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Abstract

This paper is devoted to the complete calculation of the additive structure of the
2-torsion of the integral cohomology of the infinite special linear group SL(Z) over
the ring of integers Z. This enables us to determine the best upper bound for the
order of the Chern classes of all integral and rational representations of discrete
groups.

1. Introduction

The Hopf algebra structure of the mod 2 cohomology of the infinite special and
general linear groups SL(Z) and GL(Z) over the ring of integers Z has been com-
pletely determined in [AMNY ] as a module over the Steenrod algebra. For instance,
H*(SL(Z);Z/2) ~ H*(BSL(Z)";Z/2) is the tensor product of a polynomial algebra
with an exterior algebra:

H*(BSL(Z)": 7,/2) = H*(BSO: 7,/2) © H*(SU: Z/2)
= Z/Z[WQ,IU;;, cee s Wy, J ® AZ/Z(USau.’n cee s U2k—1y - ) ’

where deg(w;) = j and deg(us,—() = 2k — 1.
The first goal of this paper is to investigate the mod 2 cohomological Bockstein
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spectral sequence
E*(BSL(Z)") = H*(BSL(Z)": Z,/2) = (H*(BSL(Z)": Z) /torsion) ® Z/2

of the space BSL(Z)" (see |Brd, sections 1-5]). By using the mod 2 Bockstein spectral
sequences of the spaces BSO and BSL(F,)" (for a prime p = 5 mod 8) and the maps
h: BSL(Z)" — BSO and f,: BSL(Z)" — BSL(F,)" induced by the inclusion Z — R
and by the reduction mod p respectively, we compute the terms E*(BSL(Z)") and
the differentials d,. for all » > 1 (see Theorem 4-3 and Corollary 4-4). Of course, this
detects the 2-torsion of the integral cohomology H*(BSL(Z)";Z) =~ H*(SL(Z);Z)
of the special linear group SL(Z). Theorem 4-7 actually provides an explicit addi-
tive presentation of the 2-torsion of H*(BSL(Z)";Z) by generators and relations
(see also Remark 4-8 for some partial information on the multiplicative structure).
It turns out that H*(BSL(Z)";Z) contains no cyclic direct summand of order 4
and that the set of all non-trivial elements of Az/s(uyi+q,7 > 1) is in one-to-one
correspondence with an additive basis of H*(BSL(Z)";Z)/torsion (see Corollary 4-6).
Moreover, we are able to understand the effect of the induced homomorphisms
h*: H*(BSO;Z) — H*(BSL(Z)";Z) and f;: H*(BSL(F,)";Z) — H*(BSL(Z)",Z)
on the 2-torsion elements: Theorem 4-9 asserts in particular that h* is injective on
the elements of order 2 and that f; is injective on all cyclic direct summands of order
2" with r > 3.

Notice that it is easy to extend these results to the integral cohomology
H*(GL(Z);Z) = H*(BGL(Z)";Z) of the general linear group GL(Z) because of
the homotopy equivalence BGL(Z)* ~ BSL(Z)" x BZ/2 (see for example [Arl,
lemma 1-2]).

As a consequence, we obtain the exact order of all Chern classes ¢, (SL(Z)) €
H*™(SL(Z);Z) of the inclusion SL(Z) — GL(C) (see Proposition 5-2 and Theo-
rem 5-3) and deduce the best upper bound for the order of the Chern classes of
all integral and rational representations of discrete groups (see Corollary 5-6).

The paper is organized as follows. Sections 2 and 3 present the mod 2 Bockstein
spectral sequence for the spaces BSO and BSL(F,)" respectively. The mod 2 Bock-
stein spectral sequence and the 2-torsion of the integral cohomology of BSL(Z)" are
computed in Section 4. Finally, Section 5 is devoted to the investigation of the order
of the Chern classes of integral and rational representations of discrete groups.

2. The mod 2 Bockstein spectral sequence for BSO

The determination of H*(BSL(Z)";Z/2) is based on cohomological calculations
involving the pull-back diagram

(BSL(Z)*), —— BSO,

[» le
(BSL(F,)"), —— BSU,,

where (—), denotes the completion at the prime 2. p any prime = 3 or 5 mod 8, h
the map induced by the inclusion Z — R, f,, the map induced by the reduction
mod p : Z — F,, c the complexification and b the Brauer lift, and where the
homotopy fibres of both horizontal maps are SU, (for details of that construction,
see [AMNY|, where the argument is presented for GL(Z) instead of SL(Z), or [Au,
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chapter 3]; notice also that an unstable version of this computation is given in [He]).
In order to go through the mod 2 Bockstein spectral sequence for BSL(Z)", we
shall first consider the mod 2 Bockstein spectral sequence for the spaces BSO and
BSL(F,)", and the homomorphisms induced in cohomology by the maps h and f,.

Let us start by looking at the mod 2 Bockstein spectral sequence

= (H*(BSO;Z)/torsion)  Z/2 .

Its first differential is d; = Sq' and we know by Wu’s formula (see for instance [MT,
part I, p. 138, theorem 5-12]) that for i > 1, Sq'(w2) = Wi+, Sq' (we+1) = 0, and
that S¢'(w?) = 0 for j > 1. Thus, we may deduce that

E;(BSO) = Z/2[ws, w}, ... ,wy;,...]

is concentrated in degrees = 0 mod 4. Since d, is of degree 1, it is then obvious that
d, = 0 for all » > 2. Consequently, we have proved the following result.

Prorosirion 2-1.

(@) The mod 2 Bockstein spectral sequence for BSO has the property that E (BSO) =
Z/2\wj,j > 2] and EX(BSO) = E* (BSO) = Z/2|w3;,i > 1] for all v > 2.

(b) All non-trivial 2-torsion elements of H*(BSO;Z) have order exactly equal to 2.

(¢) H*(BSO;Z)/torsion = Z|pyi,i = 1], where py; is of degree 4i and represents an
element of H*(BSO;Z) whose reduction mod 2 is w3, € H*(BSO;Z/2).

Remark 2-2. The additive and multiplicative structures of the 2-torsion of
H*(BSO;Z) has been obtained a long time ago in |Brn, theorem 1-5], and [F, theo-
rem 1] (see also [Bo, theorem 24-7 and proposition 25-6], [CV, theorem 1], and [ThE,
theorem A]). For completeness, let us recall here its additive structure, which can also
be determined by the argument we shall use in the next sections (see Lemma 3.6 and
Theorems 3-7 and 4-7): if ¥ denotes the graded Z-algebra Z|gsi+1, % = 1|®Z|pyi, i > 1]
with deg(goi+1) = 2¢+ 1 and deg(p,;) = 4%, then the 2-torsion subgroup of H*(BSO;Z)
is additively isomorphic to the graded W-module generated by

{G 4| A running over all non-empty finite subsets of N; = N — {0}}

with relations generated by

{2GAa Z quHGA—{i}} .

€A

yees

mod 2 to the class Z;Zl Wag,+1Wai, *** Waj;_, Wi, ** Wag, € H(BSO:Z/2).

Jj—1) g+t

3. The mod 2 Bockstein spectral sequence for BSL(F,)"

Let us consider the space BSL(F,)" for any prime number p = 5 mod 8. Its mod
2 cohomology is

H*(BSL(F,)":Z/2) = Z/2[cs, ¢35 . . s Chy- . | @ Agpo(es,es, ... ep,...)
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with deg(ck) = 2k and deg(ex) = 2k — 1 (see |Q, theorem 1]). The first differential of
its mod 2 Bockstein spectral sequence
EY(BSL(F,)") = Z/2[ck, k > 2] @ Agpaler, k = 2)
= (H*(BSL(F,)"; Z)/torsion) ® Z/2
is trivial since dy(c;) = Sq'(cx) = 0 and d;(ex) = Sq'(ex) = 0 for all k > 2 according
to [Ar4, lemmas 3 and 4]. Thus,
E;(BSL(F,)") = E;(BSL(F,)").

In order to understand the higher differentials d,., let us recall the definition of
d, (see [Brd section 1]). If x € E(BSL(F,)"), then there is an element T €
H™"(BSL(F,)";Z/2") such that the homomorphism 6,: H"(BSL(F,)";Z/2") —
H"(BSL( " Z)2) mdueed by the natural surjection Z/2" — Z/2 qendq Z onto
x. Let [, H"(BSL " Z/27) — H"Y(BSL(F,)";Z) denote the Bockstein homo-
morphism associated w 1th the short exact sequence

0—>Zi>Z—>Z/2T—>O

and redy: H""'(BSL(F,)";Z) — H""(BSL(F,)*;:Z/2) the reduction mod 2. Then,
the differential d,: E"(BSL(F,)") — Ef“(BSL( »)") is defined by

dy () = redy(5,(2)) .-
Let us apply this to the case of the space BSL(F,)".

Definition 3-1. For any integer r > 2, let N, = {k € N|uvy(k) = r — 2}, where vy(—)
is the 2-adic valuation (in other words, N, = {k = 2" 71 + 2"~ 2 |i > 0}).

Remark 3-2. For any prime p = 5 mod 8 and any integer r > 2, N, = {k €
N |vy(p* — 1) = r}. In order to check this, it is sufficient to show that vy (p* — 1) =
va(k) + 2 for any positive integer k. Let us write p = 4m + 1 with m odd. Then
pF—1= Zf:] (:f) 4*mt. For t > 2, one has

o k st = 2+ o k(k—1)---(k—t+1)
t t!

> 2t + vg(k) — va(t) = va(k) +t+ 1> va(k) + 3,

since vs(t!) <t — 1. This implies that vs(pF — 1) = va(4km) = vo(k) + 2.

Lemya 3-3. Let p be any prime = 5 mod 8 and v be any integer > 2. If k € N,., then
the class ey, belongs to E**=Y(BSL(F,)") for all s < r and d,(ey) = cx € E**(BSL(F,)").

Proof. If k belongs to N,., then r = = vy(pF — 1) by Remark 3-2. Thus according
to [Q, section 3], e, is the image of an element €, € H**~'(BSL(F,)";Z/2") under
the homomorphism 6, and consequently, e;, € E2*~!'(BSL(F,)"). \Ioreovel, it follows
from |Q, lemma 5| that d,.(eg) = reds (6, (ex)) = ck.

We get the complete calculation of the mod 2 Bockstein spectral sequence for the
space BSL(F,)".

THEOREM 3-4. For any prime p = 5 mod 8, the mod 2 Bockstein spectral sequence
for BSL(F,)" satisfies:
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(a) E3(BSL(F,)") = E;(BSL(F,)") = Z/2[cx, k > 2] @ Agpaler,k > 2) and
dy(ex) = ¢ whenever k € Ny = {odd positive integers};
(b) for any r > 3, EX(BSL(F,)") = Z/2|ck, k € N for s > 17| @ Agys(er, k € N,
Jor s = r) and d,(ex) = cx whenever k € N,;
(¢) E5(BSL(F,)") = 0.
By looking at the differential graded Z/2 algebras
Fs:Z/Q[Ck,2<k}ENS]®Az/2(6k72<kENs), 5S(ek)=ck, f()l"8>2,

one can write the E, terms of the mod 2 Bockstein spectral sequence of BSL(F,)"
as follows.

CoroLLARY 3:5. For any prime p = 5 mod 8 and for any integer r > 2,
EX(BSL(F,)") = Q,s, Fs with the differential d, = 6, on F,. and d. = 0 on Fy when
5>

The knowledge of the mod 2 Bockstein spectral sequence determines the additive
structure of the 2-torsion of the integral cohomology H*(BSL(F,)";Z) since the
elements of the image of d, detect the elements of order 2" in H*(BSL(F,)";Z). Let
us start with the following observation.

LemMA 3-6. Consider a set N and the differential graded 7./2 algebra
Dy =7Z/2|zn,n € N|® Azys(yn,n € N),

where the differential is a derivation 6 given by 6(yn) = Tn. Then the image of 6 is the
72|z, n € N| module generated by

{HA = Z ZTq H Yo | A running over all non-empty finite subsets of N}
a€A beA—{a}

with the relations generated by

{ Z ToHa_{qy | A running over all non-empty finite subsets of N} .

acA

Proof. Let us write P for the polynomial tensor factor Z/2[z,,n € N|of Dy. Since
8% = 0, one has §(P) = 0 and the fact that § is a derivation shows that Dy —» Tm(6) is
a morphism of P-modules. The elements of the form [],. 4 ¥a. Where A runs over all
non-empty finite subsets of IV, generate Dy as a P-module. Therefore, the image of
6 is generated, as a P-module, by the elements Ha = 6(]],c 4 ¥a). We get obviously
the relations Y, TaHa—ap = 6*([[,c¥a) = 0 and there are no other relations
because H.(Dy,8) =~ Z/2.

Let us deduce the following explicit description of the additive structure of the
2-torsion of H*(BSL(F,)": Z). Observe in particular that there is no direct summand
of order 2 in H*(BSL(F,)"; Z).

THEOREM 3-7. Let p be any prime =5 mod 8 and consider the graded Z algebra
O =Zlag, k = 2] @ Az(bi, k even > 2),
where deg(ag) = 2k and deg(by) = 2k — 1.
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As a graded abelian group, the 2-torsion subgroup of H*(BSL(F,)": Z) is additively
isomorphic to the graded ®-module generated by

{Ha,|r =2, A running over all non-empty finite subsets of N,.}

with relations generated by

ZTHA,M

apH 4, forall k € N, with 2 < s <,
brHa,r forall k € Ny with 2 < s <,
ZakHA (k}r forallr>2, ACN,.

kEA

The element Hyy, .. k3 € H*(BSL(F,)"; Z) is ofdegwe Q(Zt k-) —t+1 and reduces
mod 2 {o the class Zt.: Ch;€ky """ Chy_y Chiyny * " " €k, € H (BSL(F,)";Z/2).

Proof. Let us denote by P, the polynomial tensor factor Z/2 ek, 2 < k € N, of
F, for r > 2. According to Corollary 3-5, the image of d, is

Im(d,) = Im(6,) ® <® F)

s>r

and Lemma 3-6 implies that Im(d,) is the (P, ® (Q),.,. Fs))-module generated by the
H 4 s, where A runs over all non-empty finite subsets of N,., with the relations given
by Lemma 3-6. By definition of ®, the generators a; and by, of the Z algebra @ are
in one-to-one correspondence with the classes ¢, and ey, respectively, which generate
the Z/2 algebra

P <®F3> = 7/2[ci, k > 2] ® Agzyo(er, k even > 2) .

s§>2
The assertion then follows by gluing together the information on Im(d,.) for r > 2.

Remark 3-8. The additive structure of H*(BSL(F,)";Z) has been already calcu-
lated in [Hu], but in a completely different way:.

4. The mod 2 Bockstein spectral sequence for BSL(Z)*
Finally, let us investigate the mod 2 Bockstein spectral sequence
E{(BSL(Z)") = Z/2[wj,j > ] ® Az (us—1,k > 2)
— (H*(BSL(Z)"; Z)/torsion) @ Z/2
for the mod 2 cohomology of the bpace BSL( )*. Since the induced homomor-
phism h*: H*(BSO;Z/2) — H*(BSL(Z)";Z/2) sends the Stiefel- VVhltne} classes
w; € HI(BSO;Z/2) onto the corre%pondlnw classes w; € HY(BSL(Z)*:Z/2),

have again Sq'(wy;) = w1, Sq' (wai+1) = 0 for i > 1 and we know fmm [AMNY,
lemma 12] that Sq'(us,_) = 0 for k > 2. Therefore, we obtain the E,-term as follows:

E;(BSL(Z) ) E*(BSO)®A2/Z(’LL2]€ l,k Z/Z[U))Z, 1]®Az/2(U2k_],k 2 2) .

Because of the naturality of the mod 2 Bockstein spectral sequence with respect
to h*, we may deduce from Section 1 that all higher differentials d, are trivial on
Z]2] wzl,z > 1], r>2.
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LeMMA 4-1. For all positive integers v and i, one has d,(ug+q) = 0 in EX¥*2(BSL(Z)Y).

Proof. This is true if » = 1. For r > 2, d,(ug+) is of the form d,(uy+() =
>, w(s) ® u(s), where w(s) is a product of classes w3; (i > 1) and u(s) a product of
classes ugi_ (k = 2). According to [AMNY, proposition 7], the classes ugp_ (K = 2)
are primitive cohomology classes, in other words, p*(Usk—1) = Usgp—1 @ 1 +1® Usg—1,
where p* is the coproduct H*(BSL(Z)*;7Z/2) — H*(BSL(Z)* x BSL(Z)";7Z/2) pro-
vided by the H-space structure of BSL( )", In particular, it follows fl om the fact
that EX(BSL(Z)") is a differential Hopf algebra (see [Brd, proposition 4-7]) that
W (dr(Uygi+1)) = dr (¥ (ugi+1)) and consequently that d,(uy+q) is primitive. However,
for >, w(s)®wu(s) to be primitive, it is necessary to have u(s) primitive, which is only
possible if u(s) = 1 or u(s) = ugg—_ for some k. In both cases, the element w(s) ® u(s)
cannot lie in degree 47 + 2 since deg(w(s)) = 0 mod 4. Consequently, the sum must
be empty and we get d,(uyg+1) = 0.

Now, let us consider any prime p = 5 mod 8 and the homomorphism
fp HY(BSL(F Z)2) = L)2[ck, k = 21 @ Agyaler, k = 2) — HY(BSL(Z)":Z/2)
induced by the reduction mod p. We shall replace the Genemtom Uy;—y (for i > 1)

of the exterior subalgebra Az s(usp—1,k > 2) of H*(BSL(Z)";7Z/2) by

2i—2
Erict = fles) = wyy + > wing_s;_y € H(BSL(Z)": Z/2)

Jj=2

(see [AMNY, theorem 13]). Thus, the first two terms of the mod 2 Bockstein spectral
sequence of BSL(Z)" can be expressed as

E;{(BSL(Z)") = H*(BSL(Z)": Z/2)

= 7/2|w;,j = 2] ® Ag)a(esim1,1 = 1) @ Agya(ugivy, i > 1),

E*(BSL( Z/Z wh, 2 ] X Az/2(€4i_|,’i 2 1) ® Az/g(u_”q.],i 2 1) .
Let us consider again the sets of integers N, = {k =274 + 2"2|i > 0} introduced
in Definition 3-1.

LevMaA 42, For any r > 3, if k € N,., then ea,_y belongs to EX(BSL(Z)") for all
s <1 and d(esp—1) = wi.

Proof. By naturality of the mod 2 Bockstein spectral sequence with respect to f,
this follows from the equality

dr(ek) =c¢, forke N,

given by Lemma 3-3, from the definition ey, = f;(ex) (where k is even since k € N,
with 7 > 3) and the formula f;(cx) = w} (see [Ar3, Lemma 1-4]).

This argument implies also the vanishing of dy, because w; = 0 in E5(BSL(Z)")
when k belongs to Ny = {odd positive integers}. Let us summarize the information
we obtain on E*(BSL(Z)").

THEOREM 4-3. The mod 2 Bockétein spectral sequence for BSL(Z)" satisfies:
(a) EY(BSL(Z)") = H*(BSL(Z)":Z/2) = Z/2|w;,j = 2] @ Azja(€sir,i = 1) ®
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Azyo(ugisg, i = 1) and di(wy) = Waivr, di(wairy) = 0, and dy is trivial on all
classes €4;—1 and Uy (1 2 1)
(b) E5(BSL(Z)") = E;(BSL(Z)") = Z/2|w}, k even = 2] ® Az s(€ap—1, k even > 2)
® Az)o(Ugirr, 1 = 1).
(c) Forany r = 3,

EX(BSL(Z)") = Z/2| wk, k € N for s = 7]
® Azja(an—1, k € N for s 2 1) @ Agyo(Usgire, 1 > 1)
and d,(e2—1) = Wi whenever k € N,..
(d) B3 (BSL(Z)") = Agya(uyirr, i > 1).

The calculation of the differentials in that mod 2 Bockstein spectral sequence
enables us to split its E-term as a tensor product of differential graded Z/2-algebras:

E;(BSL(Z) D1®(®D>®Dm,
s=>3
where

= Z/2\wai41,1 2 1] @ Agya(wai, i > 1), O61(wz) = Wairy ,
D, = Z/Z wk,k € Ny ® Azya(ean—i,k € Ny),  bs(ean—r) = w, fors>=3,
Do = Agpo(tugivg, i 2 1), 600 =0.
The spectral sequence can then be described in the following simple way.

COROLLARY 4-4. The mod 2 Bockstein spectral sequence for BSL(Z)" satisfies:

(a) EY(BSL(Z)") = D1 ®(Q) 53 Ds) ® Do and the first differential is d; = 6, on D,
and di =0 on Dy when 3 < s < o0.

(b) E5(BSL(Z)") = E5(BSL(Z)") and for r > 3, EX(BSL(Z)") = (.5, Ds)® Do
with the differential d,. = 6, on D, and d. =0 on Ds when r < s < .

(¢) EX (BSL(Z)") = Ds.

Remark 4-5. Let us mention that the mod 2 Bockstein spectral sequence for the
group SL;;(Z[%]) has been recently computed (see [He, Section 4-3]).

The following interesting observations are immediate consequences of Theorem
4-3(b) and (d) and Corollary 4-4(b) and (c).
COROLLARY 4-6.
(a) There is no cyclic direct summand of order 4 in H*(BSL(Z)"; 7).
(b)  The set of all non-trivial elements of AZ/Z(u“H,i = 1) is in one-to-one correspon-
dence with an additive basis of H*(BSL(Z)"; Z)/torsion.

By applying Lemma 3-6 again, we get an explicit description of the additive struc-
ture of the 2-torsion of the integral cohomology H*(BSL(Z)*;Z). In order to for-
mulate the main result of this section, let us use again the notation introduced in
Remark 2-2 and Definition 3-1: Ny = N— {0} and N, = {k =2""1 +2"7%|i > 0} for
T = 3.

THEOREM 4-7. Consider the graded Z-algebra
Q=Zwg,k € N||®Z|wgr, k € Ny withr 23] Ag(zep—1,k = 2),
where deg(wg,1) = 2k + 1, deg(wy,») = 2k when r 2> 3 and deg(zo,—1) = 2k — 1.
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As a graded abelian group, the 2-torsion subgroup of H*(BSL(Z)*;Z) is additively
isomorphic to the graded Q-module generated by

{Ja,|r="1o0rr =3, A running over all non-empty finite subsets of N,.}

with relations generated by

QTJA,N

Wk,sJAr forall s<randall ke NS7 when r > 3,
Zok—1JAr forall k€ Ny with 3 <s<r, whenr > 3,
ZW’MJA (3 Jforr=1landr >3, ACN

k€A

The element Jgy, .. ki € H (BSL(Z)";Z) is of degree Z(Zt k;) + 1 and reduces
mod 2 to the class Z;legkj+lw2kl S Wk Wak,,  Wak, € H*(BSL(Z)";7/2).
For r > 3. the element Jyy,, . 1,y € H(BSL(Z )" Z) is of degree 2<Zj:1 kj) —t+1

and wduws mod 2 fo the class Z;:1 wij52k|_1-~~€2k(j7”_1€2k(jﬂ)_1~-~€2kt_| S
H*(BSL(Z)";Z/2).

Proof. Forr =1orr > 3, let us call P, the polynomial tensor factor of D,. Because
of the splitting of EX(BSL(Z)") given by Corollary 4-4, the image of d, is

Im(d,) = Im(6 <®D )
s>r
and Lemma 3-6 implies that Im(d,) is the (P, ® (Q),., Ds) ® D) module gener-
ated by the Jy4 .8, where A runs over all non-empty finite subsets of IV,, with the
relations provided by Lemma 3-6. Now, let us denote by Q the graded Z-algebra
Q=Z|wk1,k € N |Q@Z|wkr, k € N, with r > 3] ® Az(2e—1, k > 2) whose generators
are in one-to-one correspondence with those of

® (®D5> ® Do = Z)2[waps1, k > 1] @ Z/2[w?, k even > 2]

s2>3
®AZ/2(5?k 1,k6Vt‘1’1 )®Az/)(u2k 1,k‘ Odd )

as follows: wy, ; corresponds to wag+1, Wi to wk whenr > 3and k € N,., zop_ to €9,
when k is even and to us;_; when k is odd. The assertion of the theorem then follows
by gluing together the information on the elements of order 2" in H*(BSL(Z)"; Z)
given by the determination of Im(d,) for r > 1.

Remark 4-8. The isomorphism established in Theorem 4-7 is an additive isomor-
phism: for instance, for 3 < s < r, k € Ny and A a non-empty finite subset of N,., the
product of the elements of H*(BSL(Z)";Z) corresponding to Jyz} s and J,, under
that isomorphism is non-trivial, even if the reduction mod 2 of Jg; o is wi, which is
the generator of D, corresponding to the generator wy s of Q (that product is actu-
ally an element of order 2% in H*(BSL(Z)"; Z) which reduces mod 2 to the reduction
mod 2 of (37,4 Wir HieAf{k} Z2i—1) Jiiy,s-» Where (3, o4 Wir HieAf{k} Zoi—1) € Q).
More generally, the above mod 2 Bockstein spectral sequence calculation provides
the following multiplicative relations mod 2 between the additive generators of the
2-torsion subgroup of H*(BSL(Z)*;Z) given by Theorem 4-7.
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If 1 < s < r, then it is obvious that

Jardps = <Z W, r H zzi1> Jp,s mod 2.

k€A i€A—{k}

If r > 3 and if red, denotes again the reduction mod 2, one has

1'6d2(JA77~JB77,) = 1’Aed2(JA7T> (5T< H 82j_1)

i€B
=6, (1"ed2(JA,r) H 52j1)
JEB
=6, ( >owi J] e 1 52j1>-
k€A  icA—{k} jeB

The fact that the classes €9, are exterior implies that

redzuA,rJB,r):ér( S w1 Ezm>

k€A such that icA—{k}UB
A_{k}NB=g

= Z wi 6r< H 522-1)

k€A such that i€ A—{k}UB
A—{k}NB=g

and finally that

JA,rJB,r = Z Wi, r JA—{k}UB,r mod 2.

k€A such that
A—{k}NB=g

If r = 1, the formula

Jaidp1 = Z Wi Ja—qryup,r mod 2

k€A such that

A—{k}NB=g
does still hold but the classes €3, should be replaced by ws; in the argument.

Finally, the above computation helps us to understand, at the prime 2, the

homomorphisms h*: H*(BSO;Z) — H*(BSL(Z)";Z) and f: H*(BSL(F,)";Z) —
H*(BSL(Z)";Z) induced by the inclusion Z — R and by the reduction mod p, when
p =5 mod 8.

THEOREM 4-9.

(a) The homomorphism h*: H*(BSO;Z) — H*(BSL(Z)";Z) is injective on the tor-
sion classes of H*(BSO; 7).

(b) For every generator of infinite order pay in H**(BSO;Z) with k even, h*(pay,) is
an element of order 2" if k belongs to N, v = 3 (up to odd torsion).

(c) For p =5 mod 8, the image of any generator of any cyclic direct summand of
order 4 in H*(BSL(F,)"; Z) under the homomorphism f : H*(BSL(F,)"; Z) —
H*(BSL(Z)"; Z) has order 2 in H*(BSL(Z)"; Z).

(d) For any r = 3, the homomorphism f, (with p =5 mod 8) is injective on all cyclic
direct summands of order 2" in H*(BSL(F,)"; Z).
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Proof. Assertion (a) is obvious since the Stiefel-Whitney classes w; € H¥(BSO;Z)
correspond to the elements w; € H/(BSL(Z)"; Z) via h*. The fact that the reduction
mod 2 of pyy, is wi € H*(BSO;Z/2), by Proposition 2-1(c), and that d,.(ga;_1) = w3
if £ € N,, according to Theorem 4-3(c), implies (b). According to Theorem 3-7, the
generators of the cyclic direct summands of order 2" in H*(BSL(IF,)"; Z) belong to
the ®-module generated by the Hy ,.’s, where A = {ky,... ,k:} is a finite subset of
N, and one has:

t
f;(redQ(HAﬂ')) = f; (Z Ck]‘ek‘] e ek(j7|)ek(j+]) e ekg)

J=1

t

— 2

- E Wi, €2k —1 """ €2k 1) —1€2kj)—1 """ €2k —1
J=1

since f7(ck;) = wij by [Ar3, lemma 1-4]. If r = 2, N, = {odd positive integers} and
Assertion (c) follows from the equality

Ay (Wi, — 1 Wi E2ky—1 *** €2k _y—1E2kjuy—1 * " E2ky—1)
— 2
= Wi €2k —1 " €2k 1y —1€2kjy—1 T €2k —1

when k; is odd. If » > 3, then Assertion (d) is a consequence of

t t
d = w2 e
r E2k;—1 | = k; €2k —1 E2k(j_1)—1E2kj1)—1 €2k —1
J=1 J=1

in EX(BSL(Z)").

5. Chern classes of integral representations of groups

For n > 1, let us call ¢,(SL(Z)) € H*(SL(Z);Z) the nth Chern class of the
inclusion o: SL(Z) — GL(C), i.e. ¢, (SL(Z)) = o*(¢,), where ¢, denotes the nth
universal Chern class of degree 2n in H*(BGL(C);Z) = Z|¢,Cs,... ,Cp,...| and
o*: H*(BGL(C);Z) — H*(BSL(Z); Z) ¥ H*(SL(Z); Z) the homomorphism induced
by o. The order of ¢, (SL(Z)) has been only determined up to a factor 2.

Definition 5-1. For any positive even integer n, let E,, be the denominator of B,, /n,
where B,, is the nth Bernoulli number; for instance, B, = (1) B, = —3%, Bg = é and
E, =12, By = 120, Eg = 252.

ProprosiTioN 5-2. The Chern classes c,(SL(Z)) are all torsion classes. If n is odd,
then ¢, (SL(Z)) is of order 2 in H*"(SL(Z); Z). If n is even, then the order of ¢, (SL(Z))
in H*™(SL(Z);7Z) is equal to 2E,, when n = 2 mod 4, and to E, or 2E,, when n = 0
mod 4.

Proof. See [EM1, section 5], [EM2, main theorem], and [Arl, Einleitung and
Korollar 2-5].

The determination of the exact order of ¢,(SL(Z)) in the case where n = 0
mod 4 now follows from the mod 2 Bockstein spectral sequence calculations pre-
sented in Theorem 4-3 and Corollary 4-4.
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THEOREM 5-3. For any positive even integer n, the Chern class c,(SL(Z)) is a torsion
class of order 2E,, in H*"(SL(Z);Z).

Proof. The odd-primary part of the order of ¢, (SL(Z)) is given by Proposition 5-2.
For all integers r > 3, we know from Lemma 4-2 that d,(€2,—) = w;)L when n € N,..
Therefore, the fact that reds(c,(SL(Z))) = w? for all n > 1 (see [MT, part I, p. 137,
theorem 5:-11]) implies that for n even, ¢, (SL(Z)) is of order 2" in H*(SL(Z);Z)
when n € N, (r > 3). On the other hand, according to von Staudt’s theorem (see
[BS. p. 384, theorem 4]), 2! divides E, if and only if 2!=! divides n. Thus, if n €
N, = {n € N|uvy(n) = r — 2}, then the 2-primary part of E, is 2"~'. Consequently,
the 2-primary parts of the order of ¢, (SL(Z)) and of the integer 2F,, coincide for
any even integer n > 2.

Remark 5-4. The same result holds for the Chern classes ¢, ((L(Z)) of the general
linear group (/L(Z) as there is a homotopy equivalence BGL(Z)* ~ BSL(Z)* x BZ/2
(see for instance [Arl, lemma 1-2]).

The knowledge of the order of the Chern classes of SL(Z) produces the following
result on the Chern classes of the linear groups over the field of rationals Q.

COROLLARY 5:5. The Chern classes c,(SL(Q)) and c,(GL(Q)) are all torsion classes.
If nis odd, they are of order 2. If n is even, the order of ¢,(SL(Q)) and of ¢, (GL(Q)) is
equal to 2F,,.

Proof. Since the order of ¢, (SL(Q)) and of ¢, (GL(Q)) is a positive multiple of the
order of ¢, (SL(Z)), a lower bound for it is given by Proposition 5-2 and Theorem 5-3.
The assertion then follows from [Ar2, theorem 11].

For any complex representation p: G — GL(C) of any discrete group G, the Chern
classes of p are c,(p) = p*(¢,) € H*"(G;Z), where p* is the induced homomorphism
H*(BGL(C);Z) — H*(BG;Z) =~ H*(G;Z). Of course, the above calculations pro-
duce the following consequence for any integral representation p: G — GL(Z) —
GL(C) or any rational representation p: G — GL(Q) — GL(C) of any discrete
group G.

COROLLARY 5:6. The best upper bound for the order of the nth Chern class c,(p) of
any integral or rational representation p of any discrete group G is equal to 2 when n is
odd and to 2F,, when n is even.

Proof. Since p is an integral representation, respectively a rational representation,
cn(p) is the image of ¢, (GL(R)) under the induced homomorphism H**(GL(R); Z) —
H?"(G;Z), where R = Z, respectively R = Q. Consequently, the order of ¢, (p) divides
the order of ¢, (GL(R)) which has been obtained in Proposition 5-2, Theorem 5-3,
Remark 5-4 and Corollary 5-5. It turns out that the order of ¢, (SL(Z)) is the best
possible upper bound since one can choose G = SL(Z) and p the inclusion into GL(C).

Remark 5-7. The assertion of Corollary 5-6 is of particular interest because the
best upper bound for the order of the nth Chern class of any integral representation
of any finite group is smaller, i.e. only equal to E,, (see [EM1, theorem 4-12], and

[ThC., p. 89)). 7
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