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Synopsis

This paper deals with the groundwater flow in a
semi-confined aquifer causing the phenomena of consoli-
dation and free surface lowering. Since the main effect
of consolidation has taken place before noticeable lower-
ing of the free surface, one may solve each phenomenon
on its own. The real solution may be obtained by the
principle of superposition. However, the solution for
lowering the free surface is delayed due to the cosoli-
dation by a certain timelapse, depending on the place-

coordinates.

1. Introduction

The groundwater flow in conection with consolidation will be studied
in a sandy permeable aquifer, which is situated on an impermeable base
and overlained by a less permeable clay layer with a free surface,

The flow in the sandy layer will be supposed to be mainly horizontal.
Since the permeability of clay is much less than that of sand, the flow
in the clay layer will be mainly vertical.

It will be possible to describe the flow in the sandy layer by an
equation containing the average head over the height of that layer as
unknown. The influence of the clay layer is expressed by its parameters.

In addition, a relationship between the average head over the height
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of the sand and the height of the free surface in the clay can be
derived.

It will appear that the contribution of the flow from the clay
layer consists of two parts; the cotribution of the free surface and
that of the consolidation of the layer. Both terms have the form of
the Boulton integral [see (1)] and cause a delay in the flow phenomenon
in the sandy layer.

As lowering of the free surface of the clay layer is a much slower
phenomenon than consolidation, it is possible separate both phenomena.
One may solve each on its own. The real solution can be approximately
obtained by the superposition of both solutions. However the solution
for lowering of the free surface in the clay is shifted by a certain
timelapse, depending on the place-coordinates.Though in practical terms

this is of hardly any influence, it is interesting from a theoretical
viewpoint. Consolidation here results just in a certain delay, which
turns out to be a very interesting function of the place-coordinates.

In order to derive the above mentioned equations it is necessary
to work with a constant vertical resistance in the clay instead of
with a constant permeability. This has its main influence during the
initial stage of the lowering of the free surface in the clay, after
the greatest effect of consolidation has taken place. Its importance
depends on the values of the derivatives of the height of the free
surface in the clay with respect to the place and time coordinates.

As an example of the use of the derived equations to solve a prac-—
tical problem the case of pumping up water in the center of a circular
island is studied. The results show that consolidation is a matter
of days/months, while lowering of the free surface in the clay calls
for months/years. The maximum delay caused by consolidation is of order
of the ratio of a combination of the coefficients of storage of the
sandy and clayey layers to the porosity of the clay; this ratio hav-

ing a small value for normal soil.
2. Analytical Description

The groundwater flow will be studied in a sandy permeable aquifer
which is situated on an impermeable base and overlain by a less perme-
able clay layer with a free water table. A cross section of this
system is shown in Fig.l. H is the height of the sandy layer, hg is
a representative level of the head of the free surface in the clay,
for example the lebel in the initial stage. Since it will be supposed

that the area of the flow phenomenon is broad in propotion to the
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height H+hy (the vertical shear stress due to the flow by consolidation
must be negligible), the flow in the sandy as well as in the clayey
will conform to the simplified consolidation equation,

2 - cage (1)
where, C: consolidation coefficient, G: shear modulus of soil,

K,: compression modulus of water, ¢ : head,

p : density of water, g: accelaration of gravity,

k : permeability coefficient, n: porosity of soil,

K ; compression modulus of soil, t; time elapse,

X,y and z : place-coordinate,

1_Pg 1 n o _98% 8% .97
o = Ty - by =53z Y557 to7

Equation (1) will be applied on the flow in both layers. In the
plane the layers have in common, 2z=~hg, the flow is related by two
conditions of continuity: one for the specific discharge, the other
for the head. By those conditions the influence which the flow in the
clay has on the flow in the sand can be expressed in the flow variable
of the saﬁdy layer. One obtains an equation to be solved under the
boundary conditions for the configuration to be studied.
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Fig.l General configuration
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Since the flow in the sandy layer is supposed to.be mainly hori-
zontal, it is useful to work with the average head over the height of
this layer,

~ —hO
R
-H-hyg
To introduce % in equation (1) one may integrate with respect to z
over the height H.

As H is constant and the base is impermeable, one obtains,

1095 _ =, 13,
ts e - 820 THg) 5 =g (2)
_ 92 3?
where A2 = 3;2+ 3;2

The index s refers to the sand; the index c¢ refers to the clay.
Therefore one needs to know the relation between the flow in the sand
and the flow in the clay. The two conditions of continuity for the
specific discharge as well as the head are,
3
( ¢ 3

ksl =552 =-h, = kel ~§% )zc=—ho (3)

( ¢)Zs=—h0 = { ¢)Zc='h0 w ¢
Since the flow in the clay layer will be mainly vertical, one may
simplify equation (1), if applied to this layer, as
89 _
3t = © 2 @
with boundary conditions for z=—h0, and the free surface to be denoted
by z=h { see Hantush (2) ].

{ z=-hy z=h 3¢ _ _ DBe 3h
6=7 ¢ =h dz kg 3t

At the time t=0 no flow will be supposed. Everywhere in the field the
head has then the same value, ¢ =0 . It is not easy to solve equation (4)
under these conditions. However, an analytical solution is possible

for the case of a constant vertical resistance in the clay rather than
a constant permeability.

134
—_—— = . : ;
hFhg o ke/ (hthg) : vertical resistance
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Furthermore one must assume,
+ ’
c = —E—EQ—?CC Cc: constant

But this has no practical importance, as it will turn out later that
consolidation loses its influence before noticeable lowering of the
free surface in the clay occurs. In order to obtain constant boundaries
as time elapses, one may work with a variable, depending on the height

of the free surface,

zZ = h+ho(z+h0)
One has to solve now a well known type of partial differential equation,
3¢ _ o 9%¢
ETRCEY (5)
with initial and boundary conditions,
{t=0 {Z=0~ {Z=h0 3_ _n 5h
$=0 o= ¢ b=h dZ kK- 3t

It is possible to solve this equation by the theory of Laplace trans-
formations. After the transformation of the equation (5) and its bound-
ary conditions one obtains a linear second order differential equation
in Z, with three boundary conditions, two of them necessary to solve
the differential equation and one necessary to eliminate the unknown
head of the free-surface. From the solution of the differential equat-

jon and the third extra condition the following can be derived,

Nce
- h(h VL. Y+=—h VP—. ch(h L, )
9 s o¥C S.oiC oyYC
) c c [ c «P’V

( Y oo™
9Z ' Z2=0 D, %c P P (6)
ch(hoJ;;)+SbhoJ;;sh(ho )
1 (7)
X = (ch(hdg + e —sh hol 2y Tty
where, ’ ( V—;))
§=1L() = f,¢exp(—pt)dt
¥ = L) = [Fexp(-pt)at
X = L(h) = jﬂhexp(—pt)dt
[ .
L: Laplace transformation, S: coefficient of storage
S¢= kehg/CL Sg= kgH/Cg

It is possible to find the inverse transform of (6). This can be
achieved by the convolution theorem of Laplace transformations and

the expansion theorem of Heaviside. The result is,
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Pm(ne/Sk) 2+l
m=o PR (ne/S.) %+ (ne/S,)+1

cxp{-P%ig(t—A)}dA (8)

where, )
Pm is the root of gng = ctg({Pm) with mm{Pm ¢ (m+l)7

AS for soil and especially clay the ratio nc/Sé has a large value.
Therefore it holds approximately that,

P%:%l PY = m°m M2l

and one may write formula (8) as the following,

o~
2 (3% <= 2.2
ho(t-kndk-ﬁai = z;fxp{ m "z%c(t-xjdx
o}

4

t o~
- _ 1 a9 _k¢
7=0 %{’Tea XP{nC

(9)

The result shows that for normal clay (nc>Sé) the flow from the clay
to the sand consists of two integrals of the Boulton type {[see (1)].
The first one represents the contribution of lowering of the free
surface and can also be derived for the case in which consolidation
is ignored. The second integral represents the contribution of the
consolidation and can also be derived for the case in which the free
surface in the clay is constant. In that case, since the discharge
from the clay to the sand is not limited, one may think the n, in
formula (9) to be infinitely large.

Since it has turned out that the problem is composed of two types
of phenomena, it is sensible to study first the structure of (6).
It is unknown from the theory of Laplace transformations that large
values of its parameter, in this case t. For large values of p it
follows from equation (7) that the head of the free surface in the
clay hardly changes. Therefore for the first stage it can be written,

’ ’_ ' =
Cc— CC . kc— kc Sc Sc Z z + h0

and hence one may omit, in the behaviour of equation (6) for large
values of p, the dash in the consolidation coefficient and use the

normal vertical place-coordinate,

3¢ - -n B Pyt
(35 =" ho\[c_c ctgh(ho\/c—c)ho (10)

Moreover, in the case of a constant head in the clay instead of a
free water table formula (10) is the exact solution for the type of
problem studied in this paper.
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It is interesting to know to what extent equation (10) will
approximately the real solution and whether it will lead to a specific
situation from which the influence of the free surface can be taken
into account. With this purpose in mind, one may consider values of
Sé/nc and.Ss/nc , which are small enough that formuia (10) will also
hold for not so large values of p, so that one may write approximate-

1y,

ke 1,93 1 3¢, ke hg k. 1
9% g =n e = ———-ﬂ+ o (St s WY S v (11)
K, H'9Z 2g=-h, {cs &}“ks HoH P ET oY
From (2), (3) and the invers transformation of (l11) it then follows
approximately,
A2$=Ec _L_g (20)
kS hgH

Formura (12) is the steady flow equation after consolidation alone.
Therefore for values of (SS+SC/3)/nc, which are small enough, the
process of consolidation of the clayey as well as the sandy layer
loses its importance before lowering of the free surface is noticeable.
Conversely small values of the parameter p in (6) and (7) give
information for large values of the time. For small values of p (6)

behaves through it were,

0F, L+ Se/Pe v -1 DY
T3%2)2=0" "P¥KL/n_hg h VKL /n B hg

(13)
o

It follows from (7) that it holds for the head of the free surface

in this cace,

H
1 k
X = - —E ey (14)
p+kl nch0 nch0

Moreover, in the cace of the influence of consolidation not being
taken into account, equation (13) and (14) are the exact solution for
the studied problem.

Since we know now the structure of the problem, we can study it
as a whole. It follows from (2),(3) and (9) that the average head
over the height of the sandy layer conforms to the following equation
for small values of the parameter S’ /n

13

5 1. 83X R fof, & 2256 (o
of =o- a%"k Ry Hu—@exp{ nEo(t0) Jaaef 322 5 exp (-ny @t A) 1A

(15)
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It followed from the Laplace transformation that in the first stage
consolidation prevailed. Therefore we may write,
$=$c+$«»
where $;: the solution for consolidation alone,
@_: the influence of lowering of the free surface in the clay
on the consolidation.

As the first term and the second integral of the right part of formula
(15) are mainly reflected byZﬁ, it can be shown that those terms appli—
ed on @;have negrigible influence. Therefore one may write approximate=-

ly by reducing the equation'for$; from (15),

8¢, = f,g?{* xp{ - (7-1) }ax +] —g%exp{—(ﬂ—)\)}d)\ -9 (17)

where, . o %
97,37 =xire L1 = M_E A =Ko
A ‘ng*g : ¢ X xg hor " “YKg HoH “hohot

It is useful to rewrite (17) by partial integration of the second
integral and by introducing the steaddy flow equation after only con-
solidation (12),

b ~ T ~ =~
j % ep - (1-1) Jar -G 1-exp () b+ [ (B-Fexp-(-Njan (8

where g is the solution of (12).

If ¥ is so small that consolidation still prevails, then it holds
that §, 0. But if 7 is not particularly small, so that consolidation
has already become less important, then for those values it holds
i'w 5, and it can be shown that the second integral of (18) will
behave like the area between the curves ¢,and J.as functions of T
times the function exp(-7). The area between the curves Egand Eocan
be found from their Laplace transformations. It follows from (10) and

the transformed equations (2),(3) that the transformed head for con-

solidation alone, L(ég) =y, , conforms to the equation,
ke 1 Ss 2 p [P ‘/—P
Ay ¥y = E W_I‘{%ho C_c + ho C: Ctgh(ho C—c)}\yo (19)

The solution of this linear second order differential equation will

be of the form,

_1 Ss, 2 p P \/_P
v= {0 & g g, nb)\/QhO'c_c"’hO‘VQCtgh-(ho oo } (20)
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where a and b denote the boundaries.
The transformed 'solution of the steady flow equation after consolidat-

ion alone, L($0) = yo, follows from (20) by taking the limit p=0,

1
Yo = I_)' f( El nrgalgblnalnb‘)

The area between the curves $ and $° as functions of § is then equal
0
to,

Ss+5¢/3 (Ef 4D Ee &
11m ( ¥g¥) T "hg 2f€+ f += f +5 ~f +2fn+2 n (21)

nchO

where %;etc. are the partial derivatives with respect to £ etc.

The resulting equation (21) is very interesting. For if one
determines the transformed solution for only the lowering of the free
surface in the clay from (13) and the transformed equations (2) and
(3) ( the head in this case to be denoted by $;with transformation
L @) = ¥Y5), one will obtain,

=
Q

L

- P
ba¥s = g HoH prkn/nohg s

(22)

~

where of course the consolidation term for the sandy layer is omitted.
The solution of this linear second order differential equation, appli-
ed on the same problem as consolidation before, will also have the
form (20),

1 1
Yg = 5 f{(g'”)ga'gb'”a*“b)¢§IEg7E;EG_} (23)

The derivative of §, with respect to 7 for the limit 9-0 can be found
by determination of the behaviour of Y;- VYo for large values of p,
2
- o) = 1im-—C L(Eepane B B 0e T
pom (W00 T ITTRGRg pZ (2T T e Y T )

It follows from the invers transform of this result that the deliva-
tive of $s with respect to 7 for the limit 7 -0, being denoted by a
becomes, )

T L

~ n
Br =(- e oge +E e g )

Eu Eb
2fetatntateFate (24)
It turns out from (21) and (24) that the area between the curves $;,£
as functions of % is proportional to the derivative of $;with respect

to ¥ for the limit F-—o,
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¥y (25)

aP o

J (8847
0
where S = Sg + 5./3

This is a interesting result. Moreover it is not possible to determine the deriva-
tive of &’.s in according to the more advanced method of Laplace transformations
because the function $s is discontinuous for the time t=0 .

One may now write for the auxiliary function $,_ by means of (18) and (25),
} xp{ - (- Wir- Fo-exp (1) 1+ 55, exp(-D) 26)

with the important condition 5‘,’\1 0 for very small values of §]. Therefore to solve
equation (26) one may outline the problem by assuming $*= 0 for 049 £,

where 7,is a fixed time ( 7,¢1). One may then rewrite equation (26), applying the
subsituation p =i+ '

Dby, f Exp = (M-To) - uldu- Gofl- exp(~(T-%))

+{=F lexp(B,) -1} + 2 Jexp (D) @n

In order to eliminate the last term of this equation one may propose that the

introduced time ¥, satisfies,

T () -1=3FyF, (28)

The rewritten equation (27) becomes then,
v, o~ o~
~ o~ A Gtd ~
A 38 o) J —%l"lexp{-{ﬂ—m)—u}}dw%exp (- (29)
0
If one studies what kind of differential equation the function '{55 has to satisfy,
one will notice that this is exactly the same type as the equation (29), provided

fi> 0, Therefore the solution of (29) will have the same form as $s’ but as a func-

tion of 7- 7, instead of . This means that one may write equation (16) as follows,

¢ = 5c('ﬁ) 0sTs9,

$=&;<ﬂ)+$s(ﬂl-ﬂo)—$o _ 1> 1, (30)
[ )

o= 2z~ =2 lin 155 (1

where S=5S_.+5./3
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One has now succeeded in simplifying the problem studied for small values of
the ratio S/nc. It has turnd out that the solution of complex problems containing
consolidation as well as lowering of the free surface can be achieved by superposition
of the individual solution for consolidation and lowering of the free surface.

However the solution for lowering of the free surface has to be shifted over a certain
timelapse, depending on the value of the function @; and of its derivative, both for
the limit t - 0 . As the consideration takes place mainly in the first stage, it will

generally result in a certain delay in lowering of the free surface in the clay.

3. Practical Example

The theory of the problems of configuration as in Fig.l has been studied in
the previous section. In this section this theory will be applied to the following
situation. This will concern a cylindrical layer system with radius ry.

In the center of it a pump tube is set up, having a circular cross section, The
boundary faces free water with a constant lewvel. At time t=0, when no flow is supp-
osed, pumping will be started over the full height of the sandy layer. The total
discharge is constant and will be denoted by Q ( see Fig.2 ).

As the problem is circularly symmetrical, it is appropriate to work with polar

coordinates,

2 159
=Z T 5

Q

2 2 2

r =x +y Ap=

d

where r is the distance from the center.

The outer boundary condition for the sandy layer then becones,
r=rq 3 ¢c =0

As the radius of the pump tube is relatively very small, one may outline the inner

botmdary condition as the following,

It follows from the theory in the previous section that one can obtain the
solution of this problem by solving it both for consolidation alone and for lower-
ing of the free surface alone. As consolidation will occur in the first stage we
will start with the study of this mechanism. Here one may apply equation (15) but
as the lowering of the free surface will not be taken into account, one must think
the n. -in this equation to be infinitely large. In this way one may rewrite equation
¢15) as follows,
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b L Seah g [0t g et
SEt s gt ) - -
302 75 3p  Sear % T4 22 exp Em“n%(1-1) }dA (31)
where
k 1 Ce ke
e N Sy =5t = t
ks hoH hb Scho

One now has to solve equation (31) under the boundary conditions,

mole . _Q_ =0y & = - /Ec__l_
éi‘gpap 2Tk P=P1; & =0 € ov= myig 1w )

It will be useful to determine in advance the steady flow solution after the

consolidation phenomenon has occured. This solution has to satisfy the equation,

p 9p

e 1 0
a%goz'*‘ q)o ¢D

with the solution under the above mentioned boundary conditions being,

To=- 2 _ Ka(p) .
$o = Ikl Ko (0 To(R) Ig(P) (32)

where I,(0) and Ku(p) denote the modified Bessel functions of order &, of the
first and second kind respectively. In order to obtain boundary conditions equal to
zero, one may subtract the steady flow equation from equation (31) and solve the

problem for the variable,

Q4.5 -3, (33)

One then has to solve an equation of exactly the same type as (31),

% 4 00 gg 90 fao .5 | 4,
W + 6 Tp= E(-:- Tf-l-d) +£3T ZHZ‘::lexp{—m il (T—)\)}dk

but under the boundary conditions,

However the initial condition becomes

= - Ko (&)
T=0 o = Ko(® —E-SWIO(P)

As the boundary conditions of equation (34) are zero one may apply the sepa-

ration axiom. The solution of (34) can be supposed to be a function R of ptimes
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a function T of T . In this way one will obtain by introducing an arbitrary conste
ant two equations : one a linear second order differential equation for R{(P), the
other a mixed differential integral equation for T(T). The differential equation
for R(p) can be solved under the boundary conditions for the sandy layer.

The result is,

R=A%%%mm} (35)

where A is an arbitrary constant and J, (x) is a Bessel function of order « of the
first kind, in which the zero’s are denoted by jy,pn-

By solving the equation for R(p), one also finds the value of the introduced arbi-
trary constant for the purpose of applying the separation axiom. Thus one is able
to determine the general solution for the mixed differential integral equation for

T(r). This can be done by applying the theory of Laplace transformation. The re-

sult is,
oo .2 2
+ Y
=3 2(1+1 g n/Z‘)Toz s exp (-B2T) (36)
m=1 Py (1+55/5,) +j0’n/p‘ + P “ctg'Pp
where P is the m-th root of Ss/SC°Pm—jogn/ﬁ?Pm=ctg(Pm) P >0

Tpis the value of T for T=0
Apparently one may write,
00 . 2.
S 21+ 3020/ &)
m=1 .2 . 2
PL(455/5,) + 3,2,/ 07 + PhetkP,

=1

Bessel functions of real variable and order have an infinite number of zero’s.
Therefore it follows from (35) and (36) that the possible solution of ¢ can have

the form,

2( 1+ 38,a/0®)

00 S0
P 2
¢ =2 a, 3o{=0.n} 2 exp(-Pp0)  (37)
— 0 O,n = 2 j 2 2 m
n=1 <3 m Pn(1+S4/8.) + J%,n/p2+Pm ctghy
]

where ATy is denoted by a, . Formula (37) satisfies the differential equation (34)
and the boundary conditions for the sandy layer. The initial condition still has
to be satisfied. Therefore the coefficients a, have to be chosen in such a way
that the following folds,
K, () ad
o™ P

1’4 -1 = J . 4— 9 38

0ol = T gy ©o® 2 e O{p,Jo,n} (38)
The right side of (38) is a Fourier-Bessel expansion. It follows from the theory

of Fourier-Bessel expansions that it then holds for the coefficients a_, that

n

125
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i Ky (p)
g =2 fx{xo(p,x) G

2,.
P Go,)” I,(p)

Later in this section, when lowering of the free surface is studied, it will turn.

out that it also holds that,

Ky ©) 2
Ko(P) - 3 Gy To®) = Z 2 53 505 0,0’
R (JO n’ P +JO n b

As this equation is identical with (38) we apparently may write,

2 1
T 2, .2 v (39)
l(Jo,n) pl+JO,n
and
Ky @) 1
jx{K oM - 75y To@M oMo pHdh =~
ﬁ + jO,n

The problem is solved now. By use of (32),(33),(36),(37),(38) and (39) one may wri-

te for the solution of the average head over the height of the sandy layer.

2
© 00 2(1-exp(-P_1))
6, =" ZWESH - szi. ) Ioledo n}gl 2 1rs /5 )+.2m/ 7, o2 7 40)
n=ip1dy Jo,n m m g/ 2c’ g & n°t8 o
. 2,2, _

where P is the m-th root of Ss/sc'Pm—JO,n/p,Pm = ctgP , P >0
2 2
o 2( 1+ Jo,n/p.)

- 52 .2, 2 2 2
m=1 Pm(l+ss/sc)+30,n/g’ + Pmctg Pm

It is possible to simplify equation (40) by applying the approximations,

Sa v o@IL/E) 5 3Gy ) v 2/ L)

These approximations hold especially very well for the larger values of the integer
n. One may now write, allowing an absolute error of about 1% of the unity of
2mkH/Q§,

oo

2
m 2(l-exp(=py,T) m
¢ = Z - (n-1/4) Jfp—(a-1/4) > 5t =
¢ 27”‘ H H <X }m=l Pi(1+sS/sC)+£—(n—1/4)2+Pictépm f
t

(41)

2
. . T)- 2 —
where P is the m-th root of SS/SC Pm—?iz(n-l/A) /Puf ctgP Pp>0

m 7

<= 2( 1 + @1/ o)
2 : 2 2,2 .2 2
m=1 Pm(l+Ss/Sc) + 1 (n-1/4) /p'+ Pmctng

=1
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Aninteresting value of the outer boundary is the limit p>>~ ., This is the case of a
well in a very wide field, where the outer boundaries are so far from the well
that they cannot be properly distinguished. For the limit Q*« formula (40) becomes

an integral. One may denote n®, /T =o, @/ T=d« to write this solution as,

2 2

2
~ _ 2(1 - exp(—Pm‘C))
e = Wy (P) 2 do (42)
o T 2mkg Hf =1 P (145,/5,) +l4 P “ctgp

where Pm is the m-th root of (Ss/sc)Pm‘ ok"/pm = ctgpy Pm>0

?

e 2(1+0)

s 2 2 2 2
m=1 Pm(1+sS/sc) +a® + P ctgP

=1

It is dIntegrating to compare solution (41) with formula (42). They are similar
for the case P1=T 1is applied in (41). The only difference is that (41) is a summa-
tion and (42) an integral. Therefore since Ko(p) nearly vanishes for P> T one may
consider (41) applied for the case p= T, to be a good numerical approach to the
integral form (42). The size of the step is then unity and may be that large, be-
cause the variable of formula (41) is. shifted over the value 1/4. Furthermore,
it is possible to simplify formula (42). As O is known as a function of P, ome

may substitute this function in the integral form. One obtains,

T S 2‘[
~ a Q 2 m I s 2 (-P71) :
= - of =P - PctgP )—~’—‘P——dP (43)
Yo 2Tk H ) fr... 0t 5,
where, Pm satisfies SS/SC'P]11 = ctgPy
my

Ky(p = o f J (pjgspz- PctgP)g-p—
m—l Pm ¢ P

This equation can also be derived directly by the theory of Laplace transformation.
It can be derived from formula (43) that the solution?ﬁp_,oobehaves for large
values of the time like a function of,

2 =
o3 Pl-r where SsPl/Sc = ctgPl

Pi can be fairly represented by 1/(Ss/éc+4/ﬂ2). Therefore for the casep; =

the following relationships are determined,

21k H k, k S
s o~ c t c 1 c .
¢.{¢ -— ; = =1} see Fig.3.
Q% sgHS /nE by ks hoil ’ Sg .
2nk _H k ’ S
—Qi°‘ ¢c{( T k_c ﬁ H —k'c'—zﬁ-t‘ s _Si » see Fig.4.
s 0 SgHiS /1 0 c
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As for rJE;7E;E6ﬁ a logarithmic scale is used. Therefore the value of the tangent
at the curves will be a direct measure of the discharge through a cylindrical cross
section around the well, Obviously for small values of the radius and not too small
values of the time, the curves is parallel straight line, which means that the dis-
charge will be nearly constant and equal to Q. As for the time, the basic parameter
Ss+ltSc/ﬂ-2 is used. Actually one should expect this parameter to be SS+SC/3 from

the theory in the previous section. However both parameters serve a different aim.
SS+SC/3 characterizes the behaviour of consolidation in the total flow phenomenon.

2
SS=ASC/n' characterizes the behaviour of consolidation alone for large values of the

time variable ke t , one can apply the variable k £ by siishtl
SsHhS. /M2 ho S5.45./3 ng e

shifting the determined curves.

One has now succeeded in determining one leg of the general solution for the
average head over the height of the sandy layer. Now the other leg, lowering of the
free surface, has to be studied. The basic equation to be investigated is the in-

verse equation (22), applied for the configuration of Fig.2.,

27 ~ @
P 0ep L s [ e (- (1) 44)
o

where the variables r and t are replaced by p and Y. The boundary conditions are

the same as before, during consolidation,

355 _ Q - . ~_
3o T Zmk _H PP, 3 8= 0

limp
p=>o
It follows directly from equation (44) that the head at time 7-0 satisfies the
equation,
32, b
_95+ J;& =¢S
32 o 9p

Therefore it holds that,

gimd = %
Thus it turns out that the function.$;is discontinuous for the time t=0 .
To solve equation (44) the same method can be used as for consolidation pre-
viously. Therefore one determines at first the steady flow equation after lowering

of the free surface, the head in this case to be denoted byzgx,

- -
90, 1 39, _
3p? P 3p

0

~ o
which can be easily solved giving, . 27k _H 1n 5& (45)
s
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Again in order to obtain boundary conditions equal to zero one may substract the

steady flow equation (44) and solve the problem for the variable,

9, _r_=
LA A ™ (46)

One has to solve then an equation of exactly the same type as (44)

29 _ (" 29
Bp_{o 3h eXP(-(‘T-X))JA (47)

'Ol,_.n

3 2
ik
But under the  boundary conditions,

1imp%b=0 p=p1; ¢=20
pro P
The initial condition becomes,

=0 =-1m£e
¢ P1

Equation (47) also can be solved by the separation axiom. The solution of (47)
can be supposed as before to be a function R of p times a function T of § . As the
operation with respect to the place coordinates is the same as during consolidation,
the same function (35) for R(p) will be obtained,

R = AJ(— ) (48)

0 n

The function T(Y) canbe determined from an integral equation, with general solut-
ion for >0 , which can be derived by the theory of Laplace transformation,
.2

T J4
T = __——QE————E-exp(~ —Eglgi*—‘“) 49)
143, ki Ok j
O,n 0,n

where TO is the value of T for 1=0 . It follows from (49) that the value of T for
- 0 is different from that for =0 . This is due to the fact that the function
&% is discontinuous for t=0 .

By use of (48) and (49) the possible solution for ¢ can now be written in the

form,
.2
an JO n
¢ =% —F2— 15 Jexp(- 522 (50)
1 144 2 /QZ 0 p1~0.n 2+,2
n 30,0 Prtig o
where At

0 is denoted by an, Formula (50) satisfies the differential equation (47)
and the boundary conditions for the sandy layer. The initial condition still has to
be satisfied. Therefore the coefficients a have to be chosen in such a way that
the following holds,

- ~In ?‘ = 'n=l (leO n) (51)
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where of course from formula (49) for T the value T, had to be applied. It follows

0
from the theory of Fourier-Bessel expansions that it holds then for the coefficients

a_ that,
n

a_ = jﬁ/“““ (g, )9
0,n

It can be obtained easily by partial integration that,

n 2. .2
Jl(JO,n) JO,n

One is now able to compose the solution for the average head over the height of the

sandy layer for values of 10 by meansof (45),(46),(50),(51) and (52),

. .2 2.2
~ 9 % 2 1o, AU RN
¢ J (=3, )1 (53)
s T T mkH J G. )2 Opi0m 2 g2
J0 n JO,n JO,n o1

with $g= 0 for =0
For the limit - 0 formula (53) will represent the solution (32) for 5} . Therefore

the following Fourier-Bessel expansion will hold,

K, (p)
0'R © 2 1
K () - =—51L.(p) = % J (= j
0 I,(p) 0P 2 7.2

0k n=1 Jl(JO,n) o+ Io,n

This result is used previously in this section to determine the coefficients a
under the condition of consolidation.

Just as for the solution for consolidation alone, one may simplify solution (53)
by the approximations,

. . 2
So w wB-1/4) TG v 2 La)

But in this case one has to allow the larger absolute error of about 57 of the unity

of ZHkSH/Q'Eﬁ , in order to write,

o 2 2,, 2. 2 2
= _ Q 5 1 3 (p-“(n-1/4)){l exp(~ 1 (n-1/4)/(p; 4" (n-1/4) )4.“,} (54)
s ZHkSH n=1 O 1/470 l+wf/p2'(n-l/4)z

i

O
|

As the flow phenomenon inthis part of this section is due to lowering of the
free surface in the clay, a very interesting variable to be determined is the head
of the free surface. This can be determined from the relation it has with the aver-
age head in the sand, equation (l4). From the inverse transformation of this equat-

ion and the solution for the average head (53), it can be derived that,

2
.9 % 2 L2 - 0,8 o
L mE T2 ) 2 06 Jo,n){l exp (- ) )} G3)
n 1,n%0,n’ J0 ! 0
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An approximate value for this head follows from the inverse transform of (14) and

the approximate solution (54),

" (0-1/4)>

o+ w2 (a-174)°

e T L mraloPRenl/e) 1- ex-

s n=1

1) (56)

For the same value of the boundary as used previously in the case of consoli-

dation 0 =%, the following relationships are determined,

2k B K G amk H K e
—-Q—d)(“_‘"t;rkhﬁ); ~—Q——hs(n—ht;r1—<— -ﬁ) see Fig.5.
0 0 co 0
27k H > k’ 27[k H K’ K’
s ~ c 1 c . c _1 0
ol T T s 4t ) S —’_—h(r—-—-,-—“t) See Fig.6.
@ % Tks hyH * W by Q k_hoH’n kg

In Fig.5, one notices groups of two curves, ending up in the same point t+w . The
upper curve represents the head of the free surface in the clay, the lower the ave-
age head over the height of the saudy layer. As the curves for large values of the
time behave like functions of exp(-9%/25) , in Fig.5, is drawn on exponential paper.
One may notice that the drawdown for small values of p is relatively faster than for
larger ones. As for rJEZ7E;EEE just as in the previous case of consolidation, a
logarithmic scale is used. Therefore here also the discharge can be read directly

from the tangent at the curves for the head in the sand on the left side of Fig.6.

One has now succeeded in determining the solutions for consolidation ¢~)c , and
for lowering of the free surface in the clay$; . According to the theory of the pre-
vious section one is able now to construct a formula for the behaviour of the gene-
ral solution for the average head over the height of the sandy layer. This general

solution is represented by (30),

1

$ = &M 04T 41,
=3 M +6 (1-1) -F, 9, (57)
°=n—1]{_1m( ¢=/¢) s = 5.+ 8./3

Therefore the general solution can easily be composed from the already derived cur-
ves. For the relatively large value 0.1 for S/nc the following relationship is det-~

ermined,
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k’
T [ ,_g.l_ = = i
® ('Ezﬁgt H o ks hOH , SS 0, Sc 0) See Fig.7.

Theoretically there will occur a bend in the curves due to the schematization of the
auxiliary function }&, earlier in this section. However this bend turns out to be
so small that by simply drawing the curves it will already be rounded off.
The representation of (57) means that the two types of curves, one for Y>9,, the
other for 047417,, are close asymptotic expressions. The real value of the head
arround 9¢=9Y, has to be slightly lower than the representation suggests.

At last one can determine the head of the free surface for the general case.
This can be done from the inverse transformation of (14) and formula {(57). The re-
sult for values 1)1, is,

ﬂ~ T - To_
h = Jﬂ%(x—ﬁpexp(—(ﬂ—x))dx - L( -8 )exp (- (1-M)dA +fo¢a exp(-(T-D)dX  (58)

The second integral has already been discussed and determined for not too small
values of the time. Its absolute value is equal to the absolute value of the third
integral, but their signs are different. Therefore the head of the free surface
turns out to be equal to the first integral, of which the solution is formula (55)
or (56) applied for the variable T-9,. As it was supposed that during consolidation -
the head of the free surface should not change, one may now write

h =0 04149,
159)

u

h=nh(1-1) 19,

Just as in the case of the average head in the sand, the formula for the head of the
free surface in the clay is obtained in the form of two asymptotic expression. The
real value of the head around the time W=7, is slightly lower than the represent-
ation suggests. It is possible to get an impression of the value of the head for

the time ﬂ=1%. As ¥ has a small number, one may integrate the solution 3& with
respect to Y over the timelapse T,; see (58) for T+V, . Integration can be done
roughly by assuming the behaviour of the curves of Fig.3 to be logarithmic.

Even for a relatively large value 0.1 for S/nc, the value of anSH/Q-h is within

a few percent of its unity.

One did succeed in applying the theory of the previous section to a certain
configuration. It turned out that the processes of consolidation and lowering of
the free surface hardly influence each other. The delay caused by consolidation in
lowering the free surface is relatively of little interest. Besides the theory in
this paper, the more general case of consolidation in the sandy layer alone and

lowering of the free surface has been studied.
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Fig.2 Configuration studiied as a practical example.
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Fig.3 Drawdown in the sandy layer as function of the time due to

consolidation alone.
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Fig.4 Drawdown in the sandy layer as function of the radius due to

consolidation alone.
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Fig.5 Drawdown in the clayey layer as well as the
lowering of the free surface alone.
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Fig.6 Drawdown in the sandy as well as the clay layer as

due to lowering of the free surface alone.
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Fig.7 Drawdown in the sandy layer as function of the time due to consolidation

as well as lowering of the free surface.
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Nomenclatures -~
¢ consolidation coefficient
h0 initial height of the free surface in the clay layer
k  permeability coefficient
n  porocity
H Theight of the sandy layer
Q discharge from a well
S storage coefficient
h head of the free surface in the clay layer
¢ head
® average head over the height of ~he sandy layer
&; steady flow solution after consolidation alone as well as the initial stage
solution for lowering of the free surface only
$; steady flow solution after the nonsteady flow phenomenon has taken place
completely
a} derivative of the solution fo; lowering of the free surface in the clay with

respect to ¥ for the limit f= O

X,y¥,z,r place coordinate
£ n,Z,p auxiliary place coordinate
t time

| auxiliary time coordinate

T
Y, characteristic for the delay in lowering of the free surface by consolidation

The indices ¢ and s refer to the clay and the sand respectively.





