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PURELY INSEPARABLE RING EXTENSIONS AND
H-SEPARABLE POLYNOMIALS

SHUICHI IKEHATA

1. INTRODUCTION

Purely inseparable ring extensions of exponent one has been studied by
S. Yuan ([17], [18]), and G. Georgantas ([2]). In the theory, derivations
play a role analogous to that of automorphisms in the theory of cyclic Ga-
lois extensions. H-separable polynomials in skew polynomial rings has been
studied in [6, 7, 8, 9, 10, 13, 15, 16]. If the coefficient ring is commutative,
the existence of H-separable polynomials has been characterized in terms
of Azumaya algebras and purely inseparable extensions ([6]). However, if
the coefficient ring is non-commutative, we have only results without sat-
isfaction. Concerning skew polynomial rings of derivation type, in [15] we
studied H-separable polynomials of degree 2.

The purpose of this paper is to give some generalizations and sharpening
of the results in [6] and [15]. Our first main result is the following: If the
skew polynomial ring of derivation type B[X; D] contains an H-separable
polynomial f of degree m > 2, then necessarily B is of prime characteristic
p, and f is a p-polynomial of the form Z;:O XPbjt1+ by (m = p°), and
the center of B[X; D] coincides with ZP[f], where Z is the center of B, and
ZP = {a € Z|D(a) = 0} (See Theorem 2.2). By using a purely inseparable
extension and an H-separable polynomial, we shall give a construction theo-
rem: Let B be an Azumaya Z-algebra, and Z a purely inseparable extension
of exponent one over a ring A. Then there exists an Azumaya A-algebra S
such that B can be embedded as the centralizer of Z in S (See Theorem
2.4). This theorem was proved for central simple algebras by K. Hoechs-
mann ([3]). As an application, the present study contains a sharpening of
a result of K. A. Knus, M. Ojanguren and D. J. Saltman [12, Theorem 6.3]
and some related results of G. Georgantas [2, Theorems 1,2].

Throughout this paper, B will represent a ring with 1, D a derivation of
B. We denote by B[X;D] the skew polynomial ring defined by aX =
Xa + D(a) (a € B). By B[X; D], we denote the set of all monic poly-
nomials g in B[X; D] such that gB[X;D| = B[X;D]g. A ring extension
T/S is called a separable extension, if the T-T-homomorphism of T ®s T
onto T defined by a ® b — ab splits, and T'/S is called an H-separable ex-
tension, if T'®g T is T-T-isomorphic to a direct summand of a finite direct
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sum of copies of T. As is well known every H-separable extension is a sep-
arable extension. A polynomial g in B[X ;D](O) is called separable (resp.
H-separable) if B[X; D]/gB[X; D] is a separable (resp. H-separable) exten-
sion of B. A ring extension B/A of commutative rings is called a purely
inseparable extension of ezponent one with §, if 4B is a finitely generated
projective module of finite rank and Hom(4B, 4B) = B[d], where § is a
derivation of B and A = {a € B|é(a) = 0}. ([17], [18])

In this paper, we shall use the following conventions.

Z = the center of B.

VB(A) = the centralizer of A in B for a ring extension B/A.

ug (resp.u,) = the left (resp. right) multipliction effected by u € B.

BP = {a € B|D(a) = 0}, where D is a derivation of B.

D|A = the restriction of D to a suburing A of B.

I,, = the inner derivation effected by u, that is, I, = us — u,.

D* : B[X;D] = B[X;D] is the derivation defined by D*(}_; X'd;) =
> X'D(dy).

2. H-SEPARABLE POLYNIMIALS.
First, we shall state the following lemma which is a generalization of [15,

Lemma 2] and corresponds to [7, Lemma 1].

Lemma 2.1. Let f=X"+ X 1la,_ 1 +---+ Xay +ap be in B[X;D](o)
and m > 2. If f is an H-separable polynomial in B{X; D], then there holds

the following:

(1) If 2755 (B;)eD? = I (Bj € B,u € BP), then §; =0 (0< j <m—1)
and u € ZP.

(2) If Y725 (B;)eD? = I, (B € B,u € BP), then f; =0 (0< j <m—1)
and u € ZP.

Proof. (1) Assume that ;-":_01 B;Di(a) = ua — au (a € B). Then

m-—1 m—1
" D(8;)Di(a) + ¥ B;D?(D(a)) = uD(a) — D(a)u.
=0 i=0

Hence we have Z;.":_Ol D(B;)¢D? = 0. An easy induction shows that

m—1 m—1
D*(8;)eD7 =0 (v> 1) and Y (8))eD’ = L.
3=0 e
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Then for all A = Y ;_, X*dx € B[X; D], we have

m-—1 m-—1
> B;D*(h) = ﬂ,ZX’“D’ (dr))
-1 r )
- () orvigpian)
3=0 k=0 v=

Ry,

Z:I () ZD" (8D (dh)
Pk

)(2 D*~*(6;)Di (dy))

J=

k m—1 )
=22y (7) S oenian

v=0 k=v+1 =0
r m-—1
+Y X¥(D ] B;DI(d))
v=0 j=0
= X¥(I(d,)) = I;(h).
v=0

Since f is an H-separable polynomial in B[X; D], it follows from [6, Lemma
1.5] that there exist y;, z; € B[X; D] with degy; < m and degz; < m such
that ay; = yia,az; = z;a (a € B). and

Y D™ N y)z =1, ) D*¥(y:)zi =0 (modf B[X; D)) (0 < k < m—2).
Then we have
m—1
Bm-1=Y_ > BiD*(y)z =0 (modfB[X; D]).

This implies Bp—1 = 0 and Z;-":_Oz B;D*I = I}. Since Z;":_{f BjD*tl =
I'D* = D*I; and uy; = y;u, we have

m-—2
Bm2= )Y BD(y)z
j=0
- Z D*(I%(y;))z = 0 (modfB[X; D).

Repeating this procedure, we conclude that 8; = 0 (0 < k < m — 2), and
w € Z. Similarly, we can prove (2). O
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The following is a sharpening of (15, Corollary 3], and a partial general-
ization of [6, Theorem 3.1]. We realize that the existence of an H-separable
polynomial is very strong condition.

Theorem 2.2. If B[X; D] contains an H-separable polynomial f of degree
m > 2, then we have the following:
(1) B is of prime characteristic p and f is a p-polynomial of the form

3" XP'bj1+bo (m=p°), bj1 € ZP (0<j <€) and by € B .

=0
(2) The center of B[X; D] coincides with ZP[f], that is, Vpx,p)(B[X; D]) =
ZP(f).
(8) Every H-separable polynomial in B[X; D] is of the form f + co, where
o 1s an element in ZP.

Proof. (1) Let f = X™ + X™ lap_1+---+ Xa, + ag. By [4, Lemma 1.6],
we have

a;a = Z (Z)Dj_i(a)aj (aeB,0<j<m-—1)
j=i
and
a; € BP (0<i<m—1).

Hence by Lemma 2.1, we obtain

(’7):0(15i§m—1)and (‘Z,)aj=0(1§z’<j§m—1).

?

Then by the same arguments in the proof of [6, Theorem 3.1], we see that B is
of prime characteristic p, and f is a p-polynomial of the form Z;:O . ¢d bjy1+
by (m = p°). Since af = fa, and aXP = XP'a + DP (a) (a € B), we have
bit1 € ZP (0<j<e).

(2) Since Xf = fX and af = fa (a € B), we see that f is contained in
the center of B[X; D]. Next, assume g € Vp(x,p)(B[X;D]). Then since
f is monic and of degree p¢, there exist h,r € B[X;D] such that g =
hf + r and degr < p°. Noting that g,f € Vp[x.p)(B[X;D]), we obtain
(ah — ha)f =ra —ar for all a € B, and (Xh — hX)f = rX — Xr. Since
deg f = p© > deg(ra — ar),deg(rX — Xr), it follows that ra = ar, ah = ha,
7X = Xr, and Xh = hX. Hence r,h € Vpx,p|(B[X;D]). We put here
r = Y2t X9d; (d; € BP). Since ra = ar, we have Y2_g' Di(a)d; =
dpa (a € B), that is, ?;Il(dj)rDj = I4,. Then by Lemma 2.1, we have
dj =0 (1 <k < p®—1). Hence we obtain r = dy € ZP. Replacing
g by h, we repeat the same method. Then we see that there exist h; €
Veix;p)(B[X; D)) and d, € ZP such that h = hy f + di. Repeating this, we
see that g is contained in ZP[f].
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(3) Let g be any H-separable polynomial of degree n in B[X;D]. Then by
Lemma 2.1 and [4, Lemma 1.6}, we see that n = p®, and g = f + ¢g, for
some ¢y € ZP. O

Corresponding to [6, Proposition 1.4], we have the following

Proposition 2.3. Let B be a ring with its center Z, D a derivation of B,
and § = D|Z. Assume that Z/Z‘5 is a purely inseparable extension of expo-
nent one with 8, Z is a projective module over Z° of rank p®, and § satisfies
the minimal polynomial t*° + 7 a4 e+ oy + tog (o € Z%). If there
exists an element u in BP such that DP° +04,2D1"e_1 +---+apDP+ a1 D = I,
then there hold the following:

(1) f = X** +X? 'ag+---+XPay+Xay —u is an H-separable polynomial
in B[X; D).

(2) Vaix;p)(B) = Z[f], and Vpx,p)(B[X; D]) = Z°[f].

(3) B[X; D)oy = { h(f) | h(t) is a monic polynomial in Z%(f]}.

(4) { g € B|X;D] | g is an H-separable polynomial in B[X;D]} = { f +
z|z€ 2%.

Proof. (1) Since a; € BP (1 <i<e)and aX? = XPa+DP (a) (a € B,1 <
j <e), we have Xf = fX and af = fa, and hence f is contained in the
center of B[X; D] and so in B[X; D](g). Since Z /Z¢ is a purely inseparable
extension of exponent one with 4, it follows from [6, Theorem 3.3(d)] that
there exist z;,y; € Z such that

> 6 Mai)yi=1and Y 6 ()i =0 (0< k <p°—2).
- i

Thus f is H-separable in B[X; D] by [6, Lemma 1.5].

(2) Let g € Vpx;p)(B)- Then since f is monic and of degree p®, there
exist h,r € B[X; D] such that ¢ = hf + r and degr < p°. Noting that
9,f € Vax;p)(B), we obtain (ah — ha)f = ra — ar for all @ € B. Since
deg f = p® > deg(ra — ar), it follows that re = ar, and ah = ha. Hence
r,h € Vpx,p|(B). We put here r = $°2° 01 XJd; (d; € B). Since ra =
ar, we have zg;l Di(a)d; = doa (a € B). Then since ;67 ~}(z;)y; =
land ¥, 8%(z;)y: = 0 (0 < k < p® — 2), we obtain

p-1
dp =Y ) DI R () yd; —do Y DPT R (g = 0

j=0 i i
for all 1 < k < p® — 1. Hence we have r = dy € Z. Replacing g by h, we
repeat the same argument. Then we see that there exist h; € Vpx,p)(B)
and d; € Z such that h = hy f +d;. Repeating this, we obtain g is contained
in Z[f]. By Theorem 2.2 (2), we already know Vpx.p)(B[X; D]) = Z°%[f] .
This completes the proof of (2).
(3) If g is monic, then ¢; = 1. Thus we obtain the assertion.
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(4) It is clear that f 4 z is contained in B[X; D] for any z € Z%. We
already have elements z;,y; € Z such that

Z5p_1:c1y1—1and26km, 0(0<k<p*-2).

Hence, it follows from [6, Lemma 1.5] that f+z is an H-separable polynomial
in B[X; D). O

The following theorem corresponds to [7, Theorem 2] which treats to the
case whose coefficient ring is an Azumaya algebra.

Theorem 2.4. Let B be an Azumaya Z-algebra, D a derivation of B, and

§ = D|Z. Assume that Z/Z‘s is a purely inseparable extension of ezponent

one with 8, and § satisfies the minimal polynomial t* +1P et tPag +

tor (o € Z%). If there exists an element u in BP such that DP +aere-—1
--+ aDP + ay D = I, then there hold the following:

(1) B[X; D] is an Azumaya Z°[f]-algebra, where f = X?° +XP a4

XPog + Xay —u.

(2) For any z € Z°, we put S, = B[X;D)/(f + z)B[X; D). Then S, is an

Azumaya Z%-algebra with Vs, (Z) = B and Vs,(B) = Z.

Proof. (1) By Proposition 2.3.(2), the center of B[X; D] coincides with Z°[f].
Let

D : B[f] — B[f] be the derivation defined by D(Z fid;) = ZfiD(d )

We put here
h=Y" +Y? ag+---+YPay + Ya; —u— f € B[f][Y; D],

where Y is an indeterminate and fY = Y8 + D(8) (8 € B[f]). Then
h is in the center of B[f][Y;D]. Since Z/Z% is a purely inseparable ex-
tension of exponent one with 4, it is obvious that Z[f]/Z°[f] is also a
purely insepara,ble extension of exponent one with D|Z[f]. We see that
DP* + q,DP” ' -+ apDP + ayD = I,,. Hence by Proposition 2.3, h is
an H-separable polynomial in B[f][Y; D]. Let ¢ : Blf]lY;D] = B[X;D]
be the mapping defined by ¢(3,Y'8:) = > ; X'8; (B € B[f]). Since
BY =YB+ D(B) (B8 € B[f]), ¢ is B[f]-ring epimorphism. Now we shall
show that

ker ¢ = hB[f][Y; D).

Obviously, h € ker ¢. Let g € ker ¢. Then there exists g, € B[f][Y; D] such
that g = gh + r,degr < degh = p*. We denote r = 6—1 Ykﬂk, B € Bl[f].
Then ¢(g) = ¢(r) = p e Xkﬁk = 0. Suppose there ex1sts k such that
Br # 0. Let B = f*¢i + (lower terms), cx # 0. We consider the largest
suffix s such that n; is the largest number. Then the highest degree term
in Ei;_ol X%B, equals to X™P t3¢; #£ 0, which is a contradiction. Hence
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we have r = 0, and so, ker¢ = hB[f][Y;D]. Thus we have a B[f]-ring
isomorphim

B[f][Y; D]/hB[f)[Y; D] = B[X; D).

Hence B[X; D] is an H- separable extension over B[f]. Since B is an Azu-
maya Z-algebra, B[f] is also Azumaya over Z[f]. Then it follows from [14,
Theorem 1] that B[X; D] is an Azumaya algebra.

(2) Considering the canonical epimorphism B[X; D] - S, = B[X;D]/(f +
z)B[X; D] defined by X — X + (f + 2)B[X; D], we see that S, is Azumaya
Z%-algebra. Then by Proposition 2.3 (2), we have Vg (B) = Z. Finally,
Vs.(Z) = B follows from [16, Proposition 3.2]. O

As a special case of Theorem 2.4, we have the following which relates to
a theorem of G. Georgantas [2, Theorem 1].

Corollary 2.5. Let B be a commutative ring, D a derivation of B, and
A = BP. Assume that B/A is a purely inseparable extension of exponent
one with D, and D satisfies the minimal polynomial t*° + P o e+
tPag + tay(a; € A). Then there holds the following:

(1) B[X; D] is an Azumaya A[f]-algebra, and Vpx,p)(B|(f]) = B[f], where
F=XP + X ae+ -+ XPar + Xa.

(2) For any a € A,S, = B[X;D]/(f + a)B[X; D] is an Azumaya A-algebra
with Vg, (B) = B.

In the Theorem 2.4, if a; is an invertible element in Z?, then necessarily we
can take an element u € B? such that DP° +aeD”"’_1 4+ -4asDP4+onD = 1,,.
Precisely, we have

Proposition 2.6. Let B be an Azumaye Z-algebre, D a derivation of B,

and 8§ = D|Z. Assume that Z/Z° is a purely inseparable extension of ezpo-

nent one with &, and § satisfies the minimal polynomial tP° + 7" e +-- -+

tPas + tay(o; € Z%). If ay is an invertible element in Z%, then there ezists
e—1

an element u € BP such that DP" + a.DP™ + ---+ ayDP + o, D = I,.

Proof. Since B is separable over Z and the derivation DP* +qDP" "' +---+
asDP + a1 D equals to zero on the center Z, it is an inner derivarion of B.
Hence there is an element w € B such that DP" + aeDP*™' + -+ + aoDP +
c1D = I,. Since o; € Z%, we have DI, = I,D. Hence D(w) € Z. By
I,(w) = 0, we see that

DP "Y(w) + aeDP T N w) 4+ + asDPY(w) + aqw € BP.

Hence ayw € Z + BP. Then since oy is invertibe in Z’s, we can take an
element u in BP such that I, = I,. O

The following is a generalization of [12, Theorem 6.3] and correspond to
(2, Theorem 2].
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Theorem 2.7. Let A be a commutative ring. Suppose E is an Azumaya A-
algebra and suppose E contains a commutative subalgebra Z such that zE
is a projective module, Z/A is a purely inseparable extension of erponent
one with 8, 4Z is a projective module of rank p°, and § satisfies a minimal
polynomial t”e—i—t”e—lae-l—- - +tPastta(a; € A). Weput B =Vg(Z). Then
there ezists a derivation D of B which is an extension of 8, and an element
u in BP such that E is B-ring isomorphic to B[X;D]/(X?" + X* o, +
<o+ XPas + Xoq — u)B[X; D).

Proof. By [12, Theorem 4.1], B is an Azumaya Z-algebra. By [12, Theorem
6.1], & extends to a derivation A of E. Since d(Z) C Z, we have A(B) C B.
Since F is a separable A-algebra, and A is an A-derivation, A is an inner
derivation of E. Hence there is v € F such that A(c) = cv — ve (¢ € E).

Then we have coP = vP' ¢ + AP (¢) ( > 0). Hence c(vP" +vP 'ae + -+« +
vPag +vay) — (vP° + v o+ +vPag + vai)c = (AP° +c>zeA”°_l 4+t
2P + a1 A)(c). That is, AP + 0o AP + - + a9AP + a1 A = I,,, where
u=v" 407 a+ -+ vPay + vay. Since (AP + ae AP + oo+ ap AP +
a1A)|Z = o + aerSpe_l + e+ a20? + a8 = 0, it follows that u is contained
in Vg(Z) = B. We denote here E’, the subalgebra of E generared by B and
v, and put D = A|B. Since D(u) = A(u) = uv — vu = 0, the polynomial
f=X"4+XP o+ +XPay+ Xy —u is contained in B[X; D](g)- Then
there is a B-ring epimorphism

¢: B[X;D]/fB[X;D] — E'

defined by ¢(X) = v. By Theorem 2.4, B[X; D]/fB[X; D] is an Azumaya
A-algebra. Then since ¢ is B-ring epimorphism, we have that ¢ is an iso-
morphism. Hence E' is an Azumaya A-algebra. Since Vg(E') C Vg(B) =
Z,Vg(E') is commutative. By the double centralizer theorem [1, Theorem
4.3, p.57], we have Vg(E') = A and E' = E. O
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