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In this paper, we investigate a light-confinement phenomenon in the structure which 

has triangular latice composed of Double NeGative Metamaterial (DNGM). In 
geometrical optics consideration, this structure is expected to confine lights completely 
by sequential refractions in the structure. We demonstrate it by using the two 
dimensional finite-difference time-domain simulations. We introduce Drude-Lorentz 
model for dielectric and magnetic dispersion of the material at optical frequencies. We 
analyze quantitatively the effects of energy loss in the DNGM on the light-confinement 
efficiency. 

 

1. INTRODUCTION 

 The technology that confines lights and 
converts them to electricity have attracted 
much of attention [1]- [3]. If we can confine 
light strongly and long enough in  a tiny 
resonator, hypersensitive sensors and tiny 
lasers can be fabricated. Needs for such devices 
have been emphasized in recent years due to 
the rapid increase of demand for 
energy-conscious applications. The 
metamaterial, that refracts wave at its surface 
in opposite direction to the way in ordinary 
dielectrics, is one of the candidates that make 
such devices possible.  

 *E-mail: tsuruta@elec.okayama-u.ac.jp 

 In 1967, Veselago introduced materials with 
negative permittivity and negative 
permeability simultaneously that were shown 
to have a Negative Refractive Index (NRI) [4]. 
In 2000, such materials have been realized by 
arranging periodic arrays of small metallic 
wires and split-ring resonators for microwave 
frequencies [5]. This novel media is called 
Double NeGative Metamaterial (DNGM), and is 
expected to realize superlens [6] which exceed 
an optical limit. In recent years, DNGM 
operated at optical frequencies has been 
proposed and studied extensively [7]- [9]. 
 In this paper, we demonstrate a structure 
which confines light by negative refraction. We 
analyze it by using the two dimensional 
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Finite-Difference Time-Domain (FDTD) method. 
Also, we extend the FDTD method to include 
interband transitions of electron at optical 
frequencies by introducing the Drude-Lorentz 
dispersion function. We investigate the effects 
of energy loss in the medium on the 
confinement efficiency. 
 
2. METHODOLOGY 
2.1 Dispersion Model 

In many of the previous study on DNGM 
using numerical methods, negative values of 
permittivity and permeability have been 
modeled by introducing the Drude model in 
dielectric dispersion. In the Drude model 
permittivity is written as  

ሺ߱ሻߝ ൌ ଴ߝ ቆ1 െ
߱௣௘

ଶ

߱ሺω ൅ ࣻΓ଴ሻቇ, 

where ߱௣௘ is the plasma frequency and ߁଴ is 
the damping constant. This model describes 
dielectric dispersion of nearly free electrons in 
metal. On the other hand, it cannnot reproduce 
the experimental spectrum of noble metals at 
the range of visible light. To overcome this 
drawback Drude-Lorentz (DL) model is 
introduced into our analysis at optical 
frequency. The DL model includes processes of 
interband transition of electrons in metals. In 
the DL model the permittivity is written as 

ሺ߱ሻߝ ൌ ߳∞ െ ଴݂߱௣௘
ଶ
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ଶ

൫ ௝߱
ଶ െ ߱ଶ൯ ൅ ௝߱߁ࣻ

௞

௝ୀଵ
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where ߳ஶ  is the permittivity at infinite 
frequency, k is the number of oscillators with 
frequency ௝߱, and strength ௝݂(j=1,2,･･･,k) This 
model deals with the intraband effects 
separately from interband effects.  
. 
2.2 ADE-FDTD 
We use the FDTD method with the auxiliary 
difference equation (ADE) to calculate the 
electromagnetic field in dispersive media. If an 
object has dispersion, we need to solve 
differential equations not only for the electric 
field and magnetic field, but also for the electric 

and magnetic polarization in the medium. In 
TM mode, the equations for Drude model are 
written as  

∂୲E୸ ൌ
1
Ԗ଴

൫∂୶H୷ െ ∂୷H୶ െ J୸൯, 

∂୲J୸ ൅ Γ଴J୸ ൌ ε଴ω୮ୣ
ଶ E୸, 

∂୲H୷ ൌ
1

µ଴
൫∂୶E୸ െ K୷൯, 

∂୲H୶ ൌ
1

µ଴
൫∂୷E୸ െ K୶൯, 

∂୲K୷ ൅ Γ୫K୷ ൌ µ଴ω୮୫
ଶ H୷, 

∂୲K୶ ൅ Γ୫K୶ ൌ µ଴ω୮୫
ଶ H୶, 

where ܬ௭  is the polarization current and ܭ௫ 
and ܭ௬ are the magnetic polarization current. 
On the other hand, the equations of electric 
field and electric polarization for DL model are 
written as  

∂୲E୸ ൌ ଵ
஫బ

൫∂୶H୷ െ ∂୷H୶ െ ∑ J୸୨
M
୨ୀ଴ ൯,  

∂୲J୸଴ ൅ Γ଴J୸ ൌ ε଴f଴ω୮ୣ
ଶ E୸, 

 ڭ

∂୲J୸M ൅ ΓMJ୸ ൌ ε଴fMω୮ୣ
ଶ E୸. 

These equations are discretized with the 
standard staggered grid, leapfrog in time 
approach in the FDTD algorithm. 
 
3. RESONATOR MODEL 

Open resonator with a checkerboard structure 
composed of metamaterials and ordinary 
dielectrics has been proposed in Ref.[10] as 
depicted in Fig.1.  
We extend this idea and propose the structure 

with triangular lattice of the composites as 
illustrated in Fig.2. In geometrical optics 
consideration, it is expected that the light 
emitted from the source returns back to the 
central region by sequential negative 
refractions at the interface between DNGM and 
dielectrics. 
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4. RESULT 
4.1 Analysis on Drude Model (Lossless 
Case)  
We set a source at the center of the structure, 

and analyze the electromagnetic wave 
propagating in the structure within the Drude 
model. Input frequency is 600THz.We adopt 
parameters in the model so that the refractive 
index be −1 at the frequency. Figures 3(a)-(c) 
show that the wave from the source returns to 
the center by sequential negative refractions.  
We also analyze an optical confinement 

efficiency by calculating the sum of 
electromagnetic energy, . ܵ, accumulated in the 
triangular lattice at the center. ܵሺݐሻ is written 
as 

ܵሺݐሻ ൌ ଵ
் ׬ ∑ ∑ ሼܧ௭ሺ݅, ݆ሻሽଶ

௝ ௜ݐ݀
௧ା்

௧ . 

 

 
.We set a source at the center of the structure, 

and continue to excite the electromagnetic wave 
at the source. As a result of this calculation, 
amplification of ܵሺݐሻ appears. This is caused by 
returning of electromagnetic wave propagating 

Fig.3 Electromagnetic wave propagation in 
the light-confining structure. (a) 
t=10fs, (b) 40fs, (c) 70fs after the 
begininng of emission. 

Fig.2. Proposed structure for light 
confinement. The arrows indicate two 
possible paths which are closed with 
finite optical length. 

Fig.1 Open resonator which has lattice ((a) 
square (b) triangle) composed of 
medium with negative refractive 
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within the resonator. The return wave and the 
excited wave are interfered and resonanced 
mutually. Until 50ሾfsሿ, the value of ܵሺݐሻ is kept 
constant, because  the wave from the source 
has not returned to the central region yet. 
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 If the amplification of electromagnetic energy 
is affected by wave’s interference, the source 
position is expected to affect the result. So we 
calculate and compare ܵሺݐሻ for three particular 
cases of source position, as shown in Fig.5.  

 

 

 
Figure 6 shows the comparison of energy 

amplification for different source positions. 

Higher degree of amplification for the case of 
side position than the result for the center is 
shown. This result may be traced by short route 
between focus-refocus points of the traveling 
wave from the source. In the case of corner, it 
shows high degree of amplification similar to 
the side case except that ܵሺݐሻ decreases once 
before the continuous amplification begins. 
This result may be attributed to the asymmetry 
in the route between the focus-refocus points. 
So we analyze the cases near the corner in more 
detail. We shift gradually the source position 
from side to corner (Fig. 7) or from center to 
corner (Fig. 8). 
 Figure 7 shows that energy gain decreases 
gradually as the source is moved from side to 
corner. This result implies the effect of the 
symmetry of route for the electromagnetic wave 
from the source. Figure 8 shows that energy 
gain increase gradually from center to corner 
under the condition that keeps symmetry of the 
route from the source. 
 

0

50

100

150

200

250

300

350

400

center
side
corner

S
(t
)

t[fs]
0 50 100 150 200 250

 
 

 

 

Fig.6 Comparison of energy amplification 
between three different source 
positions. 

Fig.5 Central triangular cell of the 
light-confining structure. Three circles 
in the triangle are positions of source 
for each calculation.  

Fig.4 Amplification of electromagnetic 
energy in the central triangular cell. 
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4.2 Analysis on DL Model (Lossy Case) 
Results so far show that the structure we 

demonstrate confines light by sequential 
refractions in the structure. These results are 
analyzed under the condition that the object is 
a lossless media. Real DNGM absorbs 
electromagnetic energy through the finite 
resistivity of the metals and also through a 
resonance due to the structure. Thus we 
investigate the effects of the energy loss on the 

confinement efficiency of light. Figures 9 and 10 
show that effects of loss in the medium on 
amplification of electromagnetic energy by the 
structure. (The source position is located either 
at the center or at the side.) 
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Fig.10 Effects of loss by the medium on 
amplification of electromagnetic 
energy in the light-confining 
structure. (The source is located at 
the side.) 

Fig.9 Effects of loss by the medium on 
amplification of electromagnetic 
energy in the light-confining 
structure. (The source is located at 
the center.)

Fig.8 Dependence of energy amplification 
on the source position being shifted 
from center to corner. 

Fig.7 Dependence of energy amplification 
on the source position being shifted 
from side to corner. 
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5. CONCLUSION 

We demonstrated that the structure proposed 
in this study confines light by a sequence of 
negative refractions. We analyze it by using the 
2D-FDTD simulations. We introduced the 
Drude-Lorentz model for a quantitative 
analysis at optical frequencies. We have 
compared energy amplification for different 
source positions. We have also shown the effects 
of the materials loss on the light-confinement 
efficiency.  
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Fig.11. Magnitude of amplification 
relative to that for lossy medium. 
(The source is located either at the 
center or at the side.) 
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