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To JohnThompson on theoccasionof his 70-thbirthday
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Abstract We presenttwo new formulasconcerning behaviors of the standardparame-
tersof theGrothendieck-Teichm̈uller groupGT, anddiscusstheir relationships
with classicalmathematics.First, consideringa non-Galois etalecover of P1 ]^
0_ 1_ ∞ ` of degree4, we presenta newtypeequationsatisfiedby theGaloisim-

agein GT. Second,acertainequationin GL2 a ˆbdcec ˆb 2 fefeg satisfiedbyeveryelement

of GT is derivedasanapplicationof (profinite)freedifferentialcalculus.

h i j2kml6nporqtstudlwvHoxk
The structureof theabsolute Galoisgroup Gy : z Gal{ | } is oneof the

most important subjects to study in numbertheory andarithmetic geometry.
Oneattractiveapproachhasoccurredsincethefundamentalwork of G.V.Belyi
[Be] publishedin 1979, which showsthatGy hasa faithful representation in
theprofinite fundamentalgroup of theprojective line minus3 points. In [Gr],
A.Grothendieckpredictedthatacertain profinitegroup approximating Gy can
beformulatedfrom thetowerof profiniteTeichm̈uller modulargroupoidsstart-
ing from the initial stageπ1 { P1 ~�� 0� 1� ∞ �2} . Basedon this significantphilos-
ophy, V.G.Drinfeld [Dr] andY.Ihara[I1] introduced theGrothendieck-Teich-
müller group GT in whichGy sitsin astandardway. Unfortunately thefunda-

mentalquestion of whether Gy�z GT hasremained unsettled yet; however, it

�
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is possibleto look atvariousbehaviorsof theimageof Gy�� � GT from certain
geometric, arithmeticviewpoints (cf. [I2], [LS], [NT] etc.).

In my Florida talk, I reportedtwo equationsof different naturein theprofi-
nite Grothendieck-Teichm̈uller group GT. The first one(Prop.1.1 below) is
derivedfrom theclassical (non-Galois)coverof modularcurvesX0 { 3} � X { 1}
of degree4. This holdson the imageof Gy in GT, andis unknownwhether

to hold on the total GT. The second formula (Prop.3.1, below) is derived
from application of theclassical Magnus-Gassner formalism in combinatorial
group theory. This givesan equation of two-by-two matrices of two formal
variables(henceproducesinfinitely many equationsby specializationsof vari-
ables) whichholdson thetotalGT.

In this note, we presentproofs of theseequationsandrelated results with
attempting to showseveral background materials from different contexts of
classical mathematics. Still, concerningultimateestimationof a(possible) gap
betweenGy andGT, perspectiveshave remained obscure from these investi-
gations.

The organization of the sections is asfollows: In Sect.1,we summarizea
simpletypicalmethod(initiatedin [NS]-[NT]) to abstractanequationsatisfied
by Gy in GT from acertain “doubly 3 pointramified”coverof projectivelines,
andpresentProp.1.1 asan application. In Sect.2,thesamemethodis exam-
inedto apply to thenon-compactcasesof thelist of Singerman’s table[Si]. In
Sect.3,changedis our focus to themethodof classical Magnus-Gassnerrepre-
sentationswhichyieldsProp.3.1.Finally, in Sect.4,wediscussspecializations
of Prop.3.1anddiscussseveralcomplementaryfacts.

We refer to [I1], [Sc], [HS] for basicfactson GT, andwrite the standard
parameter of σ � GT as { fσ � λσ }�� F̂2 � ˆ � , where F̂2 is the profinite free
group of rank2 generatedby two non-commutative symbols.

�xi ����st�tlw��orqts ����ktq����tox���t�6o�k��.��npvH�L�
It is now well known that a certainspecial type of 3 point ramifiedcover

of the projective line P1 affords newtype equationssatisfiedby the imageof
Gy � � GT. Thefirst examplewasgiven in [NS] Theorem2.2using a certain
combinationof twodoublecoversof P1. Then,in [NT], weinvestigatedseveral
otherexamples appearing in the Lengendre-Jacobi coverswith Galoisgroup
S3 (andits subcovers).This cover is essentially thesameasthecover X { 2} �
X { 1}Lz P1

J of theelliptic modular curve of level 2 over that of level 1 — the
J-line. In loc.cit., we alsointroducedtheintermediatecoversby theharmonic
line P1

u z X0 { 2} and the equianharmonic line P1
v of degrees 3, 2 over X(1)

respectively, andstudied theGaloiscoversX { 2} � P1
u, X { 2} � P1

v of degrees
2, 3 respectively.
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Onefindsthatthecommongeometric featuresof these(Galois) coversY { } �
X { } are:

(1) Ramificationoccursonly over thethreepoints0� 1� ∞ of X { }dz P1.

(2) ExactlythreecuspsonY { }�²z P1 donotachievetheleastcommonmul-
tiples of ramificationindicesof thosecuspslying over thesameimage
in � 0� 1� ∞ �m³ X { } .

Sincetheargumentin [NT] worksalsofor non-Galoiscoverssatisfying (1),(2),
it is natural to seekothercoverssharing these two properties. In the fall of
1999, M.Koikedeliveredaseriesof lecturesatTokyo MetropolitanUniversity
on modular forms for triangle groups (cf. [Ko]), where,amongothercrucial
results, listed arethe relationships between the Thompsonseriesfor the nine
non-compactarithmetictriangle groups classified by K.Takeuchi. For exam-
ple, the uniformizer (Hauptmodul) of the harmonic line P1

u is given by the

ThompsonseriesT2B z 24 ´ η µ τ ¶ 24

η µ 2τ ¶ 24 associatedto theconjugacy class2B of the
Monstersimplegroup, andsatisfiesanexplicit cubic equation

1728
J

z ϕ
64

T2B ´ 40
� ϕ { X } : z 27

X { 1 ~ X } 2{ 1 ´ 3X } 2 ·
Noneof the conjugacy classes of the Monster corresponds to the equianhar-
monic line P1

v, but its Hauptmodul wasgiven by Ford-McKay-Norton asthe
Thompsonseries “T2a” satisfying J ~ 1728 z T2

2a. One finds also that the
Thompsonseries T3B generatesthe function field of X0 { 3} and is related to
theusualJ-function by thequartic equation:

1728
J

z ϕ
27

T3B ´ 15
� ϕ { X } : z 64

X { 1 ~ X } 3{ 1 ´ 8X } 3 ·
Oncerecognizing thatthiscover hastheaboveproperties(1), (2), we immedi-
atelyobtain thefollowing

Proposition 1.1. Let B̂3 betheprofinitebraid group generatedby thesymbols
τ1 � τ2 with thedefining relation τ1τ2τ1 z τ2τ1τ2. Then,each σ in theimage of

Gy � � GT satisfiesthefollowingequation:

fσ { τ3
1 � τ1τ2 }dz¸{ τ1τ2 } 3ρ3 µ σ ¶�¹ 3ρ2 µ σ ¶ fσ { τ1 � τ1τ2 } τ6ρ2 µ σ ¶«¹ 6ρ3 µ σ ¶

1 ·
Hereandafter, for any positive integera º 1, let ρa : Gy � ˆ betheKummer

1-cocycle definedby { n
»

a} σ ¹ 1 z ζ ρa µ σ ¶
n { σ � Gy , n ¼ 1, ζn z exp{ 2π i | n}®} .

Thesearenaturally extendedto ρa : GT � ˆ ([I2]. Seealso[NT] for a z 2� 3).
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Proof. We change the coordinatesX, J of X0 { 3} , X { 1} to t, r respectively so
thattheabovecover f canbetransformedinto theform h : X0 { 3} � X { 1} given
by

r z h{ t }�z t { t ´ 8} 3{ t2 ~ 20t ~ 8} 2 ·
This is ramifiedonly over r z 0� 1� ∞, andthe ramification indicesover r z 1
areeasilyseen from

1 ~ r z 64{ 1 ~ t } 3{ t2 ~ 20t ~ 8} 2 ·
The(0,1)segmentof t-line is bijectively mappedto thatof u-li ne. Therestof
ourargumentis almost similar to thosegivenin [NT]. Moreover, observing the
principal coefficientsof Taylorexpansions,weseethe“toroidalequivalences”
of tangential basepoints: h{ ~�01t } ² 1

23

~�
01r , h{ ~�10t } ² 36

26

~�
10r (cf. [N2], [N3, Part

II] 5.9). Fixing thecanonical connectionbetween
~�
01u andh{ ~�01t } on the real

line, wefind thatthestandardloopsxt � yt of P1
t
~¾� 0� 1� ∞ � (running around0,1

respectively) aremapped to xr , y3
r of P1

r
~¿� 0� 1� ∞ � respectively. Thus,

fσ { xr � y3
r }�z y¹ 6ρ2 µ σ ¶"À 6ρ3 µ σ ¶

r fσ { xr � yr } x3ρ2 µ σ ¶
r

in π1 { P1
r ;e0 Á 3� e1 Á∞ � e∞ Á2} which is isomorphic to the profinite completion of

thetriangle group

∆ { 3� ∞ � 2} : zÃÂ x� y� z Á xyz z x3 z z2 z 1Ä ·
Now, pullingback theaboveequationby thesurjectionB̂3 � ∆ { 3� ∞ � 2} (τ1τ2 Å�
xr , τ1 Å� yr ), we get

fσ { τ1τ2 � τ3
1 }Æz τ ¹ 6ρ2 µ σ ¶"À 6ρ3 µ σ ¶

1
fσ { τ1τ2 � τ1 }®{ τ1τ2 } 3ρ2 µ σ ¶ÇÀ 3c

for someconstantc z cσ � ˆ . Consideringtheimageon theabelianization of
B̂3, we seec z ~ ρ3 { σ } . Theresult is equivalentto theclaimedformula.

È i É vHktÊx�Lnp����k��t��vYn¥�¸oxË�l6npvH��ktÊx�H�ÌÊxnpo�st� �
Theinclusionpairs∆ ³ ∆0 of trianglegroupswereclassifiedin thepaperof

D.Singerman[Si] publishedin 1972. The Galoiscases(i.e., the caseswhere
∆ are normal subgroupsof ∆0) are only those threecasescorresponding to
the Legendre-Jacobi cover together with its subcovers by the harmonic and
equianharmonic lines. This is not difficult to see, if one knows (say, from
[Kl]) thattheGaloiscoversof genus0 curvesareonly limited to thosecyclic,
dihedral, andplatoniccovers.
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Meanwhile, asfor non-Galois coverssatisfying (1)-(2) of theprevioussec-
tion, theFuchsian typesof non-normalinclusionsof triangle groupsareclas-
sified into elevencases in D. Singerman’s list ([Si], Theorem2), all of which
arenamedfrom A to K:

Á non-normalinclusionof trianglegroups Á index

A Á ∆ { 7� 7� 7}�³ ∆ { 2� 3� 7} Á 24

B Á ∆ { 2� 7� 7}�³ ∆ { 2� 3� 7} Á 9

C Á ∆ { 3� 3� 7}�³ ∆ { 2� 3� 7} Á 8

D Á ∆ { 4� 8� 8}�³ ∆ { 2� 3� 8} Á 12

E Á ∆ { 3� 8� 8}�³ ∆ { 2� 3� 8} Á 10

F Á ∆ { 9� 9� 9}�³ ∆ { 2� 3� 9} Á 12

G Á ∆ { 4� 4� 5}�³ ∆ { 2� 4� 5} Á 6

H Á ∆ { n� 4n� 4n}L³ ∆ { 2� 3� 4n} Á 6

I Á ∆ { n� 2n� 2n}L³ ∆ { 2� 4� 2n} Á 4

J Á ∆ { 3� n� 3n}Æ³ ∆ { 2� 3� 3n} Á 4

K Á ∆ { 2� n� 2n}Æ³ ∆ { 2� 3� 2n} Á 3

Amongthem,thenon-compactones occur in the last four casesfrom H to K
with n z ∞ . Weshallcheck eachof thenon-compact caseshere.

Concerning the problem of finding newtype equations in GT from sucha
coverY � X, eachlift of oneof thebasic(real)segments{ 0� 1}®�Î{ 1� ∞ }®�®{ ∞ � 0}
couldproducedifferentequations.For example, theequations(IV) and(GF1)
arecoming from thesamedouble cover of P1 but from different segmentlifts;
thereseemsno reasoning to deduce onefrom the other. Still, (especially) in
Galois case,if two lifts of a segmentcan be exchangedunder the covering
symmetry, thenthey yield essentially thesameequation. In non-Galois case,
suchsymmetrychancesbecome rare so that a lot more different equations
couldarise from variouslifts of basicsegments.

The case (H) is the type ∆ { ∞ � 4∞ � 4∞ }x³ ∆ { 2� 3� 4∞ } of index 6. This is
essentially thecover ϕ : X0 { 4} � X { 1} which is thecomposition of X0 { 4} �
X0 { 2} with X0 { 2} � X { 1} . Thecorresponding Thompsonseriesis T4C. With
suitable coordinates,it is givenby

s z ϕ { X }dz { X2 ~ 16X ´ 16} 3
108X4 { X ~ 1} � 1 ~ s z { X ~ 2} 2 { X2 ´ 32X ~ 32} 2

108X4 { X ~ 1} ·
In this case,all cuspson X0 { 4} lie on Ï � ∞ � . Unfortunately, thebasicseg-
ments{ 0� 1}E�®{ 1� ∞ }®�®{ ∞ � 0} on X0 { 4} aredividedby othercuspswith irrational

coordinates. So,asimpleequationfor GT cannotbeexpectedhere.
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The case (I) is the type ∆ { ∞ � 2∞ � 2∞ }�³ ∆ { 2� 4� 2∞ } of index 4. This is

the composition of the covers: X0 { 4} � X0 { 2} � X Ñ0 { 2} , whereX Ñ0 { 2} is the
quotient of X0 { 2} by theFricke involution { 02 ¹ 1

0 }ÓÒ� SL2 { } . TheHauptmodul
of X Ñ0 { 2} is known as T2A. Undersuitablechangeof coordinates, the cover
ϕ : X0 { 4} � X Ñ0 { 2} is givenby

w z ϕ { Z }
z 16Z { 1 ~ Z }{ 4Z2 ~ 4Z ~ 1} 2 � 1 ~ w z { 2Z ~ 1} 4{ 4Z2 ~ 4Z ~ 1} 2 ·
In this case, thesegment { 0� 1

2 } on X0 { 4} is bijectively mapped onto { 0� 1} on
X Ñ0 { 2} . Fromthis, in thesimilarway to [NT], onecandeduce

Proposition 2.1. Thefollowing equation is satisfiedby every σ in the image
of Gy � � GT:

gσ { x� y2xy¹ 2 }�z y¹ 2ρ2 µ σ ¶ fσ { x� y} x4ρ2 µ σ ¶ { xyz z y4 z z2 z 1} · (GF2)

Here, gσ { S� T } is the unique element of the free profinite group F̂2 of non-
commutativesymbolsS� T characterizedbygσ { T � S} ¹ 1gσ { S� T }z fσ { S� T } (see
[LS]). Theaboveequation is to beunderstoodin theprofinitecompletion of the
triangle group∆ { ∞ � 4� 2} . Theother basicsegments{ 1� ∞ } , { ∞ � 0} on X0 { 4} are
“irrationally divided”. It is not difficult to deduceProp.2.1 from combination
of [NS] (IV Ô ) and[NT] (GF1).

The case (J) is the type ∆ { 3� ∞ � 3∞ }$³ ∆ { 2� 3� 3∞ } of index 4. This corre-
sponds to the cover X0 { 3} � X { 1} discussedin the previous section. Again,
theotherbasic segments{ 1� ∞ } , { ∞ � 0} on X0 { 3} are“irrationally divided’

The case (K) is the type ∆ { 2� ∞ � 2∞ }Ó³ ∆ { 2� 3� 2∞ } of index 3. This is
X0 { 2} � X { 1} . Thereis onebasic segment on X0 { 2} bijectively mappedto
thaton X { 1} . But examination of it only re-provestheequation (V) of [NT].

We leave discussions on the (co-)compact cases(A) ² (G) of Singerman’s
list ([S], Theorem 2) for future study. Oneadvantageof non-compactcases
above is thatonesideof theobtainedequationcanoftenbeexpressedby free
variablesin theissuedtriangle group, sothattheequation could determinethe
informationof fσ (or its associate,say, gσ ) on this sidefully by anotherside
expression. In compact cases, thevariablesinside fσ ’s arenecessarily torsion
of thetriangle group in bothsides,sothegiveninformationon fσ would look
rather in “reduced” shape. But this would not terribly decreaseour interests
in fully checking the compact cases. Even in non-compactcases, the above
mentioned equations are only those that look relatively simpler than others
to be obtained in similar fashions: More thorough investigations (and their
combinations) might still yield new nice-looking equations.
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ThestandardGT-actionontheprofiniteArtin braidgroup B̂3 of threestrands

formsa semi-directproduct GT B̂3. The freeprofinitegroup F̂2 z π1 { P1y�Ý� 0� 1� ∞ �Þ� ~�01} sits naturally in it, and one obtains a conjugateaction: GT
B̂3 � Aut { F̂2 } . Hereremainsa room to apply the classical Magnus-Gassner
formalism whichenablesoneto look closely at theactionon themeta-abelian
quotientF̂2 | F̂ Ô Ô2 .

Proposition 3.1. For each σ � GT, wehave

fσ
1
0

1 ¹ y
x � y

1¹ x
0
1 z σ { x � y } y ¹ 1

x ¹ 1 { σ { x � y } ~ 1}~ x ¹ 1
y ¹ 1 { σ { x � y } ~ 1} 2 ~ σ { x � y }

in the matrix group GL2 { ˆ ß�ß ˆ 2à�à } , where ˆ ß�ß ˆ 2à�à is the commutative ring of
the projective limit limá ~ ˆ ß x � yà |w{ xn ~ 1� yn ~ 1}m{ n � ∞ multiplicatively } , and

σ { x � y } is theAnderson-Ihara betafunction associatedto σ � GT.

We refer to Ihara’s papers [I1-2] for thebasicdefinitionsandpropertiesof
GT and σ (cf. also[Fu]). Let GT B̂3 betheabovesemidirectproductof the

profiniteArtin braid group B̂3 zâÂ a1 � a2 Á a1a2a1 z a2a1a2 Ä by GT in whichthe
structureactionis givenby

σa1σ ¹ 1 z aλσ
1 �

σa2σ ¹ 1 z fσ { a2
1 � a2

2 } ¹ 1aλσ
2 fσ { a2

1 � a2
2 } { σ � GT } ·

Lemma 3.2. Notationsbeingasabove, wehave thefollowing formula:

fσ { a2
1 � a2

2 }�z ηλσ ση ¹ 1σ ¹ 1

for σ � GT, where η z a1a2a1

Proof. Theproof ideagoesbackto [N3, Part I] Prop.4.12whereonly thecase
σ � Gy wasconsidered. Firstweclaimthatthecentralizerof B̂3 in thesemidi-

rect product GT B̂3 is Â η2 Ä . In fact, the center of B̂3 is Â η2 Ä , andthe nor-

malizerof Â a1 Ä is GT Â a1 � η2 Ä . So,eachelementof thecentralizer of B̂3 is

of the form aa
1η2bσ (a� b � ˆ , σ � GT). Its commutativitywith a1 implies

λσ z 1. Then,writing down its commutativity condition with a2, we realize
aa

1 fσ { a2
1 � a2

2 } ¹ 1 lies in Â a2 � η2 Ä , thecentralizer of a2 in B̂3. Takinginto consid-
eration that Â a2

1 � a2
2 Ä forms a free profinite subgroup F̂2 andthat fσ � F̂ Ô2, we

concludea z 0 and fσ z 1. This insurestheabove claim. Next, applying the
conjugationby η (which interchangesa1 anda2) to theabove structureaction



ã
of GT B̂3, weseethat fσ { a2

2 � a2
1 } ηση ¹ 1 hasthesameconjugateaction on B̂3

with σ . Thismeansthat fσ { a2
2 � a2

1 } ηση ¹ 1σ ¹ 1 lies in thecentralizer of B̂3. By
theabove claim,we obtain

fσ { a2
2 � a2

1 } η2cÀ 1 z σησ ¹ 1

for someconstantc � ˆ . Then,multiplying 2 copiesof thebothsides respec-
tively yields η4cÀ 2 z η2λσ , hence 2c ´ 1 z λσ . This completesthe proof of
Lemma3.2.

Proof of Proposition 3.1. Now let us consider the inner action of the both
sidesof Lemma3.2on thefreesubgroupF̂2 {®³ B̂3 } generatedby x : z a2

1, y : z
a2

2. For eachα � Aut { F̂2 } , definethetransposed Gassner-Magnus matrix t ¯ä α
by

t ¯ä α : z { ∂α µ x¶
∂x } ab { ∂α µ y¶

∂x } ab

{ ∂α µ x¶
∂y } ab { ∂α µ y¶

∂y } ab � GL2 { ˆ ß�ß F̂ab
2
à�à } ·

Then,we know that thecocycle property t ¯ä
αβ z t ¯ä α å α { t ¯ä

β } holdsandthat
t ¯ä givesahomomorphismonthesubgroupAut1 { F̂2 }®{®³ Aut { F̂2 }®} of the“iden-
tity on F̂ab

2 ” automorphisms(cf.,e.g.,[N1,2]). Sincethe innerautomorphisms
Int { a2

1 } , Int { a2
2 } arein Aut1 { F̂2 } , we may calculate t ¯ä of the left handsideof

Lemma3.2as fσ { t ¯ä
Int µ x¶ � t ¯ä

Int µ y¶ } . Although Int { σ } , Int { η }Æ� Aut { F̂2 } arenot
in Aut1, usingtheaboveaction formula andthecocycleproperty, onecancal-
culate the t ¯ä of RHS of Lemma3.2 independently. The restof the proof is
rather direct.
K.HashimotoandH.Tsunogairemarked to the author that the matricesA : z

1
0

1 ¹ y
x andB : z y

1 ¹ x
0
1 appearingin Prop.3.1satisfy

ABA¹ 1B¹ 1B¹ 1A¹ 1BABAB¹ 1A¹ 1A¹ 1B¹ 1AB z I ·
This suggeststhatthemapping x Å� A� y Å� B from F̂2 to GL2 { ˆ ß�ß ˆ 2à�à } would
annihilate thedouble commutator subgroupF̂2Ô Ô . This is in factthecase. More
precisely, let i { γ } denote the inner automorphismof F̂2 by γ � F̂2. Then,A z
t ¯ä

i µ x¶ , B z t ¯ä
i µ y¶ . Noticing this, we claim that theMagnus-Gassner mapping

γ Å� t ¯ä
i µ γ ¶ givesthefaithful representation

F̂2 | F̂2Ô Ô � � GL2 { ˆ ß�ß ˆ 2à�à }®� { ß γ à Å� t ¯ä
i µ γ ¶ } · ( æ )

Proof. TheMagnus-Gassner matrix for i { γ }Æ� Aut1 { F̂2 } is

t ¯ä
i µ γ ¶ z { γ ´¿{ 1 ~ x} ∂γ

∂x } ab {®{ 1 ~ y} ∂γ
∂x } ab

{®{ 1 ~ x} ∂γ
∂y } ab { γ ´¿{ 1 ~ y} ∂γ

∂y } ab
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Therefore t ¯ä
i µ γ ¶ z I if and only if { ∂γ

∂x } ab zÃ{ ∂γ
∂y } ab z 0 and γ � F̂2Ô . The

Blanchfield-Lyndon sequence(the profinite caseis dueto Ihara[I2]) tells us
that F̂2Ô«| F̂2Ô Ô is embedded into ˆ ß�ß ˆ 2à�à by γ Å� {®{ ∂γ

∂x } ab�®{ ∂γ
∂y } ab} . Therefore we

seet ¯ä
i µ γ ¶ z I è γ � F̂2Ô Ô .

é i êë�L� n¥���.��kml6��l6vYo�kt�¸oxË
fσ
vHk

GL2 ì ˆ í
In this last section, we shall discussmatrix representations of theparame-

ter(s)of GT following theabove results.
First, in the formula of Prop.3.1, onecanspecialize x � y to arbitrary roots

of unity to obtain formulas in GL2 { ˆ î ab} . In particular, for σ � GT we

know σ { ~ 1� ~ 1}�zï{ ~ 1} λσ ð 1
2 λσ andlim

x ñ 1

σ { x� ~ 1} ~ 1
x ~ 1

z 2ρ2 { σ } , whereρ2 :

GT � ˆ is a suitableextension of the Kummer1-cocycle on Gy along the� n
»

2� nò 1. Therefore,we obtain, for example,

fσ
1
0

2¹ 1 � ¹ 1
2

0
1 z { ~ 1} λσ ð 1

2 λσ { ~ 1} λσ ð 1
2 λσ

~ 1

1 ~ { ~ 1} λσ ð 1
2 λσ 2 ~ { ~ 1} λσ ð 1

2 λσ
� (4.1)

fσ
1
0

2
1 � ¹ 1

0
0
1 z 1 ~ 4ρ2 { σ }

0 1
(4.2)

for all σ � GT. Theseadd new knowledge to (but do not generalize) our
previous list of the valuesof fσ {®{ 12

01 }®�®{ 1 0¹ 21 }®} , fσ {®{ 12
01 }®�®{ 1 0¹ 11 }®} , fσ {®{ 11

01 }®�®{ 1 0¹ 11 }®}
onGy obtainedin [N3, Part I], [NS], [NT] respectively.

Next, we shall consider an effect of Prop.1.1. Combining it with (IV Ôbis)
(cf. [NT]) yields

fσ { τ1 � τ1τ2 }dz¸{ τ1τ2 } ¹ ρ2 µ σ ¶ fσ { τ2
1 � τ1τ2 } τ2ρ2 µ σ ¶

1z¸{ τ1τ2 } 3ρ2 µ σ ¶�¹ 3ρ3 µ σ ¶ fσ { τ3
1 � τ1τ2 } τ6ρ3 µ σ ¶�¹ 6ρ2 µ σ ¶

1

in B̂3 for σ � Gy . Then,by applying the usual specialization B̂3 � GL2 { ˆ }
(τ1 Å� { 101

1 } , τ2 Å� { 1¹ 1
0
1 } ), weobtain therelations:

fσ {®{ 101
1 }®�®{ 0¹ 1

1
1 }®}Æz¸{ 0¹ 1

1
1 } ρ2 µ σ ¶ å fσ {®{ 102

1 }®�®{ 0¹ 1
1
1 }®} å { 10 2ρ2 µ σ ¶

1
} (4.3)

z¸{ ~ 1} ρ2 µ σ ¶�¹ ρ3 µ σ ¶ å fσ {®{ 103
1 }®�®{ 0¹ 1

1
1 }®} å { 10 6ρ3 µ σ ¶«¹ 6ρ2 µ σ ¶

1
} ·

So,if oneof theabovesidesgetsanexplicit description, thenall theother sides
do together. Thenew point is that thematrix addressedat thesecond variable
of fσ is torsion, in that circumstance fσ hasnot beengiven explicit matrix
expressionsin our worksso far (except in thosecases comingfrom Prop.3.1



��ó
above). Actually, we have encountered with a similar situation at theequation
(V) of [NT]:

fσ { τ1 � τ1τ2τ1 }dz¸{ τ1τ2τ1 } ρ3 µ σ ¶�¹ 2ρ2 µ σ ¶ fσ { τ2
1 � τ1τ2τ1 } τ6ρ2 µ σ ¶�¹ 3ρ3 µ σ ¶

1
(V)

which connects fσ {®{ 101
1 }®�®{ 0¹ 1

1
0 }®} and fσ {®{ 102

1 }®�®{ 0¹ 1
1
0 }®} . By [NT] (GF0)-(GF1),

thesetermsarealsolinkedtogσ {®{ 102
1 }®�®{ 1¹ 2

0
1 }®} . In [NT2], byusingtheAnderson-

Iharaadelic betafunction, we give theexplicit evaluationof thelastonein the
form:

gσ { 102
1 }®�®{ 1¹ 2

0
1 } z¸ô σ { 0¹ 1

1
0 }®�®{ 0¹ 1

1
0 } å { λ ð 1

σ
0
¹ 8ρ2 µ σ ¶ λ ð 1

σõ
1

} ·
Finally, let us make a specialization of the equation in Prop.2.1. The trian-
gle group∆ { ∞ � 4� 2} hasa representation asthe Hecke group ö4{ 2cos{ π

4 }®} in

PSL2 { } ([He]). A standardsystemof generatorsis givenby X zë{ 10 ÷ 2
1 }®� Y z{ ÷ 2¹ 1

1
0 }®� Z zâ{ 01 ¹ 1

0 } operating on thecomplex upper half planeø with relations
XYZ z 1,Y4 z ~ 1,Z2 z ~ 1 in SL2 { } . Sincewework only algebraically, we

may modify thesematrices asx : z ζ 5
8 X, y : z ζ8Y, z : z ζ 2

8 Z with ζ8 z e
2π i
8

so that truly the triangle relation xyz z y4 z z2 z 1 holds in GL2 { { ζ8 }®} .
Then,wehavethespecialization homomorphismof theprofinitecompletion of
∆ { ∞ � 4� 2} to the(finite) adelicgroup GL2 { { ζ8 } f } by sending thecorrespond-
ing generatorsin theobviousway. Moreover, combinedwith theconjugation
by { ÷ 2

0
1
1 } , thespecializationmapping finally takes theform:

x Å� ζ 5
8

1 2
0 1

� y2xy¹ 2 Å� ζ 5
8

1 0~ 2 1
� y Å� ζ8

cos{ π
4 } sin{ π

4 }~ sin{ π
4 } cos{ π

4 } ·
Using this and recalling that gσ { S� S}rz S2ρ2 µ σ ¶ ([NS] Prop.2.4), we obtain
from Prop.2.1thefollowing equation:

gσ
1
0

2
1 � 1¹ 2

0
1 z 0

1
¹ 1
0

ρ2 µ σ ¶ fσ 1
0

2
1 � ÷ 2ù 2¹ ÷ 2ù 2 ÷ 2ù 2

÷ 2ù 2 1
0

2
1

4ρ2 µ σ ¶ (4.4)

for σ lying in theimageof Gy � � GT. This canbeunderstood in thesmaller

adelic groupGL2 { { » 2} f } .
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