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Thermal behavior of Coulomb clusters in a three dimensional confining potential is investigated

by molecular dynamics simulations for system sizes of 1,000 to 20,288 ions. The specific heat of the

system of shell-structured 20,000 ions is peaked almost at the same temperature as the system of

bcc-structured 20,288 ions with much sharper structure for the latter. The diffusion coefficient and

the peak to valley ratio of the two-dimensional pair distribution function on the outermost shell are

obtained both as a function of temperature. The rotational movement of each shell in the system

of 104 ions is observed.

1. INTRODUCTION

The laser cooled one-component plasma (Coulomb
cluster) in Penning-Malmberg trap forms a crystal
whose structure only depends on the number of ions.
In experiments with small number of ions, concentric
shell structures have been observed[1, 2]. In systems
with more than (1.1 ∼ 1.5)×104 ions, the formation
of bcc crystals in the interior has been observed in
molecular dynamics simulations[3].

Generally, the melting temperature of a cluster is
lower than that of bulk material. Schiffer has sug-
gested that the melting point of shell-structured clus-
ters (N < 104) depends on the number of ions and
on the fraction of ions on the outermost shell[4]. In
the systems with larger than 104 ions, the melting
process has not been investigated.

In this paper, we investigate the melting tempera-
ture of clusters with 1,000 to 20,288 ions to analyze
the mechanism of melting.
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2. COMPUTATIONAL METHOD

We consider the system of particles interacting via
the Coulomb potential,

v(r) =
q2

r
, (1)

where q is the charge on a particle and r is the mutual
distance. We assume that the external potential in
the Penning-Malmberg trap is expressed by

vext(r) =
1
2
kr2, (2)

where k is the constant characterizing a strength of
confinement. In this system, the natural scale of
length is the unit of Wigner-Seitz radius aws defined
by

aws =
(

q2

k

) 1
3

. (3)

This system is characterized by the parameter Γ
given by

Γ =
q2

awskBT
. (4)
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This parameter is a measure of the ratio of the
nearest-neighbor Coulomb energy to the thermal en-
ergy of particles and signifies the strength of plasma
coupling.

We perform molecular dynamics simulations em-
ploying the O(N) fast multipole method (FMM)[5].
We recursively divide the system into small cells and
compute the contributions from well-separated cells
by the multipole and Taylor expansions, applying di-
rect computation only to those from nearby cells.
The temperature is controlled by the Nosé-Hoover
thermostats[6]. In order to keep the homogeneity
of temperature, we attach multiple thermostats each
controlling about 500 particles at the same temper-
ature. We anneal the system at the temperature
above the melting point of one component plasma
(with typical values of around 100) and cool the sys-
tem slowly enough, reducing the temperature step-
wise typically by 15%. The MD simulation had to be
run for a sufficiently long time, around 300 plasma
periods Tp, to establish a new equilibrium at each
temperature:

Tp =
2π√
3k/m

. (5)

3. RESULTS AND DISCUSSIONS

The specific heat of bulk diverges at the melting
point, because melting is first order phase transition.
We investigate how specific heat of clusters would be-
have in the vicinity of temperature considered to be
the melting point. The specific heat CV is calculated
by

CV = lim
∆T→0

∆Q

∆T
, (6)

where Q is the total heat content of the system.

In Fig.1, we show the specific heat of clusters with
1,000, 10,000, 20,000 and 20,288 ions as a function
of temperature, compared with the result of Ref[4].
The melting temperature of the clusters are summa-
rized in Table I. The systems of 1,000, 10,000 and
20,000 ions are shell structured clusters and the sys-
tem of 20,288 ions is bcc-structured cluster. Except
for the system of 20,000 ions, the systems have been
heated from Γ = 1000 to Γ = 100. The system of
20,000 ions has been cooled from Γ = 100 to Γ = 300.
The peak temperatures of 1,000 and 10,000 ion clus-
ters in our simulation are nearly the same as those
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FIG. 1: Specific heat for the system of 1,000, 10,000,

20,000 and 20,288 ions compared with results by

Schiffer[4]. Lower figure is the central part of the tem-

perature range of upper one.

TABLE I: The peak temperature of specific heat in the

present work compared with Ref.[4].

N 1,000 10,000 20,000 20,288

(shell) (bcc)

Tpeak [Γ] 279 209 203 204

T [4] 278 209

in the early work[4]. The anomaly in specific heat
gradually weakens with a decreasing number of ions
except for the system of 20,000 ions, and the peak
is clearly shifting to lower temperatures. For 20,288
ions (bcc structure) and 20,000 ions (shell structure),
the peak temperature is in good agreement with each
other, but the specific curve of bcc-structured cluster
is sharper than that of shell-structured cluster.
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(a) Outermost shell
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(b) Outer half without outermost shell
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FIG. 2: Diffusion coefficients of (a) outermost shell, (b)

the outer half without outermost shell, and (c) the inner

half. Open circles are diffusion coefficient, solid circles are

that of radial direction, and square are of that tangential

direction. The dashed line corresponds to the tempera-

ture of the peak of specific heat.

We investigate the diffusion coefficient in order to
analyze structural changes. The diffusion coefficient
is given by

D = lim
t→∞

1
2dt

〈
|r (t) − r (0)|2

〉
, (7)
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FIG. 3: Peak to valley ratio of pair distribution function.

The dashed line corresponds to the temperature of the

peak of specific heat.

where d is the dimensionality. In the system of 10,000
ions, ions are divided into three parts, the outermost
shell, the outer 50% (in radius) without the surface
layer, and inner part. The diffusion coefficient is cal-
culated in each region of ions. In Fig.2, we show the
diffusion coefficient which is separated into the tan-
gential component and the radial component. It is
found that particles in the outermost shell move eas-
ier to the tangential direction than radial direction.
This behavior, however, is not observed in other re-
gions. The temperature gradient of tangential com-
ponent changes near the peak of specific heat in the
outermost shell. It is evident that the melting in tan-
gential direction has begun in the outermost shell.
The anomaly is also observed in the inner part near
the peak temperature, but we have not explained the
reason.

We calculate the two-dimensional pair distribution
function on the outermost shell, and plot the peak to
valley ratio in Fig.3 as a function of temperature.
It is also changing near the peak of specific heat.
These results suggest the behavior of specific heat is
determined by the particles on the outermost shell.

We, finally, investigate rotational movement of
shells. We assumed that each shell is rigid, and cal-
culate the rotational kinetic energy K given by

K =
1
2

L2

I
, (8)

where L is angular momentum and I is the moment
of inertia. Figure 4 shows the rotational kinetic en-
ergy of four outer shells and the whole of cluster as a
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FIG. 4: Rotational kinetic energy of four outermost shells

and whole cluster. Dashed line is kBT of the cluster, and

filled circles are the whole cluster.

function of the temperature. The rotational kinetic
energy of each shell increases with the temperature,
but that of the whole cluster does not change with the

temperature. We may conclude the rotational move-
ments of each shell is counterbalanced as a whole.
However, there is no anomaly at the temperature of
the peak of specific heat. Further investigations seem
to be needed.

4. CONCLUSION

We have shown that the melting point of the
Coulomb cluster with bcc inner structure is located
near that of those clusters not inner shell structure.
The specific heat of the former, however, has much
sharper peak structure than the latter.

In the shell-structured cluster of 10,000 ions, the
tangential diffusion coefficient on the outermost shell
shows remarkable increase at the melting point. Dif-
fusions in other direction on this shell or diffusions
on inner shells seem to have no anomaly. At finite
temperatures, each shell makes the rotational motion
with increasing amplitude with temperature.
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[6] S. Nosé: J. Chem. Phys. 81 (1984) 511.

55

January 2005 Large-Scale Molecular Dynamics Simulation of Coulomb Clusters: A Finite-Temperature Analysis


	Index


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




