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Synopsis

Within the framework of the hydrodynamic guiding-
center approximation, we have investigated such gquantum
effects as the diffraction correction and the symmetry
effect on the classical version of the particle diffu-
sion coefficient D, across a dc magnetic field through
the temperature-dependent pseudo-potentials. Analytic
results are explicitly given with recourse to the
order-of-magnitude estimate of a set of parameters

pertaining to a laser-driven plasma.

1. Introduction

With the advent of laser-driven plasmas, attention has been paid
to their transport properties, such as the thermal and the diffusion
coefficients. Recently, it was proposed [1] and experimentally mea-
sured that, in the underdense region of a pellet, noncolinear density
and temperature gradients may develop Mega-gauss sized VnxVr magnetic

fields 3 during a time interval of several tens of picoseconds.
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In a laser-spot configuration currently discussed, Vr is directed
radially inward to the axis of a laser beam, while Vn points axially
into the target face. An induced magnetic field thus turns out to be
troidal and varies over a characteristic scale size of the spot,
because the source is confined nearly within the width of a density
jump or an ionization layer. For instance, a composition jump may
produce Mega-gauss sized magnetic field localized in a region of a few
um in diameter.

From the practical theoretic point of view, the most important
transport coefficient, in relation with the above mentionned huge B
values, is the thermal conductivity, across the magnetic lines of
force, which is expected to control a deleterious outward heat flow.
The thermal conductivity is known to be a many-body problem which is
far more involved than -the particle diffusion coefficient D, itself.

We may, however, conjecture that in a large-field limit pL<A or

’
equivalently, Qi>wpi’ the two lie on an almost eguivalent fogting.
Moreover, in case where Qi<wpi' D, appears as an upper limit to the
heat conductivity. In fact, a few available pieces of numerical and
experimental data lend to support a heat flow intermediate between
a Bohm-like (v1/B) and a classical (NJ/BZ) one. We may thereby expect
to be capable of drawing many useful informations from this more
accessible quantity D, . Within the framework of the three-dimensional
(3D) guiding-center (GC) plasma model, Montgomery et al [2,3] and
Vahala [4] have worked out the hydrodynamic transverse diffusion
across B as well as the velocity-space diffusion along B.

In this work, we address ourselves to an evaluation of such
guantum effects as the diffraction correction arising from the
delocalization of charges due to the uncertainty principle through the

inequality Xe > e2/kBT (Kee is the thermal de Broglie wavelength of

electrons) ang symmetry effects originating in the Fermi statistics
operating within the electron component. The former diffraction
effect will be non-negligible only for small distances comparable to
the Bohr radius[5)}. Therefore, the hydrodynamic modes (convective
cells, for instance) which convey most of the particle transport
across B are not affected by these quantum effects. Albeit small in

the underdense region of a laser-driven plasma, they are expected to
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increase near the critical layer and beyond it. For C02 laser with
wavelength of 10.6 pum, the critical density is roughly of the order
of 1019/cm3. The latter domain could become important in relation
with recent speculations about the possibility that self-generated
intense magnetic field may penetrate, frozen, into the denser region
because of a high conductivity prevailing in that region[6].

Sec.2 is essentially a review of the hydrodynamic formalism of the
diffusion coefficient D, for the 3D guiding center plasma discussed in
detail by Montgomery et al [2,3] and by Vahala[4]. Upon evaluating
the autocorrelation function between the transverse components of
fluctuating electric fields, the electron-electron, electron-ion and
ion-ion structure factors intervene automatically, accounting for the
above mentionned two quantum effects. They are derived in Sec.3 and
are used subsequently in Sec.4 in order to evaluate the quantum-
corrected diffusion coefficient. The last section is devoted to

concluding remarks.

2. Survey of the Hydrodynamic Formalism

By virtue of the Green~Kubo formalism for the linear response

theory, the particle diffusion coefficient I across ? reads as
2 ¥ - -
D=t [ di<E(1)-E(0)> (1)
B* %

in terms of the equilibrium canonical average of the 2-point
autocorrelation function for fluctuating electric fields. Since
discussions in the case of the 3D [2,3,4] as well as the extended

v-dimensional [5] GC plasmas have already been detailed in References

quoted, we content ourselves, for the commedity of presentation, to
outline the derivation. Taking for granted the existence of the

discrete sum

- e Rxm
ElT) =2 Ei»('r)-e
1

where ;(T) is the orbit of the test ion at time 1 and ignoring the

correlation between the position of the test ion and those of the
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background plasma particles, we arrive at the statistically factorized

result

© o, iR 2(T)

Q=§z_§fd'r<51g(’r)-f_h_y(0)><e > (2)
R ’

Eg. (2) implies a salient feature of the present GC approximation, in
that the above two averages can be expressed in terms of the 2-point

electric field correlations, so that we can write
o 1oPo. o B2 iR LX) -%0)]
<fl;('c)-§_g(0J>=LMfiff_<e' I ,
4 /i . g 2 ['_ &
U%) ' R

(3)

and

B2
(e

oo = exp[- E [ [ur' B 0 E g
kll=a =¢ P - ['_BZ (/] 0 -‘vk ) J'/'K )>J ' (4)

where g . indicates the sum over all particles of the species 7 and
J. In %ie three-dimensional case, the present approach amounts to
modeling the spatial diffusion of the test ion across 3 through small
increments g(t) and the velocity-space diffusion along B via the
equations of motion

-

N - -
dz, _  E0)xB ana i G E ). (5)
dt B® at ™
Notice that the initial position 3(0) may be set equal to zero, while
the initial velocity of the test ion is assumed to obey the Maxwell-
Boltzmann distribution. Let us also remark that, upon evaluating
<exp{iz-5(1)}> with the aid of the cumulant expansion[4], we need an
approximation which renders tractable an expression with E# 0.
Concentrating ourselves on the low-frequency long-wavelength parts of
the electric field spectrum[5], we may therefore expect that the free
streaming of the particles along the magnetic lines of force would be
dominant in destroying the electric field correlation between two

different time points. Thus, if we ignore E, , we obtain
<exp{£’£-§(’¢')}>= exp (—k,f\/,-,z Tz/z), kydo | (6)

Performing the summation over ¢ and j in eq.(3), we obtain
7

2 2 - 2 _kzv'ztz
CED-E(0)> = “«T"i/ne [ % iHI(h)e yVit/2

ko #*
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t t

24,2 v > -,

+ 2 1 Hw exp[-CR /d’t'/d,‘t’(El(T')-El(’t'))J} (7)
;=0 h Lpre !

where Vi(=¢kBT/mi) is the ion thermal velocity. Two functions Hl(k)

and H2(k) denote appropriate combinations of the electron-electron,

electron-ion and ion-ion structure factors given, respectively, as [7]

_kzvz 2 »
H, (R) < (o™ sz g (k) +nS,.(R)
”+z) “ (8a)
~kVT/2“+z ~nS(h)+nS (R) ] )
and
HR)=Z+n (-S,, -85:+28,;) (8b)
2 (wzfF T TR TTE

where the structure factor Sij(k) has been introduced through the

relation [5]
- - 4 E
(exp{i?-[xitf)—xj(o)]}}= 55,0'%,‘/475:1”)8 5+ _.VS (R, i4] (9)

in terms of the pair correlation function QSJ (k). In the next section,
we shall evaluate explicitly these structure factors, in which terms
accounting for quantum effects appear. The diffusion coefficient D,

is calculated through the mean dispersion of the test ion {2,3,4]

R, (1) ___/ 41/4r"<1§(1”—1’)-i—:’l(a)> (10)
LBZ 0

with }'?_L(oo) =D /2. R, (t) obeys the second~order ordinary differential

equation
— -2k R,(t)
{CRpY et
k 2k? )
- ke hl vttt (11)
b 2 2L H(R) €
R, kydo 2k
where €y (47T)282021’L/B Vk The velocity-space diffusion coefficient,

Dy, is g:.ven by

3 .2
=ri—a/ E”(T)E”[O)> 4 wPl A’D‘A' eft—jtT (12)

81:3
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with A= 1/(nexg) the plasma parameter. In the limit of a large

volume, the discrete sums can be transformed to integrals through the

relations
5 vz/a/ - _ y / %
2 —= dy and 2 —_V _f4k . 1
T Rt (2w (13)

For numerical integrations, it is more convenient to introduce dimen-

sionless quantities by the transformations

. 2 o2 12

z = €1 (.‘&.)i. _R*._ and T=7P wP;t (14)
Wyi A Ag

where P= (ZNAD/L)Z. L(=V1/5) denotes an average size of the toroidal

magnetized region of a plasma spot and wpi and Qi are the ion plasma

and the ion cyclotron frequencies, respectively. Substitution of

egs. (13) and (14) into eg. (11) yields the non-dimensional equation

2 1on @ _ Q @ b2y
di _Zelpr o de pm e L e 2 py cYTOT g
et 2z o 2P Y (xay)? '
2 ’
where Q=(L7y, a=_l_ _tg&)z A b=A(n(1/A)
A Lwt 2,7 pi2 g_"a/z ftlz

2 2 (16)
x:(k‘LAD) and y=(hnkp) .

As for the above equation, several remarks should be given. (1) The
transformations (14) ensure a rapid decay in 1 of the second term of
the right~hand side (r.h.s.), since the coefficient of TZ in the
exponent is of the order of or larger than unity. They are thus more
advantageous than those used by Vahala, which give very small coef-
ficients of TZ. Our procedure serves thus to shorten considerably
computation time upon numerical solution of eq.(15). (2) Since
Vahala's instructive reasoning [4] of splitting into two parts of the
y-integration in the second term of the r.h.s. of eq. (l5), according
as whether y>(A1n1/A)2 or not, only results in an overestimation of
the y-integrals, we do not follow his procedure. (3) The upper limit

I or @ .in the first term of the r.h.s. indicates that the original k-

integration is cut either at k"max:=kD (the so-called fluid limit) or
at @_,max==kBT/e2 (the kinetic limit). As will be shown later, the
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distinction into two cases of the first term on the r.h.s. does not
affect a result seriously, so far as a>>1, condition typical of
laser-driven plasmas.

Once Hz(m)and.Hz(x,y) are known, eq.(l5) can be solved numer-
ically with the initial conditions =z (0) = 2(0)=0. D, is finally

determined by é(W) through the relation

3
" 2 ,
-t HAN i) (17)
Lt Q]

3. Quantum-corrected Structure Factors

In order to properly take into account such quantum effects as
diffraction corrections and symmetry effects through the quantum-
corrected structure factors See(k), Sei(k) and Sii(k)' we start from

the pseudo-potentials [8] (see Appendix A)

2 -r/X 2
u (r)=€(l-¢ K. Tla2 exp[-_1 (L (18a)
ee ,.( )+ Ky P nfnz(x”r
2 -v2rl%
hg () =-LE (1 "), (18b)
2 2
and w (1) = Ze (18b)

r

where X = Xee//EE. For instance, the first term in uee(p) represents
the diffraction effect, while the second term stands for the symmetry
one. Two other expressions are self-explanatory. Our next task is to
evaluate explicitly See(k), Sei(k) and Sii(k)' To this end, we first
recall the definition of Sij(k) given by eq.(9). In the limit of
small A values, the structure factor Sij<k) can be explained through

the linearized pair correlation function
if tf o
g, (0 = expluy (V] {+0,(r), (19)

where w;J(r) is the normalized potential of average force which, in
the present application, is no other than a resummed pseudo-potential

v;g(r). Thus we have
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- -

' _':K.r ~ '5‘ e
Lparglm e « s, 1 dfary e - 5, +_‘1f1;2”th) _ (20)

In other words, Sij(k)=v;J(k). The resummation of the pseudo-
potentials (18) has now to be generalized to the case of a multi-
component plasma[9]. Given n species of charged particles, the

resummed pseudo-potential v J(r) is written as

’l’(f)—o—o+)_,/\° +£ /\/+ (21)
. .
‘ e

In terms of the Fourier transforms in matricial representation,

eq. (21) can be put into the form

- -~ - - -1
Y(r) =UR)-[ 1+ UR)CT, (22)

where <ZT(k) and <I7(k) are, respectively, the matrix composed of the
Fourier transformed bare and resummed pseudo-potentials. T= nBthSw,
with 07: (=ZV7:/ZIVi) the relative concentration of the Z-th species and
B = l/kBT as usual. When a two-component plasma (Z,j = electron, ion)
is concerned, elementary but heavy algebra yields the structure

factors as [8]

- ok
nS Ryt 1t  Lyq-__2 + L P (23a)
ee Z {+K+nPxe ({+Z){+K (l+Z)2(1+K2)ZJ !
2,02 -a’&z
n 8, (k) = o o — - £ ¢ (23b)
(4+KR2+0268)2+0kY)  8(1+2) (1+8Y ’
L2
and n Sq) = 2[4 4 & g &t ! e, (23c)

14K L+Z 0 4kE (4+ZNE+R2P
where k= kAD, n= /211%/)\1), ¢ = Zﬂ3(1n2)5/2n813 and o' = (n/4)n2ln2. The

parameter n2 reflects the diffraction correction, while the symmetry

effect is characterized by the parameter n°' (=41m67(3) .

4. Evaluation of é(w) and Results
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We now proceed on to evaluate H2(k) and Hl(k) which appeared in
the differential equation (15). For this purpose, we first devide the
structure factors in the classical and the quantum parts and retain
terms up to the order of n2 in the latter. Substitution of the

resulting expressions into egs. (8a) and (8b) then yields

2 —(m:/m,)zy/P -72y/P
Hi), a2 8 [ *° +ze ] (24a)
el {+Z 1+R2 ’
. 2 ]
H (R, = eJmL/menY/P Z [ 2 K2 (2+2) RZ—Z}+ {2 + L+Z }e"’”‘z]
b (1+2) 204 +K2)? (+ZN1+RY) " b4 (1+2)H 142 )
2 - - ’r\l
+-L—z_e12’)’/2 [_f’z &z(l-Kz) - L 22_ 1+LZ e * J (24b)
2(1+2) (14682 (1+Z)1+K2) 204 +Z)(1+KY) '
KZ
HZNcE = zl &z (25a)
+ r
and
2 2 z 2 _o'k%
Ho), =2 [ KAUSDK=Z) gy 2-% 2-Z-2L e
2 (1+2)° (1+r2)? (1+Z)({+K2) 2(t+z)z(1+&’)‘} (25b)

In order to render eq.(1l5) more tractable, we'integrate it once
over T from 0 to «, after having multiplied both sides by 2zdt = 2dz.
Integrating the resulting expression over x and deleting terms
proportional to exp{—(mi/me)TZy/P} because of the large mass ratio
mi/me>>1’ procedure of neglecting the free streaming of electrons

> .
along B, we obtain

) 2 Q oo _ b 2
[2(0)] % p.;.l_/dy fyfdriye aebr) e (26a)
e p o -

where

() = L[ 21 6a BtY _(1ey) bn (LUAELY)
# ﬁ[ By (1+a+y)(1>+y)}
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2
L I O A5 BRI YNt ) (2 5 D NPT T VRS R Y
2(1+Z) P+y {1+Q+y)(1’+y) 1+Q+Y  {+P+y

-0

) Q _
zr ;Y a2z ¢ P oly
s o248 cy( e (1+y+0Y) e’ (E [o/(P+y)]- EsLo( @+¥)]
2112 [ 1+z” a7 " 2ey )+ y 1 Lot gey)])

ey € Y U+ BT R+ @4y}

o Lz o - -oP
Ly (e )+u+y( £ __)
2“ +7)? Q-u-y 1+(+y 1+P+y

+ (1429 + oy) P Y (B [d(P+y)]- E [alg+y)])

‘u
—{1+2g-dUsy)} e +y)(E,[¢x’U+?+y)]—El[ot'(l-rQi-)’)J)}J] (26b)
and
p=L[(1rz) ( RUD TR I TS T S B
a U+Q)2 142 Uu+@)? (+P 1+Q
WP g ! !
{ = [{1+ —2. 224—2 2}( [ ) 27+ 2-2 e-dP_ e—OI(Z)
1z 142 2(1+2)? 4 200+2) " {+P  {+Q
il u+a)+2_2_*2_2(z+a)j{E(aP) Eif'Q)Y
1+2 201+2)%
__{z-z 22 +2-2 (2- o/)}e {EI[“U“'P)] E,[U’(HQJ]H] (27)
1+Z 204+2)?
with EZ (z) the exponential integral[l0]. Since an analytic form of

z(T) in eq.(26) is unknown, we shall rewrite eg. (26) symbolically as

Izlw)J p+ (o= 3) () (28a)

with > (z b7 T/ P
-(2+
a=t_ / dy f(w/ dt
ZP”‘
and (28b)

1/ 2
_ z(f) -(2+b7)7%y/P
] 2?‘/2 { dy fly) / dr {1~ } e i
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Then, é(w) is formally given by

i(w):%(a—‘l+‘/(ﬂ-\')z+lrﬁ). (29)

Here we remark that Vahala's approximation is tantamount to neglecting
the last term Yé(%) on the r.h.s. of (28a) with respect to two other
terms. This implies that the term z(») - z(1) is expected to be
negligibly small except for very small 1 values. 1In view of the fact
that f(y) is a well sharped function for small y values, there is no
guaranty that his subtle approximation be satisfactory. We rather
claim, that, in certain circumstances such as a laser-driven plasma,
the neglected last term Yé(m) could be of the same order of magnitude
as az(w). With this proviso in mind, we now evaluate a analytically.

Since y/P>1, we can readily carry out the t-integration to give

]

—(2+bT)T2Y/P (P s o0 [ b, P nf2 30+
[dr e =E(W nfo?('m) (T) r( 2 )
2, _ 42 iz
Lmy )b By 45 2B
2(2) (31 2(27:)‘72(7) MM I (30)

As for the y-integrations, some are elementary and others complicated.
As an illustrative example, we perform in Appendix B the integral of
the type &?dyEl[a'(Pi-y)]/y, which appears on the third line of

eq. (26b).

Since a general expression for o is lengthy and is likely to
obscure a physical content involved, we shall first give an order-
of-magnitude estimation of all parameters characterizing both the
classical and the quantum contributions. In connexion with a laser-
produced plasma, we choose a set of parameters [l] pertaining to a

glass microballoon target currently used in Nd laser experiments.

They are: n_=10°" em™®, 7=500 eV, L=10 ym and B=10° Gauss.

Correspondingly, we have P= 5,4542 % 10-6, @=1.6667 X% 106,

A=1.9475%x 1072, a=3.9898x 10%, n=4.6969%x 1075, z=4.19042x 1076
5

and a'=1.2010%x 10"°. These values suggest that we could make use of
the inequalities §>>1 and P<<1, valid at least in the example of our

present interest, in order to obtain compact expressions for o and B.
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Neglecting terms of the order of 1/¢, P, etc, we finally obtain

12

—~ 2 2
@ Z (1) [Linafstrgtat trg-(1-trze)

e

T [ Ltnals bl Atar)" 20L0 1 (4 pols bl L ](31)
2{1+z[ (1S (a8 () ’ z(uz)zjt g(ba)e gy brg )]
and
1[(1+z)£n_
a
2 Z { e f] Z(ZZ+ZZ l)
7 + {1 tn L I (f ) (32)
w1t 2 ) ' 2P(1+z)® i1,

where - use has been made of the identity ¢ = Zﬁ3(1n2)5/2n 13= Z(W/Z)S/gx
(ln2)5/2 3/A which indicates that the symmetry effect is, in the
present application, Zn/A times the dlffractlon correction. An
interesting remark on the order of magnitude of two quantities o and
B illustrates well the B-dependence of z(»). While o is independent
of B, B depends on it only through the parameter a. Thus, whenever
a>>1, B provides a minor correction to a-y, yielding a very weak Bohm
dependence by virtue of eqg.(29). In this case, D, becomes substan-
tially of the classical type through eq.(17) and gquantum effects can
be practically neglected. An interesting situation could come about
with increasing B (or with decreasing «), in which case the hybrid
classical and Bohm diffusion may be observable. A condition under
which two quantum effects become important will be discussed in the

next section.

5. Concluding Remarks

So far, we have discussed the diffraction and the symmetry
effects on therhybrid Bohm and classical diffusion coefficient, within
the framework of the hydrodynamic guiding center approximation.

In close connexion with a laser-driven plasma, we have chosen

a set of parameters typical of a glass microballoon target currently
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encountered in Nd laser experiments. With the use of nondimensional
parameters obtained therefrom, we have evaluated explicitly two quan-
tities o and B which give an indication to the order of magnitude of
a required J;. Our main results are enumerated thus.

(1) The symmetry effect characterized by the parameter an/A is,
in the present application, Zn/A times the diffraction parameter n2.
The importance of the former thus crucially depends on a magnitude of
the ratio n/A. If this is small, the diffraction correction predom-
inates the symmetry effect. Now, it is instructive to show in which
domain of the parameter space (see Fig.l) the diffraction effect
becomes important. For our set of parameters, we obtain n2= 2.2061 %
10'5 and n/A=0.24120, indicating that two quantum effects are very

weak. Since the dependence on n, and T of nZ is explicitly given by

2
f=2m(X) o,sstsaﬂ%l (33)
: Ap T
. . . 20 3 . Py s 2
with [ne] in units of 107" /cm” and T in eV, the condition n >1
requires T<0.74265[ne]1/2. Thus, when [ne]= 10, T<2.9433 €V, which

shows that the quantum effects will become important when a tempera-
ture is sufficiently low. We notice with reserve, however, that a
favorable situation can be realized in a strongly magnetized semi-
conductor even at a room temperature, for which the quantum-corrected
part of D can really compete with the classical part.

(2) As was discussed in Sec.4, D, is of the classical type so
far as a>>1, since B is negligibly small compared with a-y. When B
increases, however, the hybrid classical and Bohm diffusion is
expected to occur.

To conclude, we note that the parameter B calculated in the text
can be modified to include finite gyro-radius effects [11] by multi-
plying them with the factor {1+—(wpi/9i)2}_1, so that B~ 1/B when
pi (plateau regime).
From the numerical poipt of view, we only need to inject nr T, B

Qi>mpi (Bohm behaviour) or B~ constant when Qi<w

and L values, in order to implement the present evaluation of Ij.

We hope that such an argument may arouse some interest of code makers.
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4

10

PARAMETER SPACE

(ev)

T

10°

Fig. 1

Parameter space pertaining to a laser-driven plasma. lnT is
plotted versus lnne, with T in eV, A, X and XD are the plasma
parameter, the thermal de Broglie wavelength and the Debye length,

respectively.
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Appendix A
Survey of the Two-body Correlation Function

The effective pair potential uij(r) is defined, as a function of
the two-particle radial distribution function (r.d.f.), gij(r)' by
_ -1
[B—(kBT) 1
puytr) =- On ?ijm. (Al)

gij(r) denotes the usual two-body correlation function, in a N-body
system, for two specified particles 7 and j. Expressed in terms of

the one- and two-particle density matrices, it is given by

g0 =L 0, (%, %, %%, B- 850, (R 55,5 p1/ o REp G5, (2)
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where
P (E Y, B) = (x| expl-pH)IY

and P, (%Y, 4,7, 8) =(E Y] exp(-pHy) 4,0 |

Hl and H2 denote, respectively, the one- and two-particle Hamiltonians,

%,4,... are the particles positions, r= |z-y|, and
Gij= 0 when 7 # j (distinguishable particles),
(A3)
6ij= 1 when 7= j (indistinguishable particles).

For a system of identical particles, two cases are to be

envisaged:
a. Particles with parallel spin (i+ i+4).
b. Particles with antiparallel spin (it i+V).

In the first case, the particles are completely indistinguish-

able, and ¢ I. In the second case, the particles are distin-

i4i4 "

guishable by their spin orientation, and ¢ 0.

iriy
In several specific problems such as these convected with the
thermodynamic functions of the dense multi-component plasmas, it is
required to know the mean effective pair potential of identical
particles with different spin orientations. This can be obtained

from gij(r) through the definition:

9509 = 5 L8004 + §ip5y )

— = ——

= Lo GV %0 py- L, 0T PV oG5 D G0 )

When particles 7 and j have charges of opposite sign, their

r.d.f. cah be considered as a sum of two terms:
4;(n = 4,(m+§.(), (A5)

where gb(r) and gs(r) stand, respectively, for the contribution to the

r.d.f. from the bound and the scattered states. In other cases, there
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are no bound states and gij(r) is simply equal to gs(r).

Appendix B
Evaluation of the Integral : &?dyE}[a'(P-Fy)]/y

We wish to evaluate the integral

2
I=/ 4Y E[o(P+y)] (B1)
Py ’
o0 -t
where E [o'(P+y)] =/ at € _ (B2)
«(Pry) 1

is the exponential integral. Substituting (B2) into (Bl) and per-

muting the order of integration, we first obtain

ol@g+2) ¢ ‘
1=/ di‘_et_ en(t-a'l’)_fn(a'w{E,(zu’P)-sl[a'(ng,P)J}+Zn% E [o'(Q+R)] (B3)
2P

Evaluation of the first term on the r.h.s. requires some artifice.

If we write it as

GII(Q“’B) u’Q o o
-t ~(u+v'E) _JdP 21
J L balt-wB)af du & bougs é [ dul tau,
20'P t o'? a+«'P o'P “

the above approximation is equivalent to retaining the first term in

the expansion

14

t =i{£-£’£+ﬂ)_l_”:}
au+a'P  u Al u?

because of a'P<<1. Now, the integration by parts yields

°'(Z - _a'P - ot 2 _o'P U’Q -
PR A BT ENC) PR TN ) o T Y GV VIR 2205 ) G- T)
o'P @ 2 2y'p )
By the change of variable v=u/a'P, the last integral is expressed as
oQ _of 2 ®  _o'Pv 2
[ du E4(bfe € [nleP)] + 26 (D)t (oB) 4 o Bf dv e~ (nv), (B5)
oF !
because of §/P>>1. 1In view of evaluating the integral of the type

dve ™ (1nv)™ with n»2, we start from the identity
1
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{ du v e-l“"’ = i,‘,t {T(a+1)- Y or+4, P)}' Re >0 (B6)

[

where y(o,x) is the incomplete gamma function. Differentiating twice
both sides with respect to o and setting o.= 1 in the resulting

expression, we obtain

g s 2 2 ' ' " "
[de e (v =%[(£np) (=X, Py -2 b p{TW-Y(1, W)+ Te) =¥, p]
1
n-{
(-¢) (B7)
a=t nin '

AL

_d tooy bk 1 2y
_F(&»Mux P +F{Z(z)+H 2

where use has been made of the identities [10]

Vay=—_1_(rarm-rwry

(=)

and ") (1) = (-)"*!

n't{n+ 1) with n31. vy is Euler's constant.
Setting uy=a'P in (B7) and collecting the results obtained, we then
obtain

olg+p) _t ol
[, d it =Ll tal daTe " (e e et Pt} | (B8)
24

By virtue of the power expansion of E1(2a'P) in (B3), the final result

reads as

Tz eﬂ-.%_ E(odQ) +( Y+t 2) bn («'D) +Lz{m)+ Yty . (B9)





