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Kitamura: A note on quotient rings over a quasi-Frobenius extension

A NOTE ON QUOTIENT RINGS OVER A
QUASI-FROBENIUS EXTENSION

Yosuimi KITAMURA

Let A/B be a ring extension. When A/B is a Quasi-Frotenius
(QF) (resp. Frobenius) extension, it seems to be natural to ask where
the maximal right quotient ring Qum..(4) of A in the sense of Utumi-
Lambek is a QF (resp. Frobenius) extension of the maximal right
quotient ring @...(B) of B or not. In the previous paper [4], we
showed that the answer is affirmative if A/B is a Frobenius extension
such that

«\ A is finitely generated as a B-module by elements which centra-
QI

ize B.
In the present paper, we shall further investigate the atove ques-
tion under a suitable hypothesis. Our main result of this paper is the
following :

If A/B isa QF (resp. Frobenius) extension satisfying (*)o or the
condition :

(% the class of right B-modules with zero duals is closed under tak-
) tng submodules

then Qn..(A) isa QF (resp. Frobenius) extension of @Q...(B) such that

Qran(A) = Q..x(B) @ 1A =R 1Q.mn(B) canonically. Here, by the dual

of a right B-module X, we mean Hom(X, Bj).

It is interesting to observe that when A/B is QF, A satisfies
(**), if and only if B does (**); (Proposition 1. 4).

Throughout this paper, A will denote a ring with identity element
and B a subring of A with the common identity element. The notation
and terminology are same as [4] unless otherwise specified.

1. Let R be a ring with identity element. A non-empty set § of
right ideals of R is called an idempotent filter of R if the following
conditions are satisfied :

(i) If I® and I C J, then JEG.

(ii) If I, J=§, then IN JEPB.

(i) If I€Q, ¢=R, then a'l={x=R|ax=s I} =3.

(iv) If I€g, a'JeF forevery e I, then JEG.

Let § be an idempotent filter of R. Then § is obviously a
directed set by inverse inclusion and Qg(R) =1'£{1 Homg(I, R/ Tg(R)) has

=%
a ring structure in a natural way, where Tg(R) ={a € R|al =0 for

57
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some I & F}, called the right quotient ring of R with respect to ,
and moreover there is a canonical ring homomorphism R—>Qg(R) whose
kernel is T%(R). Thus the last homomorphism is monic if and only if
the following condition is enjoyed :

(v) The left annihilator of every member of § is zero.
The largest set of right ideals of R satisfying (i)—(v) is the filter
consisting of all dense right ideals of R, where a right ideal I of R is
said to be dense if for every x, ¥ € R, y %0, there exists some gaER
such that e € I and ya=40, or equivalently, if Hom(R/I,;, E(Rz)g)
=0, E(R:) the injective hull of Rz The right quotient ring with
respect to this filter is called the maximal right quotient ring of R and
denoted by @....(R) (see for details, [6] and [8]).

Now we shall turn to a ring extension A/B.

Proposition 1.1. Let § be a non-empty set of right ideals of B and
X the set of right ideals of A which contain some member in §. If ¥
satisfies (i), (ii) and (iv), then % satisﬁés (i), (ii) and (iv). . Morever if
(*) A is generated as a B-module by elements which centralize B,
then % satisfies (iii) whenever so does .

Proof. Clearly, & satisfies (i) and (ii). Let I be a member in
& with I D J forsome J = §. Let K be a right ideal of A such that
2 'K €% for every x 1. * Since b3’ (KNB)=0"'KNBEF for every
be], weobtain KNBEY, andso, KE &, proving (iv). Next assume
further (*) and (iii) for §§. Then every element @ of A can be written
as @ = YL ba, with some @, V,(B)={as A | ab=ba for all b< B}
and b, € B (( =1, -+, #). Since b;'(INB) € for all i, we have
NI NBEF andso, a'I = F because of ¢ 'TDN b;*(IN B).

To contrast with the above proposition, we shall prove the next.

Proposition 1.2. Let ¥ be a non-empty set of right ideals of A
satisfying (i), (ii) and (iii), and §' the set of right ideals ] of B with
JD I for some IES, where I' denotes the right ideal of B generated
by the elements of the form f(x), x< I, f< Hom(sA, sB). Then ¢
satisfies (i), (ii) and (iii). Moreover, if A satisfies (*) and is projec-
tive then ¥ satisfies (iv) whenever so does .

Proof. Obviously, §' satisfies (i) and (ii). Let I and b be
elements in § and B respectively. Since (b7'I) C b™'I', we have
b'I' = {', proving (iii). Assume further that ,A is projective and (*)
is satisfied. Let {a}.C V.(B) be a generating set for the left B-module
A. Then, by the projectivity of ,A, there exists a subset {f},C
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Hom(As B,) such that, for each x = A, fi(x) = 0 for almost all ¢ and
£ = 3 f(x) @ (Such a system (f;, a;): is called a dual basis for ,A).
Let J be a right ideal of B such that y'JE @' for every y&I'. For
every element x = X fi(x)a: in I, N fi(x)"'J is contained in x'JA and
contains some I, (I, €®) as a member of &', and so, I,C I,- ACx™'JA.
Therefore JA € § by (iv), which implies (JA) C J € §' as desired.
We now consider the following conditions on a ring R which have
Feen investigated in [2] :
- The class of right R-modules with zero duals is closed under
%) taking submodules.
«+sy The class of torsionless right R-modules is closed under taking
*)n extensions.
As was mentioned in [2], if the injective hull E(Rgz)zx of R is torsion-
less then R satisfies (**); and (***),. We shall show in the following
proposition that these conditions are inherited for QF extensions.
Although, the next lemma was cited in the foot note of [2, p.450], for
the sake of completeness, we give here a proof.

Lemma 1.3. A ring R satisfies (**)x if and only if Hom (X,
E(R))= 0 for every X with zero dual.

Proof. It is enough to prove the only if part. Let X be a right
R-module with zero dual. If f(X)s~0 for some f & Hom(Xz E(R:z)z),
then f(X)N R=~0, which contradicts (**)a.

Proposition 1.4. Suppose A/B is a QF extension. Then B
satisfies (**)z (resp. (***)g) if and only if so does A.

Proof. Let (a:: X 2 @ ¥ih<icy be a right QF system for A/B".
J

First, we claim the followings :

a) If Yy is torsionless, then Hom(As Yg). is torsionless and
a mapping ar: Y —> Hom(A4,, Y5 defined by ar(y) = (4, - au); for
y € Y is monic, where 2, denotes a mapping B——> Y given by 2,(b) =
yb for b B. Infact, the first assertion is clear, because Y, IIB,
implies Hom(A;, Y. <G II Hom(As Bp), G ITA,. To see the second
one, let us assume 4, - «; =0 for all 7. Then «; - f(»)=0 in Hom(A45,
B,) for every f& Hom(Y, B;), and so, f(y»)=0. As Y, is torsion-

1) A right QF system for A/B is defined as a system (@:; > x;;®yipi1<icp with }_,tc,(xu)
yiy=1, where every @; is a B-B-homomorphism of A to B and every )_.xué‘(')yu is a

casimir element of A@ pA, that is, an element which commutes with all elements of A,
A left QF system for A/ B is defined similarly (see [5]).
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less, this means y = 0.

b) X. istorsionless if and only if so is it as a B-module. Noting
X, G Hom(As, Xs). thisis a consequence of a).

c) sHom(X,, A,)~ sHom(X, B;) for every X, Infact, ;Hom(X,,
A,) ~ sHom(X,, Hom(As, B)s) == ;Hom(X @ ,As Bjy) = Hom(X,, Ba).

Now assume the validity of (**),, and let Y be a right B-module
with zero dual and Y’ an arbitrary submodule of Y. Since Hom(A,,

4 G Hom(Ay, Ys). and Hom(Hom(As, Yi)s As) ~Hom(Y @ A4, Al)

= Hom(Y», As)| Hom(Ys Bj;) (as abelian groups), the validity of (**),
yields Hom(Y’s, As) = 0, and so, Hom(Y's, Bs) = 0 as desired. The
converse is clear by c¢). Next assume the validity of (***),. Let 0 —
Y — Y—> Y”"——> 0 be a short exact sequence of tight B-modules
with Y/, Y" torsionless. We have the following commutative diagram
with rows exact :

0 > Y’ —> Y > Y >0

aY’l arl ayul
0— Hom(Aj, Y's)"— Hom(As, ¥)’— Hom(As, Y"'5)°=0

Therefore Hom(A,, Y») is torsionless as an A and hence as a B-module
by a) and (***),. Recalling here that ay- and . are both monic by
a), we can see «; to be monic and Y, to be torsionless. Conversely,
A satisfies (***), whenever B dose (***), from b).

Proposition 1.5. Suppose that A/B is QF and that either (*) or
(**), is satisfied. If I (resp. J) is a dense right ideal of A (resp. B),
then sois INB (resp. JA) in B (resp. A).

Proof. First, we note the following fact that the canonical injec-
tion B/INB—> A/I induces a surjection Hom (A/I,, E(Bs)s) —> Hom
(B/IN By, E(By)s). Let us now assume (*). Then we have E(A,), ~
Hom (A;, E(Bs)n)a by the proof of {4, Theorem]. Thus we have Hom
(A/IB. E(Bg)s)=Hom(A/ I, Hom(Aj, E(Bs)s).) ~ Hom (A/Il, E(AL.)=0
as abelian groups. Therefore, recalling the akove mention, I N B is
dense in B. Further, noting Hom(A4/JA., E(A.).,) ~ Hom(B/J & A,
Hom(Ay, E(Bg)s).) ~Hom(B/ s, E(Bg)s)=0, it follows that JA is dense
in A.

Next assume (**); for B. Thus A satisfies (**), by Proposition
1.4. Since Hom(A/JA., A,)=Hom(B/]s Az)|Hom(B/ Js Bs), we have
Hom(A/JA,, A,)=0. It follows that JA is densein A by Lemma 1. 3.
Moreover we have Hom(A/ Is Bs) ~Hom(A/I,, A,) by c¢) in the proof
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of Proposition 1. 4, and so, Hom(A/ I,, E(B;)s)=0 by Lemma 1. 3. There-
fore, recalling the mention at the begining of the proof, I B is dense
in B.

Remark. Assume A to be torsionless. If I is a dense right ideal
of A, then I' defined in Proposition 1.2 is a dense right ideal of B. In
fact, let « and y bein B, with y=~0. Since [ is dense in A, there
exists a€ A such that xe=I and yea=0. Our assumption yields f(ya)
0 for some f=Hom(zA, zB). Therefore we have xzf(a)=f(xa)= I’
and yf(a)#0. -

Let % be now an idempotent filter of B such that § defined in
Proposition 1. 1 is also an idempotent filter of A. Then we can construct
the right quotient rings Qg(B) and Q%(A) of B and A with respect
to § and §, respectively. Let us set B= B/Tg(B), A= A/ Tg(A),
B=Q%(B) and E=Q{§(A). First suppose A/B to be a QF extension
with a right QF system (a:: 2 2;,&¥:)i<i<» and with a left QF system

J
(e DL wu@2zu)icise Since Tg(A)NB=Tg(B), we can and shall regard
{

B as asubring of A. Let ¢ be an arbitrary right B-homomorphism of
A to B. Itis easy to see 9&(T3.(A))C Tg(B). Therefore, ¢ induces a
right B-homomorph1sm 50 : A—>B in a natural way. Furthermore, we
have Tg(B)A=ATg(B)=Tz(A), since for a€T5(A), a= Za.(axz)yf.
—Z WP (zua) with a(ex,), F(zua)ETg(B). Next, let g "be a right
Bhomomorphlsm of J(JE® to B. Since ;A is finitely generated (f.
g.) projective, we have an unique extension g: JA—>A of g so that
the diagram

g R Id,
J®:A —> B|Tg(B)® A

l 3 ll
JA  —> A|Tg(B)A=A

is commutative, where the vertical mappings are the natural isomorph-
isms. Thus we can obtain a ring homomorphism: o : B——> A defined by

p(lg]) = [&]

for (g] €B. Itis obv1ously monic. Therefore, we can and shall regard
B asa subring of A by p. Moreover we shall denote by « the image
of a€ A under the canonical mapping A——)A, and by f' the restric-
tion of f to J for a representative f: JA —> A of [Ale Z(]E %)
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Then we claim the followings.
a) Every right B-homomorphzsm ¢ of A to B induces a right B-

homomorphism ¢ of At B defined by
gL =1[g°rf']

for [F1€A. In particular, if (g Gshicscs, (s & Hom (A5, By), ., EA) is
a dual basis for Az, then (g, é,,)m“o is also a dual basis for Z;;.

b) For y»EHom(sAs, 5Bs), «,Tr which can be deﬁried by a) regarding
\r as a right B-homomorphism is contained in Hom (343, 5B3).

c) If 22QRy.€ AQ A is a casimir element, then 3. %.Q¥, €A
®EZ s also a castmir element.

&) T a(@)iu=1 and I Bub(a)= 1.
The abové assertions a), b) and d) can be easily .verified. Since As is
f.g. projective by a), a mapping Z@ ;ZB u @ vi—> (5 —> 7(u)v)
=] Hom(};Hom(Z;,, Ez), ;,E) is bijective. Hence, to see c), -it is enough
to show the following equation

2 5.5 - (1= ¢([F] - 25 for [F1E€4,

where (¢:, @) is a dual basis for A3 induced by a dual basis (¢:, a.).
for Az. So, let f: JA ——>Z(]E %) be a representative of [ f] =A.
Then we have
3. - [F1=1JA2bx—> 7. f(D)xE A],
¢:(m)=[ADx—> 7,(Z)xE A],
where, for a € A, @ denotes the image of ¢= A under the canonical

mapping A —> A and [X2x—>y& Y] denotes a class to which a
mapping X 2 xi——>y &Y belongs. Therefore the left hand of the above

equation is equal to [JAD bx— 27 (X)), f(B)xE A]. On the other
t
hand, Nx7*(JA) contains some member J, in ¥, and so, Ny '(J,A)
£ t
contains some member J, in §. We have then
y=[ADzx—>FrEA],
¢s([f] * 5;,): I:J1A Sbxi —>¢s(f(x¢b)) . xGA].

Furthermore, for any b in J,NJE$, we have y.b=J, A, and so, in an
equation y,b= Z} o (9.0%,) yi;, every au(y.bxi;) is contained in J,. It
follows that the rlght hand of the above equation is equal to
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[(J:NNASbzr—> T Za(f(maybe) vy € A).

However, we have

l' ;} ¢s(f(mai (3 bx:;)))J’U:iZJ- Z(f(b Zl X (¥exi))yiy
:§ S?S(f(b) Z; 2ot (Y. %)) Vi
= ; . (f (D) x) ?;; G,
:; ES(EL).th(b)»
where the first and the last equalities are followed by the fact that
S 2. Ry eAQ A is a casimir element. Therefore we have the
desired equation. Thus we have shown that A/B is a QF extension
with a right QF system (az:; ;.ﬁ,@ ¥:): and with a left QF system
(Ge; T Wu@®Zu) As Ti(@)=a:(a) and F(a)=i(a) for ac A, mapp-
t
ings
E@BA Bv®a|——>v5€;l’
and
A®B§9a®vl—>fwe A

are isomorphisms whose inverses are given respectively by
A ur—> D ai(uxy) Xy, E BR A
[

and
Ao u.—>§wﬂ®§;(zuu) € AQ.B.

Similarly, we can show that if A/B is a Frobenius extension with
a Frobenius system (#; r, /), then Z/E is a Frobenius extension
with a Frobenius system (7[; 7. 7)., To summarize, we have the follow-
ing proposition.

Proposition 1.6. Let & be an idempotent filter of B such that %
defined in Proposition 1. 1 is also an idempotent filter of A. If A/B is
a QF (resp. Frobenius) extension then Qz(A) is a QF (resp. Frobenius)
extension of Qg(B) such that the canonical mappings

Qx(B) @ sA 3 2Q a—> za € Q3(A4)
and
A ®BQ3_(B) S aQxi—>ax € Qz(A)
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are both isomorphisms. In particular, if Qg(B) is flat as a left (resp.
right) B-module then Qx(A) is flat as a left (resp. right) A-module.
We are now ready for proving the following main theorem.

Theorem 1.8. If A/B isa QF (resp. Frobenius) extension satisfy-
ing the condition (*) or (**), (or (**)5), then Q..(A) is a QF (resp.
Frobenius) extension of Q...(B) such that the canonical mappings

anx (B) ® IIA EN ® a—>xa & szlx (A)
and
AQ sQnu(B) D a @ 21— ax € Q,..(4)

are both isomorphisms. In particular, if Q...(B) is flat as a left (resp.
right) B-module, then @Q...(A) is flat as a left (resp. right) A-module.

Proof. Let § te the filter of dense right ideals of B. Then %
defined in Proposition 1. 1 coincides with the filter of dense right ideals
of A by Propositions 1.4 and 1.5. It follows that the theorem is a
direct consequence of the atove proposition.

If the injective hull of B is torsionless, then the condition (**)g
is enjoyed by Lemma 1. 3. Thus we have the following as a consequence
of the theorem,

Corollary. If A is a QF (resp. Frobenius) extension of B such
that the injective hull of By is torsionless, then the same concluston as
in the theorem holds.

As will be seen from the following examples, the conditions (*) and
(**)z for a ring extension A/B are independent even when A/B is a
Frobenius extension.

Example 1. Let Z be the ring of integers. A group ring Z[G] of
a finite group G over Z is a Frobenius extension of Z with a Frotenius
homomorphism #: Z[G] 2 X a,- g'—>a.= Z (e the identity of G).
Obviously, Z[G]/Z satisfies (*). However Z does not satisfy (**),.

Example 2. Let R be a triangular matrix ring (Ilg I%) over a field

K and A the 2 X2 matrix ring (R), over the ring R. As is well known,
R satisfies the condition (**); (in fact, R is a QF-3 ring), and so, A
does (**),. Let us denote by ¢ the inner automorphism of the ring A

induced by the element (2 (1)) in A, by G the group generated by o,
and by B the subring of A consisting of elements of A left fixed by
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every element of G. Put 1, =y,=(é 8), X, =Yy,= (8 (1)) =A. Itisthen

*(;a)=(a) for (G2)=a

% Y, tx e y,=1, 2, - o(y,)+x, - o(y,)=0.

easy to see that

Therefore, A/B is a G-Galois extension. Hence it is a Frobenius exten-
sion with a Frobenius system (A; #v, %)i<ic:, Where A is the trace
homomorphism of A to B defined by

h(x)=x2+0(x) for x=A.

It follows that B satisfies (**); by Proposition 1.4. However, to be
easily seen, A/B never enjoies the condition (*).

Now assume that pAz|zBs, that is, there exist fi: pAz——> 585
and a,€V,(B) (k=1, ---, ¥) such that X a, - fi(a)=a for all a= A. Since
each f, sends V,(B) into the center C of B, V,(B) is an {. g. project-
ive, faithful C-module. Hence we have V,(B)~C as C-modules. More-
over mappings Vi(B)®B—> A, xQy—>xy, and A—>V,(B)Q B,
x— 3 2, fi(x), are the mutually inverse isomorphisms. Similarly
we have BR V.(B)=A by the correspondence y Q x—> yx, and so,
BAB ~ pBp.

Proposition 1.8. Suppose that A/B is QF (resp. Frobenius) such
that B is right artinian with pAg|sBs. Let M be an f.g. right B-mo-
dule which is a generator and a cogenerator. Put N=Hom (A Ms),
A'=End(N,) and B'=End(Ny). Then there holds the following :

a) B'/A' is QF (resp. Frobenius).

b) B' and A' are both semi-primary QF-3 rings.

¢c) A=End(+N) and B=End(yN).

Proof. As is mentioned atove, Az~ B andso, Nz=Hom (As,
M)~ Hom (By, Mp)s=M;; N A~ N.. Thus a) is a consequence of
[5, Theorem 1.1]. Next, to be easily seen, N, and N; aref.g. gene-
rators and cogenerators. Hence b) is a direct consequence of [7, Theorem
3.1]. Finally c) is well known.

Remark. If B is a commutative artinian ring then such a module
M does always exist. Indeed, the injective hull E(B/J;) is an f.g.
cogenerator, where J is the radical of B (see [1, Proposition 10.5]).
Hence M=B(B/J:)B is a required one.
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As an immediate consequence of the above proposition, we have the
following.

Corollary. Every QF (resp. Frobenius) algebra over a commutative
artinian ring can be obtained as an endomorphism ring of a semiprimary
QF-3 ring which is a QF (resp, Frobenius) extension of a semiprimary
QF-3 ring.

2. Supplements, A right R-module whose f. g. submodules are
torsionless is said to be locally torsionless. In connection with [3, Pro-
position 2. 12], we shall show the following.

Proposition 2.1. Suppose A/B to be QF extension, Then E(A.).
ts locally torsionless if and only if sois E(Bp)s.

Proof. In general, to be easily seen, if M is locally torsionless
then so is every submodule of M7%. This remark will be used freely in
the sequel. First we assume E(A,), locally torsionless. Since E(A.)s
is injective, we can consider as E(B;)CE(A,). If Y is an arbitrary
f. g. submodule of E(Bjz), then YCYACE(A,). Thus, by our assump-
tion, YA, and so, YA;, is torsionless. Hence Y, is torsionless. Con-
versely, assume E(B;); locally torsionless. Since A,|Hom(Ag Bg).
G Hom (Ay, E(Bg)s)s, we have E(A,).|Hom (A, E(Bg)s). and so, we
have only to show Hom(Az, E(Bgs)s). locally torsionless. To this end,
take an arbitrary f.g. submodule X, of Hom(Ajz E(Bs)s. Then,
recalling that Ay is f.g., we have X, G Hom (A, Y;), for some f.g.
(torsionless) submodule Y; of E(Bs). Hence X, is torsionless as a
submodule of the torsionless module Hom (A, Y5)..

Proposition 2.2. Suppose A/B a right QF extension. Then A
is a generator if and only if there exists a right A-module which is a
cogenerator as @ B-module.

Proof. Let (a:; ;xu X ¥:)icicpy be a right QF system for A/B.

Then the trace ideal Hom(zA, zB)(A) of zA coincides with > «;(A).
Accordingly, 5A is a generator if and only if > a,(A)=B. First ass-
ume A a generator. Then, for every right B-module Y, ay: ¥ —>
Hom (A, Y5)? defined as in the proof of Proposition 1. 4 is monic. Hence
every right A-module which is a cogenerator (such a module exists al-
ways) is a cogenerator as a B-module. Conversely, assume that there
exists a right A-module V which is a cogenerator as a B-module, If ;A
is not a generator, then there exists a maximal right ideal J of B
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containing X a:(A). Since Vj; is a cogenerator, there exists some
feEHom(B/ Js V) with f(1+])+ 0. However, Ann,(f(1+/))={aE
AlfA+J)a=0}DJAD Y a;(A) - A= A, which yields a contradiction

fQ@+7j)=0.
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