ra™ = R. It implies that R = Ra, i.e., ba = 1
for some b € R. If ab # 1, then by [8, Example 21.26|, there are some
e;; = a'tV—a' Wt € R, i, j € IN such that e;je = i€y for alli, j, k € IN,

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 52/iss1/10



Quynh and Thuyet: SOME PROPERTIES OF EF-EXTENDING RINGS

SOME PROPERTIES OF EF-EXTENDING RINGS 129

where d;; are the Kronecker deltas. Notice e;; # 0 for all 7,7 € IN, by
construction. Set e; = e;. Then e;e; = d;5e;, Vi, j € IN. Therefore we have

r(er1) >r({e1,ea}) > -+,

this is a contradiction because R has DCC on right annihilators. Hence
ab =1 and so aR = R. This is a contradiction to our assumption. Thus f
is an epimorphism.

On the other hand, R is I-finite, there exists an orthogonal set of primitive
idempotents {e; }I' ; such that Rr = e; RPea R®...Pe, R. Since R is right ef-
extending, e; R is ef-extending and so e; R is uniform for every i = 1,2,...,n.
Thus R is semiperfect by Lemma 2.10. But R is right AGP-injective, J = Z,.
Therefore R is right C2 by [10, Example 7.18]. Then R is QF by the later
part of the proof in Theorem 2.7.

(3) = (1). Assume that there is monomorphism f : R — R which
not epimorphism. The same argument of (2) = (1), there exists a set of
orthogonal idempotents {e; € Rle; # 0,7 € IN}. Therefore we have

l(er) > I({e1,e2}) > -+,

this is a contradiction because R has DCC on left annihilators. Thus R is

QF by the later part of the proof in (2) = (1). O
Theorem 2.14. The following statements are equivalent.
(1) R is QF.
(2) (R® R)g is ef-extending, R is right C2 and satisfies ACC on left
annihilators.
(3) (R® R)R is ef-extending, R is right C2 and satisfies ACC on right
annihilators.

Proof. (1) = (2),(3) is clear.

(2) = (1). Assume that there is monomorphism f : R — R which not
epimorphism. Let a = f(1). If aR # R, then a"R > a""'R for all n > 1
(because r(a) = 0). Moreover, a™R = aR = R for all n > 1. Then for every
n > 1, there exists 0 # €2 = e, € R such that a"R = e, R because R is right
C2. Hence we have a strict ascending chain

l(el) < l(€2> < - ey

this is a contradiction. Thus aR = R or f is epimorphism. It implies that R
is semiperfect by Lemma 2.10. Then R is QF by the later part of the proof
in Theorem 2.7.

(3) = (1). By (2) = (1), for every monomorphism f : R — R which is
not epimorphism and for every n > 1, there exists 0 # e2 = e, € R such
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that a"R = e, R with a = f(1). Hence we have
e1R > esR > -+,

this is a contradiction by [10, Lemma B.6]. Thus R is QF by the same
argument of (2) = (1). O

From this theorem, we have the following proposition.

Proposition 2.15. The following statements are equivalent for a ring R.
(1) R is QF.
(2) (R® R)R is ef-extending, R satisfies ACC on right annihilators and
S; <¢ Rp.

Proof. We prove (2) = (1). By [14, Theorem 2.9 |, R is semiprimary.
Therefore R is left Kasch by [10, Lemma 4.2]. Thus R is QF. O

In [1], the authors proved that R is QF if and only if R is right Artinian,
(R® R)R or r(R® R) is extending and S, < S;. In this paper, we extend
this result in case (R @ R)g or r(R ® R) is ef-extending.

Theorem 2.16. Assume that R has ACC on right annihilators with S, <¢
Rpr. Then the following statements are equivalent.
(1) R is QF.
(2) (a) (R®R)r or r(R® R) is ef-extending.
(b) S, < S;.

Proof. (1) = (2) is clear.

(2) = (1). Since R has ACC on right annihilators with S; <¢ Rp, R is
semiprimary by [14, Theorem 2.9]. Hence R is left Kasch by [10, Lemma
4.2]. If (R @ R)g is ef-extending, then R is QF by Proposition 2.15.

If R(R®R) is ef-extending, then R is left ef-extending. Therefore Soc(Re)
is simple for every local idempotent e € R. It implies that S,e is simple or
zero. Moreover, S, is essential in Rr and so Soc(eR) # 0. It implies that R
is right Kasch by [10, Theorem 3.12]. Therefore R is left C2. Thus R is QF
by Theorem 2.14. O

Acknowledgment. The authors would like to thank the referee for his/her
many valuable suggestions and comments.

REFERENCES

[1] P. Dan and L. V. Thuyet, Some results on QF-n rings (n=2,3), Acta Math. Vietnam
16 (1991) 69-76.

[2] P. Dan, Right perfect rings with the extending peroperty on finitely generated free
module, Osaka J. Math. 26 (1989) 265-273.

[3] N.V. Dung, D.V. Huynh, P.F. Smith and R. Wisbauer, Extending Modules, Pitman,
1996.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 52/iss1/10



Quynh and Thuyet: SOME PROPERTIES OF EF-EXTENDING RINGS

SOME PROPERTIES OF EF-EXTENDING RINGS 131

[4] C. Faith, Rings with ascending condition on annihilators. Nagoya Math. J. 27 (1966)
179-191.

[5] C. Faith and D. V. Huynh , When self-injective rings are QF: A report on problem, J.
of Alge. and its Appl. 1 (2002) 75-105.

6] J. L. Gémez Pardo and P. A. Guil Asensio, Rings with finite essential socle, Proc.
American Math. Soc. 125 (1997) 971-977.

[7] D.V. Huynh and P. Dan, Some characterizations of right co-H-rings, Math. J. Okayama
Univ. 34 (1992) 165-174.

[8] T.Y. Lam, A First Course in Noncommutative Rings, Springer Graduate Text, 1991.

[9] S.H. Mohammed and B.J. Miiller, Continous and Discrete Modules, London Math.
Soc. LN 147: Cambridge Univ.Press., 1990.

[10] W.K. Nicholson and M.F. Yousif, Quasi-Frobenius Rings, Cambridge Univ. Press.,
2003.

[11] K. Oshiro, Lifting modules, extending modules and their applications to QF-rings,
Hokkaido Math. J. 13 (1984) 310-338.

[12] K. Oshiro, On Harada rings. I, Math. J. Okayama Univ. 31 (1989) 161-178.

[13] B. L. Osofsky, A generalization of quasi-Frobenius rings, J. Algebra 4 (1966) 373 -
387.

[14] T. C. Quynh and L. V. Thuyet, On rings with ACC on annihilators and having
essential socles, Proc. of Int. of Math. and Appl. (ICMA, Bangkok 2005), Contnibution
in Math. and Appl. (2006) 227-234.

[15] P.F. Smith and A. Tercan, Generalizations of CS-modules, Comm. in Algebra,
21(1993) 1809-1847 .

[16] L. V. Thuyet and R. Wisbauer, Extending property for finitely generated submodules,
Vietnam J. Math. 25 (1997) 65 - 73.

[17] Y. Zhou, Rings in which certain right ideals are direct summands of annihilators, J.
Aust. Math. Soc. 73 (2002) 335 - 346.

[18] M.F. Yousif, CS rings and Nakayama permutations, Comm. Algebra 25 (1997) 3787-
3795.

TrRUONG CONG QUYNH
DEPARTMENT OF MATHEMATICS
DANANG UNIVERSITY
VIETNAM

e-mail address: tcquynh@dce.udn.vn

LE VAN THUYET
DEPARTMENT OF MATHEMATICS
Hue UNIVERSITY
VIETNAM

e-mail address: lvthuyethue@gmail.com

(Received May 18, 2008)
(Revised August 13, 2008)

Produced by The Berkeley Electronic Press, 2010



